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PREFACE 


This book is addressed to those readers who have been through Rotman? (or its 
equivalent), possess a wellthumbed copy of Spanier*, and have a good background in 
algebra and general topology. 

Granted these prerequisites, my intention is to provide at the core a state of the art 
treatment of the homotopical foundations of algebraic topology. The depth of coverage is 
substantial and I have made a point to include material which is ordinarily not included, 
for instance, an account of algebraic K-theory in the sense of Waldhausen. There is also 
a systematic treatment of ANR theory (but, reluctantly, the connections with modern 
geometric topology have been omitted). However, truly advanced topics are not considered 
(e.g., equivariant stable homotopy theory, surgery, infinite dimensional topology, étale K- 
theory, ... ). Still, one should not get the impression that what remains is easy: There 
are numerous difficult technical results that have to be brought to heel. 

Instead of laying out a synopsis of each chapter, here is a sample of some of what is 
taken up. 

(1) Nilpotency and its role in homotopy theory. 

(2) Bousfield’s theory of the localization of spaces and spectra. 

(3) Homotopy limits and colimits and their applications. 

(4) The James construction, symmetric products, and the Dold-Thom theorem. 

(5) Brown and Adams representability in the setting of triangulated categories. 

(6) Operads and the May-Thomason theorem on the uniqueness of infinite loop 
space machines. 

(7) The plus construction and theorems A and B of Quillen. 

(8) Hopkins’ global picture of stable homotopy theory. 

(9) Model categories, cofibration categories, and Waldhausen categories. 

(10) The Dugundji extension theorem and its consequences. 

A book of this type is not meant to be read linearly. For example, a reader wishing 
to study stable homotopy theory could start by perusing §12 and §15 and then proceed 
to §16 and 817 or a reader who wants to learn the theory of dimension could immediately 
turn to $19 and §20. One could also base a second year course in algebraic topology on 


§3-$11. Many other combinations are possible. 


+ An Introduction to Algebraic Topology, Springer Verlag (1988). 


= Algebraic Topology, Springer Verlag (1989). 


Structurally, each § has its own set of references (both books and articles). No attempt 
has been made to append remarks of a historical nature but for this, the reader can do no 
better than turn to Dieudonne!. Finally, numerous exercises and problems (in the form of 
“examples” and “facts”) are scattered throughout the text, most with partial or complete 


solutions. 


+ A History of Algebraic and Differential Topology 1900-1960, Birkhauser (1989); see also, Adams, 
Proc. Sympos. Pure Math. 22 (1971), 1-22 and Whitehead, Bull. Amer. Math. Soc. 8 (1983), 1-29. 
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$0. CATEGORIES AND FUNCTORS 


In addition to establishing notation and fixing terminology, background material from 
the theory relevant to the work as a whole is collected below and will be referred to as the 
need arises. 

Given a category C, denote by ObC its class of objects and by MorC its class of 
morphisms. If X, Y € ObC is an ordered pair of objects, then Mor (X,Y) is the set of 
morphisms (or arrows) from X to Y. An element f € Mor (X,Y) is said to have domain 
X and codomain Y. One writes f : X + Y or X 4, Y. Functors preserve the arrows, while 
cofunctors reverse the arrows, i.e., a cofunctor is a functor on cr. the category opposite 
to C. 

Here is a list of frequently occurring categories. 

(1) SET, the category of sets, and SET,, the category of pointed sets. If 
X,Y € ObSET, then Mor (X,Y) = F(X,Y), the functions from X to Y, and if (X, 20), 
(Y, yo) € Ob SET,,, then Mor ((X, x0), (Y, yo)) = F(X, 20; Y, yo), the base point preserving 
functions from X to Y. 

(2) TOP, the category of topological spaces, and TOP,, the category of pointed 
topological spaces. If X,Y € ObTOP, then Mor(X,Y) = C(X,Y), the continuous 
functions from X to Y, and if (X,20), (Y, yo) € Ob TOP..,, then Mor ((X, Hos Ys yo)) = 
C(X, 20; Y, yo), the base point preserving continuous functions from X to Y. 

(3) SET’, the category of pairs of sets, and SET”, the category of pointed 
pairs of sets. If (X, A), (Y,B) € ObSET’, then Mor ((X, A), (Y, B)) = F(X, A; Y, B), the 
functions from X to Y that take A to B, and if (X, A, 29), (Y, B, yo) € Ob SET”, then 
Mor ((X, A, Xo), (Y, B, yo)) = F(X, A,20;Y,B,yo), the base point preserving functions 
from X to Y that take A to B. 

(4) TOP”, the category of pairs of topological spaces, and TOP?, the category of 
pointed pairs of topological spaces. If (X, A), (Y,B) € Ob TOP”, then Mor ((X, A), (Y, B)) 
= C(X, A; Y, B), the continuous functions from X to Y that take A to B, and if (X, A, 20), 
(Y, B, yo) € Ob TOP?, then Mor ((X, A, 70), (Y, B, yo)) = C(X, A, 20; Y, B, yo), the base 
point preserving continuous functions from X to Y that take A to B. 

(5) HTOP, the homotopy category of topological spaces, and HTOP,, the ho- 
motopy category of pointed topological spaces. If X,Y € Ob HTOP, then Mor (X,Y) = 
[X,Y], the homotopy classes in C(X,Y), and if (X,20),(Y,yo) € Ob HTOP,, then 
Mor ((X, x0), (Y, yo)) = [X,20; Y, yo], the homotopy classes in C(X, 20; Y, yo). 

(6) HTOP?”, the homotopy category of pairs of topological spaces, and HTOP?”, 
the homotopy category of pointed pairs of topological spaces. If (X, A), (Y, B) €Ob HTOP”, 
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then Mor ((X, A), (Y, B)) = [X,A;Y,B], the homotopy classes in C'(X, A; Y, B), and if 
(X, A, x0), (Y, B, yo) € Ob HTOP?, then Mor ((X, A, zo), (Y, B, yo)) = [X, A, 203 Y, B, yo, 
the homotopy classes in C'(X, A, x; Y, B, yo). 
(7) HAUS, the full subcategory of TOP whose objects are the Hausdorff spaces 
and CPTHAUS, the full subcategory of HAUS whose objects are the compact spaces. 
(8) ILX, the fundamental groupoid of a topological space X. 
(9) GR, AB, RG (A-MOD or MOD.-A), the category of groups, abelian 
groups, rings with unit (left or right A-modules, A € Ob RG). 
(10) 0, the category with no objects and no arrows. 1, the category with one 
object and one arrow. 2, the category with two objects and one arrow not the identity. 
A category is said to be discrete if all its morphisms are identities. Every class is the 
class of objects of a discrete category. 
[Note: A category is small if its class of objects is a set; otherwise it is large. A 


category is finite (countable) if its class of morphisms is a finite (countable) set.] 


In this book, the foundation for category theory is the “one universe” approach taken by Herrlich- 
Strecker and Osborne (referenced at the end of the §). The key words are “set”, “class”, and “conglomer- 
ate”. Thus the issue is not only one of size but also of membership (every set is a class and every class is 
a conglomerate). Example: {Ob SET} is a conglomerate, not a class (the members of a class are sets). 

[Note: A functor F : C + D is a function from Mor C to Mor D that preserves identities and respects 
composition. In particular: F is a class, hence {F'} is a conglomerate. ] 

A metacategory is defined in the same way as a category except that the objects and the morphisms 
are allowed to be conglomerates and the requirement that the conglomerate of morphisms between two 
objects be a set is dropped. While there are exceptions, most categorical concepts have metacategorical 
analogs or interpretations. Example: The “category of categories” is a metacategory. 

[Note: Every category is a metacategory. On the other hand, it can happen that a metacategory 
is isomorphic to a category but is not itself a category. Still, the convention is to overlook this technical 


nicety and treat such a metacategory as a category. ] 


T:A-C 
S:BoOC’ 
X €ObA 
Y €ObB 


and whose morphisms (X, f, Y) > (X’, f’, Y’) are the pairs (¢, 2) : { 


Given categories A,B,C and functors { the comma category |T, S| is 


the category whose objects are the triples (X,f,Y) : { & f € Mor(TX, SY) 


@ € Mor (X, X’) 


wb & Mor (Y,¥*) 1 
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PK Py BY 
which the square To| | sw commutes. Composition is defined componentwise 
TS Ea eye 
and the identity attached to (X, f, Y) is (idx, idy). 
(A\C) Let A € ObC and write Ky, for the constant functor 1 — C with value 
A—then A\C = |K 4, idg| is the category of objects under A. 
(C/B) Let B € ObC and write Kg for the constant functor 1 > C with value 
B—then C/B = |idc, Kp| is the category of objects over B. 

Putting together A\C & C/B leads to the category of objects under A and over B: 
A\C/B. The notation is incomplete since it fails to reflect the choice of the structural 
morphism A —+ B. Examples: (1) @\TOP/* = TOP; (2) *\TOP/* = TOP,; (3) 
A\TOP/* = A\TOP; (4) #\TOP/B = TOP/B; (5) B\TOP/B = TOP(B), the 
“exspaces” of James (with structural morphism idg). 

The arrow category C(—) of C is the comma category |idc,idc|. Examples: (1) 
TOP? is a subcategory of TOP(—); (2) TOP? is a subcategory of TOP, (—). 

[Note: There are obvious notions of homotopy in TOP(—) or TOP, (—), from which 
HTOP(-—) or HTOP,(>).] 


The comma category |K 4, Kp| is Mor (A, B) viewed as a discrete category. 


A morphism f : X — Y in a category C is said to be an isomorphism if there exists 
a morphism g : Y —+ X such that go f = idx and fog = idy. If g exists, then g is 
unique. It is called the inverse of f and is denoted by f~!. Objects X,Y € ObC are said 
to be isomorphic, written X ~ Y, provided that there is an isomorphism f : X — Y. The 


relation “isomorphic to” is an equivalence relation on ObC. 


The isomorphisms in SET are the bijective maps, in TOP the homeomorphisms, in HTOP the 


homotopy equivalences. The isomorphisms in any full subcategory of TOP are the homeomorphisms. 


F: D ; _ : 
Let { = be functors—then a natural transformation = from F to G is a 


G:C—-D 
function that assigns to each X € ObC an element Ex € Mor(fX,GX) such that 


Bx” 25 -Gx 

for every f € Mor(X,Y) the square Ff| ler commutes, = being termed a 
FY —>» GY 

natural isomorphism if all the =x are eee ace in which case F and G are said to be 


naturally isomorphic, written F = G. 
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Given categories the functor category [C,D] is the metacategory whose ob- 


C 
D >) 
jects are the functors F : C + D and whose morphisms are the natural transformations 
Nat(F,G) from F to G. In general, [C, D] need not be isomorphic to a category, although 
this will be true if C is small. 


[Note: The isomorphisms in [C, D] are the natural isomorphisms. | 


: : C k:A>C [K, D] : [C, D] 

Given categories { D and functors { L:D—>B’ there are functors { iC, L]:(C,D] 

— [A,D] precomposition = ; EK 

+(C.B] defined by posrcoLnpesthions If = € Mor ({(C,D]), then we shall write LE 
in place of { a ae , 80 L(EK) = (Le)K. 


There is a simple calculus that governs these operations: 


A functor F': C > D is said to be faithful (full) if for any ordered pair X,Y € ObC, 
the map Mor (X,Y) > Mor (FX, FY) is injective (surjective). If F is full and faithful, 


then F' is conservative, i.e., f is an isomorphism iff Ff is an isomorphism. 


A category C is said to be concrete if there exists a faithful functor U: C ~ SET. Example: TOP 


is concrete but HTOP is not. 


[Note: A category is concrete iff it is isomorphic to a subcategory of SET.] 


Associated with any object X in a category C is the functor Mor (X, —) € Ob[C, SET] 
and the cofunctor Mor (—, X) € Ob[C°?, SET]. If F € Ob[C,SET] is a functor or if 
F € Ob[C®°?, SET] is a cofunctor, then the Yoneda lemma establishes a bijection 1x 
between Nat(Mor (X,—), F) or Nat(Mor (—,X), F) and FX, viz. tx(&) = Ex(idx). 
X — Mor (X,—) C°? > [C, SET] 
X — Mor (—, X) C > [C°?, SET] 
are full, faithful, and injective on objects, the Yoneda embeddings. One says that F' is 


Therefore the assignments { lead to functors { that 
representable (by X) if F is naturally isomorphic to Mor (X,—) or Mor (—, X). Repre- 


senting objects are isomorphic. 


The forgetful functors TOP > SET, GR > SET, RG — SET are representable. The power set 


cofunctor SET — SET is representable. 
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A functor F' : C + D is said to be an isomorphism if there exists a functor G : D > C 
such that Go F' = idc and FoG = idp. A functor is an isomorphism iff it is full, faithful, 
and bijective on objects. Categories C and D are said to be isomorphic provided that 
there is an isomorphism F': C > D. 

[Note: An isomorphism between categories is the same as an isomorphism in the 


“category of categories” .| 


The full subcategory of TOP whose objects are the A spaces is isomorphic to the category of ordered 
sets and order preserving maps (reflexive + transitive = order). 

[Note: An A space is a topological space X in which the intersection of every collection of open sets 
is open. Each x € X is contained in a minimal open set Uz and the relation x < y iff x € Uy is an order 
on X. On the other hand, if < is an order on a set X, then X becomes an A space by taking as a basis 


the sets Uz = {y:y<a} (wE X).] 


A functor F : C + D is said to be an equivalence if there exists a functor G: D—> C 
such that Go F & ide and FoG #& idp. A functor is an equivalence iff it is full, faithful, 
and has a representative image, i.e., for any Y € ObD there exists an X € ObC such that 
FX is isomorphic to Y. Categories C and D are said to be equivalent provided that there 
is an equivalence F : C + D. The object isomorphism types of equivalent categories are 
in a one-to-one correspondence. 

[Note: If F and G are injective on objects, then C and D are isomorphic (categorical 


“Schroeder-Bernstein” ).] 


The functor from the category of metric spaces and continuous functions to the category of metrizable 
spaces and continuous functions which assigns to a pair (X,d) the pair (X,7q), Tq the topology on X 
determined by d, is an equivalence but not an isomorphism. 


[Note: The category of metric spaces and continuous functions is not a subcategory of TOP.] 


A category is skeletal if isomorphic objects are equal. Given a category C, a skeleton 
of C is a full, skeletal subcategory C for which the inclusion C — C has a representative 
image (hence is an equivalence). Every category has a skeleton and any two skeletons of a 


category are isomorphic. A category is skeletally small if it has a small skeleton. 
The full subcategory of SET whose objects are the cardinal numbers is a skeleton of SET. 


A morphism f : X — Y in a category C is said to be a monomorphism if it is left 
cancellable with respect to composition, i.e., for any pair of morphisms u,v: Z — X such 


that fou= f ov, there follows u = v. 
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A morphism f : X — Y in a category C is said to be an epimorphism if it is right 
cancellable with respect to composition, i.e., for any pair of morphisms u,v: Y — Z such 
that uo f =vo f, there follows u = v. 

A morphism is said to be a bimorphism if it is both a monomorphism and an epimor- 
phism. Every isomorphism is a bimorphism. A category is said to be balanced if every 
bimorphism is an isomorphism. The categories SET, GR, and AB are balanced but the 
category TOP is not. 


In SET, GR, and AB, a morphism is a monomorphism (epimorphism) iff it is injective (surjective). 
In any full subcategory of TOP, a morphism is a monomorphism iff it is injective. In the full subcategory 
of TOP. whose objects are the connected spaces, there are monomorphisms that are not injective on the 
underlying sets (covering projections in this category are monomorphisms). In TOP, a morphism is an 
epimorphism iff it is surjective but in HAUS, a morphism is an epimorphism iff it has a dense range. The 
homotopy class of a monomorphism (epimorphism) in TOP need not be a monomorphism (epimorphism) 


in HTOP. 


Given a category C and an object X in C, let M(X) be the class of all pairs (Y, f), 
where f : Y + X is a monomorphism. Two elements (Y,f) and (Z,g) of M(X) are 
deemed equivalent if there exists an isomorphism ¢: Y — Z such that f = god. A 
representative class of monomorphisms in M(X) is a subclass of M(X) that is a system 
of representatives for this equivalence relation. C is said to be wellpowered provided that 
each of its objects has a representative class of monomorphisms which is a set. 

Given a category C and an object X in C, let K(X) be the class of all pairs (Y, f), 
where f : X — Y is an epimorphism. Two elements (Y,f) and (Z,g) of E(X) are 
deemed equivalent if there exists an isomorphism ¢: Y — Z such that g = dof. A 
representative class of epimorphisms in F(X) is a subclass of E(X) that is a system of 
representatives for this equivalence relation. C is said to be cowellpowered provided that 


each of its objects has a representative class of epimorphisms which is a set. 


SET, GR, AB, TOP (or HAUS) are wellpowered and cowellpowered. The category of ordinal 


numbers is wellpowered but not cowellpowered. 


A monomorphism f : X — Y ina category C is said to be extremal provided that in 
any factorization f = hog, if g is an epimorphism, then g is an isomorphism. 
An epimorphism f : X — Y in a category C is said to be extremal provided that in 


any factorization f = hog, if h is a monomorphism, then h is an isomorphism. 


0-7 


In a balanced category, every monomorphism (epimorphism) is extremal. In any 
category, a morphism is an isomorphism iff it is both a monomorphism and an extremal 


epimorphism iff it is both an extremal monomorphism and an epimorphism. 


In TOP, a monomorphism is extremal iff it is an embedding but in HAUS, a monomorphism is 
extremal iff it is a closed embedding. In TOP or HAUS, an epimorphism is extremal iff it is a quotient 


map. 


A source in a category C is a collection of morphisms f; : X — X; indexed by a set I 


and having a common domain. An n-source is a source for which #(J) = n. 
A sink in a category C is a collection of morphisms f; : X; — X indexed by a set I 


and having a common codomain. An n-sink is a sink for which #(J) = n. 


A diagram in a category C is a functor A : I + C, where I is a small category, the 
indexing category. To facilitate the introduction of sources and sinks associated with A, 
we shall write A; for the image in ObC of 7 € ObI. 

(lim) Let A: I > C be a diagram—then a source {f; : X — Aj} is said to be 
natural if for each 6 € MorI, say py. Ad o f; = f;- A limit of A is a natural source 
{é; : L — A;} with the property that if {f; : X — A;} is a natural source, then there 
exists a unique morphism ¢: X — L such that f; = ¢; 0 ¢ for all i € ObI. Limits are 
essentially unique. Notation: L = limy A (or lim A). 

(colim) Let A: I — C be a diagram—then a sink {f; : A; + X} is said to be 
natural if for each 6 € MorI, say i> 5, fi = f; 0 Ad. A colimit of A is a natural sink 
{é; : A; > L} with the property that if {f; : A; > X} is a natural sink, then there exists a 
unique morphism ¢: L + X such that f; = do 4; for alli € ObI. Colimits are essentially 
unique. Notation: L = colimy A (or colim A). 

There are a number of basic constructions that can be viewed as a limit or colimit of 


a suitable diagram. 


Let I be a set; let I be the discrete category with ObI = I. Given a collection 
{X; : 7 © I} of objects in C, define a diagram A: I —- C by A; = X; (i € J). 

(Products) A limit {@; : L — Aj;} of A is said to be a product of the Xj. 
Notation: L = [| X; (or X/ if X; = X for all 2), 4; = pr;, the projection from T] X; to 
X;. Briefly nh Products are limits of diagrams with discrete indexing Ceeeories In 
particular, the limit of a diagram having O for its indexing category is a final object in C. 

[Note: An object X in a category C is said to be final if for each object Y there is 


exactly one morphism from Y to X.] 
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(Coproducts) A colimit {@; : A; — L} of A is said to be a coproduct of the 
X;. Notation: L = [| X; (or - X if X; = X for all 2), 4; = in;, the injection from X; to 


7 
[| X;. Briefly put: Coproducts are colimits of diagrams with discrete indexing categories. 


7 
In particular, the colimit of a diagram having 0 for its indexing category is an initial object 
in C. 

[Note: An object X in a category C is said to be initial if for each object Y there is 


exactly one morphism from X to Y.] 


In the full subcategory of TOP whose objects are the locally connected spaces, the product is the 
product in SET equipped with the coarsest locally connected topology that is finer than the product 
topology. In the full subcategory of TOP whose objects are the compact Hausdorff spaces, the coproduct 


is the Stone-Cech compactification of the coproduct in TOP. 


Let I be the category le + e 2. Given a pair of morphisms u,v: X — Y in C, define 


b 
A, =X & Aa=u 
Ao = Ab=v—~ 
(Equalizers) An equalizer in a category C of a pair of morphisms u,v: X > Y 


a diagram A :1-+C by 4 


is a morphism f : Z > X with uo f = vo f such that for any morphism f’ : Z’ > X 
with uo f’ =vo f’ there exists a unique morphism ¢: Z’ + Z such that f’ = fod. The 
2-source X £ Z “EY is a limit of A iff ZX is an equalizer of u,v: X — Y. Notation: 
Z =eq(u, v). 

[Note: Every equalizer is a monomorphism. A monomorphism is regular if it is an 
equalizer. A regular monomorphism is extremal. In SET, GR, AB, TOP (or HAUS), 
an extremal monomorphism is regular.] 

(Coequalizers) A coequalizer in a category C ofa pair of morphisms u,v: X + Y 
is a morphism f : Y > Z with fou = fov such that for any morphism f’ : Y > Z' 
with f’ou= f’ ov there exists a unique morphism ¢: Z — Z’ such that f’ = do f. The 
2-sink Y 4. 7" X is acolimit of A if Y 4 Z isa coequalizer of u,v: X — Y. Notation: 
Z = coeq(u, v). 

[Note: Every coequalizer is an epimorphism. An epimorphism is regular if it is a 
coequalizer. A regular epimorphism is extremal. In SET, GR, AB, TOP (or HAUS), 


an extremal epimorphism is regular.] 


There are two aspects to the notion of equalizer or coequalizer, namely: (1) Existence of f and 
(2) Uniqueness of ¢. Given (1), (2) is equivalent to requiring that f be a monomorphism or an epimor- 


phism. If (1) is retained and (2) is abandoned, then the terminology is weak equalizer or weak coequalizer. 
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For example, HTOP.. has neither equalizers nor coequalizers but does have weak equalizers and weak 


coequalizers. 
a b : : f :X3Z , 
Let I be the category 1 e—> : <-e2. Given morphisms { ee gee, in C, define a 
A, =X = 
diagram A:I+4C by ¢ Ag=Y & Ne: 
ea, ~9 PV 
(Pullbacks) Given a 2-sink X Loe: Y, commutative diagram ¢| [9 is 
xX ari Z 


said to be a pullback square if for any 2-source X & Py with fo€’ = gon there exists a 
unique morphism ¢: P’ > P such that €’ = €od¢ and 7’ = nod. The 2-source X a pley 
is called a pullback of the 2-sink X ah ZY. Notation: P = X xz Y. Limits of A are 


pullback squares and conversely. 


a b : P f :Z4X , 
Let I be the category 1 e <— : —e2. Given morphisms { eS ¥ in C, define a 
Aix _ 
diagram A:I+4C by ¢ Ag=Y & ee 
RG ~9 pe alice SY 
(Pushouts) Given a 2-source X 27% Y, a commutative diagram tal [n 
X =e P 


is said to be a pushout square if for any 2-sink X £,p' Ly with &'o f = og there exists 
a unique morphism ¢: P —> P’ such that €' = do€ and 7! = don. The 2-sink X Spiy 
is called a pushout of the 2-source X 4£2Z4Y. Notation: P= X U Y. Colimits of A are 


pushout squares and conversely. 


The result of dropping uniqueness in ¢ is weak pullback or weak pushout. Examples are the com- 


mutative squares that define fibration and cofibration in TOP. 


Let I be a small category, A : ha 


(Ends) A source {f; : X — Aj} is said to be dinatural if for each 6 € MorT, 
say i> 5, A(id, 4) o f; = A(6,id) o f;. An end of A is a dinatural source {e; : E + A; ;} 
with the property that if {f; : X — A;} is a dinatural source, then there exists a unique 


x I— C a diagram. 


morphism ¢: X — FE such that f; = e;0¢ for alli € ObI. Every end is a limit (and every 


limit is an end). Notation: EF = [ass (or [a 
i I 
(Coends) A sink {f; : A;; > X} is said to be dinatural if for each 6 € MorI, 
say i> 5, fi, o A(6, id) = f; o A(id, 6). A coend of A is a dinatural sink {e; : A; > E} 


with the property that if {f; : Ai; — X} is a dinatural sink, then there exists a unique 
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morphism ¢: & — X such that f; = ¢0oe; for all i € ObI. Every coend is a colimit (and 
i I 
every colimit is a coend). Notation: E =) A; (or i A). 


F:I+C : ; 68 
Let é be functors—then the assignment (7, 7) > Mor (F%, Gj) defines a diagram IV" xI > 
G:I-7> 


SET and Nat(F,G) is the end [rv (Fi, Gi). 


a 


INTEGRAL YONEDA LEMMA Let I be a small category, C a complete and cocomplete 


v 
category—then for every F in [1°P, C], / Mor (—,i): Fix Fax ees 


a 


Let I4 0 be a small category—then I is said to be filtered if 
(F,) Given any pair of objects i,7 in I, there exists an object k and morphisms 
oe at 
jrok’ 


a morphism c: 7 + k such that coa=cob. 


(F2) Given any pair of morphisms a,b: i— j in I, there exists an object k and 


Every nonempty directed set (J,<) can be viewed as a filtered category I, where 


ObI = J and Mor (i, 7) is a one element set when i < j but is empty otherwise. 


Example: Let [N] be the filtered category associated with the directed set of non- 
negative integers. Given a category C, denote by FIL(C) the functor category [[N], C]— 
then an object (X,f) in FIL(C) is a sequence {Xy, fn}, where X, € ObC & fr, € 
Mor (Xp, Xn41), and a morphism ¢: (X, f) > (Y,g) in FIL(C) is a sequence {¢,,}, where 
én € Mor (Xn, Yn) & gn ° bn = bn41 ° fn- 


(Filtered Colimits) A filtered colimit in C is the colimit of a diagram A: I > C, 
where I is filtered. 
(Cofiltered Limits) A cofiltered limit in C is the limit of a diagram A:I— C, 
where I is cofiltered. 
[Note: A small category I 4 0 is said to be cofiltered provided that T°F ig filtered. | 


A Hausdorff space is compactly generated iff it is the filtered colimit in TOP of its compact subspaces. 


Every compact Hausdorff space is the cofiltered limit in TOP of compact metrizable spaces. 


Given a small category C, a path in C is a diagram o of the form Xo 4 X, + --- > 
Xon-1 <— Xeon (n > 0). One says that o begins at Xo and ends at X2,. The quotient of 
Ob C with respect to the equivalence relation obtained by declaring that X’ ~ X” iff there 
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exists a path in C which begins at X’ and ends at X” is the set mo(C) of components of 
C, C being called connected when the cardinality of 79(C) is one. The full subcategory of 
C determined by a component is connected and is maximal with respect to this property. 
If C has an initial object or a final object, then C is connected. 


Note: The concept of “path” makes sense in any category. 
g 


Let I 4 0 be a small category—then I is said to be pseudofiltered if 
aitrg . : 
(PF) Given any pair of morphisms { in I, there exists an object £ and morphisms 
b:ivk 


d:k>é 
(PF2) Given any pair of morphisms a,b: 7— j in I, there exists a morphism c: j > k such 


c:jrae 
such that coa=dob; 


that coa=cob. 
I is filtered iff I is connected and pseudofiltered. I is pseudofiltered iff its components are filtered. 


Given small categories a functor V : J — I is said to be final provided that for 


I 
J? 
every 7 € ObI, the comma category |K;,V| is nonempty and connected. If J is filtered 
and V: J — I is final, then I is filtered. 

[Note: A subcategory of a small category is final if the inclusion is a final functor.] 

Let V: J > 1 be final. Suppose that A : I > C is a diagram for which colim A 0 V 
exists—then colimA exists and the arrow colimA o V — colimA is an isomorphism. 
Corollary: If 7 is a final object in I, then colim A & Aj. 

[Note: Analogous considerations apply to limits so long as “final” is replaced through- 


out by “initial” .] 
Let I be a filtered category—then there exists a directed set (J,<) and a final functor V: J > I. 


Limits commute with limits. In other words, if A: Ix J — C is a diagram, then 

under the obvious assumptions 
limy limy A & limy,j A & limy,y7 A & limg limy A. 

Likewise, colimits commute with colimits. In general, limits do not commute with co- 
limits. However, if A: I x J — SET and if I is finite and J is filtered, then the arrow 
colimg limy A — limy colimy A is a bijection, so that in SET filtered colimits commute 
with finite limits. 

[Note: In GR, AB or RG, filtered colimits commute with finite limits. But, e.g., 


filtered colimits do not commute with finite limits in SET?” ] 


In AB (or any Grothendieck category), pseudofiltered colimits commute with finite limits. 
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A category C is said to be complete (cocomplete) if for each small category I, every 
A € Ob[I, C] has a limit (colimit). The following are equivalent. 
(1) C is complete (cocomplete). 
(2) C has products and equalizers (coproducts and coequalizers). 
(3) C has products and pullbacks (coproducts and pushouts). 
(4) C has a final object and multiple pullbacks (initial object and multiple 
pushouts). 
[Note: A source {& : P > X;} (sink {& : X; > P}) is said to be a multiple pullback 
(multiple pushout) of a sink {f; : X; — X} (source {f; : X — X;}) provided that 


TOS POR le Oh aoe. 5 and if for any source {€/ : P’ > X;} (sink 


{€, : Xi > P'}) with frog; = fp) (Eo fi = & 0 f;) V there exists a unique 
morphism ¢: P’ > P (6: P > P’) such that V i, & = 0¢ (€& = ¢0€;). Every multiple 
pullback (multiple pushout) is a limit (colimit).] 


The categories SET, GR, and AB are both complete and cocomplete. The same is true of TOP 
and TOP. but not of HTOP and HTOP.. 


[Note: HAUS is complete; it is also cocomplete, being epireflective in TOP. ] 


A category C is said to be finitely complete (finitely cocomplete) if for each finite 
category I, every A € Ob[I, C] has a limit (colimit). The following are equivalent. 
(1) C is finitely complete (finitely cocomplete). 
(2) C has finite products and equalizers (finite coproducts and coequalizers). 
(3) C has finite products and pullbacks (finite coproducts and pushouts). 
(4) C has a final object and pullbacks (initial object and pushouts). 


The full subcategory of TOP whose objects are the finite topological spaces is finitely complete and 
finitely cocomplete but neither complete nor cocomplete. A nontrivial group, considered as a category, 


has multiple pullbacks but fails to have finite products. 


If C is small and D is finitely complete and wellpowered (finitely cocomplete and 


cowellpowered), then [C, D] is wellpowered (cowellpowered). 


SET(—), GR(-), AB(—), TOP(—) (or HAUS(-—)) are wellpowered and cowellpowered. 


[Note: The arrow category C(—>) of any category C is isomorphic to [2, C].] 


Let Ff: C > D be a functor. 
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(a) F is said to preserve a limit {@; : L — A;} (colimit {@; : A; > L}) of a 
diagram A: I> Cif {F@;: FL > FA;} ({Fé;: FA; — FL}) is a limit (colimit) of the 
diagram FoA:I-4D. 

(b) F is said to preserve limits (colimits) over an indexing category I if F’ pre- 
serves all limits (colimits) of diagrams A :I > C. 

(c) F is said to preserve limits (colimits) if F preserves limits (colimits) over all 


indexing categories I. 


The forgetful functor TOP — SET preserves limits and colimits. The forgetful functor GR — SET 
preserves limits and filtered colimits but not coproducts. The inclusion HAUS — TOP preserves limits 
and coproducts but not coequalizers. The inclusion AB — GR preserves limits but not colimits. 


Mor (X,—) 


Mor (—, X) with respect to 


There are two rules that determine the behavior of { 


limits and colimits. 

(1) The functor Mor (X,—) : C > SET preserves limits. Symbolically, there- 
fore, Mor (X, lim A) = lim(Mor (X,—) o A). 

(2) The cofunctor Mor (—, X) : C + SET converts colimits into limits. Sym- 
bolically, therefore, Mor (colim A, X) = lim(Mor (—, X) o A). 


REPRESENTABLE FUNCTOR THEOREM Given a complete category C, a functor 
F':C + SET is representable iff F' preserves limits and satisfies the solution set_condition: 
There exists a set {X;} of objects in C such that for each X € ObC and each y € FX, 
there is an i, a y; € FX;, and an f : X; > X such that y = (F'f)y;. 


Take for C the category opposite to the category of ordinal numbers—then the functor C > SET 


defined by a + * has a complete domain and preserves limits but is not representable. 


Limits and colimits in functor categories are computed “object by object”. So, if C is 
a small category, then D (finitely) complete > [C, D] (finitely) complete and D (finitely) 
cocomplete = [C, D] (finitely) cocomplete. 


Given a small category C, put C= ier, SET|—then Cis complete and cocomplete. 
The Yoneda embedding Yo : C > C preserves limits; it need not, however, preserve finite 
colimits. The image of C is “colimit dense” in CG: i.e., every cofunctor C > SET is a 


colimit of representable cofunctors. 


An indobject in a small category C is a diagram A : I > C, where I is filtered. 
Corresponding to an indobject A, is the object Da in C defined by La = colim(Yc 0 A). 
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The indcategory IND(C) of C is the category whose objects are the indobjects and whose 
morphisms are the sets Mor (A’, A”) = Nat(La:, Lav). The functor L : IND(C) > G 
that sends A to Da is full and faithful (although in general not injective on objects), hence 
establishes an equivalence between IND(C) and the full subcategory of C whose objects 
are the cofunctors C + SET which are filtered colimits of representable cofunctors. The 
category IND(C) has filtered colimits; they are preserved by L, as are all limits. Moreover, 
in IND(C), filtered colimits commute with finite limits. If C is finitely cocomplete, then 
IND(C) is complete and cocomplete. The functor kK : C — IND(C) that sends X 
to Kx, where Kx : 1 —> C is the constant functor with value X, is full, faithful, and 
injective on objects. In addition, K preserves limits and finite colimits. The composition 
c4IND(C) +, is the Yoneda embedding Yc. A cofunctor F € ObC is said to be 
indrepresentable if it is naturally isomorphic to a functor of the form La, A € ObIND(C). 
An indrepresentable cofunctor converts finite colimits into finite limits and conversely, 
provided that C is finitely cocomplete. 

[Note: The procategory PRO(C) is by definition IND(C°?)°?. Its objects are the 


proobjects in C, i.e., the diagrams defined on cofiltering categories. | 


The full subcategory of SET whose objects are the finite sets is equivalent to a small category. Its 
indcategory is equivalent to SET and its procategory is equivalent to the full subcategory of TOP whose 
objects are the totally disconnected compact Hausdorff spaces. 

[Note: There is no small category C for which PRO(C) is equivalent to SET. This is because in 


SET, cofiltered limits do not commute with finite colimits.] 


F:C7D 


functors { G:D>C 


. ; are said to be an adjoint pair if the func- 
baa Mor o(F°P x idp) 
Mor o (idgor x G) 


Given categories { 


from C°P x D to SET are naturally isomorphic, i-e., if it is 


X € ObC 
Y €ObD 
Mor (X,GY) which is functorial in X and Y. When this is so, F is a left adjoint for G 


and G is a right adjoint for F. Any two left (right) adjoints for G (fF) are naturally 


isomorphic. Left adjoints preserve colimits; right adjoints preserve limits. In order that 


possible to assign to each ordered pair { a bijective map Ex y : Mor (FX,Y) > 


(F,G) be an adjoint pair, it is necessary and sufficient that there exist natural transfor- 


; ps € Nat(idc, Go F) (Gv) 0 (wG) = idg : 
mations e Nati 6 Gada) subject. to (hen =i: The data (F,G, pv) is 
pe:idec 9 GoF 


peroe darts 


referred to as an adjoint situation, the natural transformations { 


the arrows of adjunction. 
(UN) Suppose that G has a left adjoint F—then for each X € ObC, each 
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Y € ObD, and each f : X > GY, there exists a unique g: FX — Y such that f = Ggoux. 


[Note: When reformulated, this property is characteristic. ] 


The forgetful functor TOP > SET has a left adjoint that sends a set X to the pair (X,7), where 7 
is the discrete topology, and a right adjoint that sends a set X to the pair (X,7), where 7 is the indiscrete 


topology. 


Let I be a small category, C a complete and cocomplete category. Examples: (1) The constant 
diagram functor K : C — [I,C] has a left adjoint, viz. colim : [I,C] — C, and a right adjoint, viz. 
lim : [I,C] > C; (2) The functor C > [19P x I, C] that sends X to (i,j) + Mor (i,j) -X is a left adjoint 


for end and the functor that sends X to (i,j) + XM. is a right adjoint for coend. 


GENERAL ADJOINT FUNCTOR THEOREM Given a complete category D, a func- 
tor G : D > C has a left adjoint iff G preserves limits and satisfies the solution set 
condition: For each X € ObC, there exists a source {f; : X — GY;} such that for every 
f:X 3 GY, there isaniandag: Y; > Y such that f = Ggo fy. 


The general adjoint functor theorem implies that a small category is complete iff it is cocomplete. 


KAN EXTENSION THEOREM Given small categories a complete (cocomplete) 


C 
D p) 
category S, and a functor K : C > D, the functor [K,S] : [D,S] > [C,S] has a right 
(left) adjoint ran (lan) and preserves limits and colimits. 


[Note: If K is full and faithful, then ran (lan) is full and faithful.| 


Suppose that S is complete. Let T € Ob[C,S]—then ranT is called the right Kan 


TX Mor (Y,KX) 


extension of T along K. In terms of ends, (ranT)Y = There is a 


“universal” arrow (ranT) o K — T. It is a natural isomorphism if K is full and faithful. 


Suppose that S is cocomplete. Let T € Ob[C,S]—then lan T is called the left Kan 
x 


extension of T along K. In terms of coends, (lanT)Y = ar Mor (KX, Y)-TX. There is 


a “universal” arrow T —> (lanT)o K. It is a natural isomorphism if K is full and faithful. 


Application: If C and D are small categories and if fF : C > D is a functor, then the 
precomposition functor D > C has a left adjoint F:G3Dand Fo Yo Xx YpoF. 
[Note: One can always arrange that FoY¥o=Ypo Fi] 


The construction of the right (left) adjoint of [K,S] does not use the assumption that 


D is small, its role being to ensure that [D,S] is a category. For example, if C is small 
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and $ is cocomplete, then taking K = Yo, the functor [Yc, §] : [C, S$] > [C,S] has a left 
adjoint that pends € Ob[C,S] to Tr € Oe [C, S], where Dp 0 Yo = T. On an object 
Fe C, [7F = i Nat(YcX, F)-TX = FX -TX. Ir is the realization functor; it 
is a left adjoint for the singular functor S;, the composite of the Yoneda embedding S > 
[S°?, SET] and the precomposition functor [S°?, SET] > [C°?, SET], thus (S7Y)X = 
Mor (TX,Y). 

[Note: The arrow of adjunction [7 o Sp — idg is a natural isomorphism iff Sv is full 
and faithful.] 


CAT is the category whose objects are the small categories and whose morphisms 
are the functors between them: C,D € ObCAT = Mor(C,D) = Ob[C,D]. CAT is 
concrete and complete and cocomplete. O is an initial object in CAT and 1 is a final 
object in CAT. 


Let mo : CAT — SET be the functor that sends C to mo0(C), the set of components of C; let 
dis: SET > CAT be the functor that sends X to disX, the discrete category on X; let ob : CAT > SET 
be the functor that sends C to ObC, the set of objects in C; let grd : SET — CAT be the functor that 
sends X to grd X, the category whose objects are the elements of X and whose morphisms are the elements 
of X x X—then 70 is a left adjoint for dis, dis is a left adjoint for ob, and ob is a left adjoint for grd. 


[Note: zo preserves finite products; it need not preserve arbitrary products. ] 


GRD is the full subcategory of CAT whose objects are the groupoids, i.e., the small 


categories in which every morphism is_ invertible. Example: The assignment 
IT: Or te is a functor 
a enone ae 


Let iso: CAT — GRD be the functor that sends C to iso C, the groupoid whose objects are those 
of C and whose morphisms are the invertible morphisms in C—then iso is a right adjoint for the inclusion 
GRD —> CAT. Let ™ : CAT > GRD be the functor that sends C to 71(C), the fundamental groupoid 
of C, i.e., the localization of C at Mor C—then 7; is a left adjoint for the inclusion GRD > CAT. 


A is the category whose objects are the ordered sets [n] = {0,1,...,n} (n > 0) 
and whose morphisms are the order preserving maps. In A, every morphism can be 
written as an epimorphism followed by a monomorphism and a morphism is a monomor- 
phism (epimorphism) iff it is injective (surjective). The face operators are the monomor- 
phisms 6” : [n — 1] — [n] (n > 0,0 < i < n) defined by omitting the value i. The 
degeneracy operators are the epimorphisms of : [n + 1] — [n] (n > 0,0 < i < n) de- 
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fined by repeating the value i. Suppressing superscripts, if a € Mor ({m], [n]) is not the 


identity, then a has a unique factorization a = (d;, 0 --- 0 6;,) © (aj, 0 --- 0 03,), where 
N>i > >t >0,0< jf < +--+ < jg <m, and m+p=n-+q. Each a € Mor ([m], [n]) 
determines a linear transformation R™*! > R”*! which restricts to a map A® : A™ > 
A”. Thus there is a functor A’? : A + TOP that sends [n] to A” and a to A®. Since the 
objects of A are themselves small categories, there is also an inclusion 1: A — CAT. 

Given a category C, write SIC for the functor category (Aer, C] and COSIC for the 
functor category [A,C]—then by definition, a simplicial object in C is an object in SIC 
and a cosimplicial object in C is an object in COSIC. Example: Ya = A is a cosimplicial 
object in A. 

Specialize to C = SET—then an object in SISET is called a simplicial set and a 


morphism in SISET is called a simplicial map. Given a simplicial set X, put X, = X([n]), 


so for a: |m] > [n], Xa: Xp 7 Xm. If { - = a , then d; and s; are connected by the 
simplicial identities: 
djodj=dj10d; (i<j) os G <i) 
eh eae ens Gee d.o3.= id (ij =jorit=jtl1). 
‘ J P5+1 y = J 8; 0dj_1 G>j4+1) 


The simplicial standard n-simplex is the simplicial set A[n] = Mor (—,[n]), i.e., A[n] is 
the result of applying A to [n], so for a : [m] > [n], Ala] : A[m] > Aln]. Owing to the 
Yoneda lemma, if X is a simplicial set and if 7 € X,, then there exists one and only one 
simplicial map A, : A[n] + X that takes id;,; to x. SISET is complete and cocomplete, 
wellpowered and cowellpowered. 


Let X be a simplicial set—then one writes  € X when one means x € (J) X,. With 


this understanding, an x € X is said to be degenerate if there exists an ep miOronien 
a#idanday € X such that x = (Xa)y; otherwise, x € X is said to be nondegenerate. 
The elements of Xo (= the vertexes of X) are nondegenerate. Every x € X admits a 
unique representation + = (Xa)y, where a is an epimorphism and y is nondegenerate. 
The nondegenerate elements in A[n] are the monomorphisms a : [m] > [n] (m <n). 

A simplicial subset of a simplicial set X is a simplicial set Y such that Y is a subfunctor 
of X, i.e., Y, C X,, for all n and the inclusion Y + X is a simplicial map. Notation: 
Y Cc X. The n-skeleton of a simplicial set X is the simplicial subset X“ (n > 0) of 
X defined by stipulating that x is the set of all c € X, for which there exists an 
epimorphism a : [p] — [gq] (q < n) and ay € Xq such that x = (Xa)y. Therefore 
x = X, (p < n); furthermore, X) c X@ C--- and X = colimX™. A proper 


simplicial subset of A[n] is contained in A[n]~-"), the frontier A[n] of A[n]. Of course, 
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A[0] = 0. X is isomorphic to Xo - A[0]. In general, let X#* be the set of nondegenerate 
elements of X,. Fix a collection {A[n], : x € X#} of simplicial standard n-simplexes 


indexed by X7#—then the simplicial maps A, : A[n] > X (x € Xj) determine an arrow 
X#-Aln]) — Xr 


X#- A[n] ~ X™ and the commutative diagram | | is a pushout 
X#-A[n]) — x 
square. Note too that A[n] is a coequalizer: Consider the diagram 


Il Aln ~ ij I] Ale-11, 


0<i<j<n 0<i<n 


where wu is defined by the Alert] and v is defined by the A[é;’~']—then the A[d?] define a 


simplicial map f: [] A[n—1]; > A[n] that induces an isomorphism coeq(u, v) > A[n]. 
0<i<n 


Call A, the full subcategory of A whose objects are the [m] (m <n). Given a category C, denote 
by SIC,, the functor category [AQF .C]: The objects of SIC, are the “n-truncated simplicial objects” 
in C. Employing the notation of the Kan extension theorem, take for K the inclusion AGP + A°P and 
write tr” in place of [K,C], so tr) : SIC + SIC,,. If C is complete (cocomplete), then tr”) has a left 
(right) adjoint sk‘) (cosk(™). Put sk( = sk(™ otr(™ (the n-skeleton), cosk(™ = cosk(™) o tr(™ (the 
n-coskeleton). Example: Let C = SET—then for any simplicial set X, sk°)X = X(™), 


(Geometric Realizations) The realization functor Ta? is a functor SISET > 


TOP such that Taz o A = A’. It assigns to a simplicial set X a topological space 
[n] 
|X| = X,,-A”, the geometric realization of X, and to a simplicial map f : X > Y 


a continuous function |f| : |X| — |Y|, the geometric realization of f. In particular, 
|A[n]| = A” and |Ala]| = A®. There is an explicit description of |X|: Equip X, with 
the discrete topology and X, x A” with the product topology—then |X| can be identified 
with the quotient [] X, x A"/-~, the equivalence relation being generated by writing 


n 
((Xa)xz,t) ~ (a, ACt). These relations are respected by every simplicial map f :X > Y. 
Denote by [z, t] the equivalence class corresponding to (x,t). The projection (x,t) > [a,t] 
of [] Xn x A” onto |X| restricts to a map [| X#* x An |X| that is in fact a set theoretic 
n n 


bijection. Consequently, if we attach to each « € Xj the subset e, of |X| consisting 
of all [x,t] (¢ € A”), then the collection {e, : 7 € X# (n > 0)} partitions |X|. It 
follows from this that a simplicial map f : X — Y is injective (surjective) iff its geometric 
realization |f| : |X| — |Y| is injective (surjective). Being a left adjoint, the functor 


|?| : SISET — TOP preserves colimits. So, e.g., by taking the geometric realization of 
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the diagram 
[I] 4-253 [[ Am-1., 
0<i<j<n ” O<i<n 
and unraveling the definitions, one finds that |A[n]| can be identified with A”. 


[Note: It is also true that the arrow |A[m] x A[n]| > |A[m]| x |A[n]| associated with 
Dm : Alm] x A[n] > A[m] 
pn : Alm] x A[n] — Al[n] 
morphism but this is not an a priori property of |?].] 

(Singular Sets) The singular functor S,? is a functor TOP — SISET that 
assigns to a topological space X a simplicial set sin X, the singular set of X : sin X([n]) = 
sin, X = C(A”",X). |?| is a left adjoint for sin. The arrow of adjunction X — sin|X| 
sends x € X,, to |A,| € C(A”, |X|), where |A,|(¢) = [x,t]; it is a monomorphism. The 


arrow of adjunction | sin X| > X sends [x,t] to x(t); it is an epimorphism. 


the geometric realization of the projections is a homeo- 


There is a functor T from SIAB to the category of chain complexes of abelian groups: Take an X 
and let TX be Xp & X12 Xo ~&..., where 0 = Se iia: (dj: Xn — Xn-1). That 008 =0 is implied 
by the simplicial identities. One can then apply the homology functor H, and end up in the category of 
graded abelian groups. On the other hand, the forgetful functor AB > SET has a left adjoint Fag that 
sends a set X to the free abelian group FagpX on X. Extend it to a functor Fag : SISET > SIAB. In 


this terminology, the singular homology H.(X) of a topological space X is H.(TFap(sin X )). 


(Categorical Realizations) The realization functor [, is a functor SISET —> 
[n] 
CAT such that [,oA =v. It assigns to a simplicial set X a small category cX = i: Xy-[n] 


called the categorical realization of X. In particular, cA[n] = [n]. In general, cX can be 
represented as a quotient category CX/~. Here, CX is the category whose objects are 
the elements of Xo and whose morphisms are the finite sequences (1,... ,%n) of elements 
of X; such that dox; = dix;41. Composition is concatenation and the empty sequences 
are the identities. The relations are sox = id, (x € Xo) and (dox) 0 (dox) = dyx (x € XQ). 

(Nerves) The singular functor S, is a functor CAT — SISET that assigns to 
a small category C a simplicial set ner C, the nerve of C : ner C([n]) = ner,C, the set of 
all diagrams in C of the form Xo fo, Xi OD Xn Ee X,,- Therefore, nergC = ObC 


and ner,;C = MorC. c is a left adjoint for ner. Since ner is full and faithful, the arrow of 


adjunction co ner — idcar is a natural isomorphism. The classifying space of C is the 


geometric realization of its nerve: BC = |ner C|. Example: BC » BC°”. 


The composite II = 71 oc is a functor SISET — GRD that sends a simplicial set X to its 


fundamental groupoid ILX. Example: If X is a topological space, then ILX x (sin X). 
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Let C be a small category. Given a cofunctor F : C + SET, the Grothendieck 
construction on F is the category grog F whose objects are the pairs (X, x), where X is an 
object in C with x € FX, and whose morphisms are the arrows f : (X,x) — (Y,y), where 
f :X —Y isa morphism in C with (F'f)y = x. Denoting by 7p the projection grocF > 
C, if S is cocomplete, then for any T € Ob[C,S], [rp F & colim(grogF “$ C48). In 
particular: F © colim(grog F “4 C ale C). 

[Note: The Grothendieck construction on a functor F : C + SET is the category 
grocF whose objects are the pairs (X,x), where X is an object in C with x € FX, and 
whose morphisms are the arrows f : (X,z) > (Y,y), where f : X — Y is a morphism in 
C with (Ff)z = y. Example: grog Mor (X,—) » X\C.] 


Let y : C + CAT be the functor that sends X to C/X—then the realization functor I, assigns to 


each F in G its Grothendieck construction, i.e., PyF & grog F. 


A full, isomorphism closed subcategory D of a category C is said to be a reflective 
(coreflective) subcategory of C if the inclusion D — C has a left (right) adjoint R, a 
reflector (coreflector) for D. 

[Note: A full subcategory D of a category C is isomorphism closed provided that 


every object in C which is isomorphic to an object in D is itself an object in D.] 


SET has precisely three (two) reflective (coreflective) subcategories. TOP has two reflective sub- 
categories whose intersection is not reflective. The full subcategory of GR whose objects are the finite 


groups is not a reflective subcategory of GR. 


Let D be a reflective subcategory of C, R a reflector for D—then one may attach 
to each X € ObC a morphism rx : X > RX in C with the following property: Given 
any Y € ObD and any morphism f : X — Y in C, there exists a unique morphism 
g: RX > Y in D such that f = gorx. If the rx are epimorphisms, then D is said to be 
an epireflective subcategory of C. 

[Note: If the rx are monomorphisms, then the rx are epimorphisms, so “monoreflec- 
tive” = “epireflective” .| 

A reflective subcategory D of a complete (cocomplete) category C is complete (co- 
complete). 

[Note: Let A: I > D be a diagram in D. 

(1) To calculate a limit of A, postcompose A with the inclusion D > C and let 
{é; : L + A;} be its limit in C—then L € ObD and {é; : L > Aj} is a limit of A. 
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(2) To calculate a colimit of A, postcompose A with the inclusion D — C and 
let {4; : A; + L} be its colimit in C—then {rz of; : A; > RL} is a colimit of A.] 


EPIREFLECTIVE CHARACTERIZATION THEOREM If a category C is complete, 
wellpowered, and cowellpowered, then a full, isomorphism closed subcategory D of C is 
an epireflective subcategory of C iff D is closed under the formation in C of products and 
extremal monomorphisms. 

[Note: Under the same assumptions on C, the intersection of any conglomerate of 


epireflective subcategories is epireflective.] 


A full, isomorphism closed subcategory of TOP (HAUS) is an epireflective subcat- 
egory iff it is closed under the formation in TOP (HAUS) of products and embeddings 
(products and closed embeddings). 

(hX) HAUS is an epireflective subcategory of TOP. The reflector sends X to 
its maximal Hausdorff quotient hX. 

(crX) The full subcategory of TOP whose objects are the completely regular 
Hausdorff spaces is an epireflective subcategory of TOP. The reflector sends X to its 
complete regularization crX. 

(8X) The full subcategory of HAUS whose objects are the compact spaces is an 
epireflective subcategory of HAUS. Therefore the category of compact Hausdorff spaces 
is an epireflective subcategory of the category of completely regular Hausdorff spaces and 
the reflector sends X to BX, the Stone-Cech compactification of X. 

[Note: If X is Hausdorff, then 6(crX) is its compact reflection.| 

(uX) The full subcategory of HAUS whose objects are the R-compact spaces is 
an epireflective subcategory of HAUS. Therefore the category of R-compact spaces is an 
epireflective subcategory of the category of completely regular Hausdorff spaces and the 
reflector sends X to vX, the R-compactification of X. 

[Note: If X is Hausdorff, then u(crX) is its R-compact reflection.] 


A full, isomorphism closed subcategory of GR or AB is an epireflective subcategory iff it is closed 
under the formation of products and subgroups. Example: AB is an epireflective subcategory of GR, the 


reflector sending X to its abelianization X/[X,X]. 


If C is a full subcategory of TOP (HAUS), then there is a smallest epireflective 
subcategory of TOP (HAUS) containing C, the epireflective hull of C. If X is a topo- 
logical space (Hausdorff topological space), then X is an object in the epireflective hull of 
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C in TOP (HAUS) iff there exists a set {X;} C ObC and an extremal monomorphism 


The epireflective hull in TOP (HAUS) of [0, 1] is the category of completely regular Hausdorff spaces 
(compact Hausdorff spaces). The epireflective hull in TOP of [0, 1]/[0, 1[ is the full subcategory of TOP 
whose objects satisfy the To separation axiom. The epireflective hull in TOP (HAUS) of {0, 1} (discrete 
topology) is the full subcategory of TOP (HAUS) whose objects are the zero dimensional Hausdorff 
spaces (zero dimensional compact Hausdorff spaces). The epireflective hull in TOP of {0,1} (indiscrete 
topology) is the full subcategory of TOP whose objects are the indiscrete spaces. 

[Note: Let E be a nonempty Hausdorff space—then a Hausdorff space X is said to be E-compact 
provided that X is in the epireflective hull of EF in HAUS. Example: A Hausdorff space is N-compact iff 
it is Q-compact iff it is P-compact. There is no E such that every Hausdorff space is E-compact. In fact, 
given E, there exists a Hausdorff space Xg with #(X#) > 1 such that every element of C(X az, E) is a 


constant. ] 


A morphism f : A + B and an object X in a category C are said to be orthogonal 
(f LX) if the precomposition arrow f* : Mor (B,X) — Mor (A, X) is bijective. Given a 
class S C MorC, S+ is the class of objects orthogonal to each f € S and given a class 
Dc ObC, D? is the class of morphisms orthogonal to each X € D. One then says that 
a pair (S,D) is an orthogonal pair provided that S = D+ and D = S+. Example: Since 
Lit=1, for any S$, ($++,S+) is an orthogonal pair, and for any D, (D+, D++) is an 
orthogonal pair. 

[Note: Suppose that (S,D) is an orthogonal pair—then (1) S contains the isomor- 
phisms of C; (2) S is closed under composition; (3) S is cancellable, ie, gof Ee S& 


A — A’ 
fEeSsegqgeSandgofeS&geESsf €S. In addition, if fl ie is a 
B—- B 


pushout square, then f €¢ S => f’ € S, and if = € Nat(A, A’), where A, A’: I > C, then 
EB, € S (Vi) > colime € S (if colim A, colim A’ exist).] 

Every reflective subcategory D of C generates an orthogonal pair. Thus, with R : 
C > D the reflector, put T = 40 R, where 1 : D — C is the inclusion, and denote 
by € : idc — T the associated natural transformation. Take for S C MorC the class 
consisting of those f such that Tf is an isomorphism and take for D C ObC the object 
class of D, i.e., the class consisting of those X such that €x is an isomorphism—then (S, D) 


is an orthogonal pair. 


A full, isomorphism closed subcategory D of a category C is said to be an orthogonal subcategory 
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of C if ObD = S+ for some class S C Mor C. If D is reflective, then D is orthogonal but the converse is 
false (even in TOP). 

[Note: Let (S,D) be an orthogonal pair. Suppose that for each X € ObC there exists a morphism 
ex :X > TX in S, where TX € D—then for every f : A > B in S and for every g: A > X there exists 
a unique t: B + TX such that «x og =to f. So, for any arrow X — Y, there is a commutative diagram 


i a poe 


i | , thus T defines a functor C > C and €: idg — T is a natural transformation. Since 
Y — TY 

ey 
eT = Te is a natural isomorphism, it follows that S+ = D is the object class of a reflective subcategory of 


C] 


(«-DEF) Fix a regular cardinal «—then an object X in a cocomplete category 
C is said to be «-definite provided that V regular cardinal «’ > «, Mor (X,—) preserves 
colimits over [0,«’[, so for every diagram A : [0, «’/[—> C, the arrow colim Mor (X, Aq) > 
Mor (X,colim Aq) is bijective. 


Given a group G, there is a « for which G is «-definite and all finitely presented groups are w-definite. 


REFLECTIVE SUBCATEGORY THEOREM Let C bea cocomplete category. Sup- 
pose that So C Mor C is a set with the property that for some «, the domain and codomain 
of each f € So are K-definite—then So is the object class of a reflective subcategory of C. 


(P-Localization) Let P be a set of primes. Let Sp = {1} U{n >1:peEP=> 


p{n}—then a group G is said to be P-local if the map is bijective Vn € Sp. 


Gg 
GRp, the full subcategory of GR whose objects are the P-local groups, is a reflective 


subcategory of GR. In fact, Ob GRp = Sj, where now Sp stands for the set of homo- 


morphisms { ee (n € Sp). The reflector Dp : { ee SRP is called P-localization. 


lon G—>Gp 
P-localization need not preserve short exact sequences. For example, 1 > A3 > S3 > S3/A3 7 1, 


when localized at P = {3}, gives 1 Az 9151-1. 


A category C with finite products is said to be cartesian closed provided that each of 
the functors —xY : C > C has aright adjoint Z > Z*, so Mor (X xY, Z) & Mor (X, Z”). 
The object ZY is called an exponential object. The evaluation morphism evy,z is the 
morphism ZY x Y + Z such that for every f : X x Y > Z there is a unique g: X > Z* 
such that f = evy,z o (g x idy). 


In a cartesian closed category: 
ere) (3) Xe w]](X™); 
(2) I] Xi)" = (XP); (4) Xx (LY) + L(X x %). 


7 7 7 


SET is cartesian closed but SET®? is not cartesian closed. TOP is not cartesian closed but does 
have full, cartesian closed subcategories, e.g., the category of compactly generated Hausdorff spaces. 

[Note: If C is cartesian closed and has a zero object, then C is equivalent to 1. Therefore neither 
SET. nor TOP, is cartesian closed.] 

CAT is cartesian closed: Mor (C x D, E) Mor (C, EP), where EP = [D, E]. SISET is cartesian 
closed: Nat(X x Y, Z) & Nat(X,Z*), where Z¥ ([n]) = Nat(Y x Al[nl], Z). 


[Note: The functor ner : CAT > SISET preserves exponential objects. ] 


A monoidal category is a category C equipped with a functor ® : C x C > C (the 


multiplication) and an object e € ObC (the unit), together with natural isomorphisms R, 

Ry :X @®@erx 
L, and A, where ee 
to the following assumptions. 


(MC,) The diagram 


and Ax yz: X @(Y ®Z) > (X @Y) @Z, subject 


X @ (Y @(Z@W)) —9(X @Y) @(Z@W) —3((X @Y) @Z) QW 
A®id 
X@((Y @Z)@W) >(X@(Y@Z))@eW 


commutes. 
(MC2) The diagram 


A 
X @(e®Y) ——(X @e) @Y 


| | noi 


X@Y X@Y 


commutes. 
[Note: The “coherency” principle then asserts that “all” diagrams built up from in- 
stances of R, L, A (or their inverses), and id by repeated application of ® necessarily 


commute. In particular, the diagrams 


A A 
e@(X @Y)—>3(e@X)@Y X@(Y @e) ——3(X @Y) Be 


| jn | i 


X@Y X@Y X @Y X@Y 


commute and DL. = Re:e@e-e.|] 


Any category with finite products (coproducts) is monoidal: Take X @ Y to be X IY (X LILY) and 
let e be a final (initial) object. The category AB is monoidal: Take X ® Y to be the tensor product and 
let e be Z. The category SET. is monoidal: Take X @ Y to be the smash product X#Y and let e be the 


two point set. 


A symmetry for a monoidal category C is a natural isomorphism T, where T x,y : 
X@Y +Y®@X, such that Ty xoTxy :X@Y + X@Y is the identity, Ry =LxoT xe, 


and the diagram 


A AG 
X @(Y @ Z) ——+(X @Y) ®@Z—5Z@(X@Y) 


| [4 
LOOM at OAV ON OO. 
@ i 
commutes. A symmetric monoidal category is a monoidal category C endowed with a 
symmetry T. A monoidal category can have more than one symmetry (or none at all). 
[Note: The “coherency” principle then asserts that “all” diagrams built up from in- 
stances of R, L, A, T (or their inverses), and id by repeated application of ® necessarily 


commute. | 


Let C be the category of chain complexes of abelian groups; let D be the full subcategory of C whose 

objects are the graded abelian groups. C and D are both monoidal: Take X @ Y to be the tensor product 
xX ={X 

and let e = {en} be the chain complex defined by e9 = Z and en = 0 (n # 0). If { : and if 
Y= {Yq 


te Xp X@Y3Y@X |. 
, then the assignment is a symmetry for C and there are no others. 
ye Yq r@y— (-1)(y @ x) 


, , XOYOYO@X 
By contrast, D admits a second symmetry, namely the assignment / 


r@yry@Our 

A closed category is a symmetric monoidal category C with the property that each 
of the functors — @ Y : C > C has a right adjoint Z — hom(Y, Z), so Mor (X @ Y, Z) & 
Mor (X,hom(Y, Z)). The functor hom : C°P x C > C is called an internal hom functor. 
The evaluation morphism evy,z is the morphism hom(Y, Z) ® Y — Z such that for every 
f:X @Y — Z there is a unique g : X — hom(Y, Z) such that f = evy.z o (g @ idy). 
Agreeing to write U. for the functor Mor (e,—) (which need not be faithful), one has 
U.chom Mor. Consequently, X ~ hom(e, X) and hom(X @Y, Z) = hom(X, hom(Y, Z)). 
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A cartesian closed category is a closed category. AB is a closed category but is not 


cartesian closed. 


TOP admits, to within isomorphism, exactly one structure of a closed category. For let X and Y 


be topological spaces—then their product X @ Y is the cartesian product X x Y supplied with the final 


Sat {t}xY¥ 4X xY Be ; 
topology determined by the inclusions (x € X,y € Y), the unit being the one point 
Xxf{y}oXxXxY 


space. The associated internal hom functor hom(X,Y) sends (X,Y) to C(X,Y), where C(X,Y) carries 


the topology of pointwise convergence. 


Given a monoidal category C, a monoid in C is an object X € ObC together with 
morphisms m: X @ X > X ande:e > X subject to the following assumptions. 
(MO) The diagram 


A m@id 
X @(X @X) ——9(X @ X)@ X —35 X@X 


! P 


X@QX SN 


commutes. 
(MOz2) The diagrams 


e@id id@e 
e@® X — > X@xX X @®X <—— X Se 
| [mn ! [F 
X X X X 


commute. 
MONG is the category whose objects are the monoids in C and whose morphisms 
(X,m,e) > (X’,m’,¢’) are the arrows f : X — X’ such that fom =m’ o(f ® f) and 


foe=e. 
MONsgger7 is the category of semigroups with unit. MON aps is the category of rings with unit. 


Given a monoidal category C, a left_action of a monoid X in C on an object Y € ObC 


is a morphism /: X @ Y > Y such that the diagram 


A m@id e@id 
X@(X @® Y) ——> (X ®X) ®@Y ——> X@Y +— e@Y 


| | lF 


X @Y ae Y 


commutes. 

[Note: The definition of a right action is analogous.| 

LACT x is the category whose objects are the left actions of X and whose morphisms 
(Y,1) > (Y',l’) are the arrows f : Y > Y’ such that fol =I'o (id @ f). 


If X is a monoid in SET, then LACT, is isomorphic to the functor category [X,SET], X the 


category having a single object * with Mor (*,*) = X. 


A triple T = (T,m,e) in a category C consists of a functor T : C > C and natural 
m € Nat(T oT,T) 
e € Nat(idce, T) 

(Ti) The diagram 


transformations { subject to the following assumptions. 


mT 
ToT oT —3T oT 


| ir 


commutes. 
(T2) The diagrams 


T— 3Tof ToT tT 
| |» | |ia 
T ——- 1 T —_T 


commute. 

[Note: Formally, the functor category [C,C] is a monoidal category: Take F ®G to 
be F 0G and let e be idc. Therefore a triple in C is a monoid in [C, C] (and a cotriple in 
C is a monoid in [C, C]°"), a morphism of triples being a morphism in the metacategory 
MON ¢.¢}-! 

Given a triple T = (T,m,e) in C, a T-algebra is an object X in C and a morphism 
€:TX — X subject to the following assumptions. 

(TA,) The diagram 


Té 
TEX) —— 3-7 ¥ 


ls 
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commutes. 
(TA) The diagram 


commutes. 

T-ALG is the category whose objects are the T-algebras and whose morphisms 
(X,€) — (Y,n) are the arrows f : X > Y such that fof=noTf. 

[Note: If T = (T,m,e) is a cotriple in C, then the relevant notion is T-coalgebra and 
the relevant category is T-COALG.] 


Take C = AB. Let A € ObRG. Define T: AB > AB by TX = A®@X, m € Nat(T oT,T) by 


AQ®(A®X) > AQX . X > AQX it . 
; ,€ € Nat(idap,T) by ex: —then T-ALG is isomorphic 
a®(b@x2) 7 ab@axr 


r71@2 
to A-MOD. 


Every adjoint situation (F, G, u,v) determines a triple in C, viz. (Go F, GvF, ys) (and 
a cotriple in D, viz. (FoG, FuG,v)). Different adjoint situations can determine the same 
triple. Conversely, every triple is determined by at least one adjoint situation, in general by 
many. One realization is the construction of Eilenberg-Moore: Given a triple T = (T, m,€) 
in C, call Fy the functor C > T-ALG that sends X AY to (TX,mx) ATY, my), call 
Gy the functor T-ALG — C that sends (x,6) Sy, n) to xy. put px = ex, and 


Wx,¢) = €—then Fry is a left adjoint for Gr and this adjoint situation determines T. 


Suppose that C = SET, D = MONgger. Let F : C > D be the functor that sends X to the 
free semigroup with unit on X—then F is a left adjoint for the forgetful functor G: D — C. The triple 
determined by this adjoint situation is T = (T,m,e), where T : SET — SET assigns to each X the set 
TX = Ux, mx : T(TX) + TX is defined by concatenation and ex : X — TX by inclusion. The 


0 
corresponding category of T-algebras is isomorphic to MONgert. 


Let (F,G,p,v) be an adjoint situation. If T = (Go F,GvF,p) is the associated 
triple in C, then the comparison functor ® is the functor D > T-ALG that sends Y to 
(GY,Gvy) and g to Gg. It is the only functor D > T-ALG for which @o F = Fy and 
Grod=G. 


Consider the adjoint situation produced by the forgetful functor TOP — SET—then T-ALG = 
SET and the comparison functor TOP — SET is the forgetful functor. 
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= , a functor G : D > C is said to be monadic (strictly monadic) 
provided that G has a left adjoint F : C + D and the comparison functor ® : D > T-ALG 


is an equivalence (isomorphism) of categories. 


Given categories 


In order that G be monadic, it is necessary that G be conservative. So, e.g., the forgetful functor 
TOP — SET is not monadic. If D is the category of Banach spaces and linear contractions and if 
G:D- SET is the “unit ball” functor, then G has a left adjoint and is conservative, but not monadic. 
Theorems due to Beck, Duskin and others lay down conditions that are necessary and sufficient for a 
functor to be monadic or strictly monadic. In particular, these results imply that if D is a “finitary 
category of algebraic structures”, then the forgetful functor D — SET is strictly monadic. Therefore the 
forgetful functor from GR, RG, ... , to SET is strictly monadic. 

[Note: No functor from CAT to SET can be monadic.] 


Among the possibilities of determining a triple T = (T,m,«) in C by an adjoint 
situation, the construction of Eilenberg-Moore is “maximal”. The “minimal” construction 
is that of Kleisli: KL(T) is the category whose objects are those of C, the morphisms 
from X to Y being Mor (X, TY) with ex € Mor (X, TX) serving as the identity. Here, the 


xAry . 


composition of 4 y _ pg in KL(T) is mzoTgof (calculated in C). If Ky : C > KL(T) 
g 


is the functor that sends X 45 Y to X 3! TY and if Ly : KL(T) — C is the functor that 
sends X TY to TX ™3"4 TY, then Ky is a left adjoint for Dy with arrows of adjunction 
€x,idrx and this adjoint situation determines T. 

[Note: Let G : D — C be a functor—then the shape of G is the metacategory 
Se whose objects are those of C, the morphisms from X to Y being the conglomerate 
Nat(Mor (Y, G—), Mor (X, G—)). While ad hoc arguments can sometimes be used to show 
that Sg is isomorphic to a category, the situation is optimal when G has a left adjoint 
F:C—D since in this case Sg is isomorphic to KL(T), T the triple in C determined 
by F and G.] 


Consider the adjoint situation produced by the forgetful functor GR — SET—then KL(T) is 


isomorphic to the full subcategory of GR whose objects are the free groups. 


A triple T = (T,m,e) in C is said to be idempotent provided that m is a natural 
isomorphism (hence «eT = m7! = Te). If T is idempotent, then the comparison functor 
KL(T) > T-ALG is an equivalence of categories. Moreover, Gy : T-ALG — C is full, 


faithful, and injective on objects. Its image is a reflective subcategory of C, the objects 
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being those X such that ¢x : X — TX is an isomorphism. On the other hand, every 
reflective subcategory of C generates an idempotent triple. Agreeing that two idempotent 
triples T and T” are equivalent if there exists a natural isomorphism 7 : T — T’ such that 
é' = T o€ (thus also Tom = m! oTT’ oT7T), the conclusion is that the conglomerate of 
reflective subcategories of C is in a one-to-one correspondence with the conglomerate of 
idempotent triples in C modulo equivalence. 

[Note: An idempotent triple T = (T,m,«¢) determines an orthogonal pair (S,D). Let 
f :X — Y bea morphism—then f is said to be T-localizing if there is an isomorphism 
@:TX + Y such that f = doex. For this to be the case, it is necessary and sufficient 
that f € S and Y € D. If C’ is a full subcategory of C and if T’ = (T’,m’,e’) is an 
idempotent triple in C’, then T (or T) is said to extend T’ (or T’) provided that S’ C S$ 
and D’ c D (in general, ($’)+ > D D (D’)++, where orthogonality is meant in C).] 


Let (F,G,pu,v) be an adjoint situation—then the following conditions are equivalent: (1) (Go 
F,GvF,) is an idempotent triple; (2) wG is a natural isomorphism; (3) (Fo G, FwG,v) is an idem- 
potent cotriple; (4) vF is a natural isomorphism. And: (1), ... ,(4) imply that the full subcategory C,, of 
C whose objects are the X such that x is an isomorphism is a reflective subcategory of C and the full 
subcategory D, of D whose objects are the Y such that vy is an isomorphism is a coreflective subcategory 


of D. 


[Note: C,, and D, are equivalent categories. | 


Given a category C and a class S Cc MorC, a localization of C at_S is a pair (S~'C, 
Lg), where S~1C is a metacategory and Ls : C — S~'C is a functor such that V s € S, 
[gs is an isomorphism, (S GC, Lg) being initial among all pairs having this property, 
i.e., for any metacategory D and for any functor F : C > D such that V s € S, Fs is 
an isomorphism, there exists a unique functor F’ : S~'C > D such that F = F’o Lg. 
S-'!C exists, is unique up to isomorphism, and there is a representative that has the same 
objects as C itself. Example: Take C = TOP and let S Cc MorC be the class of homotopy 
equivalences—then S~'C = HTOP. 

[Note: If S is the class of all morphisms rendered invertible by Ls (the saturation of 
S), then the arrow S~!C > 5 'C isan isomorphism. ] 


Fix a class I which is not a set. Let C be the category whose objects are X, Y, and {Z; :7 € I} and 
whose morphisms, apart from identities, are f; : X > Z; and gj: Y > Z;. Take S = {g; : i € I}—then 
S—1C is a metacategory that is not isomorphic to a category. 


[Note: The localization of a small category at a set of morphisms is again small.] 
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Let C be a category and let S C MorC be a class containing the identities of C and 
closed with respect to composition—then S is said to admit a calculus of left fractions if 
(LF,) Given a 2-source X'& X ayy: (s € S), there exists a commutative square 
Ke 2 
sf |t, where t € S; 
Me =e a 
(LF) Given f,g: X > Y ands: X' > X (s € S) such that fos=gos, 
there exists t¢: Y > Y’ (t € S) such that to f =tog. 


[Note: Reverse the arrows to define “calculus of right fractions” .] 


Let S C Mor C be a class containing the identities of C and closed with respect to composition such 


that V (s,t): tosE€S&s ES st € S—then S admits a calculus of left fractions if every 2-source 


xX hes Y 
bqare 4 4y (s € S) can be completed to a weak pushout square { ee where ¢t € S. For an 
Dae s y’ 
fi 


illustration, take C = HTOP and consider the class of homotopy classes of homology equivalences. 


Let C be a category and let S C Mor C be a class admitting a calculus of left fractions. 
Given X,Y € ObS~!C, Mor (X,Y) is the conglomerate of equivalence classes of pairs 


Cea x4yeéy, two pairs 1 being equivalent iff there exist u,v € MorC : 


(t, 9) 


on € S, with wos = vot and uo f = vog. Every morphism in S~!C can be 


represented in the form (Lgs)~'Lsf and if Ls f = Lgg, then there is an s € S$ such that 
sof=sog. 

[Note: S~1C is a metacategory. To guarantee that $~1C is isomorphic to a category, 
it suffices to impose a solution set condition: For each X € ObC, there exists a source 
{s; : X — X}{} (s; € S) such that for every s : X — X’ (s € S), there is an i and a 
u: X' + X/ such that wos = s;. This, of course, is automatic provided that X\S, the 
full subcategory of X\C whose objects are the s: X > X' (s € S), has a final object. 


If C is the full subcategory of HTOP.. whose objects are the pointed connected CW complexes and 
if S is the class of pointed homotopy classes of pointed n-equivalences, then S admits a calculus of left 


fractions and satisfies the solution set condition. 


Let (F,G, , v) be an adjoint situation. Assume: G is full and faithful or, equivalently, 
that v is a natural isomorphism. Take for S C Mor C the class consisting of those s such 


that F's is an isomorphism (so F = F’ o Lg)—then {ux} C S and S admits a calculus 
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of left fractions. Moreover, S is saturated and satisfies the solution set condition (in 
fact, V X € ObC, X\S has a final object, viz. x : X 4 GFX). Therefore S~!C is 
isomorphic to a category and Lg : C > S~'C has a right adjoint that is full and faithful, 
while F’ : S-'C > D is an equivalence. 

[Note: Suppose that T = (T,m,e) is an idempotent triple in C. Let D be the 
corresponding reflective subcategory of C with reflector R: C > D, so T =10 R, where 
t: D > C is the inclusion. Take for S C MorC the class consisting of those f such 
that Tf is an isomorphism—then S' is the class consisting of those f such that Rf is an 
isomorphism, hence S admits a calculus of left fractions, is saturated, and satisfies the 
solution set condition. The Kleisli category of T is isomorphic to S~'C and T factors as 
C> S-'C+D-—C, the arrow S~!C > D being an equivalence.] 


are isomor- 


g= C MorC s-ic 
Let (F,G,p,v) be an adjoint situation. Put { {ux} = { 


T = {vy} C MorD T-'D 
F':S-!G 5T7!D 
G’:T-1D> s7!C 


G'o F's idg-1¢ 


, thus 
F'oG' wid 


F 
phic to categories and { ee induce functors { such that { 


T-1p 
Ss~*C ; ; ae ; ; 
in are equivalent. In particular, when G is full and faithful, S~*C is equivalent to D (the saturation 
T-~D 
of S being the class consisting of those s such that F's is an isomorphism, i.e., S is the “S” considered 


above). 


Given a category C, a set U of objects in C is said to be a separating set if for every 
f 

pair X =Y of distinct morphisms, there exists a U € U and a morphism 0 : U + X such 
g 


that foo # goo. An object U in C is said to be a separator if {U} is a separating set, i.e., 
if the functor Mor (U,—) : C > SET is faithful. If C is balanced, finitely complete, and 
has a separating set, then C is wellpowered. Every cocomplete cowellpowered category 
with a separator is wellpowered and complete. If C has coproducts, then a U € ObC isa 
separator iff each X € ObC admits an epimorphism [[U > X. 

[Note: Suppose that C is small—then the representable functors are a separating set 
for [C, SET].] 


Every nonempty set is a separator for SET. SET x SET has no separators but the set {(@, {0}), ({O}, 
))} is a separating set. Every nonempty discrete topological space is a separator for TOP (or HAUS). 
Z is a separator for GR and AB, while Z[¢] is a separator for RG. In A-MOD, A (as a left A-module) 


is a separator and in MOD-4A, A (as a right A-module) is a separator. 


Given a category C, a set U of objects in C is said to be a coseparating set if for 
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: u a aa : : : 
every pair X —Y of distinct morphisms, there exists a U € U and a morphism 0 : Y > 
g 


U such that oo f #4 oo g. An object U in C is said to be a coseparator if {U} is 
a coseparating set, i.e., if the cofunctor Mor (—,U) : C > SET is faithful. If C is 
balanced, finitely cocomplete, and has a coseparating set, then C is cowellpowered. Every 
complete wellpowered category with a coseparator is cowellpowered and cocomplete. If C 
has products, then aU € ObC is a coseparator iff each X € Ob C admits a monomorphism 
X > {[[U. 


Every set with at least two elements is a coseparator for SET. Every indiscrete topological space 
with at least two elements is a coseparator for TOP. Q/Z is a coseparator for AB. None of the categories 


GR, RG, HAUS has a coseparating set. 


SPECIAL ADJOINT FUNCTOR THEOREM Given a complete wellpowered category 
D which has a coseparating set, a functor G : D > C has a left adjoint iff G preserves 


limits. 


A functor from SET, AB or TOP to a category C has a left adjoint iff it preserves limits and a 


right adjoint iff it preserves colimits. 


Given a category C, an object P in C is said to be projective if the functor Mor (P, —) : 
C — SET preserves epimorphisms. In other words: P is projective iff for each epimor- 
phism f : X — Y and each morphism ¢: P + Y, there exists a morphism g : P > X 
such that fog =. A coproduct of projective objects is projective. 

A category C is said to have enough projectives provided that for any X € ObC 
there is an epimorphism P + X, with P projective. If a category has enough projectives 
and a separator, then it has a projective separator. If a category has coproducts and a 


projective separator, then it has enough projectives. 


The projective objects in the category of compact Hausdorff spaces are the extremally disconnected 
spaces. The projective objects in AB or GR are the free groups. The full subcategory of AB whose 
objects are the torsion groups has no projective objects other than the initial objects. In A-MOD or 
MOD.A, an object is projective iff it is a direct summand of a free module (and every free module is a 


projective separator). 


Given a category C, an object Q in C is said to be injective if the cofunctor Mor (—, Q) : 


C — SET converts monomorphisms into epimorphisms. In other words: @ is injective 
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iff for each monomorphism f : X — Y and each morphism ¢: X — Q, there exists a 
morphism g: Y > Q such that go f = ¢. A product of injective objects is injective. 

A category C is said to have enough injectives provided that for any X € ObC, there 
is a monomorphism X — Q, with Q injective. If a category has enough injectives and 
a coseparator, then it has an injective coseparator. If a category has products and an 


injective coseparator, then it has enough injectives. 


The injective objects in the category of compact Hausdorff spaces are the retracts of products 
JJ[0,1]. The injective objects in the category of Banach spaces and linear contractions are, up to iso- 
morphism, the C(X), where X is an extremally disconnected compact Hausdorff space. In AB, the 
injective objects are the divisible abelian groups (and Q/Z is an injective coseparator) but the only injec- 
tive objects in GR or RG are the final objects. The module Homz(A, Q/Z) is an injective coseparator 
in A-MOD or MOD.-A. 


A zero object in a category C is an object which is both initial and final. The cat- 
egories TOP,, GR, and AB have zero objects. If C has a zero object Oc (or 0), then 
for any ordered pair X,Y € ObC there exists a unique morphism X — 0c — Y, the 
zero morphism Oxy (or 0) in Mor (X,Y). It does not depend on the choice of a zero ob- 
ject in C. An equalizer (coequalizer) of an f € Mor (X,Y) and Oxy is said to be a kernel 
(cokernel) of f. Notation: ker f (coker f). 

[Note: Suppose that C has a zero object. Let {X; :7 © I} bea collection of objects in 


C for which I X; and ft X; exist. The morphisms 6;; : X; + Xj; defined by tae idx, ay ou 


then determine a morphism i ft Xi II X; such that pr; oto in; = 4;. Bouoe Take 


#-(I) = 2—then this morphism can be a ‘monomorphism (in TOP,.), an epimorphism (in 
GR), or an isomorphism (in AB).] 


A pointed category is a category with a zero object. 


Let C be a category with a zero object. Assume that C has kernels and cokernels. 
Given a morphism f : X > Y, an image (coimage) of f is a kernel of a cokernel (cokernel 
of a kernel) for f. Notation: imf (coim f). There is a commutative diagram 


f 
ker f +X >Y > coker f 


| 


coim f ——-+ imf, 


where f is the morphism parallel to f. If parallel morphisms are isomorphisms, then C is 


said to be an exact category. 
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[Note: In general, f need be neither a monomorphism nor an epimorphism and f can 
be a bimorphism without being an isomorphism.| 

A category C that has a zero object is exact iff every monomorphism is the kernel 
of a morphism, every epimorphism is the cokernel of a morphism, and every morphism 
admits a factorization: f = g oh (g a monomorphism, h an epimorphism). Such a fac- 
torization is essentially unique. An exact category is balanced; it is wellpowered iff it is 
cowellpowered. Every exact category with a separator or a coseparator is wellpowered and 
cowellpowered. If an exact category has finite products (finite coproducts), then it has 


equalizers (coequalizers), hence is finitely complete (finitely cocomplete). 


AB is an exact category but the full subcategory of AB whose objects are the torsion free abelian 


groups is not exact. Neither GR nor TOP, is exact. 


Let C be an exact category. 
die be acd : 
(EX) A sequence --- > Xn_1 ">' Xn ee Xn41 ++: issaid to be exact, provided 


that imd,,_; ~& ker d,, for all n. 


[Note: A short exact sequence is an exact sequence of the form 0 > X' > X > X" > 
0.] 
(Ker-Coker Lemma) Suppose that the diagram 


X14 —— Xz ——— X3 —— 0 
[fn [fe |fs 
Q ——— Y, ——— Y2 ——  ¥3 
is commutative and has exact rows—then there is a morphism 0 : ker fg — coker f1, the 
connecting morphism, such that the sequence 


ker f; — ker fg > ker f3 , coker fi — coker fo > coker fs 


is exact. Moreover, if X; — X2 (Y2 — Y3) is a monomorphism (epimorphism), then 
ker f1 — ker fo (coker f2 — coker f3) is a monomorphism (epimorphism). 


(Five Lemma) Suppose that the diagram 


X1 ——> X2 ——> X3 ——> X4 —— X35 


|n [fe |fs [fe | 


yo ——$ ». —<— 5. ——. »¥,. —_*" 


is commutative and has exact rows. 
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(1) If fo and f4 are epimorphisms and fs is a monomorphism, then f3 is an 
epimorphism. 

(2) If fo and f, are monomorphisms and f; is an epimorphism, then f3 is a 
monomorphism. 


(Nine Lemma) Suppose that the diagram 


0 0 0 


| 6 tI 


O<—<——_—— ——— ry ea) 


f 6] | 


ee ee || 


1 6] | 


0 ———> 7’ ——_> Z —_—_- 7" ———_-- 0 


f 6 tI 


0 0 0 


is commutative, has exact columns, and an exact middle row—then the bottom row is 


exact iff the top row is exact. 


In an exact category C, there are two short exact sequences associated with each morphism f : X > 
: 0 > ker f > X > coim f > 0 
Y, viz. 


0>imf > Y > coker f 30 


An additive category is a category C that has a zero object and which is equipped with 
a function + that assigns to each ordered pair f,g € Mor C having common domain and 
codomain, a morphism f + g with the same domain and codomain satisfying the following 
conditions. 

(ADD,) On each morphism set Mor (X, Y), + induces the structure of an abelian 

group. 
fo(gt+h) = (fog) +(f oh) 
(gth)ok=(gok)+(hok) ° 
(ADD3) The zero morphisms are identities with respect to +:0+ f = f+0= f. 


(ADD2) Composition is distributive over + : { 


An additive category has finite products iff it has finite coproducts and when this is 


so, finite coproducts are finite products. 


[Note: If C is small and D is additive, then [C, D] is additive.] 
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AB is an additive category but GR is not. Any ring with unit can be viewed as an additive 
category having exactly one object (and conversely). The category of Banach spaces and continuous linear 


transformations is additive but not exact. 


An abelian category is an exact category C that has finite products and finite co- 
products. Every abelian category is additive, finitely complete, and finitely cocomplete. 
A category C that has a zero object is abelian iff it has pullbacks, pushouts, and ev- 


ery monomorphism (epimorphism) is the kernel (cokernel) of a morphism. In an abelian 


category, t atl Xi I X; is an isomorphism. 
[Note: If Ci is saa and D is abelian, then [C, D] is abelian.] 


AB is an abelian category, as is its full subcategory whose objects are the finite abelian groups but 


there are full subcategories of AB which are exact and additive, yet not abelian. 


A Grothendieck category is a cocomplete abelian category C in which filtered colimits 
commute with finite limits or, equivalently, in which filtered colimits of exact sequences 
are exact. Every Grothendieck category with a separator is complete and has an injective 
coseparator, hence has enough injectives (however there exist wellpowered Grothendieck 
categories that do not have enough injectives). In a Grothendieck category, every fil- 
tered colimit of monomorphisms is a monomorphism, coproducts of monomorphisms are 


monomorphisms, and t : |] X; + [| X; is a monomorphism. 


[Note: If C is small and D is Grothendieck, then [C, D] is Grothendieck. | 


AB is a Grothendieck category but its full subcategory whose objects are the finitely generated 
abelian groups, while abelian, is not Grothendieck. If A is a ring with unit, then A-MOD and MOD-A 


are Grothendieck categories. 


, a functor F : C > D is said to be left_exact (right exact) 
if it preserves kernels (cokernels) and exact if it is both right and left exact. F is left exact 


Given exact categories 


(right exact) iff for every short exact sequence 0 > X' > X > X" — 0 in C, the sequence 
0> FX' > FX > FX" (FX' > FX > FX" — 0) is exact in D. Therefore F is exact 


iff F preserves short exact sequences or still, iff F preserves arbitrary exact sequences. 


[Note: F is said to be half exact if for every short exact sequence 0 > X' > X > 
X" — 0 in C, the sequence F.X' > FX > FX" is exact in D.] 


The projective (injective) objects in an abelian category are those for which Mor (X ,—)(Mor (—, X)) 
is exact. In AB, X © — is exact iff X is flat or here, torsion free. If I is small and filtered and if C is 


Grothendieck, then colim : [I, C] > C is exact. 
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Given additive categories ‘o , a functor F : C > D is said to be additive if for all 


X,Y € ObC, the map Mor (X,Y) > Mor (FX, FY) is a homomorphism of abelian groups. 
Every half exact functor between abelian categories is additive. An additive functor be- 
tween abelian categories is left exact (right exact) iff it preserves finite limits (finite co- 
limits). The additive functor category [C, D]* is the full submetacategory of [C, D] whose 
C°P > [C, AB]t 
C > [CY?, AB] 
C and D are abelian categories with C small, if K : C — D is additive, and if S is a 


objects are the additive functors. There are Yoneda embeddings { If 


complete (cocomplete) abelian category, then there is an additive version of Kan extension 
C,s)* 
[D, S]+ 

forgetting the additive structure. 


The functors produced need not agree with those obtained by 


applicable to { 


Let A be a ring with unit viewed as an additive category having exactly one object—then A-MOD 
is isomorphic to [A, AB]+ and MOD-A is isomorphic to [ACP, AB]*. 
[Note: A right A-module X and a left A-module Y define a diagram A°P x A > AB (tensor product 


A 
over Z) and the coend / X @Y is X @4 Y, the tensor product over A.] 


If C is small and additive and if D is additive, then 
(1) D finitely complete and wellpowered (finitely cocomplete and cowellpowered) 
= [C, D]* wellpowered (cowellpowered); 
(2) D (finitely) complete > [C,D]* (finitely) complete and D (finitely) cocom- 
plete > [C, D]* (finitely) cocomplete; 
(3) D abelian (Grothendieck) = [C,D]* abelian (Grothendieck). 
[Note: Suppose that C is small. If C is additive, then [C, AB]? is a complete 
Grothendieck category and if C is exact and additive, then [C, AB]? has a separator 
which as a functor C > AB is left exact.] 


Given a small abelian category C and an abelian category D, write LEX(C, D) for the 


full, isomorphism closed subcategory of [C,D]* whose objects are the left exact functors. 


DERIVED FUNCTOR THEOREM If C is a small abelian category and if D is 
a wellpowered Grothendieck category, then LEX(C,D) is a reflective subcategory of 
[C, D]*. As such, it is Grothendieck. Moreover, the reflector is an exact functor. 

[Note: The reflector sends F to its zeroth right derived functor R°F.] 


If C is a small abelian category, then LEX(C, AB) is a Grothendieck category with 
a separator. Therefore LEX(C,AB) has enough injectives. Every injective object in 
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LEX(C, AB) is an exact functor. The Yoneda embedding C°? > [C, AB]* is left exact. 
It factors through LEX(C, AB) and is then exact. 

[Note: Since C is abelian, every object in [C,AB]* is a colimit of representable 
functors and every object in LEX(C, AB) is a filtered colimit of representable functors. 
Thus LEX(C, AB) is equivalent to IND(C°?) and so LEX(C, AB)°? is equivalent. to 
PRO(C).] 


The full subcategory of AB whose objects are the finite abelian groups is equivalent to a small 
category. Its procategory is equivalent to the opposite of the full subcategory of AB whose objects are 


the torsion abelian groups. 


Given an abelian category C, a nonempty class C C ObC is said to be a Serre class 
provided that for any short exact sequence 0 — X’ — X — X" 50 in C, X € C iff 
Xx! Y! 
xX" Kt 
Xx EC. 


[Note: Since C is nonempty, C contains the zero objects of C.] 


€ C or, equivalently, for any exact sequence X’ — X > X” in C, { EecC=> 


Given an abelian category C with a separator and a Serre class C, let Se C Mor C 
be the class consisting of those s such that ker s € C and coker s € C—then Se admits a 
calculus of left and right fractions and Sc = S¢, i.e., Sc is saturated. The metacategory 
S.C is isomorphic to a category. As such, it is abelian and Ls, : C > oi @ is exact 
and additive. An object X in C belongs to C iff Dg,X is a zero object. Moreover, if D is 
an abelian category and Ff : C > D is an exact functor, then F can be factored through 
Lg. iff all the objects of C are sent to zero objects by F. 

[Note: Suppose that C is a Grothendieck category with a separator U—then for any 
Serre class C, Lg, : C > rg © has a right adjoint iff C is closed under coproducts, in 


which case So 'C is again Grothendieck and has L s-U as a separator.] 


Take C = AB and let C be the class of torsion abelian groups—then C is a Serre class and 55°C is 
equivalent to the category of torsion free divisible abelian groups or still, to the category of vector spaces 


over Q. 


Given a Grothendieck category C with a separator, a reflective subcategory D of C 
is said to be a Giraud subcategory provided that the reflector R : C — D is exact. Every 
Giraud subcategory of C is Grothendieck and has a separator. There is a one-to-one 
correspondence between the Serre classes in C which are closed under coproducts and the 


Giraud subcategories of C. 
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[Note: The Gabriel-Popescu theorem says that every Grothendieck category with a 
separator is equivalent to a Giraud subcategory of A-MOD for some 4A.] 


Attached to a topological space X is the category OP(X) whose objects are the open subsets of X 
and whose morphisms are the inclusions. The functor category [OP(X)°P, AB] is the category of abelian 
presheaves on X. It is Grothendieck and has a separator. The full subcategory of [OP(X)°P, AB] whose 


objects are the abelian sheaves on X is a Giraud subcategory. 


Fix a symmetric monoidal category V—then a V-category M consists of a class 
O (the objects) and a function that assigns to each ordered pair X,Y € O an object 
HOM(X,Y) in V plus morphisms Cx,y,z : HOM(X,Y) ® HOM(Y, Z) — HOM(X, Z), 
Ix :e > HOM(X, X) satisfying the following conditions. 
(V-cat;) The diagram 


HOM(X, Y) ® (HOM(Y, Z) ®@ HOM(Z, W)) —22° HOM(X, Y) ® HOM(Y, W) 


) 
(HOM(X, Y) @ HOM(Y, Z)) ® HOM(Z, W) c 
coi 


HOM(X, Z) ® HOM(Z, W) ————.———> HOM(X, W) 


commutes. 
(V-catz) The diagram 


e @ HOM(X, Y) ——+——> HOM ((X, Y) ——*_ HOM(X, Y) @ e 


rou | Jnr 


HOM(X, X) ® HOM(X, Y) —,— HOM(X, Y) —,— HOM(X, Y) ® HOM(Y, Y) 


commutes. 

[Note: The opposite of a V-category is a V-category and the product of two V- 
categories is a V-category.| 

The underlying category UM of a V-category M has for its class of objects the class O, 
Mor (X,Y) being the set Mor (e, HOM(X, Y)). Composition Mor (X,Y) x Mor (Y, Z) > 
Mor (X, Z) is calculated from e © e ® e 24 HOM(X, Y) ® HOM(Y, Z) — HOM(X, Z), 
while Ix serves as the identity in Mor (X, X). 

[Note: A closed category V can be regarded as a V-category (take HOM(X,Y) = 
hom(X, Y)) and UV is isomorphic to V.] 
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Every category is a SET-category and every additive category is an AB-category. 


A morphism F : V > W of symmetric monoidal categories is a functor F : V > W, a morphism 


€:e— Fe, and morphisms Tx y : FX ®@ FY > F(X @Y) natural in X, Y such that the diagrams 


Fe ® FX —+— F(e@X) FX ® Fe —1— F(X ®e) 
ci |r wo |r 
e@ FX ————> FX FX ®e——z——>_ FX 


FX @ (FY ® FZ) —“4—> (FX @ FY) @FZ 


wer [ro 


FX @F(Y ®Z) F(X @Y)@FZ 


F(X @(Y @ Z)) —zz 7 F(X @Y) @2Z) 
commute with FT x yo Tx,y =Ty,x ° Trx,ry.- 

Example: Given a symmetric monoidal category V, the representable functor Mor (e, —) determines 
a morphism V > SET of symmetric monoidal categories. 

Let F : V > W be a morphism of symmetric monoidal categories. Suppose that M is a V-category. 
Definition: FM is the W-category whose object class is O, the rest of the data being FHOM(X,Y), 
FHOM(X,Y)®FHOM(Y, Z)  F(HOM(X, Y) @HOM(Y, Z)) ~§ FHOM(X, Z), e+ Fe =} FHOM(X, X). 

[Note: Take W = SET and F = Mor (e,—) to recover UM] 


Fix a symmetric monoidal category V. Suppose given V-categories M, N—then a 
V-functor F' : M - N is the specification of a rule that assigns to each object X in M an 
object FX in N and the specification of a rule that assigns to each ordered pair X, Y € O 
a morphism Fy y : HOM(X,Y) ~ HOM(FX, FY) in V such that the diagram 


HOM(X,Y) ® HOM(Y, Z) ——-"——- HOM (XX, Z) 
Pv oval [Ps 
HOM(FX, FY) ® HOM(FY, FZ) —.—> HOM(F‘X, FZ) 


commutes with Fx x olx = Irx. 

[Note: The underlying functor UF : UM — UN sends X to FX and f :e > 
HOM(X,Y) to Fx yo f.] 

Example: HOM: M?P x M -> V is a V-functor if V is closed. 
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A V-category is small if its class of objects is a set; otherwise it is large. V-CAT, 


the category of small V-categories and V-functors, is a symmetric monoidal category. 


66s 9) 


Take V = AB—then an additive functor between additive categories “is” a V-functor. 


Fix a symmetric monoidal category V. Suppose given V-categories M, N and V- 


oa 


functors F,G : M — N—then a V-natural transformation = from F to G is a class of 
morphisms =x :e > HOM(FX,GX) for which the diagram 


e @ HOM(X, Y) —*82*", HOM(FX, GX) @ HOM(GX, GY) 


HOM(X, Y) HOM(F‘X, GY) 


| lc 


HOM(X, Y) ® e ————> HOM(FX, FY) ® HOM(FY, GY) 


commutes. 


Assume that V is complete and closed. Let M, N be V-categories with M small—then the category 


V[M, N] whose objects are the V-functors M — N and whose morphisms are the V-natural transfor- 


mations is a V-category if HOM(F,G) = HOM(F'X,GX), the equalizer of [] HOM(FX,GX)3 
x X€EO 
[[ hom(HOM(X’, X”), HOM(FX’,GX”)). 
xX!’ X"EO 


Let C be a category with pullbacks—then an internal category (or a category object) 
in C consists of an object M, an object O, and morphisms s : M—> O,t: M > O, 
e:O-—> M,c: MxoM — M satisfying the usual category theoretic relations (here, 
MxoM —- M 
| |t). Notation: M = (M,0O,s,t,e,c). 
M — O 
[Note: There are obvious notions of internal functor and internal natural transforma- 


tion.] 


An internal category in SET is a small category. An internal category in SISET is a simplicial 
object in CAT. 

An internal category in CAT is a (small) double category. 

[Note: Spelled out, such an entity consists of objects X,Y,..., horizontal morphisms f,g,..., ver- 


tical morphisms ¢,#,..., and bimorphisms (represented diagramatically by squares). The objects and 
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h 
the horizontal morphisms form a category with identities X Oe he objects and the vertical mor- 
x 


phisms form a category with identities vx | . The bimorphisms have horizontal and vertical laws of 


x 
e —_> e 
e —_> e —_> e i} | 
composition | | (hs e —> e under which they form a category with identities 
e —_> e —_>r e | | 
e —_> e 
e —_> e —_>r e 
ee ae an ee i i i 


o| idg le, vx | id [ey . In the situation e —> e -—-+ e, the result of composing 
Y — yY x — Y i, | | 


e —_>r e —_> e 
horizontally and then vertically is the same as the result of composing vertically and then horizontally. 


Furthermore, horizontal composition of vertical identities gives a vertical identity and vertical compo- 
sition of horizontal identities gives a horizontal identity. Finally, the horizontal and vertical identities 
h h 
xX —> X xXx — X 


wx | idey [ex, ex] idny |x coincide.] 


Example: Let C be a small category—then db C is the double category whose objects are those of 
C, whose horizontal and vertical morphisms are those of C, and whose bimorphisms are the commutative 


squares in C. All sources, targets, identities, and compositions come from C. 


Let C be a category with pullbacks. Given an object O in C, an O-graph is an object 
A and a pair of morphisms s,t : A — O. O-GR is the category whose objects are the 
O-graphs and whose morphisms (A, s, t) > (A’, ’,t’) are the arrows f : A > A’ such that 


Axo A'S A’ 
s=s'of,t=t'of. If Axo A’ is defined by the pullback square | [e and 
A —O 


if the structural morphisms are A xo A’ > A’ a O,AxoA' SA Ee O, then A xo A’ is an 
O-graph. Therefore O-GR is a monoidal category: Take A ® A’ to be A xg A’ and let e 
be (O, ido, ido). A monoid M in O-GR is an internal category in C with object element 
O. 


0-44 


Let C be a category with pullbacks. Given an internal category M in C, the nerve 
ner M of M is the simplicial object in C defined by nergM = O, ner;M = M, ner, M = 


M xo--: Xo M (n factors). At the bottom, io : neryM — nergM is e while 
1 

higher up, in terms of the underlying projections, dp = (m1,.--, 7-1), dn = (M2,--- Tn), 

d; = (™71,..- ,€° (Mn—i, Mn—i41),--- >In) (O< i <n), and at the bottom, so : neroM > 


ner;M is e, while higher up, s; = e; 00;, where o; inserts O at the n —7+1 spot and e,; is 
id Xo --- X09 € XQ°-: Xo id placed accordingly (0 <i <n). 
[Note: An internal functor M —> M’ induces a morphism ner M — ner M’ of simplicial 


objects. ] 
Suppose that C is a small category. Consider ner C—then an element f of ner,C is a diagram of 
fn— 
he fora, Np et Se a Ss ean 


X13 oO Xn, (4 = 0) 
Ed ae ee eee > Xi41 3: 3 Xp (O0<i<n), 


Ngee eas Sa) 


idx. 
sif = X0 9 --- 3 Xi; —> Xi 9 --- 3 Xn. The abstract definition thus reduces to these formulas since 


f corresponds to the n-tuple (fr—1,..-, fo). 


Let C bea category with pullbacks. Given an internal category M in C, a left M-object 
is an object T : Y > O in C/O and a morphism \: M xo Y > Y such that 


M eM Mg Veo OEM eV Oe 


M xo YS Y 


MeV 2s ¥ 
and | le commute, where M xo Y is defined by the pullback square 
M Eras O 
MxoY — Y 


| sla . Example: Take C = SET—then M is a small category and the 
M — oO 


8s 


category of left M-objects is equivalent to the functor category [M, SET]. 
[Note: A right M-object is an object S : X — O in C/O and a morphism p : 
X xo M > X such that the analogous diagrams commute, where X xo M is defined 
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XxXoM —> M 
by the pullback square i {a . Example: Take C = SET—then M isa 
xX ra O 
small category and the category of right M-objects is equivalent to the functor category 
[M°?, SET].] 

Let C be a category with pullbacks. Given an internal category M in C and a 
left M-object Y, the translation category tranY of Y is the category object My = 
(My, Oy,sy,ty,ey,cy) in C, where My = M xo Y,Oy = Y,sy is the projection 
MxoY —Y, ty is the action’: M xo Y > Y, and ey, cy are derived from e: O > M, 
c:MxoM —- M. Example: Take C = SET, let M be a small category, and suppose that 
G:M > SET is a functor—then G determines a left M-object Yq and the translation 
category of Y¢ can be identified with the Grothendieck construction on G. 


Let G be a semigroup with unit, G the category having a single object * with Mor (*,*) = G. 
Suppose that Y is a left G-set, i.e., an object in LACTg or still, a left G-object. The translation 
category of Y is (Gx Y,Y,sy,ty,ey,cy), where sy(g,y) =y, ty(g,y) =9-y, ev (y) = (e,y), cy ((g2, y2), 
(g1,y1)) = (g291,y1). Specialize and let Y = G—then the objects of the translation category of G are the 


elements of G and Mor (91,92) ¥ {g : 9g1 = g2}. 


Let C be a category with pullbacks. Given an internal category M in C, and a 
right M-object X and a left M-object Y, the bar construction bar(X;M;Y) on (X,Y) 
is the simplicial object in C defined by bar,(X;M;Y) = X xo ner,M xo Y. Note that 
p appears only in d, and A appears only in do. The translation category tran(X,Y) of 
(X,Y) is the category object Mx y = (Mx y,Oxy, sx y,tx,y,ex,y,cx,y) in C, where 
Mxy = X xo M xo Y,Oxy = X xo Y,8x,y = p Xo idy,txy = idx Xo Aexy & 
cx,y being definable in terms of e & c. Therefore bar(X;M;Y) = nerMx y. Example: 
O can be viewed as a right M-object via O xo M4M-O and as a left M-object via 
MxoO Ku +o, and M can be viewed as a right M-object via M x9 M > M ->O and 
as a left M-object via M xo M % M +0, so bar(O; M; O), bar(O; M; M), bar(M;M; 0), 
bar(M;M; M) are meaningful. 


Let G be a group, G the groupoid having a single object * with Mor (*,*) = G. View G as a 
left G-set—then bar(*;G;G) is isomorphic to the nerve of grdG. In fact, the objects of grdG are the 
elements of G and the morphisms of grdG are the elements of G x G (s(g,h) = g, t(g,h) = h, idg = (9,9), 
(h,k)o(g,h) = (g,k)), thus nern grdG = Gx---xG (n+1 factors) and dj(go,--- .9n) = (90.--+ + Jis««+ +9n)s 
8: (90,---,9n) = (90;-++ ,9isGis--+ > gn). On the other hand, bar(*;G;G) is the nerve of the translation 


category of G. The functor tranG — grdG which is the identity on objects and sends a morphism (g, h) 
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in tranG to the morphism (h,g +h) in grdG induces an isomorphism ner tranG — ner grdG of simplicial 


sets. For (go,---,;9n) — (9n,9n—19n;---,90°*'9n) is the arrow ner, tranG — nern grdG, its inverse 
being (go,---,9n) > (e0= vento. ais ,g0). Both nertranG and ner grdG are simplicial right G- 
sets, viz. (go,---,9n)-9 = (go,---59ng) and (go,---,9n)-g = (gog,---,9ng), and the isomorphism 


ner tranG —> ner grdG is equivariant. 


Let T = (T,m,€) be a triple in a category C—then a right T-functor in a category V 
is a functor F': C > V plus a natural transformation p: FoT — F such that the diagrams 


FoToT £5 FoTt FPF—&.PoT 
Fm| le, SQ |e commute and a left T-functor in a category U is 
F 


F oT — F 
p 
a functor G: U > C plus a natural transformation 4 :T0oG — G such that the diagrams 


TepTec 25 Pse G—~2.ToG 


ma | [a ; Sells commute. The bar construction bar(f’;T;G) on 
ToG = G G 
(F,G) is the simplicial object in [U,V] defined by bar, (F;T;G) = F oT” o G, where 
dg = pl G6 de = Pn OG 0 <i e ed eS P  and 6p = Per a: 
In particular: bar; (F'; T;G) = FoT0G, baro(F;T;G) = FoG, and do, d; : FoToG > FoG 
are pG, FA, while 55: FoG > FoToG is FeG. 
Example: If X is a T-algebra in C with structural morphism € : TX — X, then X 
determines a left T-functor G :1— C and one writes bar(F; T; X) for the associated bar 


construction. 


Take V=C, F=T, p=™M, and put t = eTG (thus 7: ToG > ToT oG). There is a commutative 


diagram 


ToG 


G 
4 ae 
PePEe—23 766 


mG Xr 
ToG 


7 G 


from which it follows that A: ToG — G is a coequalizer of (do,d1) = (mG,TA). Consider the string 
of arrows ToT? o GR To T®-10G 4 +.» + ToT oGSToGAGSToGRToToG 4. 5 
ToT” 10GB ToT0G. Viewing G as a constant simplicial object in [A°?, [C, V]], there are simplicial 
morphisms G — bar(T; T; G), bar(T; T; G) > G, viz. sfoeG : G 4 ToT" 0G, Aodj : ToT" 0G => G, and 
the composition G + bar(T;T; G) > G is the identity. On the other hand, if h; : ToT’ 0G + ToT™t1oG 
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is defined by hy = s}(eT’—*t'G)di, (0 <i <n), then do oho = id, dn41°0hn = 8? 0ocGoXod?”, and 


hj-10dj (t< J) 
d;oh; = d; ohj_1 G=j>0) ,s:0hj = 


ae (i<j) 
hjodj-1 (i >j+1) 


hg © 84-1 (i> J) , 


[Note: Take instead U = C, G=T, \ = m—then with rt = FTe, p: FoT — F is a coequalizer of 


(d1,do) = (F'm, pT) and the preceding observations dualize.] 
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$1. COMPLETELY REGULAR HAUSDORFF SPACES 


The reader is assumed to be familiar with the elements of general topology. Even so, 
I think it best to provide a summary of what will be needed in the sequel. Not all terms 
will be defined; most proofs will be omitted. 


Let X be a locally compact Hausdorff space (LCH space). 


PROPOSITION 1 A subspace of X is locally compact iff it is locally closed, i.e., has 
the form AMU, where A is closed and U is open in X. 


The class of nonempty LCH spaces is closed under the formation in TOP of finite products and 
arbitrary coproducts. 
[Note: An arbitrary product of nonempty LCH spaces is a LCH space iff all but finitely many of the 


factors are compact.] 


In practice, various additional conditions are often imposed on a LCH space X. The 


connections among the most common of these can be summarized as follows: 


we metrizable ————————————->- paracompact ——— normal 
compact metrizable 
compact ————————————> 0 -com pact 


Lindelof 


EXAMPLE Let 2 be the first uncountable ordinal and consider [0,Q] (in the order topology)— 
then [0,0] is Hausdorff. And: (i) [0,Q] is compact but not metrizable; (ii) [0,Q[ is locally compact and 


normal but not paracompact; (iii) [0,Q] x [0,Q[ is locally compact but not normal. 


Here are some important points to keep in mind. 


(LCH,) X is completely regular, i.e., X has enough real valued continuous func- 
tions to separate points and closed sets in the sense that for every point 7 € X and for every 
closed subset A C X not containing x, there exists a continuous function ¢: X — [0,1] 
such that ¢(#) = 1, ¢g|A = 0. 

(LCH2) X is o-compact iff X possesses a sequence of exhaustion, i.e., an in- 
creasing sequence {U,,} of relatively compact open sets U, C X such that Up, C Un4i and 
> 1 Opler 

n 
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(LCH3) X is paracompact iff X admits a representation X = [| X;, where the 
i 


Xj; are pairwise disjoint nonempty open o-compact subspaces of X. 
(LCH,) X is second countable iff X is o-compact and metrizable. 
(a) If X is metrizable, then X is completely metrizable. 


(b) If X is metrizable and connected, then X is second countable. 


Let X be a topological space—then a collection S = {S} of subsets of X is said to be: 

point finite if each x € X belongs to at most finitely many S € S; 

neighborhood finite if each x € X has a neighborhood meeting at most finitely many 
SES; 


discrete if each « € X has a neighborhood meeting at most one S € S. 
point finite 
A collection which is the union of a countable number of 4 neighborhood finite 
discrete 
subcollections is said to be 
o-point finite 
o-neighborhood finite 
o-discrete. 


A collection S = {S} of subsets of X is said to be closure preserving if for every subcollection So C S, 
LJ So = US, So the collection {5 : S € So}. 

A collection which is the union of a countable number of closure preserving subcollections is said to 
be o-closure preserving. 

Every neighborhood finite collection of subsets of X is closure preserving but the converse is certainly 
false since any collection of subsets of a discrete space is closure preserving. A point finite closure preserving 
closed collection is neighborhood finite. However, this is not necessarily true if “closed” is replaced by 


“open” as can be seen by taking X = [0,1], S = {]0,1/n[: n € N}. 


Let S = {S} be a collection of subsets of X. The order of a point x € X with respect 
to S, written ord(x, S), is the cardinality of {S € S: x € S}. S is of finite order if ord(S) = 


sup ord(z,S) < w. The star of a subset Y C X with respect to S, written st(Y,S), is the 
rEx 
set J{S ES: SAY AO}. S is star finite if V 59 ES: H{S ES: SNS FO} <w. 


Suppose that U = {U; : i € I} is a covering of X—then a covering V = {V; : 7 € J} 
of X is a refinement (star_refinement) of U if each V; (st(V;,V)) is contained in some U; 
and is a precise refinement of U/ if J = J and V; C U; for every 7. If U admits a point finite 
(open) or a neighborhood finite (open, closed) refinement, then U/ admits a precise point 


finite (open) or neighborhood finite (open, closed) refinement. 
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To illustrate the terminology, recall that if X is metrizable, then every open covering 
of X has an open refinement that is both neighborhood finite and o-discrete. 
Let X be a completely regular Hausdorff space (CRH space). 
(C) X is compact iff every open covering of X has a finite (neighborhood finite, 
point finite) subcovering. 
(P) X is paracompact iff every open covering of X has a neighborhood finite 
open (closed) refinement. 
(M) X is metacompact iff every open covering of X has a point finite open 


refinement. 


The following conditions are equivalent to paracompactness. 
(Pi) Every open covering of X has a closure preserving open refinement. 
(P2) Every open covering of X has a o-closure preserving open refinement. 
(P3) Every open covering of X has a closure preserving closed refinement. 
) 


P,4) Every open covering of X has a closure preserving refinement. 
& & 


PROPOSITION 2 A LCH space X is paracompact iff every open covering of X has 
a star finite open refinement. 

[Suppose that X is paracompact. Given an open covering U/ = {U;} of X, choose a 
relatively compact open refinement V = {V;} of U such that each V; is contained in some 


U;—then every neighborhood finite open refinement of V is necessarily star finite.] 


A collection S = {S} of subsets of a CRH space X is said to be directed if for all Si, Sg € S, there 
exists S3 € S such that S; U So C S3. 

The following condition is equivalent to metacompactness. 

(M)p Every directed open covering of X has a closure preserving closed refinement. 

Given an open covering U of X , denote by Up the collection whose elements are the unions of the finite 
subcollections of ¢—then Uf is directed and refines U/ if U itself is directed. So the above characterization 
of metacompactness can be recast: 

(M)p For every open covering U of X, Ur has a closure preserving closed refinement. 


It is therefore clear that a LCH space X is metacompact iff X admits a representation X = GR 


a 
where {K;} is a closure preserving collection of compact subsets of X. 


A CRH space X is said to be subparacompact if every open covering of X has a 
o-discrete closed refinement. 
[Note: This definition is partially suggested by the fact that X is paracompact iff 


every open covering of X has a o-discrete open refinement. 
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Suppose that X is subparacompact. Let U = {U} be an open covering of X—then U/ 


has a closed refinement A = (JA, where each A,, is discrete. Every A € A, is contained 


n 
in some U, € U. The collection 


= UAL DAC AAU = UA em 


is an open refinement of U and V x € X Jn, : ord(x,V,,) = 1. 
FACT X is subparacompact iff every open covering of X has a o-closure preserving closed refinement. 


A CRH space X is said to be submetacompact if for every open covering U of X there 


exists a sequence {V,,} of open refinements of U such that V « € X dn, : ord(x, Vn, ) < w. 


FACT X is submetacompact iff every directed open covering of X has a o-closure preserving closed 


refinement. 


These properties are connected by the implications: 


metacompact ———— submetacompact 
compact ———> paracompact 


subparacompact 


Each is hereditary with respect to closed subspaces and, apart from compactness, 
each is hereditary with respect to F,-subspaces (and all subspaces if this is so of open 


subspaces). 


EXAMPLE (The Thomas Plank) Let Lo = {(z,0) : 0 < x < 1} and for n > 1, let Ln = 
{(z,1/n):0<a2< 1}. Put X = Gres Topologize X as follows: For n > 1, each point of Ly except 
for (0,1/n) is isolated, basic neath Cosds of (0,1/n) being subsets of Ly containing (0,1/n) and having 
finite complements, while for n = 0, basic neighborhoods of (x, 0) are sets of the form {(z,0)}U{(z,1/m) : 
m >n}(n=1,2,...). X is a LCH space. Moreover, X is metacompact: Every open covering of X has 
an open refinement consisting of one basic neighborhood for each « € X and any such refinement is point 
finite since the order of each « € X with respect to it is at most three. But X is not paracompact. In 
fact, X is not even normal: A = {(0,1/n) :n =1,2,...} and B = Lo are disjoint closed subsets of X 
and every neighborhood of A contains all but countably many points of UJ Ln, while every neighborhood 


af 
oo 


of B contains uncountably many points of U Ly. Finally, X is subparacompact. This is because X is a 
1 
countable union of closed paracompact subspaces. 
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EXAMPLE (The Burke Plank) Take X = [0,Q+[x[0,Q*[—-{(0,0)},Q* the cardinal successor of 
Q. For 0<a< Qt, put 
Hy = [0,QF[x {a} 
Vo = {a} x [0, QT]. 


Topologize X as follows: Isolate all points except those on the vertical or horizontal axis, the basic neigh- 


(0, a) ’ A bees (0, a) ; ; 

being the subsets of containing and having finite complements. 
(a, 0) Va (a, 0) 
X is a metacompact LCH space. But X is not subparacompact. To see this, first observe that if S and 


borhoods of { 


T are subsets of X such SM Ho and T'M Vq are countable for every a < Qt, then X #4 SUT. Let 
U={Ha:0<a<OtF}U{Vyg:0<a< Qt}. U is an open covering of X and the claim is: U does not 


have a o-discrete closed refinement V = U vn. To get a contradiction suppose that such a V does exist. 


n 
Let Sp and Tn be the elements of VY, which are contained in {Hy :0<a<QOt} and {Va :0<a< FF, 
: : S=USn Sn = USn 
respectively—then Vpn = Sn U Tn. Write n , where 


discrete, SM Ha and TM Vq are countable for every a < Qt, thus X #4 SUT = UV and so V does not 


. Since the Vp, are 


cover X. 
[Note: Why does one work with Qt rather than 2? Reason: In general, if the weight of X is < Q, 


then X is subparacompact iff X is submetacompact.] 


EXAMPLE (Isbell-Mréwka Space) Let D be an infinite set. Choose a maximal infinite collection S 
of almost disjoint countably infinite subsets of D, almost disjoint meaning that V S1 4 So € S, #(S19S2) < 
w. Observe that S is uncountable. Put U(D) = SUD. Topologize U(D) as follows: Isolate the points of 
D and take for the basic neighborhoods of a point S € S all sets of the form {S}U(S — F), F a finite 
subset of S. W(D) is a LCH space. In addition: S is closed and discrete, while D is open and dense. 
Specialize and let D = N—then X = WU(N) is subparacompact, being a Moore space (cf. p. 1-17), but is 
not metacompact. In fact, since S is uncountable, the open covering {N}U{{S}US: S € S} cannot have 
a point finite open refinement. 

[Note: The Isbell-Mréwka space U(N) depends on S. Question: Up to homeomorphism how many 


distinct U(N) are there? Answer: 22” ] 


The coproduct of the Burke plank and the Isbell-Mréwka space provides an example of a submeta- 


compact X that is neither metacompact nor subparacompact. 


EXAMPLE (The van Douwen Line) The object is to equip X = R with a first countable, separable 
topology that is finer than the usual topology (hence Hausdorff) and under which X = R is locally compact 
but not submetacompact. Given x € R, choose a sequence {qn(x)} C Q such that |x” — gn(x)| < 1/n. 
Next, let {Ca : a < 2”} be an enumeration of the countable subsets Ca of R with #(Co) = 2”. For 
a<2’,N =0,1,2,..., pick inductively a point 


Lon € Ca — (QU {agu: 8 < aor B=aand M < N}). 
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Put 
So = {@a0:a < 2”} 
Sn = {fan :a< 2” and Ca C So} (N =1,2,...) 
CO 
and write S in place of R — U Syn. Observe that QU Spo C S and that the S'y are pairwise disjoint. Given 


1 
“= Lan € R—S, choose a sequence {em(x)} C Ca(C So C S) such that |w — cm(x)| < 1/m. Topologize 


rEeSs— 
X = R as follows: Isolate the points of Q and take for the basic neighborhoods of : the 
c®ER- 
sets 
K(v) = {2} U{an(v) in > b} ae 
Ky (a) = {} U {em(x) +m > k}U {an(cm(x)) 1m > k,n > m} - 


This prescription defines a first countable, separable topology on the line that is finer than the usual 
topology. And, since the K, are compact, it is a locally compact topology. However, it is not a sub- 


metacompact topology. Thus let Un = SU SnxN—then Un is open and U = {Un} is an open covering 


of X. Consider any sequence {Vy7} of open refinements of U/. For M = 1,2,..., and N = 1,2,..., let 
Wun = Liv € Vu: VSN # O} and form Wo = Son () Wun = So- U (So — Warn). Since 
M,N M,N 


#(So) = 2” and since the So — Wygn are countable, Wo is nonempty. But any xo in Wo necessarily 
belongs to infinitely many distinct elements of Vjy (M = 1,2,...). Consequently, the topology is not 


submetacompact. 


JONES’ LEMMA If a Hausdorff space X contains a dense set D and a closed discrete subspace 
S with #(S) > 2#(), then X is not normal. 


Application: The van Douwen line is not normal. 


[In fact, each Sy is closed and discrete with #(Sy) = 2”.] 


Let X be a LCH space. Under what conditions is it true that X metacompact > X 
paracompact? For example, is it true that if X is normal and metacompact, then X is 
paracompact? This is an open question. There are no known counterexamples in ZFC or 
under any additional set theoretic assumptions. Two positive results have been obtained. 

(1) (Danielst) A normal LCH space X is paracompact provided that it is bound- 
edly metacompact, i.e., every open covering of X has an open refinement of finite order. 
(2) (Gruenhage*?) A normal LCH space X is paracompact provided that it is 


locally connected and submetacompact. 


Suppose that X is normal and metacompact—then on general grounds all that one can say is this. 


Consider any open covering U of X: By metacompactness, U/ has a point finite open refinement V which, 


+ Canad. J. Math. 35 (1983), 807-823; see also Topology Appl. 28 (1988), 113-125. 
= Topology Proc. 4 (1979), 393-405. 
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by normality, has a precise open refinement W with the property that W is a precise closed refinement of 
Vv. 


FACT Let X be a CRH space. Suppose that X is submetacompact—then X is normal iff every 


open covering of X has a precise closed refinement. 


A Hausdorff space X is said to be perfect if every closed subset of X is a Gs. The 


Isbell-Mréwka space U(N) is perfect; however, it is not normal (cf. p. 1-12). 

A Hausdorff space X is said to be perfectly normal if it is perfect and normal. The 
ordinal space [0, 2], while normal, is not perfectly normal since the point {Q} is not a Gs. 
On the other hand, X metrizable => X perfectly normal. Every perfectly normal LCH 
space X is first countable. 

[Note: The assumption of perfect normality can be used to upgrade the strength of a 
covering property. 

(1) (Arhangel’skii') Let X be a LCH space. If X is perfectly normal and meta- 
compact, then X is paracompact. 

(2) (Bennett-Lutzer*) Let X be a LCH space. If X is perfectly normal and 
submetacompact, then X is subparacompact.| 

A CRH space X is said to be countably paracompact if every countable open covering 
of X has a neighborhood finite open refinement. The ordinal space [0, Q| is countably para- 
compact (being countably compact) and normal, whereas the ordinal space [0, Q] x [0, Q| is 
countably paracompact (being compact x countably compact = countably compact) but 
not normal. On the other hand, X perfectly normal > X countably paracompact. 

To recapitulate: 


paracompact 


wee 


metrizable normal countably paracompact 


| ae 


perfectly normal 
FACT Suppose that X is normal—then X is countably paracompact iff every countable open 
covering of X has a o-discrete closed refinement. 


So: In the presence of normality, X subparacompact => X countably paracompact. This implication 


is strict since the ordinal space [0,Q[ is normal and countably paracompact; however, it is not even 


" Soviet Math. Dokl. 18 (1972), 517-520. 
} General Topology Appl. 2 (1972), 49-54. 
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submetacompact (cf. p. 1-12). On the other hand: (i) The ordinal space [0,] x [0, Q[ is nonnormal and 
countably paracompact but not subparacompact; (ii) The Isbell-Mréwka space &(N) is nonnormal and 
subparacompact but not countably paracompact (cf. p. 1-12). 

[Note: To verify that X = [0,Q] x [0,Q[ is not subparacompact, let A = {(Q,a) : @ < Q} and 
B= {(a,a) : a < Q}—then A and B are disjoint closed subsets of X. Therefore X = U UV, where 
U =X —Aand V = X — B. Since the open covering {U, V} has no o-discrete closed refinement, X is not 


subparacompact.| 


Is every normal LCH space countably paracompact? This question is a reinforcement 
of the “Dowker problem”. Dropping the supposition of local compactness, a Dowker space 
is by definition a normal Hausdorff space which fails to be countably paracompact or, 
equivalently, whose product with [0,1] is not normal. Do such spaces exist’? The answer is 
“ves”, the first such example within ZFC being a construction due to M.E. Rudin*. Her 
example is not locally compact and only by imposing assumptions beyond ZFC has it been 


possible to produce locally compact examples. 


The ordinal space [0, Q] x [0, Q[ is neither first countable nor separable. Can one construct an example 


‘ 


of a nonnormal countably paracompact LCH space with both of these properties? The answer is “yes”. 


Let S and T be subsets of N. Write S < T if #(S—T) <w; write S < TifS <T and #(T-—S) =w. 
St={Stia< 0} 
LEMMA (Hausdorff) There exist collections of subsets of N with the 
S~={Sy :a< QD} 
following properties: 
(1) Va: #(N— (Sd USg)) =u. 
(2)Va,VB:B<a>S3 <S% and Sz < Sq. 
(3) Va: #(SENSZ) <w. 
(4)Va,¥neN: #{8:8<a& SES, C Fn} <w (Fr = {1,..- nh). 
There is then no H C N such that Va: S¢ < H and Sg <N-4H. 
[We shall establish the existence of St and S~ by constructing their elements via induction on a. 
Start by setting oe = and Sy = 0. Given St and Sq, decompose N — (Sd US) into three infinite 
pairwise disjoint sets Nt, Na, and Na. Put 


+ _ ot yy yt 
oe 


ee a . (SN (977 Wise i) No). 
Sea =e Ns 


Then this definition handles the successor ordinals < 2. Suppose now that 0 < A < 2 is a limit ordinal. 
Choose a strictly increasing sequence {a;} C [0,Q[: a1 = 0, supa; = A. Fix ny € N such that oa, n 


+ Fund. Math. 73 (1971), 179-186; see also Balogh, Proc. Amer. Math. Soc. 124 (1996), 2555-2560. 
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U Sa, C Fn, and write Tx for (Sd, — Fn;). Note that Va <A: SY <Ty and Vi: #(Tf NSa,) <w. 
<A a 

Ifl; ={a:aj<a< a1 & re ()Sa C Fi} and if I = (Ji, then each J; is finite and so IN [0, af is 

i 

finite for every a < A. Assign to each nonzero a € I; the infinite set Sg — Utse, : aj <a} and denote 
by n(q) its minimum element in N — F;. Relative to this data, define of = rr U{n(a):a€I (a F¥ OJ}. 
Then it is not difficult to verify that 


Va<A: Si < St andVi: #(SfNSq,) <w 
VnE€N: #fa:a<A& StNSZ CR} <u. 
As for Sy, observe that (N — SY) -U Sa, is infinite, thus there exists an infinite set La C (N — Se) 
iS 
such that La 1 Sq, is finite for every i. Defining Sy = N — (SF U La), we have 
Vos AiSy <3. 
Stns, =0,#(N — (Sf US))) =, 


which completes the induction. There remains the assertion of nonseparation. To deal with it, assume 
that there exists an H C N such that St — H and Sj 9H are both finite for every a < 2. Choose an 
nEN:We= {a: Sq 0H C Fy} is uncountable. Fix an a € W with the property that W/O [0, al is 
infinite. If St — H C Fm, then {6:B<ak& Sin S3 C Fimax(mn)} contains W 1 [0,a[. Contradiction.] 


EXAMPLE (van Douwen Space) Let 


i = {41}x]0, Q[ 
XTX 10, 8) 


and put X = X+UX- UN. Topologize X as follows: Isolate the points of N and take for the basic 


; Oe Ges ae 
neighborhoods of a point all sets of the form 
(-1l,a) € X7~ 


{ K(+1,@:8,F) ={(41,7):8 <7 <a} U((Sa — 53) - F) 
REL re) Hdl) 2b <7 ah Gs 5, SP), 


where 8 < a and F C N is finite. Since the K(+1,a: 6, F) are compact, X is a LCH space. Obviously, 
X is first countable and separable; in addition, X is countably paracompact, X* being a copy of ]0, Q[. 
Still, X is not normal. 

[Suppose that the disjoint closed sets X*+ and X~ can be separated by disjoint open sets U+ and 
U-. Given a € J0,Q[, select an ordinal f(a) < a and a finite subset F(a) C N such that K(4+1,a : 
f(a), F(a)) C U*. Choose a x < Q and a cofinal K C [0,Q[ such that f|K = « (by “pressing down”, i.e., 


Fodor’s lemma). Put 
H+ = (St U(NNUt))— Sz 
H- =(S, U(NNU-))—S*7. 
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Then Ht H-~ = @. Let a < © be arbitrary. Using the cofinality of K and the relation f|K = k, one finds 
that S# < H+. Contradiction.] 


A CRH space X is said to be countably compact if every countable open covering 
of X has a finite subcovering or, equivalently, if every neighborhood finite collection of 
nonempty subsets of X is finite. The ordinal space [0,Q[ is countably compact but not 


compact. The van Douwen space is not countably compact but is countably paracompact. 


Associated with this ostensibly simple concept are some difficult unsolved problems. Sample: Within 
ZFC, does there exist a first countable, separable, countably compact LCH space X that is not compact? 
This is an open question. But under CH, e.g., such an X does exist (cf. p. 1-17). Consider the asser- 
tion: Every perfectly normal, countably compact LCH space X is compact. While innocent enough, this 


statement is undecidable in ZFC (Ostaszewskit, Weiss*). 


PROPOSITION 3 X is countably compact iff every point finite open covering of X 
has a finite subcovering. 

[Suppose that X is countably compact. Let UU be a point finite open covering of X— 
then, on general grounds, U admits an irreducible subcovering VY. This minimal covering 
must be finite: For otherwise there would exist an infinite subset S C X such that each 
x € X has a neighborhood containing exactly one point of S, an impossibility. 

Suppose that X is not countably compact—then there exists a countably infinite 
discrete closed subset D C X, say D = {x,,}. Choose a sequence {U,,} of nonempty 
open sets whose closures are pairwise disjoint such that Vn: 2, € U,. The collection 


{X — D,U,,U2,...} is a point finite open covering of X which has no finite subcovering.| 


A CRH space X is said to be pseudocompact if every countable open covering of X 
has a finite subcollection whose closures cover X or, equivalently, if every neighborhood 
finite collection of nonempty open subsets of X is finite. The Isbell-Mréwka space U(N) 
is pseudocompact but not countably compact (cf. p. 1-12). 


PROPOSITION 4 X is pseudocompact iff every real valued continuous function on 
X is bounded. 
[Suppose that X is not pseudocompact—then there exists a countably infinite neigh- 


borhood finite collection {U,,} of nonempty open subsets of X. Choose a point xr, € Un. 


+ J. London Math. Soc. 14 (1976), 505-516. 
* Canad. J. Math. 30 (1978), 243-249. 
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Since X is completely regular, there exists a continuous function f,, : X — [0,n] such that 
fn({n) = 7, fr|X — Uy, =0. Put f = >> fr: f is continuous and unbounded.] 


A CRH space X is said to be countably metacompact if every countable open covering 
of X has a point finite open refinement. The ordinal space [0, Q[ is countably metacompact 
but not metacompact (cf. p. 1-12). Every perfect X is countably metacompact. 


The relative position of these conditions is shown by: 


compact —————————>+ paracompact —————————_> metacompact 


| | | 


countably compact ——— countably paracompact ——— countably metacompact 


| 


pseudocompact 


FACT X is countably metacompact iff for every countable open covering U of X there exists a 
sequence {V,,} of open refinements of U such that V « € X An, : ord(#,Vn,) < w. 

[The point here is to show that the stated condition forces X to be countably metacompact. Enu- 
merate the elements of U: Un (n = 1,2,...). Write W» for the set of all x € Un such that Vm <n3Ve 
Vm: a€VandV ¢ [J U;. Then W = {Wp} is a point finite open refinement of U = {Un}. ] 

i<n 

So: X submetacompact = X countably metacompact. The van Douwen line is not countably 

metacompact (inspect the argument used to establish nonsubmetacompactness). The Tychonoff plank is 


countably metacompact but is neither submetacompact nor countably paracompact (cf. p. 1-12). 


PROPOSITION 5 If X is pseudocompact and either normal or countably paracom- 
pact, then X is countably compact. 

[Suppose that X is normal. If X is not countably compact, then there exists a count- 
ably infinite discrete closed subset D C X, say D = {x,,}. By the Tietze extension the- 
orem, there exists a continuous function f : X — R such that f(@,) =n (n = 1,2,...). 
Contradiction. 

Suppose that X is countably paracompact. If X is not countably compact, then there 
exists a countable open covering {U,,} of X that cannot be reduced to a finite covering. 
Let {V,} be a precise neighborhood finite open refinement of {U,,}—then there exists a 
finite subset F' C N such that V, 4 @ iffn € F. But UV, = X. Contradiction.] 

n 
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EXAMPLE The Isbell-Mréwka space U(N) is not countably compact. However, &(N) is pseudo- 
compact so, by the above, it is neither normal nor countably paracompact. 

[Put X = Y(N) and suppose that f : X — R is continuous but unbounded. Since VV S € S, {S}US 
is compact, f|S is bounded. This means that there exists a sequence {xy} of distinct points in X such 
that (i) |f(@n)| > n and Gi) VS € S,#({an}NS) <w. The maximality of S then implies that {rn} € S. 


Contradiction. ] 


EXAMPLE (The Tychonoff Plank) Let X = [0,Q] x [0,w]— {(Q,w)}. X is not countably compact 
(consider {(Q,n):0<n<w}). However, X is pseudocompact so, by the above, it is neither normal nor 
countably paracompact. 

[Suppose that f : X — R is continuous—then it suffices to show that f extends continuously to 
{(Q,w)}. Because every real valued continuous function on [0,Q[ is constant on some tail [a, Q[, Vn < w, 
there exists an @n < 2 and a constant rp such that f(a,n) = Tn Va > an. Put ag = supa,—then 


ag <Q. One can therefore let f(Q,w) = rw.] 


PROPOSITION 6 If X is countably compact and submetacompact, then X is com- 
pact. 

[Let / be an open covering of X. Let {V,,} be a sequence of open refinements of U/ 
such that V x € X Jd nz: ord(#,Vn,) < w. Write Amn for {x : ord(x, Vp) < m}—then 


Amn is a closed subspace of X, hence is countably compact, and Y,, is point finite on Ayn. 


Proposition 3 therefore implies that A,,, can be covered by finitely many elements of V,,. 
Every x € X is in some Amp, so there is a countable open covering of X made up of 


elements from the sequence {Y,,}. This covering has a finite subcovering, thus so does U.] 


Consequently, the ordinal space [0,Q[ is not submetacompact. It then follows from this that the 


Tychonoff plank is not submetacompact (since [0,Q[ sits inside it as a closed subspace). 


Let X be a CRH space. A z-basis for X is a collection P of nonempty open subsets 
of X such that if O is a nonempty open subset of X, then for some P € P, PC O. 


LEMMA Suppose that X is Baire. Let YU be a point finite open covering of X—then 
there exists a 7-basis P for X such that VP € P and VU € UY, either P CU or POU = 9. 
[For n = 1,2,..., denote by X, the subset of X consisting of those points that are in 
at most n elements of U. Each X,, is closed and X = |) X,. Let O be a nonempty open 
subset of X. Since O = (JON Xp, there will be an n such that OM X,, has a nonempty 


n 
interior. Let n(O) be the smallest such n. Let Uo C ON X,,0) be a nonempty open subset 
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of X. Choose an ro € Uo that belongs to exactly n(O) elements of U/ and write P for 
their intersection with Uo—then P = {P} is a m-basis for X with the stated properties. | 


Suppose that X is pseudocompact—then X is Baire. To see this, let {O,} be a 
decreasing sequence of dense open subsets of X. Let U be a nonempty open subset of 
X. Inductively choose nonempty open sets V, : Vi = U & Vngi C UNO, AVy. By 
pseudocompactness, (}Vn 4 0, hence UN (()On) # 9. 

n n 


PROPOSITION 7 If X is pseudocompact and metacompact, then X is compact. 

[Let O be an open covering of X. Let U = {U} be a point finite open refinement of 
O with the property that U/ = {U} refines O. Use the lemma to determine a 71-basis P for 
X per U. Fix P; € P. Consider {U CU: UNP, £9}. Since UN Pi 40> P, CU and 
since U is point finite, it is clear that this is a finite set. If X = st(P,,U), then finitely 
many elements of O cover X and we are done. Otherwise, proceed inductively and, using 
the fact that P is a m-basis for X, given n € N choose a P,,41 € P such that 


Pai CX — [J st(Pr,t). 


m<n 


We claim that the process terminates, from which the result. Suppose the opposite—then, 
due to the pseudocompactness of X, {P,,} cannot be neighborhood finite. Therefore there 
exists 2 € U, €U with U,N P, #9 for infinitely many n, contrary to construction.] 


One cannot replace “metacompact” by “submetacompact” in the preceding result: The Isbell-Mréwka 
space U(N) is pseudocompact and submetacompact but not compact. However, the argument does go 


through under the weaker condition: Every open covering of X has a o-point finite open refinement. 


PROPOSITION 8 If X is normal and countably metacompact, then X is countably 


paracompact. 


One can check: 
(CP) X is countably paracompact iff for every decreasing sequence {A,,} of 


closed sets such that (] Ay, = 0, there exists a decreasing sequence {U,,} of open sets with 
n 


A, C U,, for every n and such that (\U,, = 0. 


(CM) X is countably metacompact iff for every decreasing sequence {A,,} of 


closed sets such that (] A, = 0, there exists a decreasing sequence {U,,} of open sets with 


An CU, for every n and such that ()U;, = 9. 
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It remains only to note that for normal X, CP © CM 


If X is the Tychonoff plank, then X = YU Z, where Y = (J [0,Q] x {n} and Z = [0,Q[x{w}. Since 

n<w 
Y is an open paracompact subspace of X and Z is a closed countably compact subspace of X, it is clear 
that X is countably metacompact. Because X is not countably paracompact, Proposition 8 allows one to 


infer once again that X is not normal (cf. Proposition 5). 


A Hausdorff space X is said to be collectionwise normal if for every discrete collection 
{A; : i € I} of closed subsets of X there exists a pairwise disjoint collection {U; : 1 € I} of 
open subsets of X such that Vie I: A; C Uj. 

Of course, X collectionwise normal => X normal. On the other hand, X normal and 
countably compact = X collectionwise normal. So, the ordinal space [0, Q| is collectionwise 
normal. However, it is not perfectly normal since the set of all limit ordinals a < Q, while 


closed, is not a Gs. Rudin’s Dowker space is collectionwise normal. 


LEMMA Suppose that X is collectionwise normal. Let {A; : 7 € I} be a discrete 
collection of closed subsets of X—then there exists a discrete collection {O; : i € I} of 
open subsets of X such that Vi € I: A; Cc O;. 

[Let {U; : i € I} be a pairwise disjoint collection of open subsets of X such that 
Viel: A; C U;. Choose an open set U subject to J A; CU Cc U Cc VU; and then put 


O; =U; 9U-/] 


Suppose that X is normal. Let {A,,} be a countable discrete collection of closed subsets 
of X—then there exists a countable pairwise disjoint collection {U;,,} of open subsets of X 
such that Vn: A, C U,. In fact, given n € N, choose a pair (On, P,,) of disjoint open 
subsets of X such that On D An, Ph D U Am and then put U, =OnN 1) Pm. 

men m<n 

PROPOSITION 9 If X is paracompact, then X is collectionwise normal. 

[Let {A; : 7 € I} be a discrete collection of closed subsets of X. Put O; = X — 
) A;—then the collection {O; : i € I} is an open covering of X, hence, in view of the 
j#Ft 
paracompactness of X, has a precise neighborhood finite closed refinement {C; : i € I}. If 
U; = X — UG;, then {U; : i € I} is a pairwise disjoint collection of open subsets of X 

jJ#Ft 

such that Vie I: A; C U;. Therefore X is collectionwise normal. 


PROPOSITION 10 If X is collectionwise normal and metacompact, then X is para- 


compact. 
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[It is enough to prove that a given point finite open covering O = {O} of X has a 
o-discrete open refinement U/ = JU,. Put A, = {x : ord(z, O) < n}—then A, is a closed 


subspace of X and X = LUJAn. Assign to each x € X the open set O; = (\{O € O: 


x € O}. Using the O,, we shall construct the U4, by induction. To start off, observe that 
{O, 1 Ay : « € Aj} is a discrete collection of closed subsets of X covering A,. So, by 
collectionwise normality, there exists a discrete collection U/, of open subsets of X covering 
A, such that each element of U4; is contained in some element of O. Proceeding, suppose 
that U U, is a covering of A, by open subsets of X, each of which is contained in some 
dient of @. with U,, discrete. Let U, = U{U :U € Un, 1 < m <n} then U, D A, and 
{Oz 7 (Anii —Un) : & € Anyi — Un} is a discrete collection of closed subsets of X covering 
An+1—Uy. Once again, by collectionwise normality, there exists a discrete collection U,4+1 


of open subsets of X covering A,41 — U, such that each element of U,,41 is contained in 
n+l 
some element of O. And Anyi C U Un] 
m=1 
Trifling modifications in the preceding argument allow one to replace “metacompact” by “submeta- 
compact” and still arrive at the same conclusion. 


Kemotot has shown by very different methods that if a normal LCH space X is submetacompact, 


then X is subparacompact. Example: The Burke plank is not normal. 


Let X be a LCH space. Does the chart 


paracompact ——— collectionwise normal ——— normal 


perfectly normal 


admit any additional arrows? We do know that there exists a paracompact X that is not 


perfectly normal and a collectionwise normal X that is not paracompact. 


(Q,) Is every normal LCH space X collectionwise normal? 
[There are counterexamples under MA +-— CH (cf. p. 1-18). Consistency has been 
established modulo the consistency of the existence of a supercompact cardinal.] 
(Qz) Is every perfectly normal LCH space X collectionwise normal? 
[This is undecidable in ZFC. | 
(Q.) Is every perfectly normal LCH space X paracompact? 


+ Fund. Math. 132 (1989), 163-169. 
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[The Kunen line under CH and the rational sequence topology over a CUE-set under 
MA +-— CH are counterexamples. However, under ZFC alone, the issue has not been 
resolved.| 


These questions (and many others) are discussed by Watson". 


The construction of topologies by transfinite recursion is an important technique that can be used to 


produce a variety of illuminating examples. 


EXAMPLE [Assume CH] (The Kunen Line) The object is to equip X = R with a first countable, 
separable topology that is finer than the usual topology (hence Hausdorff) and under which X = R is 
locally compact and perfectly normal but not Lindelof, hence not paracompact (since paracompact + 
separable = Lindelof). It will then turn out that the resulting topology is even hereditarily separable and 
collectionwise normal. 

Let {tq : a < O} be an enumeration of R and put Xq = {rg : 8 < a},soXqg =R. Let {Ca :a < O} 
be an enumeration of the countable subsets of R such that Va:CaC Xa. We shall now construct by 
induction on a < 2 a collection {Tq : a < Q}, where Tq is a topology on Xq (with closure operator cla) 
subject to: 

(a) V a: Te is a first countable, zero dimensional, locally compact topology on Xq that is finer 
than the usual topology on Xq (as a subspace of R) and, if a < Q, is metrizable. 
(b) V B < a: (Xg,7~) is an open subspace of (Xq, Ta). 
(c) Vy <b <a: If zg € cly(C,), then xg € cla(Cy). 
First, take tT. discrete if a < w. Assume next that w <a <Q. If a is a limit ordinal, take for Tq 


the topology on Xq generated by U Tg. If a is a successor ordinal, say a = 6 + 1, then the problem is 
B<a 
to define Ta on Xq = Xg U {xg} and for that we distinguish two cases. 


(*) If there is no y < @ such that zg € cly(Cy), isolate xg and take for Tq the topology 
generated by rg and {xg}. 

=(*) Let {yn} enumerate {y < 8: xg € cly(C,)}, each y being listed w times. Put In = 
Jzg —1/n, eg +1/n[ and pick a sequence {yn } of distinct points yn € Cy, In. Choose a discrete collection 
{Kg} of Tg-clopen compact sets Ky, 3 : yn € Kn,g C In. To complete the induction, take for Tq the 


topology generated by rg and the sets {zg} U U Km,g (n =1,2,...). 
m>n 
It follows that R or still, Xgq = U Xq is a first countable, LCH space under t2:. Because each Xq 
a< 
is TQ-open, Xq is not Lindelof. Every x € Xq has a countable clopen neighborhood. 


Claim: Let S C R—then #(cly(S) — cla(S)) < w. 


+ In: Open Problems in Topology, J. van Mill and G. Reed (ed.), North Holland (1990), 37-76. 
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[Fix a countable subset C C S such that cly(C) = cly(S). Write C = Cag (some ag < ©). If 
a> apo and if rq € cl,y(C), then rq € cle(C). Therefore cly(S) — cle(S) C {ra :a<ag}.] 
The fact that Xq is hereditarily separable is thus immediate. To establish perfect normality, suppose 


that A C Xpq is closed—then it is a question of finding a sequence {Un} C tm such that A = () UU; = 
n 


()cla(Un). Since R is perfectly normal, there exists a sequence {On} of R-open sets such that cly(A) = 


n 
()On = (\elR(On). From the claim, cly(A) — A can be enumerated: {an}. Each an € Xq — A, so 


n n 
4 Kn € TQ: an € Kn C XQ — A, Kn clopen. Bearing in mind that rp is finer than the usual topology on 
R, we then have 


A= (On n (\(Xa = Kn) = ()l(On) n (\(Xa = Kn). 


The final point is collectionwise normality. But as CH is in force, Jones’ lemma implies that Xq, being 
separable and normal, has no uncountable closed discrete subspaces. 
[Note: Xg is not metacompact (cf. Proposition 10). However, Xq is countably paracompact (being 


perfectly normal).] 


Retaining the assumption CH and working with 


Xo =NU ({0} x [0, OD 
tx = NU {(0, 8): 8 < a}, 
one can employ the foregoing methods and construct an example of a first countable, separable, countably 
compact, noncompact LCH space (cf. p. 1-10). Recursive techniques can also be used in conjunction with 


set theoretic hypotheses other than CH to manufacture the same type of example. 


A CRH space X is said to be a Moore space if it admits a development. 

[Note: A development for X is a sequence {U,,} of open coverings of X such that 
Vae xX : {st(xz,U,,)} is a neighborhood basis at 2.] 

Every Moore space is first countable and perfect. Any first countable X that is 
expressible as a countable union of closed discrete subspaces X,, is Moore, so, e.g., the 
Isbell-Mréwka space Y(N) is Moore. 


FACT Suppose that X is a Moore space—then X is subparacompact. 
[Let O = {O; : i € I} be an open covering of X—then the claim is that O has a o-discrete closed 
refinement. Fix a development {U/,,} for X. Equip J with a well ordering < and put 


Ain =X — st(x = O;,Un) U U O; C Oj. 
j<i 
Each A;,,, is closed and their totality A covers X. Denote by An the collection {Aj : 71 € I}—then An 


is discrete, so A = U An, is a o-discrete closed refinement of O.] 


n 
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The metrization theorem of Bing says: X is metrizable iff X is a collectionwise normal 
Moore space. Equivalently: X is metrizable iff X is a paracompact Moore space (cf. 


Proposition 9). 


The Kunen line is not a Moore space. For if it were, then, being collectionwise normal, it would be 
metrizable, hence paracompact, which it is not. Variant: The Kunen line is not submetacompact, therefore 
is not subparacompact (cf. the remark following the proof of Proposition 10), proving once again that it 


is not a Moore space. 


Let X be a LCH space. If X is locally connected, normal, and Moore, then X 
is metrizable (Reed-Zenor). Proof: (1) X Moore = X subparacompact; (2) X locally 
connected, normal, and subparacompact (hence submetacompact) = X paracompact (via 


the result of Gruenhage mentioned on p. 1-6). Now cite Bing. 


Question: Is every locally compact normal Moore space metrizable? It turns out that this question 
is undecidable in ZFC. 
(1) Under V = L, every locally compact normal Moore space is metrizable. 
[Watsont proved that under V = L, every normal submetacompact LCH space X is paracompact. 
This leads at once to the result.] 
(2) Under MA +-— CH, there exist locally compact normal Moore spaces that are not metriz- 
able. 
[Many examples are known that illustrate this phenomenon. A particularly simple case in point is that 
of the rational sequence topology over a CUE-set. By definition, a CUE-set S is an uncountable subset of R 


with the property that VT C S, there exists a sequence {Un } of open subsets of R such that T = SN(( Un), 


i.e., T is arelative Gs. Assuming MA +-— CH, it can be shown that every uncountable subset of R havine 
cardinality < 2” is a CUE-set. This said, let S be any uncountable subset of the irrationals of cardinality 
< 2%. Put X = (Q x Q)U(S x {0}). Topologize X as follows: Isolate the points of Q x Q and take 
for the basic neighborhoods of (s,0)(s € S) the sets {(s,0)} U {(sm,1/m) :m > n} (n = 1,2,...), where 
{sn} is a fixed sequence of rationals converging to s in the usual sense. X is a separable LCH space. It is 
clear that X is Moore but not metrizable, hence (i) X is perfect but not collectionwise normal and (ii) X 
is subparacompact but not metacompact (since separable + metacompact = Lindelof > paracompact). 
Nevertheless, X is normal. Indeed, given T C S, it suffices to produce disjoint open sets U,V C X: U DT 
and V D S—T. Using the fact that S is a CUE-set, write T= SN((Un) and S—T = SN ((\ Vn), where 


n n 
{Un} and {V,,} are sequences of open subsets of R.: Vn, Un D Un+1 & Vn D Vn41. Choose open sets 


+ Canad. J. Math. 34 (1982), 1091-1096. 
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On, Pn CX: 
T—VnCOn (S —T) —Un C Pn 
(S—T)NOn =4, TAP, = 9. 
Then put 
U=((On- LU Pm) 
n m<n 
V=((Pa- U Om).] 
n m<n 


A topological space X is said to be locally metrizable if every point in X has a 
metrizable neighborhood. If X is paracompact and locally metrizable, then X is metriz- 
able. Proof: Fix a neighborhood finite open covering U = {U; : i € I} of X consisting of 
metrizable U; and choose a development {U/;(n)} for U; such that V n : U;(n + 1) refines 
U;(n)—then the sequence {UU (1), UU; (2), ...} is a development for X. 


FACT Suppose that X is submetacompact and locally metrizable—then X is a Moore space. 

[Under the stated conditions, every open covering of X has a closed refinement that is neighborhood 
countable (obvious definition). Construct a o-closure preserving closed refinement for the latter and thus 
conclude that X is subparacompact (by the characterization mentioned on p. 1-4). Suppose, then, that 
X is subparacompact and locally metrizable or, more generally, locally developable in the sense that every 
a € X has aneighborhood U; with a development {Un (x)}. Let V = (J Vn be ao-discrete closed refinement 
of {Uz : 2 € X}. Assign to each V € Vp, an element ry € X for ahicn C Uzy, put Uy = X —(UVn —-V), 
and let Un n(V) = Uy NUm(ev). The collection Um» = {U:U €Umn(V)(V € Vn)} U{X — UV} is an 


open covering of X and the sequence {Um,n} is a development for X.] 


A topological manifold (or an n-manifold) is a Hausdorff space X for which there 
exists a nonnegative integer n such that each point of X has a neighborhood that is 
homeomorphic to an open subset of R”. 

[Note: We shall refer to n as the euclidean dimension of X. Homeomorphic topological 
manifolds have the same euclidean dimension (cf. p. 19-25).] 

Let X be a topological manifold—then X is a LCH space. As such, X is locally con- 


nected. The components of X are therefore clopen. Note too that X is locally metrizable. 


FACT Let X be a second countable topological manifold of euclidean dimension n. Assume: X is 


connected—then there exists a surjective local homeomorphism R” > X. 


PROPOSITION 11 Let X be a topological manifold—then X is metrizable iff X is 


paracompact. 
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[Note: Taking into account the results mentioned on p. 1-2, it is also clear that X is 
metrizable iff each component of X is a-compact or, equivalently, iff each component of X 


is second countable.] 
A topological manifold is a Moore space iff it is submetacompact. 


EXAMPLE (The Long Line) Put X = [0,Q[x[0, 1[ and order X by stipulating that (a,x) < (6, y) 
ifa <Bora=£ and z < y. Give X the associated order topology—then the long ray Lt is X — {(0,0)} 
and the long line L is X ILX/ ~, ~ meaning that the two origins are identified. Both L and L* are normal 
connected 1-manifolds. Neither L nor Lt is o-compact, so neither L nor Lt is metrizable. Therefore 
neither L nor L+ is Moore: Otherwise, Reed-Zenor would imply that they are metrizable. Variant: Moore 
= perfect, which they are not. So, neither L nor Lt is submetacompact. Finally, observe that L is not 


homeomorphic to L+. Reason: L is countably compact but Lt is not. 


EXAMPLE (The Priifer Manifold) Assign to each r € Ra copy of the plane: R2 = R? x {r} = 
{(a,b,r) = (a, b),}. Denote by L;. the closed lower half plane in R2, L, the open lower half plane in R?, 
and OL, the horizontal axis in R?2. Let H stand for the open upper half plane in R?. Put X = HU Ur. 
Topologize X as follows: Equip H and each L, with the usual topology and take for the basic Abiabborloods 


of a typical point (a,0), € OL, the sets N(a:r: €), a given such being the union of the open rectangle in 


L,. with corners at (a +¢,0), and (a+e,—e€), and the open wedge consisting of all points within e of (r, 0) 
in the open sector of H bounded by the lines of slope 1/(a — €) and 1/(a + €) emanating from (r,0). So, 
e.g., the sequence (r+ 1/n, 1/n(a+e)) converges to (a+e,0), in the topology of X (although it converges 
to (r,0) in the usual topology). The subspace H U {(0,0), : r € R} (which is not locally compact) is 
; (x,y) > (x,y?) ; 
homeomorphic to the Niemytzki plane: . X is a connected 2-manifold. Reason: A 
(0,0), — (7,0) 
closed wedge with its apex removed is homeomorphic to a closed rectangle with one side removed. It is 
clear that X is not separable. Moreover, X is not second countable, hence is not metrizable (and therefore 
is not paracompact). But X is a Moore space: Let Un be the collection comprised of all open disks of 
radius 1/n in H and the L, together with all the N(a:r:1/n)—then {U,,} is a development for X. This 
remark allows one to infer that X is not normal: Otherwise, Reed-Zenor would imply that X is metrizable. 
Bowes A= {(0,0),:1r rational} a . 
Explicitly, if , then A and B are disjoint closed subsets of X that fail to 
B= {(0,0),:r irrational} 

have disjoint neighborhoods. Since A is countable, this means that X cannot be countably paracompact. 
However, X is Moore, thus is subparacompact. Still, X is not metacompact. For X is locally separable 
(being locally euclidean) and locally separable + metacompact = paracompact. Apart from all this, X is 
contractible and so is simply connected. 


[Note: There are two other nonmetrizable, nonnormal, connected 2-manifolds associated with this 


construction. 
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(1) Take two disjoint copies of HU U OL, and identify the corresponding points on the various 
T 
OL,. The result is Moore and separable but has an uncountable fundamental group. 


(2) Take H U\|JOL, and V r identify (a,0), and (—a,0),. The result is Moore and separable 


Tr 
but has a trivial fundamental group.] 


According to Reed-Zenor, every normal topological Moore manifold is metrizable. What happens if 
we drop “Moore” but retain perfection? In other words: Is every perfectly normal topological manifold 
metrizable? It turns out that this question is undecidable in ZFC. 

(1) Under MA +-— CH, every perfectly normal topological manifold is metrizable. 

[Lanet proved that under MA +-— CH, every perfectly normal, locally connected LCH space X is 
paracompact. This leads at once to the result.] 

(2) Under CH, there exist perfectly normal topological manifolds that are not metrizable. 

[Let D = {(2,y) CR? :-1<2<1&0<y< 1}—then the idea here is to coherently paste 2 copies 
of [0,1[ to D via a modification of the Kunen technique (cf. p. 1-16). So let {Ig : a < Q} be a collection 
of copies of [0,1[ that are unrelated to D or to each other. Let {aq : a < 2} be an enumeration of D — D. 


Put Xo = DU(\J Ig) and X = (J Xa. Let {Ca : a < O} be an enumeration of the countable subsets 
B<a a<Q 
of X such that Va:Ca C Xq. Define a function 6: X + D: ¢|D =idp & dla = La. We shall now 


construct by induction on a <Q a topology Ta on Xq subject to: 
(a) V a: (Xa,Ta) is homeomorphic to D and ¢a = ¢|Xq is continuous. 
(b) V B <a: (Xg, 7) is an open dense subspace of (Xq, Ta). 
(c) Vy <B <a: If zg is a limit point of ¢(C,) in D, then every element of Ig is a limit point 
of Cy in (Xa, Ta). 
Assign to D = Xo the usual topology. If @ is a limit ordinal, take for Ta the topology on Xq generated 


by U Tg. Only condition (a) of the induction hypothesis requires verification. This can be dealt with 
B<a 
by appealing to a generality: Any topological space expressible as the union of an increasing sequence of 


open subsets, each of which is homeomorphic to R”, is itself homeomorphic to R” (Brown?). If a is a 


successor ordinal, say a = 6 +1, then Xq = Xg UI and the problem is to define Ta knowing Tz. 
CO 
Write N = L[] :V k, #(Nz,) = w and fix a bijection uz : Np ~ Qn] — 1,1. 


1 
Claim: Let {Un} be a sequence of connected open subsets of D and let {pn} be a sequence of distinct 


+ Proc. Amer. Math. Soc. 80 (1980), 693-696; see also Balogh-Bennett, Houston J. Math. 15 (1989), 
153-162. 


= Proc. Amer. Math. Soc. 12 (1961), 812-814. 
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points of D: Vn, 
Un 2 Unt1 & DN (\Un =, pn € Un. 


n 
Then there exists an embedding pp: D + D such that D — y(D) is homeomorphic to [0, 1[ and 

(i) V k: Each point of D — u(D) is a limit point of {u(pn) :n € Nz}; 

(ii) Vn: D— p(D) is contained in the interior of the closure of u(Un). 

[To begin with, there exists a homeomorphism h: D > D such that Vn: h(Un) D Dn & h(pn) € 
Dn — Dn+1, where Dyn = {(z,y) € D: 0 < y < 1/2n}. Choose next a homeomorphism g : D > D for 
which the second coordinate of g(x,y) is again y but for which the first coordinate of g(h(pn)) is ez (n) 
(n € Nz, k = 1,2,...). Each point of {(2,0) : —1 < x < 1} is therefore a limit point of {g(h(pn)) :n € Nz}. 
Finally, if F is the map with domain DU {(z,0) : —1 < x < 1} defined by { gee , then the 

F(x,0) = (a|,0) 
image DU {(x,0) :0 <x < 1}, when given the quotient topology, is homeomorphic to D via f, say. The 
embedding w = f ogo h satisfies all the assertions of the claim.] 

To apply the claim, we must specify the Un and the pp in terms of Xg. Start by letting Un = 
$3 (On (ag)), where On (xg) is the intersection of D with the open disk of radius 1/n centered at ag. Fix 
a bijection « : [0,8] + N and choose the pn € Un so that if y < 6 and if xg is a limit point of (Cy) in 
D, then pn € Cy Un for all n € N,(4). By assumption, there is a homeomorphism ng : Xg + D. Use 
this to transfer the data from Xg to D and determine an embedding yp: D > D. Put wg = wo ng, write 
D as wge(Xg) U (D — pg(X@)) and let vg : Ig + D— g(Xg) be a homeomorphism. The pair (ug, vg) 
defines a bijection Xq = Xg UIg > D. Take then for Ta the topology on Xq that renders this bijection 
a homeomorphism and thereby complete the induction. 


Give X = U Xq the topology generated by U Toa—then X is a connected 2-manifold. It is clear 
a<Q a<a 
that X is not Lindelof. Because X is separable (in fact is hereditarily separable), it follows that X is 


not paracompact, thus is not metrizable. There remains the verification of perfect normality. Let A be 

a closed subset of X. Fix ana <Q: Ca = A. Choose a sequence {On} of open subsets of D such 

that ¢(Ca) =()On =[(]On. Obviously, A C —1(¢(Ca)) = ($71 (On) = (1) $71 (On). But thanks to 
n n n n 


condition (c) of the induction hypothesis, ¢—1(¢(Ca))—A is contained in Xq. So write Xa—A = |J Kn, Kn 
n 


compact, and let P, be arelatively compact open subset of X : Ky C Pn C Pn C X —A. To finish, simply 
note that A = () a () pegs Uy DOME &—1(On) — Pn. Corollary: X is not submetacompact.] 
n n 


The preceding construction is due to Rudin-Zenort. Rudin? employed similar methods to produce 
within ZFC an example of a topological manifold that is both normal and separable, yet is not metrizable. 


Is every normal topological manifold collectionwise normal? Recall that this question was asked of 


+ Houston J. Math. 2 (1976), 129-134. 
= Topology Appl. 35 (1990), 137-152. 
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an arbitrary LCH space X on p. 1-15. Using the combinatorial principle +, Rudin (ibid.) established 


the existence of a normal topological manifold that is not collectionwise normal. On the other hand, since 
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the cardinality of a connected topological manifold is 2”, there are axioms that imply a positive answer 


but I shall not discuss them here. 


Let X be a topological space. A collection {k; : 1 € I} of continuous functions 
Kk; : X —> [0,1] is said to be a partition of unity on X if the supports of the «; form a 
neighborhood finite closed covering of X and for every x € X, > 4i(x) = 1. IfU = {U, 21 € 


T} is a covering of X, then a partition of unity {K; :7€ I} paw is said to be subordinate 
to U if Vi:spt KC Uj. 

[Note: Given a map f : X — R, the support of f, written spt f, is the closure of 
{a : fle) #0}, 

A numerable covering of X is a covering that has a subordinated partition of unity. 
Examples: Suppose that X is Hausdorff—then (1) Every neighborhood finite open cov- 
ering of a normal X is numerable; (2) Every o-neighborhood finite open covering of a 
countably paracompact normal X is numerable; (3) Every point finite open covering of 
a collectionwise normal X is numerable; (4) Every open covering of a paracompact X is 
numerable. 

[Note: Numerable coverings and their associated partitions of unity allow one to pass 
from the “local” to the “global” without the necessity of imposing a paracompactness 
assumption, a point of some importance in, e.g., fibration theory.| 

The requirement on the functions determining a numeration can be substantially 
weakened. 

(NU) Suppose given a collection {o; : i € J} of continuous functions 0; : X > 
[0,1] such that S>o;(~) = 1 (V x © X)—then there exists a collection {p; : i € I} of 
i 


continuous functions p; : X — [0,1] such that V i € I: cl(p;'(J0, 1])) C o7°'(0, 1]) and (a) 
{p,'(]0,1]) : i € I} is neighborhood finite and (b) >» pi(2) =1V2reEX). 

[Of course, at any particular x € X, the saraiality of the set of ¢ € I such that 
oi(z) AO is <w. Put w = supo;—then yp is strictly positive. Claim: p is continuous. In 
fact, Ve > 0, every x € X is a neighborhood U : o;|U < e for all but a finite number of 4, 


thus py agrees locally with the maximum of finitely many of the o; and so p is continuous. 


Let o = 5> max{0,0; — 4/2} and take for p; the normalization max{0, 0; — 4/2}/a-.] 


Suppose that H is a Hilbert space with orthonormal basis {e; : i € I}. Let X be the unit sphere in 


H and set o;(x) = |(x, e;)|?(a% € X)—then the o; satisfy the above assumptions. 


PROPOSITION 12 Every numerable open covering U = {U; : i € I} of X has a 


numerable open refinement that is both neighborhood finite and o-discrete. 
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[Let {«; : ¢ € I} be a partition of unity on X subordinate to U. Denote by F 

the collection of all nonempty finite subsets of J. Assign to each F € F the functions 

Mp=mink; (¢ € F) 

Mr =maxk, (i ¢ F) 

Jur in place of mp — Mp — 1/2, oF in place of max{0, ur} and set Vr = {x : op(x) > O}— 

then Ve C {x : mp(x) > Mp(x)} C ff) Uj. The collection V = {Vr : F € Fhisa 
icF 


and put p= max(™ Fr — Mp), which is strictly positive. Write 


€ 
neighborhood finite open refinement of U/ which is in fact o-discrete as may be seen by 
defining V, = {Vr : #(F) = n}. In this connection, note that F’ 4 F"” & #(F") = 
#(F") => {a : mp (x) > Mpr(x)} 0 {2 : mp (x) > Mp (x)} = 0. The numerability of V 


follows upon considering the or/o (0 = do ar).] 
F 


Implicit in the proof of Proposition 12 is the fact that if U/ is a numerable open covering of X, then 
there exists a countable numerable open covering O = {On} of X such that V n, On is the disjoint union 


of open sets each of which is contained in some member of U/. 


FACT (Domino Principle) Let / be a numerable open covering of X. Assume: 
(D1) Every open subset of a member of U/ is a member of U. 
(D2) The union of each disjoint collection of members of U is a member of U. 
(D3) The union of each finite collection of members of U is a member of U. 
Conclusion: X is a member of U. 
[Work with the On introduced above, noting that there is no loss of generality in assuming that 


On C On+4i. Choose a precise open refinement P = {Pn} of O : Vn, Pr C Prh4i. Put Qn = 


Pn (n = 1,2) oe ot 
nd write X = a ie ny) HX X2. 
on a and write Ue (Ue 1) U(YQ ) 1U Xa] 


C(X) 


X, [0, 1]) we shall understand the set of 


Let X be a topological space—then by st 


f:X ~R 
f:xX - [0,1 
alone, even if X is regular Hausdorff. 

A zero set in X is a set of the form Z(f) = {x : f(x) = 0}, where f € C(X). 


The complement of a zero set is a cozero set. Since Z(f) = Z(min{1,|f|}), C(X) and 


all continuous functions { is Bear in mind that C(X) can consist of constants 


{x : f(x) > O} 

C(X, [0, 1]) determine the same collection of zero sets. All sets of the form fehl) 20) 
{x : f(x) > OF 

(f € C(X)) are zero sets and all sets of the form { fe Fee O} (f € C(X)) are cozero 


sets. The collection of zero sets in X is closed under the formation of finite unions and 
countable intersections and the collection of cozero sets in X is closed under the formation 


of countable unions and finite intersections. The union of a neighborhood finite collection 
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of cozero sets is a cozero set. On the other hand, the union of a neighborhood finite 

collection of zero sets need not be a zero set. But this will be the case if each zero set in 

the collection is contained in a cozero set, the totality of which is neighborhood finite. 
[Note: Suppose that X is Hausdorff—then X is completely regular iff the collec- 


tion of cozero sets in X is a basis for X. Every compact Gs in a CRH space is a zero 


Mi ] — 
set. If X is normal, then closed G5 = zero set . 
open F, = cozero set 


so if X is perfectly normal, then 
closed set = zero set 
open set = cozero set 
Ce as et covering of X is a covering consisting of . The numerable 
cozero set cozero sets 
coverings of X are those coverings that have a neighborhood finite cozero set refinement. 


zero sets 


Example: Every countable cozero set covering U = {U,,} of X is numerable. Proof: Choose 
fn € C(X, (0, 1): U, = fn (0, 1)), put on = 1/2" fn/1+ fn & o= don, let on = bn/¢, 
and apply NU. , 

[Note: Every countable cozero set covering U = {U,,} of X has a countable star 
finite cozero set refinement. Proof: Choose f, € C(X,[0,1]) : U, = f,+(J0,1]}), put 
f =>52-"fn and define 


1 
m+’ 


1 


Vinyn = dee 0: 1) M Camel 1)) = ie (ere 1])) ( is m), 


with the obvious understanding if m = 1—then the collection {Vin} has the properties 


in question. 


LEMMA Let U = {U; : i € I} bea neighborhood finite cozero set covering of X—then 
there exists a zero set covering Z = {Z; : i € I} and a cozero set covering V = {V; :i € I} 
such that Vi: Z; CV; C Vi CU;. 

[Choose a partition of unity {K;: 4 € I} on X subordinate to U. Put V; = «;'(J0, 1) 


and take for Z; the zero set of the function max kK; — K;.] 
7 


Let U = {U; : i € I} be a neighborhood finite cozero set covering of X; let Z = 
{Z,:1€ I} and V = {V;: i © I} be as in the lemma. Denote by F the collection of all 
nonempty finite subsets of J. Assign to each F € F: Wr = (| Vin (X — U Z;). The 

iCF iGF 
collection W = {Wr : F € F} is a neighborhood finite cozero set covering of X such that 
Vi:st(Z;,W) C V;. Therefore {st(a,W): a € X} refines V, hence U/. Now repeat the 


entire procedure with W playing the role of U. The upshot is the following conclusion. 
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PROPOSITION 13 Every numerable open covering of X has a numerable open star 


refinement that is neighborhood finite. 


FACT Let U = {U; : 7 © I} be an open covering of X—then U is numerable iff there exists a metric 
space Y, an open covering V of Y, and a continuous function f : X — Y such that f—1(V) refines U. 
[The condition is clearly sufficient. As for the necessity, let {n; : i € I} be a partition of unity on 


X subordinate to U. Let Y be the subset of [0,1]! comprised of those y = {yj : i € I}: beer = 1. The 
i 
prescription d(y’,y’’) = ys ly; — y;’| is a metric on Y. Define a continuous function f : X — Y by sending 


a 
x to {n;(x) : 7 € I}. Consider the collection V = {V; : i € I}, where V; = {y: ys > 0}.] 


Application: Let U = {U; : i € I} be an open covering of X—then U is numerable iff there exists a 
numerable open covering O = {O; : i € I} of erX such that V i: cr—1(O;) C Uj. 


EXAMPLE Let G be a topological group; let U be a neighborhood of the identity in G—then the 


open covering {#U : « € G} is numerable. 


Suppose given a set X and a collection {X; : 7 € I} of topological spaces X;. 

(FT) Let {fi : « € I} be a collection of functions f; : X; — X—then the 
final topology on X determined by the f; is the largest topology for which each f; is 
continuous. The final topology is characterized by the property that if Y is a topological 
space and if f : X — Y is a function, then f is continuous iff V 7 the composition 
fof; : X; 7 Y is continuous. 

(IT) Let {f; : i € I} be a collection of functions f; : X — X;—then the 
initial topology on X determined by the f; is the smallest topology for which each f; is 
continuous. The initial topology is characterized by the property that if Y is a topological 
space and if f : Y > X is a function, then f is continuous iff V 72 the composition 


fio f:Y — X; is continuous. 


For example, in the category of topological spaces, coproducts carry the final topology 
and products carry the initial topology. The discrete topology on a set X is the final 
topology determined by the function @ — X and the indiscrete topology on a set X is 
the initial topology determined by the function X — x. If X is a topological space and if 
f :X — Y isa surjection, then the final topology on Y determined by f is the quotient 
topology, while if Y is a topological space and if f : X — Y is an injection, then the initial 
topology on X determined by f is the induced topology. 


EXAMPLE Let F be a vector space over R—then the finite topology on F is the final topology 


determined by the inclusions F + E, where F is a finite dimensional linear subspace of E endowed with 
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its natural euclidean topology. E, in the finite topology, is a perfectly normal paracompact Hausdorff 
space. Scalar multiplication R x EF — E is jointly continuous; vector addition EF x E —> E is separately 


CO 
continuous but jointly continuous iff dim E < w. For a concrete illustration, put R®° = UR”, where 
0 
{0} =R° CR! C..-. The elements of R™ are therefore the real valued sequences having a finite number 


of nonzero values. Besides the finite topology, one can also give R™ the inherited product topology rp 
or any of the topologies Tp(1 < p < oo) derived from the usual ¢? norm. It is clear that Tp C tps C Tyr 
(1 < p” < p’ < &w), each inclusion being proper. Moreover, 71 is strictly smaller than the finite topology. 
To see this, let U = {a € R© : V i,|x;| < 2-*}-then U is a neighborhood of the origin in the finite 
topology but U is not open in 71. These considerations exhibit uncountably many distinct topologies on 
R®. Nevertheless, under each of them, R® is contractible, so they all lead to the same homotopy type. 


[Note: The finite topology on R® is not first countable, thus is not metrizable.] 


PROPOSITION 14 Suppose that X is Hausdorff—then X is completely regular iff X 
has the initial topology determined by the elements of C'(X) (or, equivalently, C(X, [0, 1]). 

[Note: Therefore, if 7’ and 7” are two completely regular topologies on X, then 7! = 7” 
iff, in obvious notation, C’(X) = C”(X).] 


When constructing the initial topology, it is not necessary to work with functions whose domain is 
all of X. 

Suppose given a set X, a collection {U; : 7 € I} of subsets U; C X, and a collection {X;: 7 € I} of 
topological spaces X;. Let {f; :2€ I} be a collection of functions f; : Uj; - X;—then the initial topology 
on X determined by the f; is the smallest topology for which each U; is open and each f; is continuous. 
The initial topology is characterized by the property that if Y is a topological space and if f: Y > X is 


a function, then f is continuous iff V 7 the composition f-1(U;) d; U; 4X; is continuous. 


EXAMPLE Let X and Y be nonempty topological spaces—then the join X * Y is the quotient of 
(x, y’,0) ~ (#,y",0) X«Q=X 
(a’,y,1) ~ (2”,y, 1) OxY=Y 


: XxYx([0,1]J > X*Y 
is a functor TOP x TOP > TOP. The projection p : sends X x Y x {0} 
(x,y,t) > [a,y,t] 
(or X x Y x {1}) onto a closed subspace homeomorphic to X (or Y). Consider now X * Y as merely 


xg:t—1([0,1[) 3 X 
y:t—1(j0,1]) oY 


X x Y x [0,1] with respect to the relations { Conventionally { sO * 


a set. Let ¢ : X « Y — [0,1] be the function [z,y,t] — ¢; let { be the functions 


[z,y,t] ay 
t, x, and y. The identity map X * Y > X *. Y is continuous; it is a homeomorphism if X and Y are 


z,y,tl 92x ; 2 i a : 
{ [zy ¢] —then the coarse join X *, Y is X * Y equipped with the initial topology determined by 


compact Hausdorff but not in general. The coarse join X *- Y of Hausdorff X and Y is Hausdorff, thus 
so is X*Y. The join X *Y of path connected X and Y is path connected, thus so is X *- Y. Examples: (1) 
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The cone ['X of X is the join of X and a single point; (2) The suspension 1X of X is the join of X anda 


T 
pair of points. There are also coarse versions of both the cone and the suspension, say { ae Complete 
Cc 
. : Xx*x.G=X 
the picture by setting : 
O*.-Y =Y 


[Note: Analogous definitions can be made in the pointed category TOP..] 


FACT Let X and Y be topological spaces—then the identity map X *« Y > X *- Y is a homotopy 


equivalence. 
[x,y,0] (0<t < 1/3) 
[A homotopy inverse X *.Y — X *Y is given by [z,y,t] > ¢ [a,y,3¢ —1] (1/3 < t < 2/3) . Since 


[z,y,1] (2/3 <t <1) 
the homotopy type of X * Y depends only on the homotopy types of X and Y and since the coarse join is 


associative, it follows that the join is associative up to homotopy equivalence. | 


EXAMPLE (Star Construction) The cone TX of a topological space X is contractible and there 
is an embedding X — IX. However, one drawback to the functor T : TOP — TOP is that it does not 
preserve embeddings or finite products. Another drawback is that while [ does preserve HAUS, within 
HAUS it need not preserve complete regularity (consider [.X, where X is the Tychonoff plank). The star 
construction eliminates these difficulties. Thus put @* = @ and for X 4 @, denote by X* the set of all 
right continuous step functions f : [0,1[> X. So, f € X™ iff there is a partition ag =0 < a1 <-+-<an< 
1 = an+i of [0,1[ such that f is constant on [a;,a;41[ (¢ = 0,1,...,). There is an injection i: X — X* 
that sends x € X to i(x) € X*, the constant step function with value x. Given a,b:0<a<b<1,U an 
open subset of X, and € > 0, let O(a,b,U,«) be the set of f € X* such that f is constant on [a,b[, U is a 
neighborhood of f(a), and the Lebesgue measure of {t € [a, b[: f(t) ¢ U} is < €. Topologize X* by taking 
the O(a, b, U,¢) as a subbasis—then i: X — X* is an embedding, which is closed if X is Hausdorff. The 
assignment X — X™* defines a functor TOP — TOP that preserves embeddings and finite products. It 
restricts to a functor HAUS — HAUS that respects complete regularity. 

Claim: Suppose that X is not empty—then X* is contractible and has a basis of contractible open 
sets. 

[Fix fo € X* and define H : X* x [0,1] — X* by H(f,T)(t) = sts) | 

FD Se) 

An expanding sequence of topological spaces is a system consisting of a sequence 
of topological spaces X” linked by embeddings f™"*+!: X" — X"+!. Denote by X© 
the colimit in TOP associated with this data—then for every n there is an arrow f™™: 
X”" + X™ and the topology on X°° is the final topology determined by the f°. Each 
f™% is an embedding and X° = (J) f™°(X™"). One can therefore identify X” with 


n 
f™~(X™) and regard the f™"*! as inclusions. 
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[Note: If all the f™"*+! are open (closed) embeddings, then the same holds for all the 
pr 

If all the X” are T,, then X°° is Ty. If all the X” are Hausdorff, then X°° need not 
be Hausdorff but there are conditions that lead to this conclusion. 

(A) If all the X” are LCH spaces, then X° is a Hausdorff space. 

[Let x,y Ee X° : a Ay. Fix an index no such that 2, y € X". Choose open relatively 
compact subsets Un, Vig CX": 2 € Un, & y € Vn, with Un, Vn, = 0. Since Uy, and 
ae are compact disjoint subsets of X”°t+!, there exist open relatively compact subsets 
Ungiin Vageice XO 20 CG Ungag fe Vin (CV ig with U4 1 Vinge = lterate 
the procedure to build disjoint neighborhoods U = (J U, and V= lJ V, of # and y 


n>no n>no 


in X°.] 

(B) Suppose that all the X” are Hausdorff. Assume: V n, X” is a neighborhood 
retract of X"+!—then X@ is Hausdorff. 

(C) If all the X” are normal (normal and countably paracompact, perfectly 
normal, collectionwise normal, paracompact) Hausdorff spaces and if Vn, X” is a closed 
subspace of X"+!, then X° is a normal (normal and countably paracompact, perfectly 
normal, collectionwise normal, paracompact) Hausdorff space. 

[The closure preserving closed covering {X"} is absolute, so the generalities on p. 5-4 


can be applied.] 


LEMMA Given an expanding sequence of T; spaces, let 6: K — X°° be a continuous 
function such that ¢(/) is a compact subset of X°°—then there exists an index n and a 
continuous function ¢” : K + X” such that 6 = f™% od”. 


EXAMPLE Working in the plane, fix a countable dense subset S = {sn} of {(x,y) : 2 = O}. 
Put X” = {(2,y) : # > 0} U{so,... ,8n} and let ft! : X"™ 4 X"+! be the inclusion—then X@™ is 


Hausdorff but not regular. 


EXAMPLE (Marciszewski Space) Topologize the set [0,2] by isolating the points in ]0, 2[, basic 
neighborhoods of 0 or 2 being the usual ones. Call the resulting space Xo. Given n > 0, topologize the 
set ]0,2[x[0,1] by isolating the points of ]0,2[x]0,1] along with the point (1,0), basic neighborhoods of 
(t,0) (0<t<lorl<t< 2) being the subsets of Ly that contain (t,0) and have a finite complement, 
where Ly, is the line segment joining (¢,0) and (t+ 1—1/n,1) (0 < t < 1) or (¢,0) and ({-— 14 1/n,1) 
(1 <t < 2). Call the resulting space X,. Form Xo I Xi U---U Xp and let X” be the quotient obtained 
by identifying points in ]0,2[. Each X” is Hausdorff and there is an embedding f™"t! : X" 4 Xt! 
But X° is not Hausdorff. 


1-31 


AOC X! Eee . 
FACT Suppose that are expanding sequences of LCH spaces—then X° x Y° = 
YOe YiE xs 
colim (X" x Y”), 


Let X be a topological space—then a filtration on X is a sequence X°, X!,... of 
subspaces of X such that Vn: X" Cc X"+1!. Here, one does not require that (J) X" = X. 


A filtered space X is a topological space X equipped with a filtration {X"}. A flcered map 
f: X > Y of filtered spaces is a continuous function f : X + Y such that Vn: f(X") C 
Y”. Notation: f € C(X, Y). FILSP is the category whose objects are the filtered spaces 
and whose morphisms are the filtered maps. FILSP is a symmetric monoidal category: 


Take X @ Y to be X x Y supplied with the filtrationn > (J) X?x Y4, let e be the one 
ptrq=n 
point space filtered by specifying that the initial term is 4 0, and make the obvious choice 


for T. There is a notion of homotopy in FILSP. Write I for J = [0,1] endowed with its 
skeletal filtration, ie., J° = {0,1}, I” = [0,1] (n > 1)—then filtered maps f,g : X — Y 
are said to be filter homotopic if there exists a filtered map H : X ®I — Y such that 


H(w,0) = f(2) 
{ HGAy=9@) oo 


Geometric realization may be viewed as a functor |?| : SISET — FILSP via consideration of 
skeletons. To go the other way, equip A” with its skeletal filtration and let A” be the associated filtered 
space. Given a filtered space X, write sin X for the simplicial set defined by sin X([n]) = sin, X = 
C(A”, X)—then the assignment K — sin X is a functor FILSP > SISET and (|?|,sin) is an adjoint 


pair. 


If C is a full subcategory of TOP (HAUS) and if X is a topological space (Hausdorff 
topological space), then X is an object in the monocoreflective hull of C in TOP (HAUS) 
iff there exists a set {X;} C Ob C and an extremal epimorphism f : [| X; > X (cf. p. 0-21 


7 
ff.). Example: The monocoreflective hull in TOP of the full subcategory of TOP whose 
objects are the locally connected, connected spaces is the category of locally connected 
spaces. 


[Note: The categorical opposite of “epireflective” is “monocoreflective” .] 


EXAMPLE (A Spaces) The monocoreflective hull in TOP of [0,1]/[0,1[ is the category of A 


spaces. 


EXAMPLE (Sequential Spaces) A topological space X is said to be sequential provided that a 


subset U of X is open iff every sequence converging to a point of U is eventually in U. Every first 
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countable space is sequential. On the other hand, a compact Hausdorff space need not be sequential 
(consider [0,Q]). Example: The one point compactification of the Isbell-Mréwka space &(N) is sequential 
but there is no sequence in N converging to oo € N. If SEQ is the full, isomorphism closed subcategory 
of TOP whose objects are the sequential spaces, then SEQ is closed under the formation in TOP of 
coproducts and quotients. Therefore SEQ is a monocoreflective subcategory of TOP (cf. p. 0-21), hence 
is complete and cocomplete. The coreflector sends X to its sequential modification sX. Topologically, 
sX is X equipped with the final topology determined by the ¢ € C(Noo,X), where Noo is the one 
point compactification of N (discrete topology). The monocoreflective hull in TOP of Noo is SEQ, so 
a topological space is sequential iff it is a quotient of a first countable space. SEQ is cartesian closed: 
C(s(X x Y),Z) = C(X, Z”). Here, s(X x Y) is the product in SEQ (calculate the product in TOP and 
apply s). As for the exponential object Z Y | given any open subset P C Z and any continuous function 
¢:No 7 Y, put O(¢, P) = {g € C(Y, Z) : g(@(Noo)) C P} and call Cs(Y, Z) the result of topologizing 
C(Y, Z) by letting the O(¢, P) be a subbasis—then ZY = sC;(Y, Z). 


[Note: Every CW complex is sequential.] 


A Hausdorff space X is said to be compactly generated provided that a subset U of 
X is open iff UN K is open in K for every compact subset K of X. Examples: (1) Every 
LCH space is compactly generated; (2) Every first countable Hausdorff space is compactly 
generated; (3) The product R", & > w, is not compactly generated. A Hausdorff space 
is compactly generated iff it can be represented as the quotient of a LCH space. Open 
subspaces and closed subspaces of a compactly generated Hausdorff space are compactly 
generated, although this is not the case for arbitrary subspaces (consider N U {p} C BN, 
where p € BN—N). However, Arhangel’skii’ has shown that if X is a Hausdorff space, then 
X and all its subspaces are compactly generated iff for every A C X and each x € A there 
exists a sequence {z,} C A: limaz, = x. The product X x Y of two compactly generated 
Hausdorff spaces may fail to be compactly generated (consider X = R — {1/2,1/3,...} 
and Y = R/N) but this will be true if one of the factors is a LCH space or if both factors 


are first countable. 


EXAMPLE (Sequential Spaces) A Hausdorff sequential space is compactly generated. In fact, a 
Hausdorff space is sequential provided that a subset U of X is open iff UM K is open in K for every second 


countable compact subset K of X. 


EXAMPLE Equip R® with the finite topology and let H(R™) be its homeomorphism group. 


+ Czech. Math. J. 18 (1968), 392-395. 
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Give H(R®™) the compact open topology—then H(R®) is a perfectly normal paracompact Hausdorff 
space. But H(R°) is not compactly generated. 
[The set of all linear homeomorphisms R® —> R® is a closed subspace of H(R®). Show that it is 


not compactly generated. Incidentally, H(R®) is contractible. ] 


For certain purposes of algebraic topology, it is desirable to single out a full, isomor- 
phism closed subcategory of TOP, small enough to be “convenient” but large enough to 
be stable for the “standard” constructions. A popular candidate is the category CGH of 
compactly generated Hausdorff spaces (Steenrod'). Since CGH is closed under the for- 
mation in HAUS of coproducts and quotients, CGH is a monocoreflective subcategory 
of HAUS (cf. p. 0-21). As such, it is complete and cocomplete. The coreflector sends 
X to its compactly generated modification kX. Topologically, kX is X equipped with 
the final topology determined by the inclusions K + X, K running through the com- 
pact subsets of X. The identity map kX — X is continuous and induces isomorphisms 
of homotopy and singular homology and cohomology groups. If X and Y are compactly 
generated, then their product in CGH is X x, Y = k(X x Y). Each of the functors 
—x, Y : CGH > CGH has a right adjoint Z > ZY, the exponential object Z’ being 
kC(Y, Z), where C'(Y, Z) carries the compact open topology. So one of the advantages of 
CGH is that it is cartesian closed. Another advantage is that if { i - are in CGH and 
if :X > X’ 

ie fe 
are shortcomings as well. Item: The forgetful functor CGH — TOP does not preserve 


are quotient, then f x,g:X x, Y — X’ x; Y' is quotient. But there 


colimits. For let A be a compactly generated subspace of X and consider the pushout 


A — « 
square | | in CGH—then P = h(X/A), the maximal Hausdorff quotient of the 
, =P 


ordinary quotient computed in TOP. To appreciate the point, let X = [0,1], A = [0, 1[— 
then [0,1]/[0, 1] is not Hausdorff and h((0, 1]/[0, 1[) is a singleton. Finally, it is clear that 
CGH is the monocoreflective hull in HAUS of the category of compact Hausdorff spaces. 


CGH.,, the category of pointed compactly generated Hausdorff spaces, is a closed category: Take 
X ®Y to be the smash product X#,Y (cf. p. 3-28) and let e be S°. Here, the internal hom functor sends 


(X,Y) to the closed subspace of kC(X,Y) consisting of the base point preserving continuous functions. 


FACT Let X be a CRH space. Suppose that there exists a sequence {U,} of open coverings of X 


+ Michigan Math. J. 14 (1967), 133-152. 
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such that Vz € X : Ky =()st(z,Un) is compact and {st(z,Un)} is a neighborhood basis at Ky (i.e., any 
open U containing Ky, aout anne some st(x,Un))—then X is compactly generated. Example: Every Moore 
space is compactly generated. 

[Note: Jiang? has shown that any CRH space X realizing this assumption is necessarily submeta- 


compact.] 


In practice, it can be troublesome to prove that a given space is Hausdorff and 
while this is something which is nice to know, there are situations when it is irrele- 
vant. We shall therefore enlarge CGH to its counterpart in TOP, the category CG 
of compactly generated spaces (Vogt?), by passing to the monocoreflective hull in TOP of 
the category of compact Hausdorff spaces. It is thus immediate that a topological space 
is compactly generated iff it can be represented as the quotient of a LCH space. Con- 
sequently, if X is a topological space, then X is compactly generated provided that a 
subset U of X is open iff ¢~'(U) is open in K for every 6 € C(K,X), K any compact 
Hausdorff space. What has been said above in the Hausdorff case is now applicable in 
general, the main difference being that the forgetful functor CG — TOP preserves co- 
limits. Also, like CGH, CG is cartesian closed: C(X x, Y,Z) = C(X, Z*). Of course, 
X x, Y =k(X xY) and the exponential object Z* is defined as follows. Given any open 
subset P C Z and any continuous function ¢: K — Y, where K is a compact Hausdorff 
space, put O(¢, P) = {g € C(Y, Z) : g(¢(K)) C P} and call C,(Y, Z) the result of topolo- 
gizing C(Y, Z) by letting the O(¢, P) be a subbasis—then ZY = kC;(Y,Z). Example: A 
sequential space is compactly generated. 

[Note: If X and Y are compactly generated and if f : X — Y is a continuous injection, 
then f is an extremal monomorphism iff the arrow X — kf (X) is a homeomorphism, where 
f(X) has the induced topology. Therefore an extremal monomorphism in CG need not be 
an embedding (= extremal monomorphism in TOP). Extremal monomorphisms in CG 


are regular. Call them CG embeddings. | 


EXAMPLE Partition [—1,1] by writing [—-1,1] = {-1}U U {x,—x}U {1}. Let X be the 
O0<a<l 
associated quotient space—then X is compactly generated (in fact, first countable). Moreover, X is 


compact and T,; but not Hausdorff; X is also path connected. 


er XXpY OX 
FACT Let X and Y be compactly generated—then the projections are open maps. 


XxXp,Y AY 


+ Topology Proc. 11 (1986), 309-316. 
= Arch. Math. 22 (1971), 545-555; see also Wyler, General Topology Appl. 3 (1973), 225-242. 
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Given any class K of compact spaces containing at least one nonempty space, denote 
by M the monocoreflective hull of K in TOP and let R: TOP > M be the associated 
coreflector. If X is a topological space, then a subset U of RX is open provided that 
&—1(U) is open in K for every ¢ € C(K, X), K any element of K. Write A-K for the full, 
isomorphism closed subcategory of TOP whose objects are those X which are A-separated 
by K, ie., such that Ay = {(z,2) : « € X} is closed in R(X x X)—then A-K is 
closed under the formation in TOP of products and embeddings. Therefore A-K is an 
epireflective subcategory of TOP (cf. p. 0-21). Examples: (1) Take for K the class of all 
finite indiscrete spaces—then an X in TOP is A-separated by XK iff it is To; (2) Take for 
K the class of all finite spaces—then an X in TOP is A-separated by XK iff it is Ty. 

[Note: Recall that a topological space X is Hausdorff iff its diagonal is closed in X x X 
(product topology).| 


EXAMPLE (Sequential Spaces) Let X be a topological space—then every sequence in X has at 
most one limit iff Ax is sequentially closed in X x X, i.e., iff X is A-separated by K = {Noo}. When this 
is so, X must be T, and if X is first countable, then X must be Hausdorff. 


[Note: Recall that a topological space X is Hausdorff iff every net in X has at most one limit.] 


If K is a compact space, then for any ¢ € C(K, X), ¢(K) is a compact subset of X. 
In general, #(K) is neither closed nor Hausdorff. 
(K,) A topological space X is said to be Ky, provided that V ¢ € C(K,X) 
(K € K), ¢(K) is a closed subspace of X. 
(Kz) A topological space X is said to be Kz provided that V ¢ € C(K,X) 
(K € K), ¢(K) is a Hausdorff subspace of X. 
A topological space X which is simultaneously Ky and K,» is necessarily A-separated 
by K. 
Specialize the setup and take for K the class of compact Hausdorff spaces (McCord'), 


so M = CG. Suppose that X is K; (hence T;)—then X is Ky. Proof: Let a € $(K) 
nae U b-\(2) CU : 
€C(K,X)):2 , choose disjoint open sets Gace = and consider 


ae Oe =U) . Denote by A-CG the full subcategory of CG whose objects are 


o(K) — 6(K —V) 
A-separated by K. There are strict inclusions CGH Cc A-CG Cc CG. Example: Every 


first countable X in A-CG is Hausdorff. 


+ Trans. Amer. Math. Soc. 146 (1969), 273-298; see also Hoffmann, Arch. Math. 32 (1979), 487-504. 
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LEMMA Let X be a A-separated compactly generated space—then X is K}. 
[Let kK, LD € K; let 6 € C(K,X), pW © C(L,X). Since 6x WH: Kx LOX x, X is 
continuous, (¢x ~)~1(Ax) is closed in K x L. Therefore 7)~'(¢(K)) = pry, ((¢xW)~1(Ax)) 


is closed in L.] 


It follows from the lemma that every A-separated compactly generated space X is Ty. 
More is true: Every compact subspace A of X is closed in X. Proof: For any ¢ € C(K, X) 
(k € K), AN ¢(K) is a closed subspace of A, thus is compact, so AM ¢(K) is a closed 
subspace of ¢(K), implying that 6~1(A) = ¢-'(AN 4(K)) is closed in K. Corollary: The 
intersection of two compact subsets of X is compact. 

Equalizers in CGH and A-CG are closed (e.g., retracts) but A-CG is better behaved 
than CGH when it comes to quotients. Indeed, if X is in A-CG and if F is an equivalence 
relation on X, then X/F is in A-CG iff F C X x;,X is closed. To see this, let p: X > X/E 
be the projection. Because p x, p: X Xp X > X/E xz, X/E is quotient, Ax zg is closed 
in X/E x, X/E iff (p x, p)~'(Axyz) = E is closed in X x, X. Consequently, if AC X 
is closed, then X/A is in A-CG. 

[Note: Recall that if X is a topological space, then for any equivalence relation FE on 
X, X/E Hausdorff > E Cc X x X closed and EC X x X closed plus p: X > X/E open 
= X/E Hausdorff.] 

A-CG, like CG and CGH, is cartesian closed. For A-CG has finite products and if 
X is in CG and if Y is in A-CG, then kC,(X, Y) is in A-CG. 

[Note: Suppose that B is A-separated—then CG/B is cartesian closed (Booth- 
Brown").| 


CG. and A-CG,, are the pointed versions of CG and A-CG. Both are closed categories. 
[Note: The pointed exponential object ZY is hom(Y, Z).] 


EXAMPLE Let X be anonnormal LCH space. Fix nonempty disjoint closed subsets A and B of X 
that do not have disjoint neighborhoods—then X/A and X/B are compactly generated Hausdorff spaces 
but neither X/A nor X/B is regular. Put EH = Ax AUB x BUAx. The quotient X/E is a A-separated 
compactly generated space which is not Hausdorff. Moreover, X/E is not the continuous image of any 
compact Hausdorff space. 

[Note: Take for X the Tychonoff plank. Let A = {(Q,n):0< nn < wh} and B= {(a,w):0< 
a < 0}—then X/E is compact and all its compact subspaces are closed. By comparison, the product 


X/E x X/E, while compact, has compact subspaces that are not closed.] 


+ General Topology Appl. 8 (1978), 181-195. 
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EXAMPLE (k-Spaces) The monocoreflective hull in TOP of the category of compact spaces is 
the category of k-spaces. In other words, a topological space X is a k-space provided that a subset U of 
X is open iff UN K is open in K for every compact subset K of X. Every compactly generated space is a 
k-space. The converse is false: Let X be the subspace of [0,2] obtained by deleting all limit ordinals except 
Q—then X is not discrete. Still, the only compact subsets of X are the finite sets, thus kX is discrete. 
The one point compactification Xo of X is compact and contains X as an open subspace. Therefore X 
is not compactly generated but is a k-space (being compact). The category of k-spaces is similar in many 
respects to the category of compactly generated spaces. However, there is one major difference: It is not 
cartesian closed (Cinéurat). 

[Note: If K is the class of compact spaces, then HAUS C A-K and the inclusion is strict. Reason: 


A topological space X is in A-K iff every compact subspace of X is Hausdorff.] 


FACT Let X° Cc X!C.--- be an expanding sequence of topological spaces. Assume: Vn, X” is in 
A-CG and is a closed subspace of X"+!—then X@ is in A-CG. 

[That X© is in CG is automatic. Let K be a compact Hausdorff space; let 6 € C(K, X°)—then, 
from the lemma on p. 1-29, ¢(K) C X” (An) => ¢(K) is closed in X" => $(K) is closed in X~.] 


EXAMPLE (Weak Products) Let (Xo,x20), (X1,271),... be a sequence of pointed spaces in 
A-CG,.. Put X" = Xo Xzp°°+: Xp Xn—then X” is in A-CG, with base point (xo0,...,2n). The 
CO 


pointed map X” + X"t+! is a closed embedding. One writes (w) [[ Xn in place of X© and calls it 
1 


CO 

the weak product of the X;. By the above, (w) |] Xn is in A-CG, (the base point is the infinite string 
1 

made up of the zn). 


[Note: The same construction can be carried out in TOP, the only difference being that X” is the 


ordinary product of Xo,...,Xn.] 


Every Hausdorff topological group is completely regular. In particular, every Haus- 
dorff topological vector space is completely regular. Every Hausdorff locally compact 
topological group is paracompact. 

[Note: Every topological group which satisfies the Tp separation axiom is necessarily 
a CRH space.] 


EXAMPLE Take G = R*(« > w)—then G is a Hausdorff topological group but G is not compactly 
generated. Consider kG: Inversion kG — kG is continuous, as is multiplication kG x, kG > kG. But 
kG is not a topological group, i.e., multiplication kG x kG —> kG is not continuous. In fact, kG, while 


Hausdorff, is not regular. 


+ Topology Appl. 41 (1991), 205-212. 
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Let E be a normed linear space; let E* be its dual, i.e., the space of continuous linear functionals on 
&—then E* is also a normed linear space. The elements of & can be regarded as scalar valued functions 
on E*. The initial topology on E* determined by them is called the weak* topology. It is the topology 
of pointwise convergence. In the weak* topology, E* is a Hausdorff topological vector space, thus is 
completely regular. If dim E > w, then every nonempty weak* open set in E* is unbounded in norm. By 
contrast, Alaoglu’s theorem says that the closed unit ball in E* is compact in the weak* topology (and 
second countable if E is separable). However, the weak* topology is metrizable iff dim E < w. 

[Note: Let E be a vector space over R—then Kruset has shown that E admits a complete norm (so 
that E is a Banach space) iff dim E < w or (dim E)* = dim E. Therefore, the weak* topology on the dual 


of an infinite dimensional Banach space is not metrizable.] 


The forgetful functor from the category of topological groups to the category of 
topological spaces (pointed topological spaces) has a left adjoint X > F,,X((X,20) 7 
F(X, 29)), where FyrX (For(X,2o)) is the free topological group on X((X,%o)). Alge- 
braically, FerX (Fgr(X,20)) is the free group on X (X — {xo}). Topologically, FX 
(F,r(X, %o)) carries the finest topology compatible with the group structure for which the 
canonical injection X > F,,X ((X,20) > Fyr(X,%o)) is continuous. There is a commu- 

X —— F,,X 
tative triangle SS and For(X, 20) © FerX/(xo) ((%o) the normal subgroup 
F,7(X, £0) 
generated by the word x). On the other hand, F,,X *% Fy,(X, v9) UZ (LI the coproduct 
in the category of topological groups) and, of course, Fg,X + F,,(X I x, *). 

[Note: The arrow of adjunction X > F,,X ((X, #0) > Fer(X, xo)) is an embedding iff 
X is completely regular and is a closed embedding iff X is completely regular + Hausdorff 
(Thomas*).| 


LEMMA If X is a compact Hausdorff space, then Fg;(X) (Fgr(X, %0)) is a Hausdorff 
topological group. 


Application: If X is a CRH space, then Fy,(X) (Fer(X, 2o)) is a Hausdorff topological 


group. 
[Consider X — F,,(BX) ((X, 20) + Fer(BX, Bx0)).| 


+ Math. Zeit. 83 (1964), 314-320. 
= General Topology Appl. 4 (1974), 51-72; see also Quaestiones Math. 2 (1977), 355-377. 
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EXAMPLE It is easy to construct nonnormal Hausdorff topological groups. Thus, given a topo- 
logical space X, let FyrX be the free topological group on X—then, for X a CRH space, the arrow 
X — Fe,X is a closed embedding and FgrX is a Hausdorff topological group, so X not normal > FrX 


not normal. 


FACT Given a topological space X, Fgr(X,26) © Fer(X,29) V 2p, 2g € X. 

[Let pu’ : (X,25) 4 Fer(X,26), pu" : (X, 29) 3 Fer(X, 2G) be the arrows of adjunction and consider 
the pointed continuous functions f’ : (X,25) > Fer(X,29), f” : (X,aq) + Fer(X, x6) defined by f’(x) = 
wa)" ah)-2, fe) = pl(@)ul(@it)-*) 


The forgetful functor from the category of abelian topological groups to the category 
of topological spaces (pointed topological spaces) has a left adjoint X > FapX((X, 20) > 
Fap(X,2%o)) and when given the quotient topology, Fy,X/[ForX, FerX|] © FapxX (Fer(X, 20)/ 
[For(X, to), Fer(X, t0)] ¥ Fap(X, xo)). 
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§2. CONTINUOUS FUNCTIONS 


Apart from an important preliminary, namely a characterization of the exponential 
objects in TOP, the emphasis in this § is on the properties possessed by C(X), where X 
is a CRH space. 

A topological space Y is said to be cartesian if the functor — x Y : TOP — TOP 
has a right adjoint Z > ZY. Example: A LCH space is cartesian. 


PROPOSITION 1 A topological space Y is cartesian iff — x Y preserves colimits 
(cf. p. 0-33) or, equivalently, iff — x Y preserves coproducts and coequalizers. 
[Note: The preservation of coproducts is automatic and the preservation of coequal- 


izers reduces to whether — x Y takes quotient maps to quotient maps.| 


Notation: Given topological spaces X,Y, Z,A: F(X x Y,Z) > F(X, F(Y, Z)) is the 
bijection defined by the rule A(f)(x)(y) = f(z, y). 

Let 7 be a topology on C(Y, Z)—then 7 is said to be splitting if VX, f © C(X x 
Y,Z) > A(f) € C(X, C(Y, Z)) and Tr is said to be cosplitting if VX, g € C(X, C(Y, Z)) > 
A71(g) € C(X x Y, Z). 


LEMMA If 7’ is a splitting topology on C(Y, Z) and 7” is a cosplitting topology on 
C(Y, Z), then 7’ cr”. 


Application: C(Y, Z) admits at most one topology which is simultaneously splitting 
and cosplitting, the exponential topology. 


EXAMPLE VY &V Z, the compact open topology on C(Y, Z) is splitting. 


EXAMPLE If Y is locally compact, then V Z the exponential topology on C'(Y, Z) exists and is 
the compact open topology. 

[Note: A topological space Y is said to be locally compact if V open set P and V y € P, there exists 
a compact set kK C P with y € int kK. Example: The one point compactification Q,, of Q is compact but 


not locally compact.] 


FACT Let Y be a locally compact space—then for all X and Z, the operation of composition 


C(X,Y) x C(Y, Z) + C(X, Z) is continuous if the function spaces carry the compact open topology. 


PROPOSITION 2 A topological space Y is cartesian iff the exponential topology on 
C(Y, Z) exists for all Z. 
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EXAMPLE A locally compact space is cartesian. 


FACT Suppose that Y is cartesian. Assume: V Z, the exponential topology on C(Y,Z) is the 


compact open topology—then Y is locally compact. 


Let Y be a topological space, Ty its topology—then the open sets in the continuous 
topology on Ty are those collections YV C ty such that (1) V EV, V’ eT = V’ € Vif 
VcV' and (2) ier GED, UVi €V > J4t,.-. in: Vi, U---UV;, €V. 

i 


LEMMA Let f € F(X, 7y), where X is a topological space and ry has the continuous 
topology—then f is continuous if {(z,y):y € f(z)} is open in X x Y. 


Let T = {(P,y): y € P} C ty x Y—then a topology on Ty is said to have property T if T is open 


in Ty X Y. Example: The discrete topology on ty has property T. 


FACT The continuous topology on ry is the largest topology in the collection of all topologies on 
Ty that are smaller than every topology on ty which has property T. 
[If ry (T) is Ty in a topology having property T, then by the lemma, the identity function ry (T) > Ty 


is continuous if Ty has the continuous topology. | 


Let Y be a topological space—then Y is said to be core compact if V open set P and 
Vy © P, there exists an open set V C P with y € V such that every open covering of P 


contains a finite covering of V. Example: A locally compact space is core compact. 


There exists a core compact space with the property that every compact subset has an empty interior 


(Hofman-Lawsont ). 


FACT Equip ty with the continuous topology—then Y is core compact iff V open set P and 
Vy € P, there exists an open VY C Ty such that P € V and y € intN VY. 


EXAMPLE A topological space Y is core compact iff the continuous topology on ty has property 


Let Y,Z be topological spaces—then the Isbell topology on C(Y,Z) is the initial 
C(Y, Z) > Ty 
fat AQ) 


topology on C'(Y, Z) determined by the eg : { (Q € Tz), where Ty has the 


+ Trans. Amer. Math. Soc. 246 (1978), 285-310 (cf. 304-306). 
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continuous topology. Notation: isC(Y,Z). Examples: (1) isC(Y, [0,1]/[0,1[) ~ ty; (2) 
isC'(x, Z) & Z. 


LEMMA _ The compact open topology on C(Y, Z) is smaller than the Isbell topology. 


EXAMPLE VY &V Z, the Isbell topology on C(Y, Z) is splitting. 
[Fix an f € C(X x Y,Z) and let g = A(f)—then the claim is that g € C(X,isC(Y, Z)). From 
the definitions, this amounts to showing that V Q € Tz, eg og is continuous. Write f—1(Q) as a union 


of rectangles Rj = Uj; x Vi C X x Y. Take an « € X and consider any V : eg(g(x)) € V. Since 
n 


BUG) = Uevew oR tieGe i.e UGS ev wvae 1 
a k=1 k=1 
eqla(u)) € V1 


FACT Let Y be a core compact space—then for all X and Z, the operation of composition 
C(X,Y) x C(Y, Z) — C(X, Z) is continuous if the function spaces carry the Isbell topology. 


PROPOSITION 3 Let Y be a topological space—then Y is cartesian iff Y is core 
compact. 

[Necessity: Let 7; run through the topologies on ty which have property T and put 
X; = (ty,7;). Form the coproduct X = [| X; and let f : X — Ty be the function whose 


7 
restriction to each X; is the identity, where ty carries the continuous topology—then f 
is a quotient map (cf. p. 2-2). Since Y is cartesian, it follows from Proposition 1 that 
f x idy : X x Y > ty x Y is also quotient. But X x Y = [| X; x Y and, by hypothesis, 


T is open in X; x Y Vi. Therefore T must be open in Ty x Y as well, i.e., the continuous 
topology on ty has property T, thus Y is core compact (cf. p. 2-2). 

Sufficiency: As has been noted above, the Isbell topology on C'(Y, Z) is splitting, so to 
prove that Y is cartesian it suffices to prove that the Isbell topology on C(Y, Z) is cosplitting 
when Y is core compact (cf. Proposition 2). Fix g € C(X, isC(Y, Z)) and put f = A71(g). 
Given a point (x, y) € X x Y, let Q be an open subset of Z such that f(x,y) € Q. Choose 
anopen PCY :yeEP& f({r} x P) C Q. Because Y is core compact, there exists an 
open VC Ty: Pe Vand y € intN V. But eg(g(x)) D P => eg(g(x)) € V and, from the 
continuity of eg og, da neighborhood O of x : ep(g(O)) C V, hence f(O x intN V) C Q.] 


Remark: Suppose that Y is core compact—then V Z, “the” exponential object Z* is 
isC(Y, Z), the exponential topology on C'(Y, Z) being the Isbell topology. 
[Note: The Isbell topology and the compact open topology on CY, Z) are one and 


the same if Y is locally compact.] 
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FACT Let f,g € C(Y,Z). Assume: f,g are homotopic—then f,g belong to the same path com- 
ponent of isC’(Y, Z). 


FACT Let f,g € C(Y,Z). Assume: f,g belong to the same path component of isC(Y, Z)—then 


f,g are homotopic if Y is core compact. 


What follows is a review of the elementary properties possessed by C(X,Y) when 
equipped with the compact open topology (omitted proofs can be found in Engelking"). 

Notation: Given Hausdorff spaces X and Y, let coC(X,Y) stand for C(X,Y) in the 
compact open topology. 

[Note: The point open topology on C'(X, Y) is smaller than the compact open topol- 
ogy. Therefore coC(X, Y) is necessarily Hausdorff. Of course, if X is discrete, then “point 


open” = “compact open”.] 
PROPOSITION 4 Suppose that Y is regular—then coC(X, Y) is regular. 


PROPOSITION 5 Suppose that Y is completely regular—then coC(X,Y) is com- 
pletely regular. 


EXAMPLE It is false that Y normal > coC(X,Y) normal. Thus take X = {0,1} (discrete 
topology )—then coC({0,1}, Y) * Y x Y and there exists a normal Hausdorff space Y whose square is not 


normal (e.g., the Sorgenfrey line (cf. p. 5-11)). 


O’Meara! has shown that if X is a second countable metrizable space and Y is a metrizable space, 


then coC(X, Y) is perfectly normal and hereditarily paracompact. 
EXAMPLE The loop space QY of a pointed metrizable space (Y, yo) is paracompact. 


A Hausdorff space X is said to be countable at infinity if there is a sequence {K,,} of 
compact subsets of X such that if K is any compact subset of X, then K C K,, for some 
n. Example: A LCH space is countable at infinity iff it is o-compact. 

[Note: X countable at infinity = X o-compact. Example: P is not o-compact, hence 


is not countable at infinity.] 


FACT Suppose that X is countable at infinity. Assume: X is first countable—then X is locally 


compact. 


+ General Topology, Heldermann Verlag (1989). 
* Proc. Amer. Math. Soc. 29 (1971), 183-189. 
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EXAMPLE Q is o-compact but Q is not countable at infinity. 


EXAMPLE Fix apoint « € GN—N—then X = NU{z}, viewed as a subspace of BN, is countable 
at infinity but it is not first countable. 


[Note: The compact subsets of X are finite. However X is not compactly generated.] 


EXAMPLE Let £ be an infinite dimensional Banach space—then E* in the weak* topology is 


countable at infinity. 


PROPOSITION 6 Suppose that X is countable at infinity—then for every metrizable 
Y, coC(X, Y) is metrizable. 


PROPOSITION 7 Suppose that X is countable at infinity and compactly generated— 
then for every completely metrizable Y, coC(X,Y) is completely metrizable. 


Notation: Given a topological space X, write H(X) for its set of homeomorphisms— 
then H(X) is a group under composition. 

Let us assume that X is a LCH space. Endow H(X) with the compact open topology. 
Question: Is H(X) thus topologized a topological group? In general, the answer is “no” 


(cf. infra) but there are situations in which the answer is “yes”. 
H(X) x H(X) > A(X) 
(f.9) > g0f 


whether the inversion f + f~! is continuous.] 


Remark: The evaluation { oe oo 


Given subsets A and B of X, put (A,B) = {f € H(X) : f(A) C B}—then by 
definition, the collection {(kK,U)} (& compact and U open) is a subbasis for the compact 


[Note: The composition { is continuous, so the problem is 


is continuous. 


open topology on H(X). 


PROPOSITION 8 If X is a compact Hausdorff space, then H(X) is a topological 
group in the compact open topology. 
[For f € (K,U) & f-' € (X —U,X —K).] 


FACT If X is a compact metric space, then H(X) is completely metrizable. 


LEMMA Let X be a locally connected LCH space—then the collection {(L,V)}, 
where L is compact & connected with int L 4 @ and V is open, constitute a subbasis for 


the compact open topology on H(X). 
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PROPOSITION 9 If X isa locally connected LCH space, then H(X) is a topological 
group in the compact open topology. 

[Fix an f € H(X) and choose (L,V) per the lemma: f~! € (L,V). Determine 
relatively compact open O & P: f-'(L) COCOCPCPCV (Ss f((X —O)n 
P) Cc (X—L)nf(V)). Let x be any point such that f(x) € int L—then ({}, int L) 
((X — O) NA P,(X — L)/ f(V)) is a neighborhood of f in H(X), call it Hy. Claim: 
g © Hy = g7' € (L,V). To check this, note that g((X —O)N P) c (X —L)Nf(V) => 
LU(X — f(V)) c g(O) Ug(X — P). But g(O), g(X — P) are nonempty disjoint open sets, 
so L is contained in either g(O) or g(X — P) (L being connected). Since the containment 
L c g(X — P) is impossible (g(x) € int L and x ¢ X — P), it follows that L C g(O) or 
still, g-1(L) COCV, ie., g~' € (L,V). Therefore inversion is a continuous function.] 


Application: The homeomorphism group of a topological manifold is a topological 


group in the compact open topology. 


EXAMPLE Let X = {0,2"(n € Z)} then in the induced topology from R, X is a LCH space 


but H(X) in the compact open topology is not a topological group. 


Suppose that X is a LCH space, X,, its one point compactification—then H(X) can 
be identified with the subgroup of H(X.) consisting of those homeomorphisms X.. + Xoo 
which leave oo fixed. In the compact open topology, H(X..) is a topological group (cf. 
Proposition 8). Therefore H(X) is a topological group in the induced topology. As such, 
H(X) is a closed subgroup of H(X.). 

[Note: This topology on H(X) is the complemented compact open topology. It has 
for a subbasis all sets of the form (K,U), where K is compact and U is open, as well as 
all sets of the form (X — V, X — L), where V is open and L is compact.| 


An isotopy of a topological space X is a collection {ht : 0 < t < 1} of homeomorphisms of X such 


h:X x [0,1J)> xX 
that 
h(x, t) = he(x) 
[Note: When X is a LCH space, isotopies correspond to paths in H(X) (compact open topology).] 


is continuous. 


EXAMPLE A homeomorphism h: R” — R” is said to be stable if J homeomorphisms hi,... , hz : 
R” > R” such that h = h10---ohz, where each h; has the property that for some nonempty open U; C R”, 
hy|U; = idy,;. Every stable homeomorphism of R” is isotopic to the identity. 


[Take k = 1 and consider a homeomorphism h : R” — R” for which h|U = idy. Define an isotopy 
h(a + 2tu) — 2tu (0<t< 1/2) 


——hyja((2-2)2) (1/2 St <1) 


{hi :0<t <1} of R” as follows. Fix u € U and put hi(xr) = { 
2—2t 


hi(x) = 2.] 
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FACT Equip H(R”) with the compact open topology and write Hgr(R”) for the subspace of 
H(R”) consisting of the stable homeomorphisms—then Hgy(R”) is an open subgroup of H(R”). 
[Note: Therefore Hg7~(R”) is also a closed subgroup of H(R”) (since H(R”) is a topological group 


in the compact open topology).] 


Application: The path component of idan in H(R”) is Hg7(R”). 

[In view of the example, there is a path from every element of Hs~(R”) to idg_n. On the other hand, 
if r : [0,1] > H(R”) is a path with 7(1) = idgn but 7(0) ¢ Hsp(R”), then r~!(Hgr(R”)) would be a 
nontrivial clopen subset of [0, 1].] 

[Note: It can be shown that H(R”) is locally path connected (indeed, locally contractible (cf. p. 
6-17)).] 


An isotopy {ht : 0 <t< 1} is said to be invertible if the collection fe :0 <t <1} is an isotopy. 


LEMMA An isotopy {ht : 0 < t < 1} is invertible iff the function H : X x [0,1] ~ X x [0,1] 
defined by the rule (x,t) > (h(x), t) is a homeomorphism. 


[Note: H is necessarily one-to-one, onto, and continuous. |] 


FACT Let X be a LCH space—then every isotopy {ht :0 <t< 1} of X is invertible. 


[Show first that Vx € X, hy *(z) is a continuous function of f.] 


FACT Let X be a LCH space—then every isotopy {ht : 0 <t< 1} of X extends to an isotopy of 
Xoo- 

[Define hi : Xoo 3 Xoo by hi|X = he & ht(co) = oo. To verify that h is continuous, extend H 
to Xoo X [0,1] via the prescription H(oo,t) = (ht(oo),t), so h = Too 0 H, where mo is the projection of 
Xoo X [0,1] onto Xoo. Establish the continuity of H by utilizing the continuity of H—! (the substance of 


the previous result).] 
EXAMPLE Every isotopy {ht :0<t< 1} of R” extends to an isotopy of S”. 


Let X bea CRH space, (Y,d) a metric space. Given f € C(X,Y) and ¢ € C(X, Ryo), 
put Ng(f) = {9 :d( f(z), 9(a)) < #2) V2}. 

Observations: (1) If ¢1,¢2 € C(X,Ryso), then Ng(f) C No, (f) A Ngo (f), where 
be) = min{dr(2), da(x)}; (2) If. g € Ng(f), then Ny(g) C Ng(f), where (ce) = 6(e) — 
d(f (x), g(x)). 

Therefore the collection {Ng(f)} is a basic system of neighborhoods at f. Accordingly, 
varying f leads to a topology on C(X,Y), the majorant topology. 
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[Note: Each ¢ € C(X,Rso) determines a metric dg on C(X,Y), viz. dg(f,g) = 
; d( f(x), g(a) 
min{1, sup ————— 


which is thus completely regular. However, in general, the majorant topology on C(X, Y) 
need not be normal (Wegenkitt]*).] 


}, and their totality defines the majorant topology on C(X,Y), 


Here is a proof that C(X,Y) (majorant topology) is completely regular. Fix a closed subset A C 

C(X,Y) and an f € C(X,Y) — A. Choose ¢ € C(X,R50) : Ng(f) C C(X,Y) — A. Define a function 
d 

2 OL) S Wal by €G) = ap LE) 


cTEx p(x) 
continuous and ®(f) = 0, ®|A = 1.] 


fg € Ng(f) and let it be 1 otherwise—then © is 


[Note: The verification of the continuity of ® hinges on the observation that g € Ng(f) > d(f(x), 


g(z)) < d(x) Vw, hence V g € Ng(f) — Ne(f), sup ACF), o(a)) =1,] 
cEX p(x) 


Example: Suppose that the sequence {f;,} converges to f in C(R",R"”) (majorant 
topology)—then 4 a compact K C R” and an index ko such that f,(x) = f(x) Vk > ko 
&VrER"-K. 


EXAMPLE Suppose that f : R” — R” is a homeomorphism—then f has a neighborhood of 


surjective maps in C(R”,R”) (majorant topology). 


EXAMPLE Equip H(R”) with the majorant topology—then the path component of idgn in 


H(R”) consists of those homeomorphisms that are the identity outside some compact set. 
FACT The majorant topology on C(R”,R”) is not first countable. 


LEMMA The compact open topology on C'(X, Y) is smaller than the majorant topol- 
ogy. 

[Fix a compact kK C X, an open V C Y, and a continuous f : X — Y such that 
f(K) Cc V. Choose € > 0 such that Vy € f(K),d(y,y’) <e=>y' € V. Let 6 € C(X, Ryo) 
be the constant function x — e—then V g € Ng(f), g(K) C V.| 


Remark: The uniform topology on C'(X,Y) is the topology induced by the metric 
d(f,g) = min{1, sup d(f (x), g(x))}. The proof of the lemma shows that the compact open 
LEX 


E 
topology on C(X, Y) is smaller than the uniform topology (which in turn is smaller than 
the majorant topology). 


+ Ann. Global Anal. Geom. 7 (1989), 171-178; see also van Douwen, Topology Appl. 39 (1991), 3-32. 
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FACT The compact open topology on C(X,Y) equals the uniform topology if X is compact. 
FACT The uniform topology on C(X,Y) equals the majorant topology if X is pseudocompact. 


Let M(Y) be the set of all metrics on Y which are compatible with the topology of 
Y—then the limitation topology on C(X, Y) has for a neighborhood basis at f the Nin(f) 
(m € M(Y)), where N(f) = {9 : np m(f (x), 9(@)) < 1}. 

[Note: If m1,m2 € M(Y), then Nnitm(f) C Nm (f) A Nm, (f) and if g € Nn(f), 
then N2)qq(9) C Nm({f), where m(f (x), g(z)) <1-—eVz.] 

The limitation topology is defined by the metrics (f,g) > min{1, Sup. m(f(x),g(z))} (m € M(Y)), 


thus the uniform topology on C(X,Y) is smaller than the limitation topology. 


LEMMA Suppose that X is paracompact—then the limitation topology on C(X, Y) 
is smaller than the majorant topology. 
[Fix m € M(Y) and let f € C(X,Y). By compatibility, Vz € X, 4d e(x) > 0: 
1 E(x 
d(f(x),y) < ex) > m(f(x),y) < r Put:0, = {2 df @steyy< (9) then {Oz } 


is an open covering of X. Let {U,} be a precise neighborhood finite open refinement and 
choose a subordinated partition of unity {«,}. Definition: ¢ = >> 2) Consider now 
any to € X and assume that d(f(x%o),y) < o(x%0). Let Kz,,...,Kz, be an enumeration 
of those kz whose support contains x9 and fix 7 between 1 and n : (ay) < ates) ee 
(a) (a) 
1,...,n) to get o(xo) < aye But xo € Uz, C Og,. Therefore d(f(x;), f(x0)) < Se 
1 1 1 
m(F (xi), f@o)) < 4) => dF (ai), 9) < elas) > mF (#i),9) < 7 => M(F(o),y) < 5. And 
this shows that Ng(f) C Nm(f).-| 


[Note: In general, the limitation topology is strictly smaller than the majorant topol- 


ogy. To see this, observe that C(R, R) is a topological group under addition in the majorant 
topology. On the other hand, there is a countable basis at a given f € C(R, R) (limitation 
topology) iff f is bounded, thus C(R, R) is not a topological group under addition in the 
limitation topology.] 


FACT Take X = Y—then in the limitation topology, H(X) is a topological group. 


REFINEMENT PRINCIPLE Let (Y,d) be a metric space—then for any open cover- 
ing V = {V} of Y, Jme€ M(Y) such that the collection {V,} is a refinement of V, where 


Vo =A9 tangy) <1 


[A proof can be found in Dugundjit.] 


LEMMA Let (Y,d) be a metric space—then for any 6 € C(Y,Rso), Ime M(Y): 
d(y, y’) < 6(y) whenever m(y, y’) < 1. 

[Choose an open covering V = {V} of Y such that the diameter of a given V is 
< 5 int 6(V). Using the refinement principle, fix an m € M(Y) such that the collection 
{V,} refines V. If (y,y’) is a pair with m(y,y’) < 1, then V, C V for some V, hence 


yy EV dly.u!) < 54(y) < 4(y), 


PROPOSITION 10 Take X = Y—then the limitation topology on H(X) is equal to 
the majorant topology. 

[Fix f € H(X) and ¢ € C(X, Ryo). Thanks to the lemma, 4m € M(X): d(x, 2’) < 
bo f~*(x) whenever m(z,2') < 1. If g € H(X) and uD m(f(#),g(“)) < 1, then 
afle)g@)) <bof-"Fa@)) = 6@) Va, 1ée, Na) H(X) is open in H(X) (limi- 
tation topology).] 


Application: The homeomorphism group of a metric space is a topological group in 


the majorant topology. 


EXAMPLE Let X be a second countable topological manifold of euclidean dimension n—then 
in the majorant topology, H(X) is a topological group. Moreover, Cernavskii? has shown that H(X) is 
locally contractible. 


[Note: X is metrizable (cf. §1, Proposition 11), so dd: (X,d) is a metric space.] 


Notation: V f € C(X,Y), er; C X x Y is its graph. 
Given an open subset OC X x Y, let To ={f: er, C O}—then the collection {To} 
is a basis for a topology on C(X, Y), the graph topology. 


[Note: In this connection, observe that [9 NI p = Tonp.| 


LEMMA The majorant topology on C(X,Y) is smaller than the graph topology. 
[The function (x,y) > o(#) — d(f(x),y) from X x Y to R is continuous, thus O = 
{(x,y) : d(f (x), y) < o(x)} is an open subset of X x Y. But lo = Ng(f).] 


+ Topology, Allyn and Bacon (1966), 196; see also Bessaga-Pelczyiski, Selected Topics in Infinite 
Dimensional Topology, PWN (1975), 63. 
= Math. Sbornik 8 (1969), 287-333. 
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Rappel: A function f : X — R is lower semicontinuous (upper semicontinuous) if for 
each real number c, {x : f(x) > c} ({x: f(x) < c}) is open. Example: The characteristic 
function of a subset S of X is lower semicontinuous (upper semicontinuous) iff S is open 
(closed). 


HAHN’S EINSCHIEBUNGSATZ Suppose that X is paracompact. Let g: X + Rbe 
lower semicontinuous and G : X — R upper semicontinuous. Assume: G(x) < g(x) V x € 
X—then J a continuous function f : X > R such that G(x) < f(r) < g(a) VreEX. 

[Put U, = {x : G(x) < r}N{x: g(x) > r} (r rational). Each U, is open and X = UU,. 
Let {«,} be a partition of unity subordinate to {U,} and take f = )ork,.] , 


The following result characterizes the class of X satisfying the conditions of Hahn’s einschiebungsatz. 


FACT Let X be a CRH space—then X is normal and countably paracompact iff for every lower 
semicontinuous g : X — R and upper semicontinuous G : X — R such that G(x) < g(x) Va € X, 
df € C(Xx,R): G(a) < f(a) < g(a) Va EX. 

[Necessity: With r running through the rationals, there exists a neighborhood finite open covering 


{O,} of X : Op C {x : G(x) < r < g(x)} V r and a neighborhood finite open covering {P,} of X : 


= ‘ 2 F —oo (x# ¢ Or) 
P, C Or Vr. Fix a continuous function f, : X — [—oo,r] such that f,(x) = —_ . Put 
r (x € P,) 
f(x) = sup fr(x)—then f has the required properties. 
rT 


Sufficiency: There are two parts. 


X is normal. Thus let A, B be disjoint closed subsets of X. With G the characteristic function 


giz) =1 (xe B) ; ae wae 
of A, let g be defined by : g is lower semicontinuous, G is upper semicontinuous, 


g(x) =2 («a ¢B) 
and G(x) < g(x) V « € X. Choose f € C(X,R) per the assumption and let U = {x : f(x) > 1}, 


U ACU 
V ={a: f(x) < 1} then { are disjoint open subsets of X and { , hence X is normal. 
V BCV 
X is countably paracompact. Thus consider any decreasing sequence {Ay} of closed sets such 
1 


that ()An = 0. Put g(x) = aa 7 € An — An4i,n = 0,1,...) (Ao = X): g is lower semicontinuous. 
n 


1 
Take f € C(X,R):0 < f(x) < g(x) and let U, = {a : f(x) < ae Ee ns {Un} is a decreasing sequence 
n 


of open sets with A, C U,, for every n and () Un =. Since X is normal, this guarantees that X is also 


n 
countably paracompact (via CP (cf. p. 1-13)).] 


LEMMA Assume that X is paracompact and suppose given a neighborhood finite 


closed covering {A; : 7 € J} of X and V j, a positive real number a;—then J a continuous 
function ¢ : X — Ryo such that $(x) < a; if a € Aj. 
[The function from X to R defined by the rule x > min{a; : « € A;} is lower 


semicontinuous and strictly positive.] 
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PROPOSITION 11 The majorant topology on C(X, Y) is independent of the choice 
of d provided that X is paracompact. 

[It suffices to show that the graph topology on C(X, Y) is smaller than the majorant 
topology (cf. p. 2-10). So fix an f € To and consider any ro € X. Choose a neighborhood 
Uo of xo and a positive real number ao such that 7 € Up & d(f (xo), y) < 2a9 = (x,y) € O. 
Choose further a neighborhood Vo of x such that Vo C Up & d(f(xo), f(x)) < ag Va € 
Vo—then {(2,y): 2 © VY & d(f(x),y) < ao} C O. From this, it follows that one can find 
a neighborhood finite closed covering {A; : j € J} of X and a set {a;: 7 € J} of positive 
real numbers for which {(#,y):« € A; & d(f(x),y) < aj} C O. In view of the lemma, 3 
a continuous function ¢: X + Ryo with d(x) < a; whenever x € A,;, hence Ng(f) C To, 


ie., every point of Co is an interior point in the majorant topology.| 


To reiterate: If X is paracompact, then the majorant topology on C(X, Y) equals the 
eraph topology. 


[Note: The assumption of paracompactness can be relaxed (see below).| 


Let X be a CRH space, (Y,d) a metric space. Given f € C(X,Y) and a lower semicontinuous 
a: X + R50, put No(f) ={9: d(f(2), 9(@)) < o(x) V 2}. 

Observations: (1) If 01,02 : X — R»5o are lower semicontinuous, then No(f) C No, (f) A Noo (f), 
where o(x) = min{o1(x),o2(x)}; (2) Ifg € No(f), then N-(g) C No(f), where r(x) = o(x)—d(f (x), g(x)). 

[Note: The minimum of two lower semicontinuous functions is lower semicontinuous, so o is lower 
semicontinuous. On the other hand, the sum of two lower semicontinuous functions is lower semicontinuous. 
But x + d(f(x),g(x)) is continuous, thus « — —d(f(x),g(x)) is lower semicontinuous, so 7 is lower 
semicontinuous. | 

Therefore the collection {No(f)} is a basic system of neighborhoods at f. Accordingly, varying f 


leads to a topology on C(X,Y), the semimajorant topology. 


LEMMA The semimajorant topology on C(X,Y) is smaller than the graph topology. 

[Let O = {(z,y) : d(f(x),y) < o(x)}then To is open in C(X,Y). Proof: Fix (x0, yo) € O, 
put «€ = 5 (0(@0) — d(f(xo),yo)), and note that the subset of O consisting of those (x,y) such that 
a(x) > o(ao) — «, d( f(x), f(vo)) < €, and d(y, yo) < € is open. And: No(f) =To.] 


LEMMA The graph topology on C(X,Y) is smaller than the semimajorant topology. 

[Fix an f € To. Define a strictly positive function o : X — R by letting o(xo) be the supremum of 
those ag €]0,1] for which xo has a neighborhood Up such that x € Up & d(f(xo),y) < ao > (x,y) € O. 
Since No(f) C To, the point is to prove that o is lower semicontinuous, i.e., that Vc € R, {x : c < o(x)} is 


open. This is trivial if c < 0 or c > 1, so take c €]0, 1[ and fix 20 : c < o(ao0). Put € = (o(xo0) — c)/3—then 
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c+ 2e < o(#o), thus J a neighborhood Up of xo such that x € Uo & d(f(xo),y) < c+ 2€ > (a, y) € O. 
Supposing further that « € Up = d(f(xo), f(x)) < €, one has x € Up & d(f(x),y)<ctesS(z,y)€O> 
c<cte<oa(z).] 


FACT The semimajorant topology on C(X,Y) equals the graph topology. 


A CRH space X is said to be a CB space if for every strictly positive lower semicontinuous o : X > R 
there exists a strictly positive continuous ¢: X + R such that 0 < d(x) < o(a)VaEX. 

Example: If X is normal and countably paracompact, then X is a CB space (cf. p. 2-11). 

Examples (Mackt): (1) Every countably compact space is a CB space; (2) Every CB space is count- 


ably paracompact. 


EXAMPLE The Isbell-Mréwka space U(N) is a pseudocompact LCH space which is not countably 


paracompact (cf. p. 1-12), hence is not a CB space. 


FACT The majorant topology on C(X,Y) equals the graph topology V pair (Y,d) iff X is a CB 
space. 

[Necessity: Fix a strictly positive lower semicontinuous o : X — R. Specialized to the case Y = R, 
the assumption is that the majorant topology on C(X) equals the semimajorant topology, so working with 
No(0), 1¢: Ng(0) C No(0) > (1—€)¢ € Ng(O) C No(0) (O<€ <1) S0< (x) < o(4) Va E X, thus 
X is a CB space. 

Sufficiency: Since Ng(f) C No(f), the semimajorant topology on C(X,Y) is smaller than the majo- 


rant topology. | 


If (Y,d) is a complete metric space, then coC(X,Y) need not be Baire. Examples: 
(1) coC([0, Q[, R) is not Baire; (2) coC’(Q, R) is not Baire. 
[Note: Recall, however, that if X is countable at infinity and compactly generated, 


then coC(X,Y) is completely metrizable (cf. Proposition 7), hence is Baire.] 


PROPOSITION 12 Assume: (Y,d) is a complete metric space—then C(X,Y) (ma- 
jorant topology) is Baire. 

[Let {O,,} be a sequence of dense open subsets of C(X, Y). Let U be a nonempty open 
subset of C(X,Y). Since UM O; is nonempty and open and since C'(X,Y) is completely 
regular (cf. p. 2-8), 4d fi CUNO, & g, € C(X, Ryo) : {9 : d(fi(x), g(x)) < d1(a) Va} Cc 
UNOy,, where ¢; < 1. Next, 4 fo € Ng, (f1) O02 & do € C(X, Rso) : {g : d(fo(x), g(x)) < 


+ Proc. Amer. Math. Soc. 16 (1965), 467-472. 
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d2(x) V «} C No, (f1) A Oz, where d2 < ¢1/2. Proceeding, 3 fn4i1 € Ng, (fn) OM On41 
& dn4i € C(X,Rso) : {9 + d(fn4i (2), 9(@)) < Pati (2) Vt} C N¢, (fn) A On41, where 
Pn+1 a bn/2. So, Vv aL, d(fn+1(2), fn(2)) Ss Qn—1? thus {fn(x) } is a Cauchy sequence 
in Y. Definition: f(#) = limf,(#). Because the convergence is uniform, f € C(X,Y). 
Moreover, d(fn(x), f(@)) < bn(x) Vn & Vx, which implies that f € UN ((\O,).] 


FACT Assume: (Y,d) is a complete metric space—then C(X,Y) (limitation topology) is Baire. 


Convention: Maintaining the assumption that X is a CRH space, C(X) henceforth 
carries the compact open topology. 
Let K be a compact subset of X. Put px(f) = sup |f|(f € C(X))—then px : C(X) 
K 


we 
R is a seminorm on C(X), i.e., px (f) = 0, px(f+ 9) < pK(f)+pK (9), PK (cf) = lelpK(f)- 
[Note: More is true, viz. px is multiplicative in the sense that px (fg) < px(f)pK(g)-] 
Remark: The initial topology on C(X) determined by the px as K runs through the 
compact subsets of X is the compact open topology. 
[Note: In the compact open topology, C(X) is a Hausdorff locally convex topological 


vector space.| 


Observation: If kK C X is compact and if f € C(K), then 3 F € BC(X): F|K = f. Proof: Apply 


the Tietze extension theorem to K regarded as a compact subset of 6X. 


A CRH space X is said to be a kR-space provided that a real valued function f : 
X — R is continuous whenever its restriction to each compact subset of X is continuous. 


Example: A compactly generated X is a kg-space (but not conversely (cf. infra)). 


EXAMPLE Let X be a kp-space. Assume: X is countable at infinity—then X is compactly 
generated. 

[Fix a “defining” sequence {K,,} of compact subsets of X with Kn C Kn41 Vn. Claim: A subset 
A of X is closed if AM Ky, is closed in Ky, for each n. For if not, then A has an accumulation point 
ag: ag ¢ A, which can be taken in Ky (adjust the notation). Choose a continuous function fi; : Ki > R 
such that f1(AM K1) = {0} and f1(ao) = 1. Extend f1 to a continuous function f2 : Ko > R such that 
f2(AN Ke) = {0}. Repeat the process to get a function f : X > R such that f(x) = fn(x) (x € Kn). 


Since X is a ky-space, f is continuous. This, however, is a contradiction: f(A) = {0}, f(ao) =1.] 


FACT A kr-space X is compactly generated iff kX is completely regular. 
[If X is a k-space, then C(X) = C(kX). So, the supposition that kX is completely regular forces 
X = kX (cf. §1, Proposition 14).] 
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[Note: Recall that in general, X completely regular # kX completely regular (cf. p. 1-36).] 


PROPOSITION 13 C(X) is complete as a topological vector space iff X is a kp- 
space. 

[Necessity: Suppose that f : X — R is a real valued function such that f|K is 
continuous V compact K C X. Let fx € C(X) be an extension of f|/K—then {fx} is a 
Cauchy net in C(X), thus is convergent, say lim fx = F. But f = F. 

Sufficiency: Let {f;} be a Cauchy net in C(X)—then V compact kK Cc X, the net 
{fi|K } is Cauchy in C(k), hence has a limit, call it fx. If ky C Ko, then fx,|Ki = fr,, 
so the prescription f(x) = fx(x) (a € K) defines a function f : X > R. Since X is a 
k-space, f is continuous. And: lim f; = f.| 


EXAMPLE Let « be a cardinal > w—then N“ is a ka-space but N* is not compactly generated. 


[Note: N® is homeomorphic to P, thus is compactly generated.] 
FACT Suppose that the closed bounded subsets of C(X) are complete—then X is a kp-space. 


PROPOSITION 14 C(X) is metrizable iff X is countable at infinity (cf. Proposition 
6). 

[Let d be a compatible metric on C(X). Put U, = {f : d(f,0) < 1/n}. Choose a 
compact K, C X and a positive en, : f(Kn) C]— €n, €n[=> f € Un—then for any compact 
subset K of X, in: K C K,,. Therefore X is countable at infinity. ] 


PROPOSITION 15 C(X) is completely metrizable iff X is countable at infinity and 
compactly generated (cf. Proposition 7). 

[If C(X) is completely metrizable, then C'(X ) is complete as a topological vector space, 
so X is a kg-space (cf. Proposition 13), thus X, being countable at infinity, is compactly 
generated (cf. p. 2-14).] 


A CRH space X is said to be topologically complete if X is a Gs in GX or still, if X is a G5 in any 
Hausdorff space containing it as a dense subspace. Example: P is topologically complete but Q is not. 

Examples: (1) Every completely metrizable space is topologically complete and every topologically 
complete metrizable space is completely metrizable; (2) Every LCH space is topologically complete. 


[Note: A topologically complete space is necessarily compactly generated and Baire (Engelking? ).] 


+ General Topology, Heldermann Verlag (1989), 197-198. 
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Remark: It can be shown that Proposition 15 goes through if the hypothesis “completely metrizable” 
is weakened to “topologically complete” (McCoy-Ntantut). 


EXAMPLE Let X be a LCH space. Assume: X is paracompact—then C(X) is Baire. 


[Using LCHg3 (cf. p. 1-2), write X = [[%%. where the X; are pairwise disjoint nonempty open o- 
i 


compact subspaces of X. Each X; is countable at infinity and there is a homeomorphism C(X) & | [ C(X;). 
But the C(X;) are completely metrizable (cf. Proposition 15), hence are topologically complete, Aaa it is 
a fact that a product of topologically complete spaces is Baire (Oxtoby?).] 

[Note: The paracompactness assumption on X cannot be dropped. Example: Take X = [0, Q[—then 
C(X) is not Baire. Proof: Since X is pseudocompact, On = Ut{f in < f(x) < n+1} is a dense open 


x 


subset of C(X) and (]On = 9] 
n 
FACT Suppose that X is first countable and C(X) is Baire—then X is locally compact. 


STONE-WEIERSTRASS THEOREM Let X bea compact Hausdorff space. Suppose 
that A is a subalgebra of C(X) which contains the constants and separates the points of 
X—then A is uniformly dense in C(X). 


EXAMPLE Let 0 < a < 6 < 1—then every f € C([a,b]) can be uniformly approximated by 
d 
polynomials Songs*, ny integral. 
1 


1 
[It is enough to show that f = 5 can be so approximated. Given an odd prime p, put ¢p(x) = 
1 
ot — «P —(1—2)?) : ¢p is a polynomial with integral coefficients, no constant term, and pd, > 1 


1 
uniformly on [a,b] as p > oo. Now write p = 2q+ 1, note that E — 4| < —, and consider qd¢p.] 
Pp 


Pp 


PROPOSITION 16 Suppose that X is a compact Hausdorff space—then C'(X) is 
separable iff X is metrizable. 

[Necessity: If {f,} is a uniformly dense sequence in C(X), then the {x : |fn(x)| > 5} 
constitute a basis for the topology on X, therefore X is second countable, hence metrizable. 

Sufficiency: Let d be a compatible metric on X. Choose a countable basis {U,,} for 
its topology and put f,(x) = d(a, X — U,) (« € X)—then the f,, separate the points of 
X, thus the subalgebra of C(X) generated by 1 and the f,, is uniformly dense in C(X), so 


+ SLN 1315 (1988), 75. 
= Fund. Math. 49 (1961), 157-166. 
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the same is true of the rational subalgebra of C'(X) generated by 1 and the f,. But the 


latter is a countable set.] 


EXAMPLE Assume that X is not compact and consider BC(X), viewed as a Banach space in 
the supremum norm: ||f|| = sup|f|—then BC(X) can be identified with C(6X) (f > Bf : ||fl| = ||BFI))- 
Since BX is not metrizable, i siege that BC(X) is not separable. 

[Note: To see that GX is not metrizable, fix a point ro € BX — X and, arguing by contradiction, 
choose a sequence {rn} C X of distinct xn having xo for their limit. Put A = {xen}, B = {xan41}—then 
A and B are disjoint closed subsets of X, so, by Urysohn, J ¢ € BC(X) such that 0< <1 with d=1 
on A and ¢=0 on B. Therefore 1 = $(r2n) > Bd(x0) & 0 = o(xan+1) + Bd(x0), an absurdity.] 


PROPOSITION 17 C(X) is separable iff X admits a smaller separable metrizable 
topology. 

[Necessity: Fix a countable dense set { f,} in C(X )—then {f,, } separates the points of 
X and the initial topology on X determined by the f, is a separable metrizable topology. 
Reason: The arrow X — R” defined by the rule x > {f,(x)} is an embedding. 

Sufficiency: Let Xo stand for X equipped with a smaller separable metrizable topology. 
Embed Xo in [0,1]”. Fix a countable dense set {¢,,} in C([0,1]”) (cf. Proposition 16) 
and put fr, = ¢n|Xo—then the sequence {f,,} is dense in C(Xo), thus C(Xo) is separable. 
Indeed, given a compact subset Ko of Xo and fo € C(Xo), J do € C([0,1]”) : do|Ko = 
fo|Ko & Ve > 0, A bn : pKo(bn — $0) < € > PKo(fn — fo) < €. Finally, the separability 
of C(Xo) forces the separability of C(X). This is because a compact subset K of X is a 


compact subset of Xo and the two topologies induce the same topology on K.] 


Example: Take X = R (discrete topology)—then C'(X) is separable. 


EXAMPLE If X = U Kn, where each Ky, is compact and metrizable, then C'(X) is separable. 


n 
[There is no loss of generality in supposing that Kn C Kn+1 Vn. Choose a countable dense subset 
{fn,m} in C(K,,) (cf. Proposition 16) and let Fry,m be a continuous extension of fn, m to X—then the 
initial topology on X determined by the Fn,m is a separable metrizable topology which is smaller than 


the given topology on X, so C'(X) is separable (cf. Proposition 17).] 


FACT Let X be a LCH space—then C(X) is separable and metrizable iff X is separable and 


metrizable. 


FACT Let X bea LCH space—then C(X ) is separable and completely metrizable iff X is separable 


and completely metrizable. 
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PROPOSITION 18 C'(X) is first countable iff X is countable at infinity. 


PROPOSITION 19 C(X) is second countable iff X is countable at infinity and all 
the compact subsets of X are metrizable. 

[Necessity: C(X) second countable > C'(X) first countable = X countable at infinity 
(cf. Proposition 18). In addition, C(X) second countable = C'(X) separable. So, by 
Proposition 17, X admits a smaller separable metrizable topology which, however, induces 
the same topology on each compact subset of X. 

Sufficiency: The hypotheses on X guarantee that C'(X) is separable (via the example 


above) and metrizable (cf. Proposition 14).] 


EXAMPLE Let £ be an infinite dimensional locally convex topological vector space. Assume: 
F is second countable and completely metrizable—then the Anderson-Kadec theorem says that E is 
homeomorphic to RY (for a proof, see Bessaga-Petczyiskit). Consequently, if X is countable at infinity 
and compactly generated and if all the compact subsets of X are metrizable, then C(X) is homeomorphic 


to R*. 
FACT Suppose that X is second countable—then C(X) is Lindelof. 


Up until this point, the playoff between X and C'(X) has been primarily “topological” , 
little use having been made of the fact that C(X) is also a locally convex topological 
vector space. It is thus only natural to ask: Can one characterize those X for which C'(X) 
has a certain additional property (e.g., barrelled or bornological)? While this theme has 
generated an extensive literature, I shall present just two results, namely Propositions 20 


and 21, these being due independently to Nachbin! and Shirotal. 


FACT C(X) is reflexive iff X is discrete. 

[Assuming that C(X) is reflexive, its bounded weakly closed subsets are weakly compact. Therefore 
the compact subsets of X are finite which means that C'(X) is a dense subspace of R* (product topology). 
But the reflexiveness of C(X) also implies that its closed bounded subsets are complete, hence X is a kp- 


space (cf. p. 2-15). Thus C(X) is complete (cf. Proposition 13), so C(X) = R* and _X is discrete.] 


A subset A of X is said to be bounding if every f € C(X) is bounded on A. Example: 
X is pseudocompact iff X is bounding. 


+ Selected Topics in Infinite Dimensional Topology, PWN (1975), 189. 
* Proc. Nat. Acad. Sci. U.S.A. 40 (1954), 471-474. 
ll Proc. Japan Acad. Sci. 30 (1954), 294-298. 
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Given a subset W of C(X), let K(W) be the subset of X consisting of those x with the 
property that for every neighborhood O,, of # there exists an f € C(X): f(X —O,) = {0} 
& f gw. 


BOUNDING LEMMA If W isa barrel in C(X), then K(W) is bounding. 

[Suppose that K(W) is not bounding and fix an infinite discrete collection O = {O} 
of open subsets of X such that ON K(W) £0 VO € O. Choose an element O; € O. 
Since ON K(W) 40, 5 fi € C(X) : fa(X — O1) = {0} & fi ¢ W. On the other hand, 
W, being a barrel, is closed, so 4 a compact K, C X and a positive e, : {g: px, (fi—g) < 
1} 7W =. Choose next an element O2 € O : O27 Ky = 9 and continue. The upshot 
is that there exist sequences {O,}, {fn}, {Kn}, {en} with the following properties: (1) 


On41( U Kj) = 0; (2) fn(X —On) = {0} & fn € W; (3) (9: pK, (fn—9) < en} OW = 0. 


— 


1 
Tak = 1 and det i :0< < —, 
ake c1 and determine cy41 Gna a 


nd col 

Cn4+1PKni1 (2, —fi) < enti Vn. Put f = 5) —f;—then by (2) and the discreteness of 
i=1 Ci i=1 Ci 

{On}, f is continuous, and (1)—(3) combine to imply that cn4if ¢ W Vn, thus W does 


not absorb the function f, a contradiction.| 


subject to the requirement that 


LEMMA OF DETERMINATION If W is a barrel in C(X) and if f is an element of 
C(X) such that f(z) =0V a € U, where U is an open set containing K(W), then f € W. 
[Suppose false. Choose a compact kK C X and a positive e: {g: pxr(f—g) <«}AW = 
), and for each x € K —U, choose a neighborhood O, of x : g(X — O,) = {0} > g € W. 
Fix f, € C(X,[0,1]) : fe(z) = 1 & f,|X — O, = 0, and let U, = {y: fa(y) > 1/2}. 
The U, comprise an open covering of kK — U, thus one can extract a finite subcovering 


Upset lg Ute. oe | ar (@=1,...,n)— then }> k,,|K—-—U = 
i=1 


max{1/2, fe, +---+ fe, } = 
1. Since k,;(X — Oz,) = {0}, ckz,f € W(c € R), therefore F = kz, f +---+ 42, f = 
1 
—(nky,f +---+nke, f) € W. But by its very construction, F|K = f|/k > F ¢W.] 
n 


PROPOSITION 20 C(X) is barrelled iff every bounding subset of X is relatively 
compact. 


[Necessity: Rephrased, the assertion is that for any closed noncompact subset S of 
X, id f € C(X) : f is unbounded on S. Thus let Bs = {f : sup|f| < 1}-then Bg is 
Ss 


balanced and convex. Since Bg is also closed and since the requirement that there be some 
f € C(X) which is unbounded on S amounts to the failure of Bs to be absorbing, it need 
only be shown that Bs does not contain a neighborhood of 0. Assuming the opposite, 
choose a compact K and a positive « : {f : px(f) < «} C Bs. Claim: S C K. Proof: 
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Ife S—K,1j3f € C(X): f(K) = {0} & f(x) = 2, an impossibility. Therefore S is 
compact (being closed), contrary to hypothesis. 

Sufficiency: Fix a barrel W in C'(X )—then the contention is that W contains a neigh- 
borhood of 0. Owing to the bounding lemma, K(W) is compact (inspect the definitions to 
see that K(W) is closed). Accordingly, it suffices to produce a positive € : {f : pK(w)(f) < 
e} C W. To this end, consider BCX) viewed as a Banach space in the supremum norm. 
Because BC(X) is barrelled and WM BC(X) is a barrel in BC(X), de > 0: ||d|| < 
26> 6¢€W (¢€ BC(X)). Assuming that pxiw)(f) < ¢, fix an open set U containing 
K(W) such that |f(z)| <¢« Va eU. Let F(x) = max{e, f(x)} + min{—e, f(x)}—then 


2F (x) = 0 (x € UV), thus the lemma of determination implies that 2F € W. But Vx € X, 


2 (a) — F(x))| < 2¢ + |2(f — F)|| < 2 Af —F) € W, 90 52F) + SAF -F)) ew, 


ie., f EW] 


Example: C'([0, Q[) is not barrelled. 


EXAMPLE If X is a paracompact LCH space, then C'(X) is Baire (cf. p. 2-16). Since Baire > 


barrelled, it follows from Proposition 20 that the bounding subsets of X are relatively compact. 


Notation: Every f € C(X) can be regarded as an element of C(X, R.), hence admits 
a unique continuous extension f,, : BX > Roo. 
[Note: Put up X = {x € BX : fxo(x) € R}—then the intersection (| vufX is vX.] 
fec(x) 
FACT The elements of 6X — vX are those x with the property that there exists a Gs in BX 


containing « which does not meet X. 


Let W be a balanced, convex subset of C(X)—then W is said to contain a ball if 
dr>0:{f:sup|f| <r} cw. 
xX 


Example: Every balanced, convex bornivore W in C'(X) contains a ball. 

[Given f,g € C(X) with f < g, let [f,g] = {¢: f << g}. Since V compact K C X, 
pK(o) < max{px(f),pK«(g)}, [f,g] is bounded, thus is absorbable by W. In particular: 
dr > 0 such that [—r1,r1] Cc W.] 


FACT Suppose that W contains a ball. Let K be a compact subset of X. Assume: f(K) = {0} > 
f € W—then de >0:{f:px(f) <e} CW. 


Let W be a balanced, convex subset of C'(X )—then a compact subset K of 8X is said 
to be a hold of W if f € W whenever f,.(K) = {0}. Example: 6X is a hold of W. 
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LEMMA Suppose that W contains a ball—then a compact subset K of GX is a hold 
of W provided that f € W whenever f,. vanishes on some open subset O of 6X containing 
ice 


Application: Under the assumption that W contains a ball, if K and L are holds of 
W, then sois KN L. 

[Consider any f : f..(O) = {0}, where O is some open subset of 3X containing KN L. 
Choose disjoint open subsets U,V of BX : kK C U, L—O Cc V and let U', V’ be open subsets 
of BX: KCU'CU CU,L-OCV'CV CV. Fix ¢ € C(X, [0,1]) : BAT) = {1}, 
BO(V') = {0}. Note that 2f¢ vanishes on (OUV')N X. But OUV’ Cc (OUV) AX = 
(2f¢).(O UV’) = {0}. On the other hand, LC OUV’, thus by the lemma, 2f¢ € W. 
Similarly, 2f(1 — ¢) © W. Therefore f = 5(2F8) + S(2F(1 —$¢))EW,] 


Let W be a balanced, convex subset of C(X)—then the support of W, written spt W, 
is the intersection of all the holds of W. 


LEMMA Suppose that W contains a ball—then spt W is a hold of W. 


[Since 3X is a compact Hausdorff space, for any open O C 2X containing spt W, 5 
holds Ky,...,K, of W such that (] K; Cc O.] 
j=1 


PROPOSITION 21 C(X) is bornological iff X is R-compact. 

[Necessity: Assuming that X is not R-compact, fix a point x9 € vX — X—then the 
assignment f — f.o(%o) defines a nontrivial homomorphism 7% : C(X) — R, which is 
necessarily discontinuous (cf. p. 2-24). So, to conclude that C(X) is not bornological, it 
suffices to show that %p takes bounded sets to bounded sets. If this were untrue, then there 
would be a bounded subset B C C(X) and a sequence {f,,} C B such that %o(fn) 4 co. 
The intersection (\{z € BX : (fn)co(x) > (fn)oo(to) — 1} is a Gs in GX containing xo, 
thus it must aeer (cf. p. 2-20), say at roo hence fn(xo0) 4 co. But then, as B is 
bounded, Jn 
fn(Xoo) 


Sufficiency: It is a question of proving that every balanced, convex bornivore W in 


— 0 in C(X), which is nonsense. 


C(X) contains a neighborhood of 0. Because W contains a ball, the lemma implies that 
spt W is a hold of W, thus the key is to establish the containment spt W C X since this 
will allow one to say that de > 0: {f : Dsppw(f) < e} C W (cf. p. 2-20). So take a 
point 79 € GX — X and choose closed subsets Ay D Ag D-:-- of BX : Vn, x € int A, 
& (An) 1 X = O (possible, X being R-compact (cf. p. 2-20)). Claim: At least one 


of the 6X — int A, is a hold of W (> xo ¢ sptW => sptW c X). If not, then V n, 
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A fn: (fn)o(BX — int A,) = 0 & fr ¢€ W. The sequence {X — A,} is an increasing 


sequence of open subsets of X whose union is X. Therefore f = sup n|f,| is in C(X). Fix 
n 


d> 0: |—f, f] Cc dW—then nf, € dW Vn => fr © WV n> d, a contradiction.| 
LEMMA A subset A of X is bounding iff its closure in GX is contained in vX. 


FACT If C(X) is bornological, then C(X) is barrelled. 
[Note: Recall that in general, bornological # barrelled and barrelled # bornological.] 


Remark: There are completely regular Hausdorff spaces X whose bounding subsets are relatively 
compact but that are not R-compact (Gillman-Henriksen'). For such X, C(X) is therefore barrelled but 


not bornological. 


Given a closed subset A of X, let I4 = {f : f|A = 0}—then I, is a closed ideal in 
C(X). Examples: (1) Ig = C(X); (2) Ix = {0}. 


SUBLEMMA Suppose that X is compact. Let J C C(X) be an ideal. Assume: 
VaEX, Af, €1: fy(z) #O—then I = C(X). 

[V2 € X, Ja neighborhood U, of x : f,|U, #4 0. Choose points 71,...,%, : X = 
U U,, and let f = Bi felsi=f-pelsi=C(X) 
i=1 i=1 


LEMMA Suppose that X is compact. Let J C C(X) be an ideal and put A = 


() Z(f). Assume: A CU Cc Z(¢), where U is open and ¢ € C(X)—then ¢ € I. 
fel 
[The restriction J|X — U is an ideal in C(X — U) (Tietze), hence by the sublemma, 


equals C(X —U). Choose an f € 1: f|X —U =1 to get d= foe I.] 


PROPOSITION 22 Suppose that X is compact. Let J C C(X) be an ideal—then 


IT=I,, where A= () Z(f). 
fel : 
[Since J Cc I4, it need only be shown that I4 C I. So let f be a nonzero element of 


I4 and fix « > 0. Choose ¢ € C(X,[0,1]) : {x : |f(x)| < €/2} Cc Z(d) & {x : |f(x)| > 
3¢/4} C Z(1—¢). Because AC {ax : |f(x)| < €/4} C Z(f¢), the lemma gives f¢ € I. 
And: ||f — fél| = sup |f =fdl<e> fet 


PROPOSITION 23 The closed subsets of X are in a one-to-one correspondence with 
the closed ideals of C(X) via A > Ia. 


+ Trans. Amer. Math. Soc. 77 (1954), 340-362 (cf. 360-362). 
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[Due to the complete regularity of X, the map A — I, is injective. To see that 
it is surjective, it suffices to prove that for any closed ideal J in C(X) : I = I4, where 


A= [) Z(f). Obviously, J Cc I4. On the other hand, V compact K CX, the restriction 
fel 


I|K is an ideal in C(k) (cf. p. 2-14), thus I|K = Ink (cf. Proposition 22), and from 
this it follows that I4 Cc I = I] 


Application: The points of X are in a one-to-one correspondence with the closed 


maximal ideals of C(X) via x > Iyz}. 


By comparison, recall that the points of GX are in a one-to-one correspondence with the maximal 
ideals of C(X). 
[Note: Assign to each x € 6X the subset mz of C(X) consisting of those f such that x € clgx (Z(f))— 


then mz is a maximal ideal and all such have this form. For the details, see Walker?.] 


A character of C(X) is a nonzero multiplicative linear functional on C'(X), i-e., a 


homomorphism C'(X ) + R of algebras. 


LEMMA If x:R-—- Risa nonzero ring homomorphism, then y = id. 
[In fact, x is order preserving and the identity on Q.| 


Application: Every ring homomorphism C'(X) > R is R-linear, thus is a character. 


LEMMA Ifx:C(X) > R is a character of C(X), then V f, |v(f)| = x (fl). 
[For |x(f)|? = x(f)? = x(f?) = x(IfI?) = x(/fl)? and x(|fl) is > 0] 


By way of a corollary, if x : C(X) — Ris acharacter of C(X) and if x(f) = 0, then x(min{1, | f|}) = 0. 
Proof: 2x(min{1, [f[}) =x(1) + xf) -x(l1- #) =1- [ka -Al=1-1=0. 


FACT Write uf for the unique extension of f € C(X) to C(uX)—then C(X) “is” C(uX) and the 
characters of C(X) are parameterized by the points of uX : f > uf(x) (x € vX). 

[If X is R-compact and if x : C(X) > R is a character, then in the terminology of p. 19-6 & p. 
19-7, Fy = {Z(f) : x(f) = 0} is a zero set ultrafilter on X. Claim: Fy, has the countable intersection 


Ss min{1, | fri} ~ 
property. Thus let {Z(fn)} C Fy be a sequence and put f = SS se —then () Z(fn) = Z(f). 
1 1 


ik inf, | f; 
To prove that y(f) = 0, write f = x mint i) 


wl 


+ gn, where 0 < gn < 27”, apply x to get x(f) = 


+ The Stone-Cech Compactification, Springer Verlag (1974), 18. 
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x(gn) < 27”, and let n > oo. It therefore follows that NF, is nonempty, say « € NFy (cf. p. 19-7). And: 
x(f—x(f))=0>26€ Af —x(f)) > xf) = flx).] 


ee 


Notation: C(X) is the set of continuous characters of C(X). 


ee 
From the above, there is a one-to-one correspondence X — C'(X), viz. x > vz, where 


Xe(f) = f(«). 


If X is not R-compact, then the elements of uX — X correspond to the discontinuous characters of 


O(X). 


Topologize C(X) by giving it the initial topology determined by the functions y —> 
x(f) (f € C(X))—then the correspondence X — C(X) is a homeomorphism (cf. §1, 
Proposition 14). 


Oe are isomorphic as 
CY) 


XxX 
PROPOSITION 24 Let Y 


be CRH spaces. Assume: { 


are homeomorphic. 


y 
xX Ng 


topological algebras—then { = 


[Schematically, 1 | and <—> is a homeomorphism. | 
C(X) > CY) 


C(X) 
C(Y) 


xX UX 
FACT Let { be CRH spaces. Assume: { are isomorphic as algebras—then { are 
Y vY 


homeomorphic. 
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83. COFIBRATIONS 


The machinery assembled here is the indispensable technical prerequisite for the study 
of homotopy theory in TOP or TOP,. 
Let X and Y be topological spaces. Let A — X be a closed embedding and let 
f :A-—/Y be a continuous function—then the adjunction space X Lip Y corresponding 
Ay 
to the 2-source X — A4Y is defined by the pushout square | | , f being 


xX —> XUsY 
the attaching map. Agreeing to identify A with its image in X, the restriction of the 


projection p: X TY > X uy Y to io 


Y is a homeomorphism of - =u onto an 


¥ 


open . p(X = A) aes 
{ elaseal subset of X Lip Y and the images He partition X Ly Y. 


[Note: The adjunction space X Lif Y is unique only up to isomorphism. For example, 
if 6: X — X isa homeomorphism such that ¢|A = idy, then there arises another pushout 
square equivalent to the original one.| 

(ADj) If A is not empty and if X and Y are connected (path connected), then 
X Us Y is connected (path connected). 

(AD2) If X and Y are Ti, then X Ur Y is T; but if X and Y are Hausdorff, 
then X Lip Y need not be Hausdorff. 

(AD3) If X and Y are Hausdorff and if A is compact, then X Uy Y is Hausdorff. 

(AD,) If X and Y are Hausdorff and if A is a neighborhood retract of X such 
that each x € X — A has a neighborhood U with ANU = 9, then X U; Y is Hausdorff. 

(ADs) If X and Y are normal (normal and countably paracompact, perfectly 
normal, collectionwise normal, paracompact) Hausdorff spaces, then X Uy Y is a normal 
(normal and countably paracompact, perfectly normal, collectionwise normal, paracom- 
pact) Hausdorff space. 

(ADg) If X and Y are in CG (A-CG), then X Lif Y is in CG (A-CG). 


EXAMPLE Working with the Isbell-Mréwka space U(N) = SUN, consider the pushout square 
& 7s. es 
| | . Due to the maximality of S, every open covering of U(N)U 8S has a finite 
VIN) —> WN), BS 
subcovering. Still, Y(N) Uz 8S is not Hausdorff. 
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TOP — TOP 
X + X x [0,1] 


X > IX 
the product topology. There are embeddings 2; : { ie) (0 <¢ <1) and a projection 
x (a, 
TOP > TOP 


IX > X : 
: . The path space functor P is the functor P : , where 
aie ——— X — C([0, 1], X) 
X + PX 


© > j(x) 


The cylinder functor I is the functor J : { , where X x [0, 1] carries 


C((0, 1], X) carries the compact open topology. There is an embedding 7 : 


PX > X 
o > pr(o) 
(1, P) is an adjoint pair: CUX,Y) » C(X, PY). Accordingly, two continuous functions 
f:X3Y 


’ 


with j(x)(t) = x, and projections p; : { (0 < t < 1), with p(o) = o(t). 
determine the same morphism in HTOP, i.e. are homotopic (f ~ g), iff 


Woig= 
4j H € C(UX,Y) such that { o=f or, equivalently, iff | G € C(X, PY) such that 


Howu=g 
aoe 


picG=g- 
Let A and X be topological spaces—then a continuous function 7: A > X is said 


to be a cofibration if it has the following property: Given any topological space Y and 
F:X 3Y 


h:IA73+Y 
continuous function H : 1X —+ Y such that F = H oig and Holi=h. Thus H is a filler 


for the diagram 


any pair (Fh) of continuous functions { such that Foti = ho io, there is a 


¥ 
N 
»~ 
“N 
“N 
N 
~~ 
XN 


ITA ————— 1X 
Ih 
[Note: One can also formulate the definition in terms of the path space functor, viz. 


A ——> PY 


a |» 5 


X —— Y 


A continuous function i : A — X is a cofibration iff the commutative diagram 


3-3 


Ae ee De 
io | | io is a weak pushout square. Homeomorphisms are cofibrations. Maps 
IA ae IX 
7 


with an empty domain are cofibrations. The composite of two cofibrations is a cofibration. 


EXAMPLE Let p: X — B be a surjective continuous function. Consider Cp = IX I B/~«, 
where (x’,0) ~ (#”,0) & (2,1) ~ p(x) (no topology). Let t : Cp — [0,1] be the function [x,t] > ¢; 
let « : t~1(J0,1[) > X be the function [x,t] > 2; let p : t~'(J0,1]) > B be the function [a,t] > p(x). 
Definition: The coordinate topology on C> is the initial topology determined by t,z,p. There is a closed 


: : ae : F:Cp7Y : ' 
embedding 7 : B — Cp which is a cofibration. For suppose that are continuous functions 
h:IB73Y 
such that Fo j = ho ig—then the formulas H(j(b),T) = h(b,T), 
T 
Flx,t+ 5] (¢>1/2,7 <2=2¢) 
H([z,t],T) = < h(p(x),2t+T—2) (t>1/2,T >2-2t) 
F[x,t + tT] (t < 1/2) 


specify a continuous function H :ICp + Y such that F = Hoig and Holj=h. 
[Note: Cy also carries another (finer) topology (cf. p. 3-22). When X = B & p = idx, Cp is TeX, 
and when B = « & p(X) = *, Cp is UcX, i-e., the coordinate topology is the coarse topology (cf. p. 1-27 


LEMMA Suppose that 1: A > X is a cofibration—then 7 is an embedding. 


A —> X 
[Form the pushout square io | |F corresponding to the 2-source JA“ A 
IA ae ¥ 


,X. The definitions imply that there is a continuous function G : Y — IX such that 


GoF=ig 5 : . Hoip=F 
a a and a continuous function H : JX — Y such that oe eee 


H oG = idy, G is an embedding. On the other hand, hoi, : A — Y is an embedding, 
hence Go hoi, : A— i(A) x {1} is a homeomorphism. ] 


Because 


For a subspace A of X, the cofibration condition is local in the sense that if there exists a numerable 
covering U = {U} of X such that V U € U, the inclusion ANU > U is a cofibration, then the inclusion 
A-— X is acofibration (cf. p. 4-5). 


When A is a subspace of X and the inclusion A > X is a cofibration, the commutative 
io 4 —> IA 
diagram | | is a pushout square and there is a retraction r: 1X —> 
ioX —> igoX UIA 
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u:X >IX 


oi: X 37x oe defined by 


ioX UIA. If p: inX UIA > IX is the inclusion and if { 


a . , then A is the equalizer of (u,v). Therefore the inclusion A > X isa 
ie p Oro ty 


closed cofibration provided that X is Hausdorff or in A-CG. 


PROPOSITION 1 Let A be a subspace of X—then the inclusion A > X is a cofi- 
bration iff 79X U JA is a retract of IX. 


Why should the inclusion A > X be a cofibration if ig X UJA is a retract of 1X? Here 
is the problem. Suppose that ¢ : i9X UIA > Y is a function such that ¢ligX & ¢|IA are 
continuous. Is ¢ continuous? That the answer is “yes” is a consequence of a generality 


(which is obvious if A is closed). 


LEMMA If i9.X UJA is a retract of IX, then a subset O of igX UJA is open in 
io X 
IA ~ 

[Let r be the retraction in question and assume that O has the stated property. Put 
Xo = {x: (x,0) € O}. Write U,, for the union of all open U C X: AN G2 x [0, 1/n[c O. 


Note that AN Xo = ANU, and X — UU; c A. Claim: Xo Cc UUn. Turn it 


ioX UIA iff its intersection with { ve is open in { 


around and take an x € X — | JU,—then for any t € ]0,1], r(A x {t}) = A x {¢}, so 
1 


r(a,t) € (A — UU,) x [0, 1] = (A— Xo) x [0, 1] Cc (X — Xo) x [0, 1] = (x, 0) = r(x, 0) € 
1 
(X — Xo) x [0,1] > « € X — Xo, from which the claim. Thus O = O’ UO”, where 
O! = On (Ax)0, 1]) and O” = (ip X UTA) NU(Xo0 NU, x [0, 1/n[) are open in ip X UTA.) 
1 


EXAMPLE Not every closed embedding is a cofibration: Take X = {0} U {1/n:n > 1} and let 
A= {0}. Not every cofibration is a closed embedding: Take X = [0, 1]/[0, 1[= {[0], [1]} and let A = {[O]}. 


x 
EXAMPLE Given nonempty topological spaces { , form their coarse join X *, Y—then the 
Y 


x 
closed embeddings { — X *«- Y are cofibrations. 
Y 


[It suffices to exhibit a retraction r : I(X*:Y) — io(X*-Y)UIY. To this end, consider r([x, y,1],T) = 


((x,y,U,7), " sxe! 
(z, y, ———], 0) (0<t<——) 
r([z,y,t],T) = ars a ood 


T+ 2t—2 245 
((e,y,1,= =) (= <e<y) 
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FACT Let X° Cc X!C--: bean expanding sequence of topological spaces. Assume: V n, the 
inclusion X" + X"+! is a cofibration—then V n, the inclusion X” 4 X@ is a cofibration. 

[Fix retractions rz : IX*+! > iox*+1 UTX*. Noting that [IX = colim IX”, work with the rz to 
exhibit ip X © UIX” as a retract of 1X™.] 


LEMMA Let X and Y be topological spaces; let A C X and B C Y be subspaces. 
Suppose that the inclusions { : = - are cofibrations—then the inclusion Ax B > X x Y 


is a cofibration. 


[Consider the inclusions figuring in the factorization Ax B> Xx BoXxY,.] 


Given t:0 <t <1, the inclusion {t} — [0, 1] is a closed cofibration and therefore, for 
any topological space X, the embedding 7; : X — IX is a closed cofibration. Analogously, 
the inclusion {0,1} — [0,1] is a closed cofibration and it too can be multiplied. 


Ye es, Ye 
PROPOSITION 2 Let fl lr be a pushout square and assume that f is a 
xX rai oa 


cofibration—then 7 is a cofibration. 


[The cylinder functor preserves pushouts.| 


Application: Let A — X be a closed cofibration and let f : A — Y be a continuous 
function—then the embedding Y + X Liz Y is a closed cofibration. 


The inclusion S"~' — D” is a closed cofibration. Proof: Define a retraction r : 
ID” > ipD" UIS"~" by letting r(x, t) be the point where the line joining (0,2) € R" xR 
and (2,t) meets i9D" UIS"~'. Consequently, if f : S"~' > A is a continuous function, 
then the embedding A > D” Ly A is a closed cofibration. Examples: (1) The embedding 
D” + S” of D” as the northern or southern hemisphere of S” is a closed cofibration; 
(2) The embedding S"~' — S” of S"~! as the equator of S” is a closed cofibration, so 
Ym <n, the embedding S™ — S” is a closed cofibration. 


FACT Let f : S"~-! > A be a continuous function. Suppose that A is path connected—then 
D” Uy A is path connected and the homomorphism 7_(A) > mq(D” Uy A) is an isomorphism if q <<n—1 


and an epimorphism if g =n — 1. 


VAN KAMPEN THEOREM Suppose that the inclusion A > X is a closed cofibration. Let 
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mA —> WY 
f : A — Y be a continuous function—then the commutative diagram | | is a 
Tx —> I(x uy Y) 
pushout square in GRD. 


[Note: If in addition, A, X and Y are path connected, then for every xz € A, the commutative 


pt Asay, Ss eS) 


diagram | | is a pushout square in GR.] 


mi(X,z) —> m(X U;z Y, f(z)) 


Let A be a subspace of X,7: A— X the inclusion. 
(DR) A is said to be a deformation retract of X if there is a continuous function 
r:X — A such that roi =idy andior ~ idx. 
(SDR) A is said to be a strong deformation retract of X if there is a continuous 
function r: X — A such that roi =idy andior ~ idyrelA. 
If i9X USA is a retract of IX, then i9X U JA is a strong deformation retract of 1X. 
Proof: Fix a retraction r: IX — ioX UIA, say r(x,t) = (p(a,t), q(x, t)), and consider the 
homotopy H : I?X + IX defined by H((z,t),T) = (p(2, tT), (1—T)t + Tq(2, t)). 


PROPOSITION 3_ Let A be aclosed subspace of X and let f : A Y bea continuous 
function. Suppose that A is a strong deformation retract of X—then the image of Y in 


X Ur Y is a strong deformation retract of X Uy, Y. 


EXAMPLE The house with two rooms is a strong deformation retract of 


[Ovi 


LEMMA Suppose that the inclusion A —+ X is a cofibration—then the inclusion 
ioX UILAUWX — IX is a cofibration. 

[Fix a homeomorphism © : J[0, 1] > J[0, 1] that sends {0} Uio[0, 1] UL {1} to io[0, 1]}— 
then the homeomorphism idx x ® : [7X — I?X sends ip IX U I(ioX UIA Ui, X) to 
io I X UI*A. Since the inclusion [A + IX is a cofibration, io] X UJ*A is a retract of [7X 
and Proposition 1 is applicable.] 

[Note: A similar but simpler argument proves that the inclusion ipX UIA > IX isa 


cofibration.| 
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PROPOSITION 4_ If Aisa deformation retract of X and ifi: A > X is acofibration, 
then A is a strong deformation retract of X. 

[Choose a homotopy H : 1X — X such that H 0 ig = idx and Hoi, =ior, where 
r: X — Aisa retraction. Define a function h: I(i9nX UITAUiX) > X by 


)=H(a,(1-T)t) (a€ A) 
£,1),T)=HA(r(#),1-T) (eX) 


a 
o™~ 
No 


Observing that ip X UIA Ui,X can be written as the union of i9X UA x [0,1/2] and 
Ax [1/2, 1]Ui,X, the lemma used in the proof of Proposition 1 implies that h is continuous. 
But the restriction of H to i9X UILAU12,X is hoi, so there exists a continuous function 
G:IX + X which extends hoi ,. Obviously, Goto = idx, Goi, =ior, and Vae A, 
Vt € [0,1]: G(a,t) =a. Therefore A is a strong deformation retract of X.] 


PROPOSITION 5 If7zi: A — X is both a homotopy equivalence and a cofibration, 
then A is a strong deformation retract of X. 

[To say that i: A > X is a homotopy equivalence means that there exists a continuous 
function r: X —+ A such that roi ~ id, andior ~ idx. However, due to the cofibration 
assumption, the homotopy class of r contains an honest retraction, thus A is a deformation 


retract of X or still, a strong deformation retract of X (cf. Proposition 4).] 


EXAMPLE (The Comb) Consider the subspace X of R? consisting of the union ([0,1] x {0}) U 
({0} x [0,1]) and the line segments joining (1/n,0) and (1/n,1) (n = 1,2,...)—then X is contractible. 
Moreover, {0} x [0,1] is a deformation retract of X. But it is not a strong deformation retract. Therefore 


the inclusion {0} x [0,1] — X, while a homotopy equivalence, is not a cofibration. 


Let A be a subspace of X—then a Strom structure on (X, A) consists of a continuous 
function ¢: X — [0,1] such that A C $~1(0) and a homotopy ® : IX > X of idx rel A 
such that ®(2,t) € A whenever t > ¢(x). 

[Note: If the pair (X, A) admits a Strom structure (¢, ®) and if A is closed in X, then 
A= ¢7'(0). Proof: ¢(z) = 0 > x = ®(z, 0) = lim ®(z, 1/n) € A_] 

If the pair (X, A) admits a Strom structure (¢o, ®o) for which ¢9 < 1 throughout X, 
then A is a strong deformation retract of X. Conversely, if A is a strong deformation retract 
of X and if the pair (X, A) admits a Strom structure (¢, ®), then the pair (X, A) admits 
a Strom structure (¢9,®o) for which ¢9 < 1 throughout X. Proof: Choose a homotopy 
H : 1X — X of idx relA such that H oi;(X) C A and put ¢o(x) = min{d(x), 1/2}, 
Oo(x,t) = H(@(a, t), min{2t, 1}). 
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COFIBRATION CHARACTERIZATION THEOREM The inclusion A + X is a 
cofibration iff the pair (X, A) admits a Strom structure (¢, ®). 
[Necessity: Fix a retraction r : IX — ioX UJA and let X # 1X 4[0,1] be the 
projections. Consider $(x) = Sup |t — gr(a, t)|, (x,t) = pr(z,t). 
t 


Sufficiency: Given a Strom structure (¢, ®) on (X, A), define a retraction r: 1X > 


ioX UIA b 
/ _ J (Oz, t), 0) 
ret { ee 


One application of this criterion is the fact that if the inclusion A + X is a cofibration, 
then the inclusion A —- X is a closed cofibration. For let (¢,@) be a Strom structure on 
(X, A)—then (¢, ©), where ®(x,t) = 6(x, min{t, ¢(x)}), is a Strom structure on (X, A). 
Another application is that if the inclusion A — X is aclosed cofibration, then the inclusion 
kA — kX is a closed cofibration. Indeed, a Strom structure on (X, A) is also a Strom 
structure on (kX, kA). 


EXAMPLE Let A C [0,1]” be a compact neighborhood retract of R”—then the inclusion A > 


[0, 1]” is a cofibration. 


EXAMPLE Take X = [0,1]"(«% > w) and let A = {0,}, 0, the “origin” in X—then A is a strong 


deformation retract of X but the inclusion A — X is not a cofibration (A is not a zero set in X). 


FACT Let A be a nonempty closed subspace of X. Suppose that the inclusion A > X is a co- 
fibration—then V q, the projection (X, A) > (X/A, * 4) induces an isomorphism H,(X,A) > Hq(X/A,*4), 
«4 the image of A in X/A. 

[With U running over the neighborhoods of A in X, show that Hg(X,A) & lim H,(X,U) and then 


use excision. | 


LEMMA Let X and Y be Hausdorff topological spaces. Let A be a closed subspace of X and let 
f : A—/Y be a continuous function. Assume: The inclusion A — X is a cofibration—then X Uy Y is 


Hausdorff. 


As we shall now see, the deeper results in cofibration theory are best approached by 


implementation of the cofibration characterization theorem. 


PROPOSITION 6 Let K be a compact Hausdorff space. Suppose that the inclusion 
A — X is a cofibration—then the inclusion C(K, A) > C(K, X) is a cofibration (compact 
open topology). 
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[Let (6, ®) be a Strom structure on (X, A). Define dx : C(K,X) > [0,1] by éx(f) = 
supdo f and ®g : IC(K, X) > C(K, X) by ®xK(f,t)(k) = O(f(k), t)—then (dx, ®x) is 
K 
a Strom structure on (C(K, X), C(K, A)).] 


EXAMPLE If A is a subspace of X, then the inclusion PA — PX is a cofibration provided that 


the inclusion A — X is a cofibration. 


EXAMPLE Take A = {0,1}, X = [0,1]—then the inclusion A > X is a cofibration but the 
inclusion C(N, A) > C(N, X) is not a cofibration (compact open topology). 
[The Hilbert cube is an AR but the Cantor set is not an ANR.] 
ACX 


PROPOSITION 7 Let { Bcy? with A closed, and assume that the corresponding 


inclusions are cofibrations—then the inclusion A x YU X x B— X x Y is a cofibration. 
[Let (¢, ®) and (7, UV) be Strom structures on (X, A) and (Y, B). Definew:X x Y > 
[0, 1] by w(a, y) = min{ d(x), w(y)} and define OQ: 1(X x Y) > X x Y by 


Q(x, y),t) = (Ow, min{é, p(y) }), Uy, min{t, (a) })). 


Since A is closed in X, d(x) < 1 => ®(2,¢(#)) € A, so (w,Q) is a Strom structure on 
(Xx Y,AxYUX x B).| 

[Note: If in addition, A (B) is a strong deformation retract of X (Y), then Ax YUX xB 
is a strong deformation retract of X x Y. Reason: ¢ < 1 (~ < 1) throughout X (Y) => 
w <1 throughout X x Y.] 


EXAMPLE Ifthe inclusion A > X is a cofibration, then the inclusion Ax X UX x A> XxX 
need not be a cofibration. To see this, let X = [0,1]/[0, 1[= {[0], [1]}, A = {[0]} and, to get a contradiction, 
assume that the pair (X x X,A x X UX x A) admits a Strom structure (¢, &). Obviously, 6~1([0, 1[) D 
AxXUXxA=X xX (since A = X), so there exists a retraction r: X x X > Ax X UX x A. But 
(41, (11) € {(0], 2D} => rQ1.[4) € {r(o], DF = {10}, 1} = {lol} x {11 = r(), 21) = ((0], [1]) and 
([1], (11) € {1,10} = --- > r((1], 1) = (121, [0)). 


LEMMA Let A be a subspace of X and assume that the inclusion A > X is a 
cofibration. Suppose that K,L2: 1X — Y are continuous functions that agree on ip X U 
[A—then K ~ LreligoX UTA. 

[The inclusion ip X U[AUi,X — IX is a cofibration (cf. the lemma preceding the proof 
of Proposition 4). With this in mind, define a continuous function F : 1X — Y by F(a,t) = 


K(x, 0) and a continuous function h : I(igpX ULAUi,X) > Y by { ae i = s on 
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& h((a,t),T) = K(a,T) = L(a,T). Since the restriction of F to ipnX UIA Ui1X is 
equal to ho ig, there exists a continuous function H : [7X — Y such that F = H o ig 
and H|I(ip9X UIAU%iX) = h. Let e : [0,1] x [0,1] — [0,1] x [0,1] be the involution 
(t, T) — (T,t)—then Ho(idx xv) : I7X + Y isa homotopy between K and LreligX UIA.] 


PROPOSITION 8 Let A and B be closed subspaces of X. Suppose that the inclusions 
{ A>X 


Box? AN B- X are cofibrations—then the inclusion AU B > X is a cofibration. 


[In IX, write (x,t) ~ (a,0) (ec € ANB), call X the quotient [X/~, and let 


p:1IxX > X be the projection. Choose continuous functions ¢, 7% : X — [0,1] such that 


A=¢'(0), B=w71(0). Define A: X > X by A(x) = [. al if g ANB, 


A(x) = [x, 0] on A 
A(x) = [x, 1] on B’ 


A(x) = [x, 0] if c € AN B—then d is continuous and { Consider now 


: . ‘ F:xX +Y : : 
a pair (Fh) of continuous functions (AUB) +¥ for which F|(A U B) = ho io. 
_ { Ha: IX 3Y HalI[A=hlIA 2 eo 
Fix homotopies ie IX 3Y such that roe h|IB & F = Ha cig = Hp oc ig 


and, using the lemma, fix a homotopy H : I7X — Y between Hy, and HpreligX U 
I(AnN B). With ¢ as in the proof above, the composite H o (idx x 4) factors through 


id 
Px Sy be thus there is a continuous function H : 1X — Y that renders the diagram 


pox MXP px 
pxid | [# commutative. An extension of (Fh) is then given by the composite 
TX. ate 
H 
o(A x id): IX — 1X 3 Y,] 


FACT Let A and B be closed subspaces of a metrizable space X. Suppose that the inclusions 
ANBOA,ANB->B,B7>xX,A-B- XxX —-B are cofibrations—then the inclusion A > X is a 


cofibration. 


Let A be a subspace of X. Suppose given a continuous function ~ : X — [0,00] such 
that A Cc %~1(0) and a homotopy © : Iy~1({0,1]) + X of the inclusion w~1([0,1]) > 
X rel A such that (x,t) € A whenever t > ~(x)—then the inclusion A > X is a cofibra- 
tion. Proof: Define a Strom structure (¢, ®) on (X, A) by $(x) = min{2y(z), 1}, 
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LEMMA Let A be a subspace of X and assume that the inclusion A > X is a 
cofibration. Suppose that U is a subspace of X with the property that there exists a 
continuous function 7: X — [0,1] for which ANU c n71(J0,1]) C U—then the inclusion 
ANU —+U isa cofibration. 

[Fix a Strom structure (¢, ®) on (X, A). Set mo(x) = pant, m(®(a,t)) (2 € X). Define 
a continuous function ~ : U — [0,co] by v(x) = ¢(x)/mo(x). This makes sense since 
d(x) = 0 = amo(xz) > 0 (a € U?/). Next, v(x) < 1 > mo(x) > 0 S a(@(z,t)) > 0S 
(x,t) € U (Vt). One can therefore let Y : Iy~1((0,1]) + U be the restriction of & and 
apply the foregoing remark to the pair (U, AN U).| 


Let A,U be subspaces of a topological space X—then U is said to be a halo of A 
in X if there exists a continuous function 7 : X — [0,1] (the haloing function) such 
that A C m~1(1) and 1~1(J0,1]) C U. For example, if X is normal (but not necessarily 
Hausdorff), then every neighborhood of a closed subspace A of X is a halo of A in X but 
in a nonnormal X, a closed subspace A of X may have neighborhoods that are not halos. 

(HA,) If U is a halo of A in X, then U is a halo of A in X. 
(HAg) If U is a halo of A in X, then there exists a closed subspace B of X : AC 
Bc X, such that B is a halo of A in X and U isa halo of B in X. 

[A haloing function for 7~'([1/2, 1]) is max{2m(x) — 1,0}.] 

Observation: If the inclusion A — X is a cofibration and if U is a halo of A in X, 
then the inclusion A — U is a cofibration. 


[This is a special case of the lemma.| 


PROPOSITION 9 Ifj7:B—- Aandi: A—X are continuous functions such that 2 
and 707 are cofibrations, then 7 is a cofibration. 
[Take i and j to be inclusions. Using the cofibration characterization theorem, fix a 
halo U of A in X and a retraction r : U + A. Since U is also a halo of B in X, the 
B ++ PY 
inclusion B — U is a cofibration. Consider a commutative diagram J | | Po : 
A ard x 


Bo. py 
To construct a filler for this, pass to its counterpart | | Po over U, which thus 
U — Y 
For 


admits a filler G: U > PY. The restriction G|A: A — PY will then do the trick.] 


EXAMPLE (Telescope Construction) Let X° C X! C --- be an expanding sequence of topo- 
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logical spaces. Assume: V n, the inclusion X” > X"+! ig a closed cofibration—then V n, the inclusion 
xX” — X@© is a closed cofibration (cf. p. 3-5). Write tel X© for the quotient Ix" x [n,n + 1]/~. Here, 
~ means that the pair (z1,n+1) € X” x {n+1} is identified with the pair (a, aD Ee xXrtlx{n+1}. One 
calls tel X © the telescope of X°. It can be viewed as a closed subspace of X® x [0, co[. The inclusion 
teln XM = U X* x [k,k +1] — X© x [0, cof is a closed cofibration (cf. Proposition 8), so the same is 
true of the iaenaioe telnX © + teln4i1X © (cf. Proposition 9) and tel X™ = colim tel, X ©. Denote by 
p® the composite tel X@ > X© x [0,o0[> Xx. 

Claim: p® is a homotopy equivalence. 

[It suffices to establish that tel X™ is a strong deformation retract of X © x [0,co[. One approach is 


to piece together strong deformation retractions X"+! x [0,n +1] 3 X"t1 x {n +1} UX” x [0,n+ 1]. 


xn s xnrti 
such that V n, the diagram o”| [entt commutes. Associated with the 6” is a continuous 
yr s yrti 


function 6 :X° — Y@© and a continuous function teld@ : tel X™ — tel Y@™, the latter being defined by 


(@"(x),n+ 2t) EY" x[n,n+1]) (0<t< 1/2) 
(6"(x),n+1)€Y"™t1x{n+1} (1/2<t<1)_ 


tel d(z,n+t) = { 


tel X° —> X@® 
There is then a commutative diagram tel | |e . The horizontal arrows are homotopy 
tel YS —> Yo 
equivalences. Moreover, tel¢d is a homotopy equivalence if this is the case of the 6”, thus, under these 
circumstances, © : X° + Y°© itself is a homotopy equivalence. 


[Note: One can also make the deduction from first principles (cf. Proposition 15).] 


PROPOSITION 10 Let A be a closed subspace of a topological space X. Suppose 
that A admits a halo U with A = 1~'(1) for which there exists a homotopy II: IU > X 
of the inclusion U + XrelA such that Ilo i;(U) C A—then the inclusion A > X is a 
closed cofibration. 

[Define a retraction r : 1X — ioX UIA as follows: (i) r(x,t) = (@,0) (a(x) = 0); (ii) 
r(a,t) = (I(x, 2n(x)t),0) (0 < r(x) < 1/2); (iii) r(a,t) = (II (a, t/2(1 — r(x))),0) (1/2 < 
m2) <1&0<t < 2(1—72(2))) and r(az,t) = (II(a,1),t — 2(1 — a(x))) 1/2 < a(x) <1 
& 2(1 — x(x)) <t < 1); (iv) r(z,t) = (2,t) (x(x) = 1).] 
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EXAMPLE [If A is a subcomplex of a CW complex X, then the inclusion A > X is a closed 


cofibration. 


A topological space X is said to be locally contractible provided that for any x € 
X and any neighborhood U of x there exists a neighborhood V Cc U of x such that 
the inclusion V — U is inessential. If X is locally contractible, then X is locally path 
connected. Example: V X, X%* is locally contractible (cf. p. 1-28). 

[Note: The empty set is locally contractible but not contractible.] 


A topological space X is said to be numerably contractible if it has a numerable covering {U} for 
which each inclusion U + X is inessential. Example: Every locally contractible paracompact Hausdorff 
space is numerably contractible. 


[Note: The product of two numerably contractible spaces is numerably contractible. ] 


FACT Numerable contractibility is a homotopy type invariant. Proof: If X is dominated in ho- 


motopy by Y and if Y is numerably contractible, then X is numerably contractible. 


Examples: (1) Every topological space having the homotopy type of a CW complex is numerably 
contractible; (2) If the X” of the telescope construction are numerably contractible, then X © is numerably 


contractible (consider tel X°). 


A topological space X is said to be uniformly locally contractible provided that there 
exists a neighborhood U of the diagonal Ax C X x X and a homotopy H : IU > X 
between p;|U and p2|Urel Ax, where p; and pz are the projections onto the first and 
second factors. Examples: (1) R", D”, and S"~' are uniformly locally contractible; (2) 


The long ray L* is not uniformly locally contractible. 


EXAMPLE (Stratifiable Spaces) Suppose that X is stratifiable and in NES(stratifiable)—then 
X is uniformly locally contractible. Thus put A = X x ioX U(IAx)UX x 71X, a closed subspace of the 


£,y,0) 9x 
stratifiable space I(X x X). Define a continuous function ¢: A + X by { (2, 9,0) & (x, 2,t) > x— 


then ¢ extends to a continuous function ®: O — X, where O is a Pree ae a I(X x X). Fix a 
neighborhood U of Ax in X x X : IU C O and consider H = ®|IU. 

[Note: Every CW complex is stratifiable (cf. p. 6-30) and in NES(stratifiable) (cf. p. 6-43). Every 
metrizable topological manifold is stratifiable (cf. p. 6-29 ff.: metrizable => stratifiable) and, being an 


ANR (cf. p. 6-28), is in NES(stratifiable) (cf. p. 6-44: stratifiable > perfectly normal + paracompact).] 


FACT Let K be a compact Hausdorff space. Suppose that X is uniformly locally contractible— 


then C(K, X) is uniformly locally contractible (compact open topology). 
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LEMMA _ A uniformly locally contractible topological space X is locally contractible. 

[Take a point zo € X and let Up be a neighborhood of x 9—then I{(xo,20)} C 
H~'(Up). Since H~'(Up) is open in IU, hence open in I(X x X), there exists a neigh- 
borhood Vo C Up of xo : I(Vo x Vo) C H~+(Uo). To see that the inclusion Vo > Uo is 
inessential, define Hy : [Vo > Up by Ao(2,t) = A(x, x0), t).] 

[Note: The homotopy Ho keeps zo fixed throughout the entire deformation. In addi- 
tion, the argument shows that an open subspace of a uniformly locally contractible space 


is uniformly locally contractible.] 


EXAMPLE (A Spaces) Every A space is locally contractible. In fact, if X is a nonempty A 
space, then V « € X, Uz is contractible, thus X has a basis of contractible open sets, so X is locally 


contractible. But an A space need not be uniformly locally contractible. Consider, e.g., X = {a,b,c,d}, 


c<a c<b 
where ‘ : 
d<a d<b 


FACT Let X be a perfectly normal paracompact Hausdorff space. Suppose that X admits a 
covering by open sets U, each of which is uniformly locally contractible—then X is uniformly locally 
contractible. 


[Use the domino principle.] 


When is X uniformly locally contractible? A sufficient condition is that the inclusion 
Ax > XxX beacofibration. Proof: Fix a Strom structure (¢, ®) on the pair (X x X, Ax), 
put U = ¢~1((0,1[) and define H : IU + X by 


1(®((x, y), 2t 0<t<1/2 
Ee) = Re ected , 


FACT Suppose that X is a perfectly normal Hausdorff space with a perfectly normal square—then 
X is uniformly locally contractible iff the diagonal embedding X > X x X is a cofibration. 


[Use Proposition 10, noting that Ax is a zero set.] 


Application: If X is a CW complex or a metrizable topological manifold, then the diagonal embedding 
X > X x X is a cofibration. 


FACT Let A be a closed subspace of a metrizable space X such that the inclusion A > X is a 
cofibration. Suppose that A and X — A are uniformly locally contractible—then X is uniformly locally 
contractible. 

[Show that the inclusion Ax — X x X is a cofibration by applying the result on p. 3-10 to the triple 
(X x X,Ax,A x A).] 
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PROPOSITION 11 Suppose that A C X admits a halo U such that the inclusion 
Ay — U x U is a cofibration. Assume that the inclusion A > X is a cofibration—then 
the inclusion A, — A x A is a cofibration. 
ee hed 


[Consider the commutative diagram i) | . The vertical arrows are 
U —+ UxU 
Au 


cofibrations, as is Ay. That Ay is a cofibration is therefore implied by Proposition 9.] 


PROPOSITION 12 Let X be a Hausdorff space and suppose that the inclusion Ax — 
X x X is acofibration. Let f : X > [0,1] be a continuous function such that A = f~1(0) 
is a retract of f—+({0, 1[)—then the inclusion A > X is a closed cofibration. 

[Write r for the retraction f—'({0,1[) > A, fix a Strom structure (¢,®) on the pair 
(X x X,Ax), and let H : IU — X be as above. Define df : X — [0,1] by ¢f(x) = 
max{ f(x), (x, r(z))} (f(z) < 1) & d(x) = 1 (f(e@) = 1)—then ¢; (0) = A. Put 
Hy(x,t) = H((x,r(x)),t) to obtain a homotopy Hy : To," ((0, 1[) > X of the inclusion 
7 (0, 1[) > Xrel A such that Hy o in (b> ([0, 1[)) C A. Finish by citing Proposition 10.] 


Application: Let X be a Hausdorff space and suppose that the inclusion Ax + X x X 
is a cofibration. Let e € C(X,X) be idempotent: e oe = e—then the inclusion e(X) > X 
is a closed cofibration. 

[Define f : X — [0,1] by f(x) = (2, e(x)).] 


So, if X is a Hausdorff space and if the inclusion Ax — X x X is acofibration, then for 
any retract A of X, the inclusion A > X is a closed cofibration. In particular: V ro € X, 
the inclusion {2% 9} + X is a closed cofibration, which, as seen above, is a condition realized 
by every CW complex or metrizable topological manifold. 

[Note: Let X be the Cantor set—then V 29 € X, the inclusion {%9} — X is closed 


but not a cofibration.| 


FACT Let X be in A-CG and suppose that the inclusion Ax — X x, X is a cofibration—then 
for any retract A of X, the inclusion A > X is a closed cofibration. 
[Rework Proposition 12, noting that for any continuous function f : X — X, the function X > 


X x, X defined by x > (x, f(x)) is continuous. ] 


Aw xX 
LEMMA Suppose that the inclusions { ; , are closed cofibrations and that X is a closed 
A’ > xX 
f:AvY 
subspace of X’ with A = XM A’. Let be continuous functions. Assume that the dia- 
fi: A a3 Y' 
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xX %<-~- A —> Y 


gram | | | commutes and that the vertical arrows are cofibrations—then the induced 
xX’ <— A’ —> Y' 
map X Us Y + X’Up Y’ is a cofibration and (XU; Y)NY'=Y. 
XusY —> PZ 
[Consider a commutative diagram | | Po. To construct a filler H’ for this, 
X'’Ups Y' — Z 
Y —> XuypyY > PZ 


work first with | | P0 to get an arrow G: Y’ > PZ. Next, look at 
Yo —> Xue Y'’ —> ZC 
f F! 


/ 
Atv S,pz 

X XU; VY PZ 
But the inclusion X U A’ > X’ is a cofibration (cf. Proposition 8), so the commutative diagram 


T 
Oe  —— as 5 4 


. Since equality obtains on A= XNA’, 4 G’E C(X UA’, PZ): G'|A' =Go f". 


Po 
| | admits a filler H : X'’ + PZ which agrees with Go f’ on A’ 
X! ——> X'U,, Y' ——— 
f F! 


and therefore determines H’: X’ Us, Y' + PZ] 


FACT Let A—X be a closed cofibration and let f : A + Y be a continuous function. Suppose 


xX Ax > xX Xk xX 7 . ; 
that are in A-CG and that the inclusions are cofibrations—then the inclusion 
Y Ay ~Y xp Y 
Az — ZX, Z is a cofibration, Z the adjunction space X Lif Y. 


. AxpADXxX,pAUAX,X ‘ 
[There are closed cofibrations . Precompose these arrows with the 
YxpY AOZXEYUY XZ 


diagonal embeddings, form the commutative diagram 


f 


xXx. A ———_ YY 


| | [3 


X Xp X ——— X Xp AUA Xp X —PZxX,pYUY XZ 


and apply the lemma.] 
[Note: Proposition 7 remains in force if the product in TOP is replaced by the product in A-CG. 


Take U = X in Proposition 11 to see that the inclusion A4 > A x, A is a cofibration.] 


Application: Let X and Y be CW complexes. Let A be a subcomplex of X and let f: A Y bea 


continuous function—then the inclusion Az > 4 x, Z is a cofibration, Z the adjunction space X Ly Y. 
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Ax 7X xX : : : 
[The inclusions are cofibrations (cf. p. 3-14), thus the same is true of the inclu- 
Ay ~YxyY 


Ax 7X Xk x . . , 
sions (cf. p. 3-8). Z itself need not be a CW complex but, in view of the skeletal 


Ay > Y xz, Y 
approximation theorem, Z at least has the homotopy type of a CW complex.] 


FACT Let A > X be a closed cofibration and let f : A + Y be a continuous function. Suppose 
xX 

that { are uniformly locally contractible perfectly normal Hausdorff spaces with perfectly normal 
Y 


squares—then X Liz Y is uniformly locally contractible provided that its square is perfectly normal. 
f 


Note: A priori, X U¢ Y is a perfectly normal Hausdorff space (cf. ADs). 
f 


A pointed space (X,2o) is said to be wellpointed if the inclusion {ro} > X is a 
cofibration. ILX is the full subgroupoid of ILX whose objects are the x9 € X such that 
(X, 2) is wellpointed. Example: Let X be a CW complex or a metrizable topological 
manifold—then V 29 € X, (X,2o) is wellpointed (cf. p. 3-15). 

[Note: Take X = [0,Q], x9 = Q—then (X, 20) is not wellpointed.| 


The full subcategory of HTOP. whose objects are the wellpointed spaces is not isomorphism closed, 
i.e., if (X, 20) & (Y, yo) in HTOP., then it can happen that the inclusion {x9} — X is a cofibration but 


the inclusion {yo} > Y is not a cofibration (cf. p. 3-8). 
EXAMPLE Let X be a topological manifold—then V xo € X, (X, x0) is wellpointed. 


FACT Let K be a compact Hausdorff space. Suppose that (X, 20) is wellpointed—then V ko € K, 
C(K, ko; X, x0) is wellpointed (compact open topology). 
[Note: The base point in C(K,ko; X,zo0) is the constant map K > z0.] 


Given topological spaces the base point functor ILX x ITY — SET sends 


X 
VY 2 
an object (20, yo) to the set [X,20;Y,yo]. To describe its behavior on morphisms, let 


eee and suppose that both (X,29) and (X,21) are wellpointed. Let o € PX : 
0,91 


a=) £70) = Yo . a: 
ee =a & let 7 € PY: ee =a then the pair (0,7) determines a bijection 


lo, T]# : [X,203;Y, yo] > [X,21;Y,yi] that depends only on the path classes of 2 in 


ILX 
TY ~ 
H(a1,t) = o(1—t), and put e = Hoi. Take an f € C(X,20;Y,yo) and define a 


continuous function F : ipX UI{xa,} > X x Y by ee aie 


Here is the procedure. Fix a homotopy H : 1X — X such that H 0% = idx, 
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ipX UI{a1} +> XxY 
diagram | |» commutes, where G(x,t) = H(2,1— +). To con- 
IX Pa xX 
struct a filler Hy : IX + X x Y, let gq: X x Y — Y be the projection, choose 
a retraction r : IX — igoX UI{ai} and set Ay(x,t) = (G(a,t),qF(r(ax,t))). Write 
fe = 9° Hp ot, € C(X,21;Y,y1). Definition: [o,7]4[f] = [fy]. The fundamen- 
tal group 7(Y,yo) thus operates to the left on [X,20;Y,yo] : ([7],[f]) - [oo. Tlel/], 
oo the constant path in X at x. If f, g © C(X,20;Y, yo), then f ~ g in TOP iff 
J [r] € m1(Y, yo) : [oo, T1#Lf] = [g]. Therefore the forgetful function LX, xo; Y, yo] > [X, Y] 
passes to the quotient to define an injection 7(Y, yo)\|X, 20; Y, yo] > [X, Y] which, when 


Y is path connected, is a bijection. The forgetful function [X, x0; Y, yo] > [X, Y] is one-to- 


one iff the action of 71(Y, yo) on [X, 20; Y, yo] is trivial. Changing Y to Z by a homotopy 


equivalence in TOP : ae) leads to an arrow [X,20;Y, yo] > [X,20;Z, Zo]. It isa 
0 0 


bijection. 


FACT Suppose that X and Y are path connected. Let f € C(X,Y) and assume that V x € X, fx : 
m1(X,x2) > 71(Y, f(x)) is surjective—then V x € X, fx : mn(X,x) > tn(Y, f(x)) is injective (surjective) 
iff f. :([S", X] — [S”, Y] is injective (surjective). 


LEMMA Suppose that the inclusion i: A > X is a cofibration. Let f € C(X, X): 
fot=i& f ~idx—then dg €C(X,X):goi=ikgof ~idxrelA. 

[Let H: IX —+ X be a homotopy with H oig = f and H oi; = idx; let G: 1X > X 
be a homotopy with G oig = idx and Goli= Holi. Define F: 1X > X by F(a,t) = 


G(f(x),1—2t) (0<t<1/2 
a | ee ees 
G(a,1—2t(1—T 0<t<1/2 
m0.) =| te nd) -7)) U/rct<t) 


to get a homotopy k : [7A > X with Foli = koig. Choose a homotopy K : I?7X + X such 
that F = K oip and Kol?i=k. Write Kir) : X — X for the function « > K((z,t),T). 
Obviously, Koo) ~ Ko,1) ~ K(1,1) & K 1,0), all homotopies being rel A. Set g = Go %1— 
then go f = Fo %g9 = Kg) is homotopic rel A to K(1,9) = F041 = idx.| 


1: AZDX 
JZ: AvY 
g~oi=z7. Assume that ¢ is a homotopy equivalence—then ¢ is a homotopy equivalence in 
A\TOP. 


PROPOSITION 13 Suppose that { are cofibrations. Let ¢ € C(X,Y) : 
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[Since j is a cofibration, there exists a homotopy inverse w : Y — X for ¢ with 
woj =i, thus, from the lemma, 5 wy’ € C(X,X): Wot =i & Wi owode idx reli(A). 
This says that ¢’ = w’ ow is a homotopy left inverse for ¢ under A. Repeat the argument 


with ¢ replaced by ¢’ to conclude that ¢’ has a homotopy left inverse ¢’’ under A, hence 
that ¢’ is a homotopy equivalence in A\'TOP or still, that ¢ is a homotopy equivalence in 
A\TOP.| 


Application: Suppose that ree are wellpointed. Let f € C(X, 20; Y, yo)—then 
» JO 


f is a homotopy equivalence in TOP iff f is a homotopy equivalence in TOP,. 


FACT Suppose that (X,xo) is wellpointed. Let f € C(X,Y) be inessential—then f is homotopic 
in TOP. to the function x > f(x). 


Ae 
LEMMA Suppose given a commutative diagram | |e in which . are 
BMH Y 


J 


p 


~ 
homotopy ha: 1A — A between ¢’ 0 ¢@ and id4—then there exists a homotopy inverse 7’ 


for ~ with 10d’ = 7’ oj anda homotopy Hx : IX — X between 7’ oy and idx such that 
_ Jf t(ha(a,2t)) (0<t< 1/2) 
H(i) = {i (1/2<t<1) 

[Fix some 7’ with io ¢’ = y' oj (possible, 7 being a cofibration). Put h =iohg,: 
hoig =tOhg0%t9 =~tofiod=wWojodG=ypoypots>iaH: IX > X such 
that ~'oy = Hoig and Holi=h. Put f= Hoi, : foiziohgoty =ik& 
fr Hoipg = ode idy > AGE C(X,X): goi=ikgof = idxreli(A). Let 
G:IX — X bea homotopy between go f and idx reli(A). Define Hx : 1X — X by 

_ J g( H(a, 2t)) (0<t< 1/2) 
Heal) ‘oe 2S 1) ae 1) 
and Hx oli =ioh',, where h’,(a,t) = ha(a, min{2t, 1}) is a homotopy between ¢'o ¢ and 


cofibrations and are homotopy equivalences. Fix a homotopy inverse ¢’ for ¢ and a 


: Hx isa homotopy between go 7)’ ow and idx 


id4. Make the substitution 7’ — go 7’ to complete the proof.| 


A! es. Ke 
PROPOSITION 14 Suppose given a commutative diagram $| |e in which 
15 ioe: eae 
j 


: are cofibrations and { p are homotopy equivalences—then (¢, ~) is a homotopy equiv- 


7 
alence in TOP(-—). 
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[The lemma implies that (¢’, 7’) is a homotopy left inverse for (¢, w) in TOP(—).] 


(x3 Y 
EXAMPLE Let f be objects in TOP(-—). Write [f, f’] for the set of homotopy 
px 
classes of maps in TOP(-—>) from f to f’. Question: Is it true that if { te 7 ; (in TOP), then [f, f’] = 
i= 9 


[g9,9']? The answer is “no”. Let f = g be the constant map S! > (1,0); let f’ : S! — D? be the inclusion 
and let g’ : S! -+ D? be the constant map at (1,0)—then [f, f’] 4 [g,g’]. 


a a? 
PROPOSITION 15 Let | | be a commutative ladder con- 

yO —» yr —> 
necting two expanding sequences of topological spaces. Assume: V n, the inclusions 
XP = xt 
ba oe a 
equivalences—then the induced map @%° : X°° + Y°° is a homotopy equivalence. 


are cofibrations and the vertical arrows $6” : X”" — Y” are homotopy 


[Using the lemma, inductively construct a homotopy left inverse for ¢°.] 


FACT Let X° Cc X! C --: be an expanding sequence of topological spaces. Assume: V n, the 
inclusion X” > X"+! ig a cofibration and that X” is a strong deformation retract of X"+!—then X° is 
a strong deformation retract of X°°. 

[Bearing in mind Proposition 5, recall first that the inclusion X° > X© is a cofibration (cf. p. 3-5). 

x2 Se ES 
Consider the commutative ladder | | to see that the inclusion X° + X@© is also 
Ae a ae 


a homotopy equivalence. ] 


FACT Let X9 Cc X! C --- be an expanding sequence of topological spaces. Assume: V n, the 


inclusion X” + X"+! is a cofibration and inessential—then X© is contractible. 
EXAMPLE Take X” = S”—then X©° = S@ is contractible. 


Let f : X — Y be a continuous function—then the mapping cylinder My of f is 


re 2 
defined by the pushout square io | | . Special case: The mapping cylinder of 
IX — M; 


X + »* is TX, the cone of X (in particular, PS"~' = D", so TO = x). There is a 
closed embedding 7 : Y — My, a homotopy H : IX — Mg, and a unique continuous 
function r: My - Y such that roj = idy andro H = fop (p: IX > X). One has 
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jor ~ idy,relj(Y). The composition H o i; is a closed embedding 7 : X — My and 


(oo moss 


Suppose that X is a subspace of Y and that f : X — Y is the inclusion—then there is a continuous 
bijection My — io YUIX. In general, this bijection is not a homeomorphism (consider X =]0, 1], Y = [0, 1]) 


but will be if X is closed or f is a cofibration. 
LEMMA j is a closed cofibration and j(Y) is a strong deformation retract of Mf. 


LEMMA _ iis a closed cofibration. 


[Define F : X UX > YUX by F = f Uidx and form the pushout square 


xux “4 yux 


a | in | —then IX Up (Y IX) can be identified with My, i be- 


IX — IXuUp(YUX) 
coming the composite of the closed cofibrations X > Y UX > IX Ur (Y 1 X).] 


It is a corollary that the embedding z of X into its cone ['-X is a closed cofibration. 


EXAMPLE The mapping telescope is the functor tel: FIL(TOP) > FILSP defined on an object 
(X,f) by tel(X,f) = [[1Xn/-~, where (n,1) ~ (fn(%n),0), and on a morphism ¢ : (X,f) > (Y¥,g) by 
n 


tel b([xn,t]) = [on(xn), t]. Let tel, (X, f) be the image of ( ial 1x1) [| toXn, so teln (X, f) is obtained 
k<n-1 
from Xp, via iterated application of the mapping cylinder construction. The embedding teln(X,f) > 


teln4i(X, f) is a closed cofibration and tel(X,f) = colimtel,(X,f). There is a homotopy equivalence 


teln (X, f) > Xn, viz. the assignment [x,t] > (fn—1°---° fe) (zp) (0 << k < n—-1), [xn, 0] > an and the 
teln(X,f) 3 teln41(X,f) 


diagram | | commutes. Consequently, if all the fp, are cofibrations, then it 


Xn —_ Xnt+1 
follows from Proposition 15 that the induced map tel(X, f) > colim Xp, is a homotopy equivalence. 


[Note: Up to homeomorphism, the telescope construction is an instance of the above procedure. ] 


PROPOSITION 16 Every morphism in TOP can be written as the composite of a 


closed cofibration and a homotopy equivalence. 


PROPOSITION 17 Let f :X — Y bea continuous function—then f is a homotopy 
equivalence iff i(X) is a strong deformation retract of My. 
[Note that f is a homotopy equivalence iff i is a homotopy equivalence and quote 


Proposition 5.] 
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Let f : X — Y be a continuous function—then the mapping cone C’y of f is defined 


pe Bay 
by the pushout square il ) . Special case: The mapping cone of X —> x is UX, 
TX — Cy 


the suspension of X (in particular, US"~' = 8", so u@ = S°). There is a closed cofibration 
jy: Y — Cy and an arrow Cy — XX. By construction, j o f is inessential and for any 
g:Y — Z with go f inessential, there exists a @: Cy + Z such that g = go7. 


[Note: The mapping cone sequence associated with f is given by X Ly 2% Cy > 
UX + “LY + UC u?X + .--- . Taking into account the suspension isomorphism 
H,(X) mS Hy41(=X), there is an exact sequence 


>=) Hy(X) 3 HY) > Hy (Cy) 4 Byai(X) So ByalY) oe] 


The mapping cylinder and the mapping cone can be viewed as functors TOP(—) — TOP. With 
this interpretation, 7, 7, and r are natural transformations. 

[Note: Owing to ADa, these functors restrict to functors HAUS(—) ~ HAUS. Consequently, if X 
and Y are in CGH, then for any continuous function f : X + Y, both My and Cy remain in CGH. On 


the other hand, stability relative to CG or A-CG is automatic. ] 


f:X 73 Y 


are homotopic—then in HTOP?, (My, i(X)) & (My, i(X)), 
g:x 3~Y 


FACT Suppose that { 
and in HTOP, Cy & Cg. 


FACT Let f € C(X,Y). Suppose that 6: X' — X (~: Y > Y’) is a homotopy equivalence— 
then the arrow (Mfog,1(X")) > (Myx, i(X)) (Mz, (X)) > (Myo, i(X))) is a homotopy equivalence (in 


TOP?) and the arrow Crog > Cp (Cf 4 Cyor) is a homotopy equivalence (in TOP). 


EXAMPLE The suspension ©X of X is the union of two closed subspaces [I~ X and I'+X, each 
homeomorphic to the cone TX of X, with I~ XNI+X = X (identify the section i; /2X with X). Therefore 
x — rtx 
uX is numerably contractible. The commutative diagram | | is a pushout square and 
T7~xX — XxX 
TTX 3 UX 
the inclusions are closed cofibrations. 
[tx > DX 
FACT Let f: X — Y bea continuous function. Suppose that Y is numerably contractible—then 


Cy is numerably contractible. 


3-23 


[The image of X x [0,1[ in Cy is contractible. On the other hand, the image of X x]0,1] IY in Cy 
has the same homotopy type as Y, hence is numerably contractible (cf. p. 3-13).] 

[Note: Y and M 7 have the same homotopy type, so Y numerably contractible = My numerably 
contractible (cf. p. 3-13).] 


Let X vi Z-4Y be a 2-source—then the double mapping cylinder My, of f,g is de- 
Fig =e XY 
fined by the pushout square 4, | és | . The homotopy type of My, de- 


LA Se Mg 
pends only on the homotopy classes of f and g and My,, is homeomorphic to Mg +. 


There are closed cofibrations oy _ me : and an arrow My, — UZ. The diagram 
Ge ee Ue os <Y, 

f | i is homotopy commutative and if the diagram f | lr is ho- 
xX =i My ig xX a WwW 


motopy commutative, then there exists a @¢: My, + W such that { . 7 3 . Example: 


The double mapping cylinder of X — X x Y + Y is X *Y, the join of X and Y. 

[Note: The mapping cylinder and the mapping cone are instances of the double map- 
ping cylinder (homeomorphic models arise from the parameter reversal t > 1 — t). Con- 
Zi. = OM, 


ZX [0, 1/2] leads to a pushout square hh | a 


sideration of ie x [1/2, 1] 


Mp 3 Mio 


EXAMPLE (The Mapping Telescope) _ tel(X, f) can be identified with the double mapping cylin- 


der of the 2-source ial Xan < ial Xn al X2n+1. Here, the left hand arrow is defined by ran > ran 
n>0 n>0 n>0 
& tan41 > fon4i(£2n41) and the right hand arrow is defined by ran41 > ®an41 & Lon > fan(xan). 


7. Se 
Every 2-source X & ZY determines a pushout square f | 7 and there 
xX ee to 


€ofop 
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PROPOSITION 18 If f is acofibration, then ¢ : My, — P isa homotopy equivalence 
in Y\TOP. 
[The arrow My > IX admits a left inverse 1X > My.] 


Application: Suppose that f : X — Y is a cofibration—then the projection Cy > 
Y/f(X) is a homotopy equivalence. 
[Note: If in addition X is contractible, then the embedding Y > Cy is a homotopy 


equivalence. Therefore in this case the projection Y - Y/f(X) is a homotopy equivalence. ] 


EXAMPLE Let A bea nonempty finite subset of S” (n > 1)—then S”/A has the homotopy type 
of the wedge of S” with (#(A) — 1) circles. 


[The inclusion A + S” is a cofibration (cf. Proposition 8).] 


f 
Consider the 2-sources aac mien , where the arrow A > X is a closed cofibration. 
X¢+A>Y 


Assume that f ~ g—then Proposition 18 implies that X Us Y and X Li, Y have the same 
homotopy type rel Y. Corollary: If f’: A > Y’ is a continuous function and if 6: Y > Y’ 
is a homotopy equivalence such that do f ~ f’, then there is a homotopy equivalence 
®:XUsY¥ 4X Uy Y' with 6|Y =. 


FACT Suppose that A > X is a closed cofibration. Let f : A — Y be a homotopy equivalence— 


then the arrow X + X Uy Y is a homotopy equivalence. 


Denote by |A,id|rop the comma category corresponding to the diagonal functor A : TOP —> 
TOP x TOP and the identity functor id on TOP x TOP. So, an object in |A,id|top is a 2-source 


a ee ee 


x ‘s Z4Y anda morphism of 2-sources is a commutative diagram | | {| . The 


XxX! é hs s y! 
ff g 
double mapping cylinder is a functor |A, id|/rop — TOP. It has a right adjoint TOP > |A, id|top, viz. 


the functor that sends X to the 2-source X 22 PX *4.Xx. 


XxX <¢ Z > Y 
FACT Let | | | be a commutative diagram in which the vertical arrows 
xX!’ ¢ Z' > yY! 
i g 


are homotopy equivalences—then the arrow My,, + Mr 4, is a homotopy equivalence. 
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a> xX ; f:A-Y . 
Application: Suppose that are closed cofibrations. Let be continuous 
A!’ + Xx’ f':A’ayY’ 
xX i— A asta Y 
functions. Assume that the diagram | | | commutes and that the vertical arrows 


Xx’ <— Al’ —> Y' 


are homotopy equivalences—then the induced map X Uy Y — X "ul fl Y’ is a homotopy equivalence. 


ANBOUA 


ANBB 
are cofibrations. Assume: A and B are contractible—then the arrow 4(AN B) > X is a homotopy 


A 
EXAMPLE Suppose that X = AU B, where { are closed and the inclusions { 
B 


equivalence. 


SEGAL-STASHEFF CONSTRUCTION Let X be a topological space. Fix a covering U = 
{U; : i € I} of X. Equip I with a well ordering < and put I[n] = {[7] = (t0,...,in) : t0 < +++ < in}. 
Every strictly increasing a € Mor([m], [n]) defines a map I[n] > I[m]. Set Ujg = Uig N---U;i,, and form 


U([n]) = [] Uj,, a coproduct in TOP. Give U([n]) x A” the product topology and call BU the quotient 
T[n] 
[[U([n]) x A"/~, the equivalence relation being generated by writing ((z,[i]), A¢t) ~ ((x, a[i]),t). Let 


n 
BU”) be the image of [| U([m]) x A™ in BU, so BU = colim BU). The commutative diagram 
m<n 


al Ui] x A” — Buir-) 


“| | 


[Ua x4” — Bue 

I[n] 
is a pushout square in TOP and the vertical arrows are closed cofibrations. There is a projection pz : 
BU — X induced by the arrows Uj; x A” > Ugg, i-e., ((x,[i]),t) 4 2. Moreover, py is a homotopy 
equivalence provided that U/ is numerable. Indeed, any partition of unity {«; :7€ I} on X subordinate 
to U determines a continuous function sy: X — BU (since V x, #{i € I: x € spt ns} < w). Obviously, 


pu sy =idx and sy o py can be connected to the identity on BU via a linear homotopy. 


xX 
FACT Let { be topological spaces and let f : X — Y be a continuous function. Suppose that 
Y 


— 


YV={V;:7€ I} 
map f[i : Uj) + Vig is a homotopy equivalence—then f is a homotopy equivalence. 


xX 
are numerable coverings of such that Vi: f(U;) C V;. Assume: V [7], the induced 
Y 


F 
Bu —>_ BY 
[There is an arrow F' : BU > BY and a commutative diagram ru | [Pv . Due to the 
xX a Y 


numerability of U and VY, py and py are homotopy equivalences. Claim: V n, the restriction FO) ; 
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Bu™ — BY) is a homotopy equivalence. This is clear if n = 0. For n > 0, consider the commutative 
diagram 

Ua x4" — J] Ux Ar > Bue) 

[Ma x4" — []Vaq x Ae =e!) Bye) 

I[n] I[n] 
By induction, F("-) is a homotopy equivalence, thus F(”) is too. Proposition 15 then implies that 


F : BU - BY is a homotopy equivalence, so the same is true of f.] 


Let u,v: X — Y be a pair of continuous functions—then the mapping torus T),,, of 
XIX = » Y 
u,v is defined by the pushout square in i a ° | . There is a closed cofibration 
IX S$° Digs 
g:Y — Ty. From the definitions, jou jov and for any g: Y > Z with gouxgoy, 
there exists a @: Ty, — Z such that g = go j. 
[Note: If u =v = idx, then T,,,, is the product X x s'] 


EXAMPLE (The Scorpion) Let 7:8” — D” be the restriction of the canonical map R”+! > 
R”; let p: D” — D”/S"—! = S” be the projection. Put f = po —then f : S” - 8” is inessential. 
The scorpion S”*! is the quotient of JS” with respect to the relations (#,0) ~ (f(a), 1), ie., S"+! is the 
mapping torus of x > f(x) & « > x (4 € 8”). One may also describe S”*! as the quotient D’+1!/x, 
where « ~ p(2x) (a € (1/2)D”). Fix a point xo € (1/2)S"~1, let Lo be the line segment from xo to 
p(2a0), and let Co be the circle Lp/~—then the inclusion Cg — S"+1 is a homotopy equivalence, thus 


S"+! is a homotopy circle. The dunce hat D"*+! is the quotient S”+!/Co. It is contractible. 


The formalities in TOP, run parallel to those in TOP, thus a detailed account of the 


pointed theory is unnecessary. Of course, there is an important difference between TOP 


and TOP,: TOP, has a zero object but TOP does not. Consequently, if { oe are 
» YO 


in TOP,,., then [X, 20; Y, yo] is a pointed set with distinguished element [0], the pointed 
homotopy class of the zero morphism, i.e., of the constant map X — yo. Functions f € [0] 
are said to be nullhomotopic: f ~ 0. 

[Note: The forgetful functor TOP, — TOP has a left adjoint TOP — TOP, that 
sends the space X to the pointed space X, = X IL x.] 

The computation of pushouts in TOP, is expedited by noting that a pushout in 
TOP of a 2-source in TOP, is a pushout in TOP,. Examples: (1) The pushout 
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* — (Y,y0) 
square | | defines the wedge X V Y; (2) The pushout square 
(X,%o9) —> XVY 
XVY —> * 
| | defines the smash product X#Y. 
XxY —> X#Y 
[Note: Base points are suppressed if there is no need to display them.] 


’ ’ eee {to} + X ' 
The wedge is the coproduct in TOP.. If both of the inclusions are cofibrations and if 


yop > ¥ 
at least one is closed, then the embedding X V Y + X x Y is a cofibration (cf. Proposition 7) and X V Y 


is wellpointed (cf. Proposition 9). 
(X, x0) 


FACT Suppose that { are in TOP.,—then V n > 1, there is a split short exact sequence 
Y, YO 


0 - tmn41 (X X YX VY) 9 tm (X VY) 9 tm (X xX Y) 5 0. 


Griffithst proved that if (X,a9) is a path connected pointed Hausdorff space which is both first 
countable and locally simply connected at xo, then for any path connected pointed Hausdorff space (Y, yo), 
the arrow 71(X,x0) * 71(Y, yo) > 71((X, x0) V (Y, yo)) is an isomorphism. 

[Note: X is locally simply connected at xo provided that for any neighborhood U of xo there exists 
a neighborhood V C U of xo such that the induced homomorphism 71(V, 20) > 71(U, xo) is trivial.] 

Eda? has constructed an example of a path connected CRH space X which is locally simply connected 
at xo with the property that 71(X,20) = 1 but 71((X,20) V (X,x20)) #1. Moral: The hypothesis of first 


countability cannot be dropped. 


EXAMPLE (The Hawaiian Earring) Let X be the subspace of R? consisting of the union of 
the circles Xn, where X,, has center (1/n,0) and radius 1/n (n > 1). Take xo = (0,0)—then X is first 
countable at x9, X is not locally simply connected at xo, the inclusion {rq} — X is not a cofibration, 
and the arrow 71(X, 20) * 71(X,20) > 71((X,x0) V (X,x0)) is injective but not surjective. Denote now 
by Xo the result of assigning to X the final topology determined by the inclusions X, > X. Xo is a CW 


complex. Take zo = (0,0)—then Xo is not first countable at 29, Xo is locally simply connected at xo, the 


+ Quart. J. Math. 5 (1954), 175-190. 


* Proc. Amer. Math. Soc. 109 (1990), 237-241; see also Morgan-Morrison, Proc. London Math. Soc. 
53 (1986), 562-576. 


3-28 


inclusion {ro} + Xo is a cofibration, and the arrow 71(Xo0, x0) * 71(Xo0, 20) > 71((Xo0, 20) V (Xo, x0)) is 


an isomorphism (Van Kampen). 


FACT Given a wellpointed space (X,xo0), suppose that X = AUB, where 79 € AN Band ANB 
ANB+A : { AaX 


ANB-B Box 
then the arrow A V B > X is a pointed homotopy equivalence. 


ago = XO 


is contractible. Assume: The inclusions { are cofibrations. Take { 


bo = Xo 


The smash product # is a functor TOP, x TOP, — TOP,. It respects homotopies, thus the 


pointed homotopy type of X#Y depends only on the pointed homotopy types of X and Y. If both of the 


. {to} 4+ X ; , ; ; 

inclusions are cofibrations and if at least one is closed, then X#Y is wellpointed. 
{yo} +Y 

[Note: Suppose that Y is a pointed LCH space—then it is clear that the functor —#Y : TOP, > 


TOP. has aright adjoint Z > ZY which passes to HTOP. : [X#Y, Z] & [X,Z*], Z* the set of pointed 
continuous functions from Y to Z equipped with the compact open topology. One can say more: In fact, 
Cagliari has shown that for any pointed Y, the functor —#Y has aright adjoint in TOP. iff the functor 
— xY has a right adjoint in TOP, i.e., iff Y is core compact (cf. p. 2-2).] 
(#1) X#Y is homeomorphic to Y#X. 
(#2) (X#Y)#Z is homeomorphic to X#(Y#Z) if both X and Z are LCH spaces or if two of 
X,Y,Z are compact Hausdorff. 
[Note: The smash product need not be associative (consider (Q#Q)#Z and Q#(Q#Z)).] 
(#3) (X V Y)#Z is homeomorphic to (X#Z) V (Y#Z). 
(#24) U(X * Y) is homeomorphic to UX#XY if X and Y are compact Hausdorff. 
[Note: The suspension can be viewed as a functor TOP —+ TOP,. This is because the suspension 
is the result of collapsing to a point the embedded image of a space in its cone. Example: S™~! S$"! = 
gmtnol <5 Greet gmt | 


All the homeomorphisms figuring in the foregoing are natural and preserve the base points. 


LEMMA _ The smash product of two pointed Hausdorff spaces is Hausdorff. 


XVY — * 
The pushout square | | defines the smash product X#,;Y in CG, A-CG, or 


XXEY —> X#RY 


CGH. It is associative and distributes over the wedge. 
[Note: With #, as the multiplication and S° as the unit, CG., A-CG., and CGH. are closed 


categories. | 


+ Proc. Amer. Math. Soc. 124 (1996), 1265-1269. 
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The pointed cylinder functor J: TOP, — TOP. is the functor that sends (X, x) 
to the quotient X x [0,1]/{x%o} x [0,1], ie., [(X, 20) = IX/I{xo}. Variant: Let I, = 
(0, 1] HW *—then I(X,2o) is the smash product X#J,. The pointed path space functor 
P : TOP, — TOP. is the functor that sends (X,20) to C([0,1],X) (compact open 
topology), the base point for the latter being the constant path [0,1] > xo. As in the 
unpointed situation, (J, P) is an adjoint pair. 

Using I and P, one can define the notion of pointed cofibration. Since all maps and 
homotopies must respect the base points, an arrow A — X in TOP, may be a pointed 
cofibration without being a cofibration. For example, V x9 € X, the arrow ({20}, 20) > 
(X, 20) is a pointed cofibration but in general the inclusion {x9} + X is not a cofibration. 
On the other hand, an arrow A > X in TOP, which is a cofibration, when considered as an 
arrow in TOP, is necessarily a pointed cofibration. Pointed cofibrations are embeddings. 
Ifao € AC X and if {xo} is closed in X, then the inclusion A > X is a pointed cofibration 
iff ioX ULIA/I {xo} is a retract of I[(X,2o). Observe that for this it is not necessary that 
A itself be closed. 

Let (X,A,2%9) be a pointed pair—then a Strgm structure on (X,A,2o0) consists of 
a continuous function ¢ : X — [0,1] such that A Cc #~1(0), a continuous function w : 
X — [0,1] such that {ro} = 7~1(0), and a homotopy ®: 1X — X of idx rel A such that 
®(x,t) € A whenever min{t, w(x)} > g(x). 

[Note: ® is therefore a pointed homotopy.] 


POINTED COFIBRATION CHARACTERIZATION THEOREM Let zp) € AC X 
and suppose that {xo} is a zero set in X—then the inclusion A > X is a pointed cofibration 
iff the pointed pair (X, A, xo) admits a Strom structure. 

[Necessity: Fix ~ € C(X,[0,1]) : {xo} = W71(0) and let X @ 1X 4[0,1] be the 
projections. Put Y = {(a#,t) € ipX UIA: t < v(x)}. Define a continuous function 
f:ipX UIA Y by f(a,t) = (a, min{t, Y(x)}) and let F : LX — Y be some continuous 
extension of f. Consider ¢(#) = sup | min{t, ¢(x)}— qF (a, t)|, (x,t) = pF (a,t). 

Sufficiency: Given a Strom eae (¢,~,®) on (X,A,2%), define a retraction r : 
I(X, 20) > igpX UTA/T {x9} by 


edie (®(e, t),0) (tH(2) < Hc) | 
D>} (@(2x,t),t— H(e)/V(w)) (tle) > ¢ 


{xo} 7A 
{xo} +> X 
are closed cofibrations and that the inclusion A > X is a pointed cofibration—then the 


pair (X,2o9) has a Strom structure (f, fF) for which F(IA) C A. 


LEMMA Let (X, A, 2%) be a pointed pair. Suppose that the inclusions { 
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[Fix a Strom structure (fx, Fx) on (X,xo). Choose a Strom structure (¢,~, ®) on 
(X, A,xo) such that @ < w = fx. Fix a Strom structure (f4,F4) on (A,2o). Extend 
the pointed homotopy io F4 : IA > A+X toa pointed homotopy F : IX > X with 
F oig = idx. Put 


FS { (1— o(x)/¥(2)) fa(®(w,1)) + 4(x) (4(@) < Ha) | 
v(z) (d(x) = 4(a)) 


Then f € C(X,[0,1]), f/A = fa, and F (0) = {xo}. Consider f(z) = min{1, f(x) + 
fx(Peid))}, 


F r,t if x t 
AG) = { a ee — f(z) ‘ 


PROPOSITION 19 Let (X,A,20) be a pointed pair. Suppose that the inclusions 

{ {xo} +A 
{xo} 3X 
pointed cofibration. 


are closed cofibrations—then the inclusion A > X is a cofibration iff it is a 


[To establish the nontrivial assertion, take (f, F) as in the lemma and choose a Strom 
structure (¢,~,®) on (X,A,2o) with ¢ < ~ = f. Define a Strom structure (¢,®) on 
(X, A) by d(2) = d(2)— 9(z) + sup H(G(,)), 


®(x,t) = F(O(z,t), min{t, d(x)/h(x)}) (x 20) 
and ®(2xo,t) = x0.| 


So, under conditions commonly occurring in practice, the pointed and unpointed 


notions of cofibration are equivalent. 


Let X 2 Z4Y bea pointed 2-source—then there is an embedding M,., + My and 
the quotient My,,/M,.. is the pointed double mapping cylinder of f,g. Here, M..,. is the 
double mapping cylinder of the 2-source * < * — *, which, being « x [0, 1], is contractible. 
Thus if X, Y, and Z are wellpointed, then My,,/M,., is wellpointed and the projection 
My .g > Mp,g/Ms,« is a homotopy equivalence (cf. p. 3-24). 

[Note: The pointed mapping torus of a pair u,v : X — Y of pointed continuous 


functions is T,,./Ts,., where T,. is * x S| which is not contractible. | 


Iza <— wUz — xzollyo 


The commutative diagram | | | leads to an induced map of pushouts 


$70 Gaye ee eye 
ay fug 
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x 
Iz — My,g which we claim is a cofibration. Thus, since are wellpointed, the arrow x9 Uyp — X UY 
Y 
is a cofibration. On the other hand, the pushout of the 2-source Iz < zo U zo — ZZ can be identified 
with i9 ZUIz9 Ui1Z (even though zo is not assumed to be closed) and the inclusion i9 Z UIz9 Ui1Z > IZ 
is a cofibration (cf. p. 3-6). The claim is then seen to be a consequence of the proof of Proposition 4 in §12 


(which depends only on the fact that cofibrations are pushout stable (cf. Proposition 2)). Consideration of 
Izo —_ * 


the pushout square | | now implies that My ,/Mx,« is wellpointed. Finally, one can 


M¥,g ? M f,g/Mx,« 


view My, itself as a wellpointed space (take [zo, 1/2] as the base point). The projection My, + My 4/Mx,x 
is therefore a homotopy equivalence between wellpointed spaces, hence is actually a pointed homotopy 


equivalence (cf. p. 3-19). 


In particular: There are pointed versions [X and =X of the cone and suspension of 
a pointed space X. Each is a quotient of its unpointed counterpart (and has the same 
homotopy type if X is wellpointed). “X is a cogroup object in HTOP,,. In terms of the 
smash product, 1X = X#[0,1] (0 the base point of [0,1]) and UX = X#S" ((1,0) the 
base point of S'). Example: T(X v Y) = TX vIY and 4(X VY) = NX VEY. The 
mapping space functor 0 : TOP, — TOP, is the functor that sends (X, 29) to the sub- 
space of C((0, 1], X) consisting of those o such that o(0) = zo and the loop space functor 
Q : TOP, — TOP, is the functor that sends (X,20) to the subspace of C([0, 1], X) 
consisting of those o such that o(0) = x9 = o(1), the base point in either case being the 
constant path [0,1] > ap. QX is a group object in HTOP,,.. ([', 9) and (%, Q) are adjoint 
pairs. Both drop to HTOP, : [X,Y] = [X, OY] and [DX,Y] & [X, QY]. 

[Note: If X is wellpointed, then so are OX and QX.] 

OX —> Ox 
The mapping space ©X is contractible and there is a pullback square i {pa in TOP, 


{xo} —_ x 
hence in TOP.. 


EXAMPLE (The Moore Loop Space) Given a pointed space (X,x0), let QasX be the set of all 
pairs (0,r7¢) : 0 € C((0,rc],X) (0 < ro < co) and o(0) = ro = o(ra). Attach to each (o,r¢) € Qu X 
the function a(t) = o(min{t,ro}) on R5 9—then the assignment (0,r¢) — (G,ro) injects Qy,X into 


C(Rs0,X) xX Ryo. Equip 217X with the induced topology from the product (compact open topology on 
a(t) (0<t<1ro) 


tT(t—1ro) (To <t<1Trto) 
where rr4+¢g = 17 +71o, the unit thus being (0,0) (0 > xo). Since “+” is continuous, Qa,X is a monoid in 


C(R50,X)). Define an associative multiplication on Q yy, X by writing (rT+o)(t) = { 
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TOP, the Moore loop space of X, and Qy is a functor TOP; —~ MON-op. The inclusion OX > Oy X 
is an embedding (but it is not a pointed map). 

Claim: Q.X is a deformation retract of Qj, X. 

[Consider the homotopy H : IO17.X — QyX defined as follows. The domain of H((c,r),t) is the 
interval [0, (1 —t)ro + ¢] and there 


Tro ) 
H((o,rc),t)(T) = 6 | ——————_ 
ee (<a 
if rg > 0, otherwise H((0,0),¢)(T) = zo.] 
One can also introduce Oy, X, the Moore mapping space of X. Like OX, Oy, X is contractible and 


evaluation at the free end defines a Hurewicz fibration O,;,X — X whose fiber over the base point is 


QMX. 
Let f : X — Y bea pointed continuous function, Cy its pointed mapping cone. 


LEMMA If f is a pointed cofibration, then the projection Cy + Y/f(X) is a pointed 


homotopy equivalence. 


In general, there is a pointed cofibration 7 : Y — Cy and an arrow Cs > XX. Iterate 
C7 Cj 


to get a pointed cofibration j’ : Cy — C;—then the triangle | commutes and 
ox 


by the lemma, the vertical arrow is a pointed homotopy equivalence. Iterate again to get 
C; —— Cj 


a pointed cofibration j” : C; — Cj:—then the triangle \ commutes and by the 
NY 


lemma, the vertical arrow is a pointed homotopy equivalence. Example: Given pointed 
xX ae 

spaces { vy? let X#Y be the pointed mapping cone of the inclusion f : X VY > X x Y— 

then in HTOP,, C; » U(X VY) and Cj U(X x Y). 


Let f : X — Y be a pointed continuous function—then the pointed mapping cone 


sequence associated with f is given by X ne ee Cy > UX > XY > Cy @ WAX Seeks 
Example: When f = 0, this sequence becomes XA S¥ Vex 3 Bx Sy 
BY VEX SAX Sas, 


ae aed 
[Note: If the diagram | | commutes in HTOP, and if the vertical arrows 
AP > 


f! 
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are pointed homotopy equivalences, then the pointed mapping cone sequences of f and 
f’ are connected by a commutative ladder in HTOP,, all of whose vertical arrows are 


pointed homotopy equivalences. ] 


REPLICATION THEOREM Let f : X — Y bea pointed continuous function—then 


for any pointed space Z, there is an exact sequence 
--+—» [ZY, Z] > [ZX, Z] > [C, Z] - [Y, Z] > [X, Z] 


in SET,,. 
[Note: A sequence of pointed sets and pointed functions (X, xo) By Yo) AZ Zo) is 
said to be exact in SET, if the range of ¢ is equal to the kernel of @.] 


EXAMPLE Let f:X -—Y bea pointed continuous function, Z a pointed space. Given pointed 
; a(x, 2t) (0<t< 1/2) 
continuous functions a: UX > Z, ¢: Cy > Z, write (a- ¢)[z,t] = (a € X) 
be, 2-1) (1/2<t<V) 
& (a- d)(y) = o(y) (y € Y)—then this prescription defines a left action of [5X,Z] on [Cy, Z] and the 


orbits are the fibers of the arrow [Cy, Z] — [Y, Z]. 


FACT Given a pointed continuous function f : X — Y and a pointed space Z, put fz = f#idz— 


then there is a commutative ladder 


X#Z —> Y#Z —> Cy, —> WX#Z) — DY#Z) — 


ial ial i i i 


X#Z —> Y#Z —> Of#Z —> UOX#Z —> YZ — 


in HTOP,,, all of whose vertical arrows are pointed homotopy equivalences. 


b: Cr#Z > Cry ' 
[Show that there are mutually inverse pointed homotopy equivalences for which 
wp: Cry => Cs EZ 
the triangles 


Cr#Z Cr#Z 
ve we 
Y#Z |e Y#Z le 
Cry Cry 


commute. ] 


Given a pointed space (X, xo), let X be the mapping cylinder of the inclusion {x9} > 
X and denote by # the image of rp under the embedding i : {rg} > X—then (X, £0) 
is wellpointed and {%o} is closed in X (cf. p. 3-21). The embedding j : X + X isa 
closed cofibration (cf. p. 3-21). It is not a pointed map but the retraction r : KS5C5s 
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both a pointed map and a homotopy equivalence. We shall term (X, xo) nondegenerate if 
r:X3Xisa pointed homotopy equivalence. 

[Note: Consider X V [0,1], where x) = 0—then X is homeomorphic to X V [0, 1] with 
to + 1] 


X, x0 
FACT Suppose that { ( are nondegenerate. Assume: { are numerably contractible— 
Y, yo 0% 
then X V Y and X#Y are numerably contractible. 
: (X, x0) : : {xo } Gx : 
[To discuss X#Y, take wellpointed with closed. The mapping cone of 
Y, yo) {yo} CY 


the inclusion X V Y > X x Y is numerably contractible (cf. p. 3-22) and has the homotopy type of 
Xx Y/X VY = X#Y, which is therefore numerably contractible.] 


(X, x0) 


(Y, yo) 

mapping cone Cy is numerably contractible provided that Y is numerably contractible. 
Vid 

xvioy 2S yvioy 


FACT Suppose that { are nondegenerate. Let f € C(X,20;Y,yo)—then the pointed 


[Consider the commutative diagram i} | . By hypothesis, the vertical 
x 7 Y 
arrows are pointed homotopy equivalences, so Cyiq and Cy have the same pointed homotopy type. Look 


at the unpointed mapping cone of f V id.] 
Application: The pointed suspension of any nondegenerate space is numerably contractible. 


A pointed space (X, 20) is said to satisfy Puppe’s condition provided that there exists 
a halo U of {xo} in X and a homotopy ®: IU > X of the inclusion U > X rel {x} such 
that ® 07,(U) = {xo}. Every wellpointed space satisfies Puppe’s condition. 


LEMMA Let (X,A,20) be a pointed pair. Suppose that there exists a pointed 
homotopy H : 1X — X of idx such that Hoi,(A) = {xo} and Hoi,(A) C A (0 < t < 1)— 
then the projection X — X/A is a pointed homotopy equivalence. 


PROPOSITION 20 Let (X,20) be a pointed space—then (X, 29) is nondegenerate 
iff it satisfies Puppe’s condition. 

(Necessity: Let p: X — X bea pointed homotopy inverse for r. Fix a homotopy 
H: IX > X of idx rel{xo} such that Hoi; =rop. Put U = p—'({xo}x]0, 1])—then 
U is a halo of {x9} in X with haloing function 7 the composite X 4 Kook X/X = [0,1]. 
Consider ® = H|IU. 
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O(x,2t) (EX CX) (0<t<1/2) 


1 (€[0,11c%) Gje<t<1y £4? 


'(x,t) = { 


Define a pointed homotopy H : Pex by 


x 


(H 0 %|X)(x) = ee c 


and 
T 0<t<1/2 
(oul) = {Fg _me—ay eee | 


The lemma implies that r : xs X/(0, 1] = X is a pointed homotopy equivalence. | 


EXAMPLE Take X = [0,1]*(« > w) and let xo = 0,, the “origin” in X—then (X,20) is not 


wellpointed (cf. p. 3-8) but is nondegenerate. 


FACT A pointed space (X,x0) is nondegenerate iff it has the same pointed homotopy type as 
Viv 
(X, x0). 


Application: Nondegeneracy is a pointed homotopy type invariant. 
[Note: Compare this with the remark on p. 3-17.] 


X, x0) 


FACT Suppose that { ( are nondegenerate. Let f € C(X,x0; Y, yo)—then f is a homotopy 


(Y, yo) 
equivalence in TOP iff f is a homotopy equivalence in TOP... 


EXAMPLE (The Moore Loop Space) Suppose that the pointed space X is nondegenerate—then 
QX and Qy,X are nondegenerate. Since the retraction of Qj, X onto QX is not only a homotopy equiva- 
lence in TOP but a pointed map as well, it follows that OX and Qy,,X have the same pointed homotopy 


type. 


PROPOSITION 21 Let (X,29) be a pointed space—then (X, 2) is wellpointed and 
{xo} is closed in X iff (X,xo) is nondegenerate and {zo} is a zero set in X. 


[This is a consequence of Propositions 10 and 20.] 


As noted above, nondegeneracy is a pointed homotopy type invariant. It is also a 
relatively stable property: X nondegenerate > [X, UX,OX,QX nondegenerate and X,Y 
nondegenerate > X x Y,X VY, X#Y nondegenerate. 
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v 
: voy : {Zo} 4 
To illustrate, consider X#Y. In HTOP., X#Y ~ X#Y, and since y v are closed cofi- 
{yo} +Y 
vov 
brations, X#Y is wellpointed (cf. p. 3-28), hence a fortiori, nondegenerate. Thus the same is true of 


X#Y. 


Given pointed spaces (X1,21),-..,(Xn,@n), write X,;A---AX,, for the subspace 
({v1} x X_q x -+-x X,)U---U (Xk +++ & Xy_1 X {2n}) 


of X, x --- x X, and let X,#---#X, be the quotient X, x --- x X;,/X1A---AXy. 


PROPOSITION 22 Let X,Y, Z be nondegenerate—then (X#Y)#Z and X#(Y#Z) 
have the same pointed homotopy type. 

[There is a pointed 2-source (X#Y)#Z «+ X#Y#Z — X#(Y#Z) arising from 
the identity. Both arrows are continuous bijections and it will be enough to show that 
they are pointed homotopy equivalences. For this purpose, consider instead the pointed 


2-source (X#Y)#Z & X#VHZ => X#(Y#Z) and, to be specific, work on the left, call- 
u:X+X je 
Ue fee a (o|¥)y) =y 


—then uxvxidz induces a pointed function ~ : (X#Y)#Z > 


ing the arrow ¢. Define pointed continuous functions 
(ul[0, 1])(t) = max{0, 2t — 1} 
(v0, 1)) (¢) = max{0, 2t— 1} 


XHYV#Z, To check that ~ is continuous, introduce closed subspaces ‘a 


of A are represented by pairs (x, y), where 7 > 1/2 (y € Y) ory >1/2 (rE X), and points 
LEX x<1/2 (yeY) 
yeY y< 1/2 (2 €X) 


& y < 1/2. Since the projection (X#Y) Nee (X#Y)#Z is closed, the images 
Z 


of XHY: Points 


of B are represented by pairs (x,y), where or « < 1/2 


of ee in (X#Y)#Z are closed and their union fills out (X#Y)#Z. The continu- 


ity of w is a consequence of the continuity of ~|Az and 7|Bz (Bz is homeomorphic 
to B x Z/B x {%} and B x Z is closed in both (X#Y) x Zand Xx Y x Z). To see 


p 


that are mutually inverse pointed homotopy equivalences, define pointed homotopies 


eee tenets =a oe = {9 sl aaa 
G:IY ~Y (Goi, |Yja)=y (G o i, |[0, 1])(T) fe 

G combine with idz to define a pointed homotopy on XxYx Zwhich (i) induces a pointed 
homotopy on X#YH#Z between the identity and yo ¢ and (ii) induces a pointed homotopy 
on (X#Y) #Z between the identity and ¢o w.] 


Application: If X and Y are nondegenerate, then in HTOP,, S(X#Y) % UX#Y & 
X#NY. 
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[Note: Nondegeneracy is not actually necessary for the truth of this conclusion (cf. p. 
3-33). 


Within the class of nondegenerate spaces, associativity of the smash product is natural, i.e., if f : 


X > X',g:Y ~Y',h: ZZ’ are pointed continuous functions, then the diagram 


(X#Y)#Z —> X#(Y#Z) 
(fHo)#h| |r#co#m 
(HY) #Z > X'#(Y'#Z') 


commutes in HTOP.,. 
[Note: The horizontal arrows are the pointed homotopy equivalences figuring in the proof of Propo- 


sition 22.] 


PROPOSITION 23 Suppose that X and Y are nondegenerate—then the projection 
X#Y > X#Y is a pointed homotopy equivalence. 
X#Y —> X#Y 
[Consider the commutative diagram i | . The upper horizontal ar- 
X#Y —> X#Y 
row and the two vertical arrows are pointed homotopy equivalences, thus so is the lower 


horizontal arrow. | 


: , the pointed mapping cone sequence associated with the 
inclusion f : X VY > X xY reads: KVV ARV =4 X#Y 3 U(XVY) 3 Y(XxY) > 


Given pointed spaces { 


LEMMA The arrow F : X#Y > 0(X VY) is nullhomotopic. 
[There is a pointed injection X#Y + T(X x Y). It is continuous (but not necessarily 


: : _ : _ fj Fle, yo, t] = [x,t] € UX 
an embedding). Write U(X V Y) = UX V XY to realize F : Ve y th= lp ereey 


UX =UX/{[2,t]: 2 € X,t < 1/2} 


—then the arrows 
SY =EY /{ly,t):y €Y, ¢> 1/2} ‘ 


F\x,y, 1] = *, the base point. Put { 


EX Sox : ‘ : 
are pointed homotopy equivalences, hence the same holds for their wedge: 


“MY > LY 
= [x,t] (¢ = 1/2) ; 
UX VNY > UX VXUY. The assignment [z, y,t] > defines a pointed 
[y, ¢] (t < 1/2) 


continuous function '(X x Y) 4 NX VEY. The composite X#Y 3 T(XxY) > EXVXY 
is equal to the composite KHY Sx v>YY > YX VY. But the first composite is 
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nullhomotopic. Therefore the second composite is nullhomotopic and this implies that 
Fro] 


PUPPE FORMULA Suppose that X and Y are nondegenerate—then in HTOP,, 
U(X x Y) SUX VUY Vv U(X#Y). 

[The third term of the pointed mapping cone sequence of 0: X#Y > X(X VY) 
is D(X VY) V U(X#Y), so from the lemma, Cr ~ ¥(X VY) Vv X(X#Y). Using now 

Key =) 3c 
the notation of p. 3-32, there is a commutative triangle BY, | in which the 
w(x VY) 

vertical arrow is a pointed homotopy equivalence, thus Cy *% Cp or still, U(X x Y) = 
U(X VY) VE(X#Y) © UX VEY VU(X#Y) (cf. Proposition 23).] 


Thanks to Proposition 22, this result can be iterated. Let Xj,...,X, be nondegener- 
ate—then ©(X 1 x---x X,) has the same pointed homotopy type as \/ }( # Xj), where N 
Nien 


runs over the nonempty subsets of {1,...,n}. Example: »(s™ Xr xX gkn) ae vs”, SV 
N 


a sphere of dimension 1+ 5° kj. 
iEN 


xX 
EXAMPLE (Whitehead Products) Let { be nondegenerate—then for any pointed space EF, 
Y 


there is a short exact sequence of groups 
0 [S(X#Y), FE] > [SCX x Y), FE] — [S(X VY), E] > 0. 


Here, composition is written additively even though the groups involved may not be abelian. This data 


af: a € (EX, E] .; 
generates a pairing [~X, EF] x [SY, E] — [S(X#Y), E]. Take and use the embeddings 


6 € (BY, E] 

[=X, E] oe 

—> [=(X x Y), E] to form the commutator a+ 8—a-—f in [X(X x Y), E]. Because it lies in the 

YY, E 
kernel of the homomorphism [=(X x Y), E] > [=(X VY), E], by exactness there exists a unique element 
la, B] € [2(X#Y), E] with image a+ 6—a-— 8. [a, ZB] is called the Whitehead product of a, @. [a, 8] and 
[8,a] are connected by the relation [a, 6] + [8,a]o UT = 0, where T: X#Y > Y#X is the interchange. 
Of course, [a, 0] = [0,8] = 0. In general, [a, 8] = 0 if E is an H space (since then [H(X x Y), E] is abelian), 


hence, always S[a, 8] = 0 (look at the arrow E — QUE). There are left actions 


ee x [E(X#Y), BE] > [E(X#Y), FE] ae sa-€=a+f-a 
(8,4) > BE =P+E—P 


(abuse of notation). 
[HY, E] x [S(X#Y), E] — [S(X#Y), E] 


One has ae =a: [a’, 6] ae [a, 6] 
[a, B + 6") = [a, 6] +8 . [a, B"] 


commutative (as would be the case, e.g., when { 


ox 
These relations simplify if the cogroup objects { are 
bY 


X= =X! x! 
, for nondegenerate , ). Indeed, under this 
Y 
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a: [a’, 8] — [a’, | ie ital 
assumption, [X(X#Y), E] is abelian. Therefore the must vanish (“being commuta- 


B : [a, B’] = [a, B"] 
+ - ae 5) ly - 
tors”), implying that { es P= GELS ye . The Whitehead product also satisfies a form of the 
[a, B +B’) = [a, 2] Tv [a, B"] 


Jacobi identity. Precisely: Suppose given nondegenerate X,Y,Z whose associated cogroup objects UX, 


“Y, UZ are commutative—then 


(lo, 81,7] or [8,7], e] oho + ly, a], 6] o-r=0 


oO: X#Y#Z AO YHEZHX a . . 
in the group [U(X #Y #Z), E], where (cf. Proposition 22). The verification 
7: X#VH#Z > ZHXH#Y 


is a matter of manipulating commutator identities. ] 


A graded Lie algebra over a commutative ring R with unit is a graded R-module L = B Ly together 
n>0 
with bilinear pairings [ , ]: Ln x Lm — Lnim such that [x,y] = (—1)l*ll¥l+1[y, 2] and 


1) Pll [ealez) (=D) lfys2l el (ep 2,2), 0) = 0. 


L is said to be connected if [9 = 0. Example: Let A = B An be a graded R-algebra. For x € An, 
n>0 
y € Am, put [x,y] = xy — (—1)!*!l¥ly2—then with this definition of the bracket, A is a graded Lie algebra 


over R. 
[Note: As usual, an absolute value sign stands for the degree of a homogenous element in a graded 


R-module.] 


a E Ty (X 
EXAMPLE Let X be a path connected topological space. Given { n{X) , the Whitehead 
BE Tm(X) 
product [a, 8] € mn4m—1(X). One has [a, B] = (—1)"™t"t™[B, a]. Moreover, if y € m,-(X), then 


elas Bla) yer eel (egal) = 0: 


Assume now that X is simply connected. Consider the graded Z-module 7(QX) = @ m(QX). Since 
n>0 
Tn41(X) = m(QX), the Whitehead product determines a bilinear pairing [ , ] : tmm(QX) x tm(QX) > 


Tn+m(QX) with respect to which 7.(QX) acquires the structure of a connected graded Lie algebra over 


Z. 


FACT Suppose that X is simply connected—then the Hurewicz homomorphism 74 (QX) > Hy (OX) 
is a morphism of graded Lie algebras, i.e., preserves the brackets. 

[Note: Recall that H.(QX) is a graded Z-algebra (Pontryagin product), hence can be regarded as a 
graded Lie algebra over Z.] 


A pair (X, A) is said to be n-connected (n > 1) if each path component of X meets A 
and m4(X, A, vo) =0 (1 < q < n) for all xo € A or, equivalently, if every map (D%, sil) > 
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(X, A) is homotopic relS4~' to a map D? > A (0 
then V 26,26 € A, Mm(X,A,26) © Mn(X, A, 25) (n 
n-connected; (2) (B"*', B"*' — {0}) is n-connected. 

[Note: Take A = {xo}—then mg(X, {x0}, 20) = 1q(X, 20), so X is n-connected (n > 1) 
provided that X is path connected and m,(X) = 0 (1 <q <n). Example: S”** is n- 


q <n). If A is path connected, 


< 
> 1). Examples: (1) (D"*',S”) is 


connected. ] 


EXAMPLE If X is n-connected and Y is m-connected, then X *«Y is ((n+1)+(m-+1))-connected. 


[Note: If X is path connected and Y is nonempty but arbitrary, then X « Y is 1-connected.] 


x 
EXAMPLE Suppose that { are nondegenerate and X is n-connected and Y is m-connected— 
Y 


then X#Y is (n +m + 1)-connected. 
FACT Let f :S" — A beacontinuous function. Put X = D"t!U; A—then (X, A) is n-connected. 


EXAMPLE The pair (S” x S™,S" Vv S™) is n + m — 1 connected. 


ae are subspaces of X with 
X2 


X = int X; U int Xo. Assume: { - : 1 { ee 
Tq(X1, X1NX2) 9 Wq(X1UXe2, Xe) induced by the inclusion (X1,.X19X2) > (X1UXe2, X2) 
is bijective for 1 <q <n+m and surjective for g=n+m. 

[This is dealt with at the end of the $.] 


HOMOTOPY EXCISION THEOREM Suppose that { 


—then the arrow 


LEMMA Let X be a strong deformation retract of Y and let A C X be a strong 
deformation retract of BC Y—then V n > 1, m(X, A) & mn(Y, B). 


[Use the exact sequence for a pair and the five lemma.| 


be closed subspaces of X with X = AUB. Put C = AN 


; : : CoA : (A,C) . J n-connected 
B. Assume: The inclusions cate are cofibrations and Neo is 8 


then the arrow m,(A,C) — mq(X,B) is bijective for 1 < q < n+™m and surjective for 


A 
PROPOSITION 24 Let B 


qHn+m. 

int X; DX -iB 
int X9 a= ip A 
M(A,C) & ™4(X1, IC) (X1, IC) 
Tq(B,C) & Tq(X 2, IC) { (Xo, IC) 


ee : X1=ip AUIC Je ae 
[Set X = ig AUICUIB, {¥ _~ICUnB 2X 1NXe2 = 1C and { 


X = int X; U intX>. From the lemma, { 


{ HecORUE EEG. thus the homotopy excision theorem is applicable to the triple (X, X1, X2). 


m-connected ’ 
are cofibrations, 77 AUIC is a strong deformation retract 


— 
B he inclusi 
ecause the inclusions { C3 B 
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of TA and ICU i, B is a strong deformation retract of IB (cf. p. 3-6). Therefore X is a 
strong deformation retract of [AU IB = 1X, so m4(X, X2) © m(1X, IB) © 14(X, B).] 


LEMMA Let f : (X, A) > (Y, B) be a homotopy equivalence in TOP?—then V ao € 
A and any q > 1, the induced map f, : t¢(X, A, 0) > 74(Y, B, f(xo)) is bijective. 


PROPOSITION 25 Let A be a nonempty closed subspace of X. Assume: The inclu- 
sion A — X is a cofibration and A is n-connected, (X, A) is m-connected—then the arrow 
Mqg(X, A) > 1q(X/A, *) is bijective for 1 < q<n-+m and surjective for g=n+m-+1. 

[Denote by C; the unpointed mapping cone of the inclusion i: A — X. There are 


ae and C; = TAUX, with TANX = A. Since the pair (I'A, A) 


is (n+ 1)-connected, it follows from Proposition 24 that the arrow mg(X, A) > m4(Ci, PA) 


closed cofibrations 


is bijective for 1 < q < n+mand surjective for g = n+m-+1. But TA is contractible, hence 
the projection (C;, 1A) > (C;/T'A, *) is a homotopy equivalence in TOP? (cf. Proposition 
14). Taking into account the lemma, it remains only to observe that X/A can be identified 
with C;/TA.] 


FREUDENTHAL SUSPENSION THEOREM Suppose that X is nondegenerate and 
n-connnected—then the suspension homomorphism mg(X) > 7q+41(2X) is bijective for 
0 <q < 2n and surjective for g = 2n+ 1. 

[Take X wellpointed with a closed base point and, for the moment, work with its 
unpointed suspension ©X. Using the notation of p. 3-22, write VX = [7X UPtx— 
then V q,%q(X) © mg(T7X OTTX) & mqgi(T~X,P7-X OTtX). On the other hand, 
Proposition 25 implies that the arrow mj41([7 X,T7 XNT*X) > m441(2X) is a bijection 
for 1 <q+1< 2n+1 and a surjection for ¢g+1 = 2n +2. Moreover, X is wellpointed, 


therefore its pointed and unpointed suspensions have the same homotopy type.| 
[Note: This result is true if X is merely path connected, i.e., n = 0 is admissible 


(inspect the proof of Proposition 25).] 


Application: Suppose that n > 1—then (i) mg(S") = 0 (0 < q < n); (ii) m4(S") & 
Tqr1(S"**") (0 <q < 2n— 2); (iii) 1,(S") & Z. 

[As regards the last point, note that in the sequence 71(S') > m2(S”) > 73(S*) > ---, 
the first homomorphism is an epimorphism, the others are isomorphisms, and 71 (S') oat be 
12(S”) = Z (a piece of the exact sequence associated with the Hopf map S? > S? is 
m9(S°) > m2(S*) > m(S') > 71(S9)).] 
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The infinite cyclic group 7,(S") is generated by [tn], tn the identity S" > 8S”. Form 
the Whitehead product [tn,¢n] © t2,.-1(S”)—then the kernel of the suspension homomor- 
phism 7n—1(S”") + Ton(S"T") is generated by [tn,¢n] (Whitehead'). 


The proof of the homotopy excision theorem is elementary but complicated. This is the downside. 
The upside is that the highpowered approaches are cluttered with unnecessary assumptions, hence do not 
go as far. 


xX 
OPEN HOMOTOPY EXCISION THEOREM Suppose that { : are open subspaces of X 
X2 


—then the arrow 74(X1,X1M X2) 9 


. (X1,X19Xe2) . n-connected 
with X = X; UX». Assume: is 


(Xo, X20 X1) m-connected 
1q(X1 U X2, X2) induced by the inclusion (X1,X1M X2) > (X1 U Xe, X2) is bijective for 1 <q<n+m 


and surjective for gq =n-+m. 


[Note: Goodwillie? has extended the open homotopy excision theorem to “(N + 1)-ads”.] 


Admit the open homotopy excision theorem. 


K 
CW HOMOTOPY EXCISION THEOREM Suppose that { : are subcomplexes of a CW 
Ke 
(k1,K10 Ke) . { n-connected 
is 


(Ko, Ko K1) m-connected 
K2) > 1q(K1 U Ko, K2) induced by the inclusion (K1, K1 9 K2) > (K1 U Ko, K2) is bijective for 1 <q < 


complex K with K = K,UK 2. Assume: { —then the arrow 7q(K1, Kin 


n-+m and surjective for g=n-+m. 


U ky 
[Fix a neighborhood { of Ki Ke in { such that kK, 9 Ke is a strong deformation retract 
4 Ko 


U ki =KkiuUV : U=ON ki O 7 Ki = Pu 
of and put . Write , where are open in K—then 
4 V=POKe2 P Ki = Ou 


(K — Ke Ky . . ki &V ( KG 
, hence are open in K and K = Kj U K$. Since are closed in , the 
(K-— Ky K} Ky &U K} 
Vv Ba, : ki, 
homotopy deforming into K; M Ke can be extended to all of , in the obvious way, so is 
U K3 Ke 


va 
U 

: . On the other hand, Ki nN. KS =UUV and is closed in UUV, 
V 


2 
thus the union of the deforming homotopies is continuous and kK; Ka is a strong deformation retract 


(Ki,K, 9K) | { n-connected 
is 

(KS, K50 K}) m-connected 

applicable to the triple (K, K}, K4). Consider the commutative triangle 


a strong deformation retract of 


of Ki 1 Ks. Therefore { and the open homotopy excision theorem is 


+ Elements of Homotopy Theory, Springer Verlag (1978), 549. 
* Memoirs Amer. Math. Soc. 431 (1990), 1-317. 


3-43 


1q(K1, K1 1 K2) ———> 1q(Kj, Ki 0 K3) 
a 


Tq(K1 U Ko, K2) 


The CW homotopy excision theorem implies the homotopy excision theorem. For choose a CW 

resolution L + X1M X2. There exist: (1) A CW complex K, D L and a CW resolution fi : Ki > X1 
ki — Xi 

such that the square T T commutes; (2) A CW complex Ka D Land aCW resolution fo : 


(K1,L) _ { n-connected 
Ky — Xo such that the square i) T commutes. Note that is 


(Ko, L) m-connected - 


L — X2NX 
L — Ko 
Define a CW complex K by the pushout square | | :K = K,U Ke & L = Ki, Kg—then 


ky —_. K 
1 ki = fi 
there is an arrow f : K — X determined by { f , viz. f f . 
fe 
LEMMA ff is a weak homotopy equivalence. 
ae ; U, = K —i1K2 Ui —— = 
[Set K = inki UILU UK: = —then are open in K and K = Uj, UU2. 
Ug = K — in Ki U2 
Let Dp: K > K be the restriction of the projection p: IK > K and denote by f the composite f oD: 
ee CX ee 
and < _ 


es & waleel NM U2 are weak homotopy equivalences. But by assumption X = 
f(U2) C Xe 


U2 
kino Kk 


Ko > K 
are closed cofibrations (cf. p. 3-13), hence K is a strong deformation retract of JK. Consequently, D is a 


int X; Uint X2. Therefore f is a weak homotopy equivalence (cf. p. 4-52). The inclusions { 


homotopy equivalence, so f is a weak homotopy equivalence. ] 


The CW homotopy excision theorem is applicable to the triple (K, Ki, Ko). Examination of the 


commutative square 


Tq(K1,K1N Ko) —> 1q(K1 U Ko, Ko) 


i i 


Tq(X1,X1 NX2) — Tq(X1 U Xo, X2) 


thus justifies the claim. Accordingly, it is the open homotopy excision theorem which is the heart of the 


matter. 
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Given a p-dimensional cube C' in R# (q > 1,0 < p < q), denote by skg C its d-dimensional skeleton, 
i.e., the set of its d-dimensional faces. Put C= Uskp—1 C—then the inclusion C > C is aclosed cofibration. 
Analytically, C' is specified by a point (c1,...,¢q) € R%, a positive number 6, and a subset P of {1,...,q} 
of cardinality p: C is the set of x € R% such that c; < 2; <c; +6 (i € P) & x; =c; (i ¢ P). Here, if P = 9G, 
Kqg(C) = {xe C:ai<at 5 for at least d indices i € P} 
then C = {(c1,...,¢q)}. For 1 <d <q, let 5 . 
Lg(C) ={x#e€C:a,>Qt+ 5 for at least d indices 7 € P} 
Ka(C) = 6 


When d > p, it is understood that : 
La(C)=9 


COMPRESSION LEMMA Fix a p-dimensional cube C in R4 (q > 1,1 < p < q), a positive 
integer d < p, and a pair (X, A). Suppose that f : C — X is a continuous function such that V D € skp_1 C, 
f71(A)N DC Kq(D) (Lq(D))—then there exists a continuous function g : C + X with f ~ grelC and 
g~\(A) C Ka(C) (La(C)). 

[Take p = q, C = [0,1]%, and put xo = (1/4,..., 1/4). Given an x € [0, 1]?, let £(xo, x) be the ray that 
starts at xo and passes through x. Denote by P(x) the intersection of £(a9, 2) with the frontier of [0, 1/2]?, 
Q(x) the intersection of £(29,x) with the frontier of [0,1]%. Let ¢ : [0,1]% — [0,1]% be the continuous 
function that sends the line segment joining P(x) and Q(x) to the point Q(x) and maps the line segment 
joining x9 and P(z) linearly onto the line segment joining xo and Q(x). Note that @ ~ idjo 1j¢ rel fr [0, 1]?. 
Now set g = fod. Assume: x € g~!(A). Case 1: 2; < 1/2 (Vi) > & € Kg([0,1]%) C Ka((0, 1]%). 
Case 2: 2; > 1/2 (4 i) > g(a) € fr[0, 1]? > g(x) € D (A DE skg_1 [0,1]2) > O(a) € Kg(D) > 1/2 > 
@(x)y = 1/44 t(a; — 1/4) for at least d indices i > 1/2 > (a); > x; (¢ > 1) for at least d indices 
i=> a € Kaq([0,1]%).] 


[Note: The parenthetical assertion is analogous. | 


Notation» Put Ff =" [0,1]¢, 19 =f [0,1]¢, 72°) = 19"? & {O}\(¢ > 1ye 1 = {0} @ = 4), 
fi So KITE ed ol) BS gS so i Sey and Sar ne 
then for any pointed pair (X,A,2x0), tq(X,A,20) = [14,19, J9-1; X, A, zo]. 

[Note: A continuous function f : (17,17, J9-!) > (X,A,20) represents 0 in mg(X, A, xo) iff there 


exists a continuous function g : 1% > A such that f ~ grelI4.] 


There are two steps in the proof of the open homotopy excision theorem: (1) Surjectivity in the range 
1<q<n+m; (2) Injectivity in the range 1 < q <n-+™m. The argument in either situation is founded 
on the same iterative principle. 

Starting with surjectivity, let a € mq(X1 U X2,X2,20), x9 € X1M X2 the ambient base point. 
Represent a by an f : (12,19, J4~-!) > (X1 U X2,X2,x09). It will be shown below that J F € a: 
pro(F-1(X — X1)) N pro(F-!(X — X2)) = 0, pro: IY + 197! the projection. Granted this, choose a 
continuous function ¢ : IY~! > [0,1] which is 1 on pro(F~!(X — X1)) and 0 on 197! Upro(F7!(X — X2)). 
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Define ® : I? 4 I4 by ®(a1,...,4¢) = (#1,.-.,€q-1,t + (1 — t)aq), where t = (a1,...,@q-1), and 
put g = F o ®—then g: (14,19, JI-1) > (X1,X1M Xe,x0) is a continuous function whose class 6 € 
Tq(X1,X1M X2, x0) is sent to a@ under the inclusion. 

There remains the task of producing F. Since {f—!(X1), f—!(X2)} is an open covering of I%, one 
can subdivide I? into a collection C of g-dimensional cubes C' such that either f(C) C X1 or f(C) C Xo. 


Enumerate the elements in skg C(C € C,d =0,1,...,¢q):D=4{D}. In D, distinguish two subcollections 
om had ise sd Dees 7 f(Dg) Z X1 


u 
{Dy :t=1,...,8} : f(Di) CX1 f(Di) Z Xe 
(uw) There exist continuous functions wo = f, up: 14 > X (k =1,...,r) such that Vk: up & 


, arranging the indexing so that dim D; < dim Dj+1. 


, a4 : Ho(D) CX 
Ho (as a map of triples), uw, °(X2— X10 X2)N Dj C Kn41(Dj) (§ <k), andV DED: 
Ho(D) C X2 
HR(D) C X1 oF des : : 
or wo(D) C X1N Xo => pp(D) C X1N Xe. This is seen via induction on k, wo = f being 
Hy(D) C Xa 


the initial step. Assume that 4z_1 has been constructed. 

Claim: 3 a homotopy hy : 1D, 3 X2rel Dz such that hy oig = pp—1|Dpz and (hy 0 i1)71(X2—XiN 
X2) C Kn41(Dz). 

[Case 1: dim D, = 0. Here, Kn4i1(Dz) = @ and the point pzp—1(Dz) € Xe can be joined by a 
path in X2 to some point of X1 MX. Case 2: 0 < dimD, < n+ 1. Here, Kn41(Dz) = 0 and the 
induction hypothesis forces the containment pp—1(D,) C X1 A Xe, hence pp_1|D_ represents an element 


of mq, (Xo, X19 X2) = 0 (d, = dim Dz). Case 3: dim Dy > n+ 1. Apply the compression lemma.] 
k 
k-1 
Extend hz to a homotopy Hy : 1% x I + X of pe_irel U{D: f(D) C Xi} U U Dj; such that 


j=l 


Tr 
U Hy,(ID;) C X2. Complete the induction by taking uy, = Hy © it. 
j=k+1 
(v) There exist continuous functions v9 = ur, 4:11 > X (L=1,...,8) such that Vl: my ~& 
yo(D) C X41 


vorel U{D: f(D) C Xo}, v7 (X1— X19 X2)ND; C Lm4i(Dj) (GG <1), andV DED: { (D) CX 
0) 2 


oe CX 


or v9(D) C X1NX2 > m(D) C X1N Xe. As above, this is seen via induction on 1, vo = pur 
4(D) C X2 


being the initial step. Observe that U{D : f(D) C X2} D14D Ji}. 


Definition: F = v; (> F € a). If pro(F~!(X — X1))N pro(F-1(X — X2)) were nonempty, then 


x € Ky(D 
there would exist an « € 17—! and acube D C [47!: n(D) , an impossibility since q—1 < n+m. 
xz € Lm(D) 


Turning to injectivity, let f,g : (12,19, J9-!) > (X1,X1M X2,2x9) be continuous functions such 


that uo f ~ wog as maps of triples, u : (X1,X1M X2,20) > (X1 U Xe, X2,20) the inclusion. Fix a 
: hoitig9 =uo 
homotopy h: (17,14, J9-1) x I > (X1 U Xe, X2, 20): { f . Using the techniques employed in 
hoi =uog 
the proof of surjectivity, one can replace h by another homotopy H such that pro x idy(H~1!(X — X1))N 


pro x id7(H~1!(X — X2)) = @. It is this extra dimension that accounts for the restriction q < n+ m. 
Choose a continuous function ¢ : 17-1 x I > [0,1] which is 1 on pro x idy(H~1(X — X1)) and 0 on 


(19-1! x T)U (197! x T) Upro x idy(H~1(X — X2)). Define ®: 17x I> 14x I by O(21,..., 29, €q+1) = 
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(a1,...,€q—1,t+(1—-t)aq, 2q41), where t = $(a1,...,£q—1,£q+1)—then the composite Ho® is a homotopy 


between f and g: Ho ®(17 x I) C Xi NXg & Ho OJ! x J) = {ao}. 


Given a pair (X, A), let to(X, A) be the quotient 70(X)/~, where ~ means that the path components 
of X which meet A are identified. With this agreement, mo(X, A) is a pointed set. If f : (X,A) > (Y,B) 
is a map of pairs, then f. : mo(X,A) — 7mo(Y, B) is a morphism of pointed sets and the sequence * > 


mo(X, A) — 10(Y, B) is exact in SET. iff (f+)~tim(a0(B) > mo(Y)) = im(m0(A) > 70(X)). 


LEMMA Let f : (X,A) — (Y,B) be a continuous function. Fix gq > 0—then V zo € A, fx : 

1q(X,A, x0) 4 7q(Y, B, f(xo)) is injective and fs : tq41(X, A, x20) 9 1q41(Y, B, f(xo)) is surjective iff in 
(x,A) 25 (vB) 

any diagram of] Te , where fog ~ on J% by h: (J4, 19) x I > (Y,B), there 
(J9,53)  —> (i9t1, 12) 

exists a ® : (I2+1, 17) > (X, A) such that ®|(J%, 17) = ¢ and an H : (I9+1, 1%) x I > (Y,B) such that 

H\(J4, 12) x l=hand fo®x won It! by H. 

[Note: When q = 0, replace injectivity by the statement “* — mp(X,A) — mo(Y,B)” is exact. 
Observe that fod = w on J? is permissible (h = constant homotopy) and implies by specialization the 
direct assertion. In addition, if ® & H exist in this case, then ® & H exist in general. Thus the point is 
to show that the direct assertion entails the existence of ® & H under the assumption that fod = w on 


J] 


X41 Yi xX X= X1,UXe2 
FACT Suppose that & are open subspaces of with . Let f: 
X2 Y2 Y Y=Y, UY2 


Xi=f7'(%) 
X -— Y be a continuous function such that : . Fix n > 1. Assume: The sequence 
X2 = f~*(¥2) 

* > 10(X5,X1NX2) > m0(¥i, Y1 NY2) is exact (¢ = 1,2) and that fe : mg(X;i, X19 X2) > mq(Vi, ¥1 NY2) 
is bijective for 1 < q <n and surjective for g = n (i = 1,2)—then the sequence * > mo(X, Xi) > m0(Y, Yj) 
is exact (¢ = 1,2) and fs : mg(X,X;) > mq(¥,Y;) is bijective for 1 < q < n and surjective for gq = n 
(i = 1,2). 

[Fix io € {1,2},0 <q<_n, and maps ¢: (Te) > (X, Xin), w: (Eo 78) > (Y,Yi,) satisfying 
fod =v on J%. In view of the lemma, it suffices to exhibit an extension © : (ark Te) = (yay) 
of ¢ and a homotopy H : (I%+1, 19) x I > (Y,Yig) such that H\(J4, 12) x I is the constant homotopy 


at fogand fo® + won It! by H. Subdivide 4+! into a collection C of (q + 1)-dimensional cubes 
eo AS Uee ty =) 
o—1(X — Xe) Up (¥ — Ya) 
being disjoint and closed). Regard 14+! as 1% x I—then C restricts to a subdivision of I? and induces a 


C:VCEC, Fic € {1,2} :¢(CNI%) C Xi and Y(C) C Vig (possible, { 


partition of I into subintervals I, = [a,_1,a,4] : 0 = ao < ai < ++: < ay = 1. Break the subdivision of 
I% into its skeletal constituents D. Construct ® on D x I, & H on I(D x Ip) via downward induction 


on k and for fixed k, via upward induction on dim D. Arrange matters so that: (1) w(D x Ip) C Y; => 


3-47 


®(D x Ip) C X; & H(I(D x Ip)) C Yj; (2) W(D x {ap_1}) C Yin Yo > 8(D x {ag_1}) C X19 X2 
& H(I(D x {az-1})) C ¥1 N Yo. The first condition plus the second when k = 1 yield (IJ) C Xig 
& le x I) C Yip. At each stage, the induction hypothesis secures ® on DxI,UDx {ax} & H on 
I(D x Ip UD x {ax}). Case 1: If either 7(D x {az_1}) is not contained in Yi N Y2 or ~(D x I) is 
contained in Y; M Yo, use the fact that D x I, UD x {ax} is a strong deformation retract of D x Ip to 
specify ® on D x Ip & H on I(D x Ix). Case 2: If p(D x {ax_1}) is contained in Yj NY2 and 7(D x Iz) 
is contained in just one of the Y;, realize ® : (D x I, UD x {ax},D x {ap_1}) 9 (Xi, X1N X2) & 
H : (Dx Ip UD x {ax},D x {ag_1}) x I > (¥;,¥1 N Y2). Apply the lemma to produce the required 


extension of ® to D x I, & H to I(D x I). Here, of course, the assumption on f comes in.] 
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§4. FIBRATIONS 


The technology developed below, like that in the preceding §, underlies the foundations 
of homotopy theory in TOP or TOP,. 

Let B be a topological space. An object in TOP/B is a topological space X together 
with a continuous function p: X — B called the projection. For O Cc B, put Xo = p~*(O), 
which is therefore an object in TOP/O (with projection po = p|Xo). The notation X|O 
is also used. In particular: X, = p~1(b) is the fiber over b € B. A morphism in TOP/B 
is a continuous function f : X — Y over B, i.e., an f € C(X,Y) such that the triangle 


f 


X —— Y 


eS ue commutes. Notation: f € Ce(X,Y), fo = f|Xo (O C B). The base space 
B 


B is an object in TOP/B, where p = idg. An element s € C'g(B, X) is called a section 
of X, written s € secg(X). 

p:X >B 
q:Y ~B 
B' is a topological space and if ®’ € C(B’, B), then ®’ determines a functor TOP/B > 
TOP/B’ that sends X to X' = B' xp X. Obviously, (X xg Y)' = X' xp Y'.] 


[Note: The product of in TOP/B is the fiber product: X xg Y. If 


EXAMPLE Let X be in TOP/B—then the assignment O > seco(Xo), O open in B, defines a 
sheaf of sets on B, the sheaf of sections [x of X. 

[Note: Recall that for any sheaf of sets F on B, there exists an X in TOP/B withp: X > Ba 
local homeomorphism such that F is isomorphic to x. In fact, the category of sheaves of sets on B is 
equivalent to the full subcategory of TOP/B whose objects are those X for which p: X > B is a local 


homeomorphism. ] 


FACT Let X be in TOP/B—then the projection p: X — B is a local homeomorphism iff both it 


and the diagonal embedding X — X x gB X are open maps. 


FACT Let X be in TOP/B. Assume: X & B are path connected Hausdorff spaces and the 
projection p: X — B is a local homeomorphism—then p is a homeomorphism iff p is proper and px : 


m1(X) — 71(B) is surjective. 


There is a functor TOP — TOP/B that sends a topological space T to B x T 
(product topology) with projection B x T > B. An X in TOP/B is said to be trivial if 
there exists a T in TOP such that X is homeomorphic over B to B x T, locally trivial if 
there exists an open covering {O} of B such that V O, Xo is trivial over O. 
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[Note: Spelled out, local triviality means that V O there exists a topological space To 
and a homeomorphism Xo — O x To over O. If the To can be chosen independent of O, 
so V O, To = T, then X is said to be locally trivial with fiber 7. When B is connected, 


this can always be arranged.] 


FACT Let X bein TOP/IB. Suppose that X|(B x [0,1/2]) and X|(B x [1/2, 1]) are trivial—then 


X is trivial. 
EXAMPLE Let X be in TOP/(0,1]” (n > 1). Suppose that X is locally trivial—then X is trivial. 


A fiber homotopy is a homotopy over B : f ~9 (f,9 © Cp(X,Y)). Isomorphisms in 


Y 
in TOP/B for which there exists a fiber homotopy equivalence X — Y have the same fiber 


the associated homotopy category are the fiber homotopy equivalences and any two { 


homotopy type. The fiber homotopy type of X xg Y depends only on the fiber homotopy 
types of X and Y. The objects in TOP/B that have the fiber homotopy type of B itself 
are said to be fiberwise contractible. Example: The path space PB with projection po is 
in TOP/B and is fiberwise contractible (consider the fiber homotopy H : IPB > PB 
defined by H(o,t)(T) = o(tT)). 

[Note: A fiber homotopy with domain JB is called a vertical homotopy. | 


LEMMA Let X be in TOP/B. Assume: X is fiberwise contractible—then for any 
®' € C(B’', B), X' is fiberwise contractible. 


Let f : X + Y be a continuous function. View its mapping cylinder My as an object in TOP/Y 


with projection r: My + Y—then j € secy (My) and My is fiberwise contractible. 


Let X,Y be in TOP/B—then a fiber preserving function f : X — Y is said to be 
fiberwise constant if f = top for some section t: B > Y. Elements of Cg(X,Y) that are 


fiber homotopic to a fiberwise constant function are fiberwise inessential. 


Suppose that B is not in CG—then the identity map kB —> B is continuous and constant on fibers 


but not fiberwise constant. 


LEMMA Let X be in TOP/B—then X is fiberwise contractible iff idx is fiberwise 


inessential. 


EXAMPLE Take X = ((0,1] x {0,1}) U ({0} x [0,1]), B = [0,1], and let p be the vertical 


projection—then X is contractible but not fiberwise contractible. 
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EXAMPLE Let X be a subspace of B x R” and suppose that there exists an s € secg(X), say 
b > (0, 8(b)), such that Vb € B,V x € Xp, {(b, (1 — t)s(b) + te) : 0 <t < 1} C X,—+then X is fiberwise 


contractible. 


FACT Let X be in TOP/B; let f,g € Cp(X,X). Suppose that {O, P} is a numerable covering 


fo 
of B for which { are fiberwise inessential—then go f is fiberwise inessential. 
9P 


. Through 


K:IXQg9 7X & ko k € seco(X, 
[Fix fiber homotopies { . . between { fo i , wh { o(Xo) 


L:IXp>Xp gp & lopp 1 € secp(X p) 


[o) Ut 
reparametrization, it can be assumed that are independent of t when 0 < t < 1/4, 3/4 < 


V sptv C P 
vertexes (0,0), (1,0), (0,1). Note that the transformation (€,7) — (€,(1 — €)n) takes I[0,1] — I{1} 


t < 1. Choose B € C(B,[0,1]) : { & p+v = 1. Let A be the triangle in R? with 


homeomorphically onto A — {(1,0)}. The continuous fiber preserving function ® : I7Xoqp > Xonp 
defined by ®(z, (€,7)) = L(K(a,7),€) is independent of 7 when € = 1, thus it induces a continuous fiber 


preserving function ®a : Xonp X A> Xonp. On Xonp X frA, one has ®a (z, (t, 1 —t)) = L(k(p(z)),t), 
L(k(b),v(b)) (be ONP) 


®, (a, (0,t)) = g(K(a2,t)), ®a(a, (t,0)) = L(f(x),t). Write s(b) = < g(k(b)) (b € O — P) —then 


I(b) (b€ P—O) 
s € secp(X) and go f is fiber homotopic to s op via 


a(x, t(v(b),u(b))) (bE ON P) 
H(a,t) = ¢ g(K(a,t)) (bE O-P) (@€ Xp).] 
L(f(zx),t) (b€ P—O) 


Consequently, if f1,..., fn € Ce(X,X) and if O1,...,On is a numerable covering of B such that V i, 
fo, 1s fiberwise inessential, then f; o---0 fn is fiberwise inessential. Example: Xo, fiberwise contractible 


(¢=1,...,n) => X fiberwise contractible (cf. p. 4-26). 


Let X be in TOP/B—then X is said to have the section extension property (SEP) 
provided that for each A C B, every section s4 of X4 which admits an extension so to a 
halo O of A in B can be extended to a section s of X : s|A = sa. 

[Note: If X has the SEP, then secg(X) is nonempty (take A = @ = O).] 


Let X be in TOP/B and suppose that X has the SEP. Let s be a section of X|¢—1(]0,1]), where 
¢ € C(B,[0,1])—then V €, 0 < € < 1, s|p~1([e, 1]) can be extended to a section s, of X but it is false in 


general that s can be so extended. 


EXAMPLE Suppose that B is a CW complex of combinatorial dimension < n+ 1 and T is 
n-connected—then B x T has the SEP. 
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PROPOSITION 1 Let X,Y bein TOP/B and suppose that Y has the SEP. Assume: 


= f € Cp (X, Y) . ve = 
afi € Op (Y, X) ig0 fsidx then X has the SEP. 

[Fix a fiber homotopy H : 1X — X between idx and go f. Given A C B, let s4 be 
a section of X4 which admits an extension so to a halo O of A in B. Choose a closed 
halo P of Ain B: AC PC O and O a halo of P in B (cf. HAg, p. 3-11). Since Y 


has the SEP, there exists a section t of Y : t|P = foso|P. With a a haloing function of 


a ot(b (b € r~1(0)) 
P, define s: B > X by s(b) = rN 1—7x(b)) (b€P) 
X:s|\A=s,.| 


to get a section s of 


Application: Fiberwise contractible spaces have the SEP. 


LEMMA Let X be in TOP/B and suppose that X has the SEP. Let O be a cozero 
set in B—then Xo has the SEP. 

[There is no loss of generality in assuming that A = f~'(]0,1]), where f € C(O, [0, 1)). 
Accordingly, given a section s4 of X,, it will be enough to construct a section s of 
Xo which agrees with s4 on f~'(1). Fix ¢ € C(B,[0,1]) : O = ¢-1(J0,1]). Claim: 
There exist sections s2,53,... of X such that s,41(b) = 5,(b) (d(b) > ) and s,(b) = 


1 1 
sa(b) (f(b) >1—— & ¢(b) > Ea) Granted the claim, we are done. Put F(b) = 
n 


f(0)d(b) (bE O) 
e eB =O F € C(B,[0,1]). Since X has the SEP and s, is defined 
on F~1(j0,1]), a halo of F~‘({1/6,1]) in B, there exists a section of X that agrees 


with sq on f~'(j1/2,1]) 1 ¢71(j1/3,1]). Call it so, thus setting the stage for induction. 


< Malt) < pin(e) < = 


Choose continuous functions fin, Up : [0,1] > [0,1] subject to am 
n 


1 
i (e<1- 7? (mn = 2335220). Let 
> Vn(f(b))}—then O,, is a halo of 


with onl) $5 (¢ > 1 = >) and ya(0) > — 
An = {b € O: (6) > Mn(F(b))}, On = {b € O : (6) 
A, in B, a haloing function being 1 on {b € O: pin(f(b)) < o(b)}, 
60)-KO) geo, 
im (F(5)) = Pal f(b) {b € O: Un(f(b)) < O(b) < Hn (f(0))F, 
( 


and 0 on {b € O: $(b) < »%,(f(b))} UB-—O. To pass from n to n+ 1, note that the 
Sn(b) (pb) > ) 


prescription b > n+l" defines a section of Xo,,- Its restriction to Ap, 
sa(d) (0) >1-=) 


can therefore be extended to a section s,4, of X with the required properties. | 


SECTION EXTENSION THEOREM Let X be in TOP/B. Suppose that O = {O; : 
i € I} is a numerable covering of B such that V i, Xo, has the SEP—then X has the SEP. 
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[Given A C B, let 54 be a section of X4 which admits an extension so to a halo 
O of Ain B. Fix a haloing function 7 for O and let {7; : « € I} be a partition of 
unity on B subordinate to O. Put Ig = S>(1—7)a; +7 (S C J). Consider the set 
S of all pairs (S,s) : s is a section of x|n='q0. 1]) & s|A = s4: S is nonempty (take 
S=0, s = so|n—1+(0,1])). Order S by stipulating that (S’,s’) < (S”, s’") iff S’ CS” and 
s'(b) = s"(b) when IIg:(b) = Ign (b) > 0. One can check that every chain in S has an upper 
bound, so by Zorn, S has a maximal element (59, 59). Since ly = 1, to finish it need only 
be shown that So = J. Suppose not. Select an ig € [—So, set Ho = Is, & mo = 1-7) 7i,, 
and define a continuous function $9 : 79 '(J0, 1}) > [0,1] by 0(b) = min{1, Io(b) /70(b)}. 
Owing to the lemma, X|z9‘(J0, 1]) has the SEP (m9 '(J0,1]) C O;,). On the other hand, 
$5 '(J0, 1]) isa halo of d5'(1) in 79 * (10, 1]) and sop ‘(1) admits an extension to ¢p (JO, 1]), 
viz. 89|¢5 '(J0,1]). Therefore so|@5'(1) can be extended to a section s;, of X|m ‘(0, 1]). 


Mee PSoGul a andaite sO { a a - He (Ip(b) > 0)—then (T,t) € 8 


and (So, So) < (T,t), contradicting the maximality of (So, 50).] 


FACT Let A be a subspace of X. Suppose that there exists a numerable covering U = {U; : 7 € I} 
of X such that V 7, the inclusion ANU; — U; is a cofibration—then the inclusion A > X is a cofibration. 
[Let {x; : 7 € I} be a partition of unity on X subordinate to U. The lemma on p. 3-11 implies 


that V 7, the inclusion AM «, (JO, 1]) > «, (JO, 1]) is a cofibration. Therefore one can assume that U is 
F:xX 3~3Y 


h:IA7+Y 
such that F|A = ho ig. Define a sheaf of sets F on X by assigning to each open set U the set of all 


continuous functions H : JU > Y such that F|U = H oig and H|I(ANU) = h|J(ANU). Choose a 


numerable and open. Fix a topological space Y and a pair (Fh) of continuous functions { 


topological space E and a local homeomorphism p: E — X for which F(U) = secy (Ey) at each U. Show 
that V i, Eu; has the SEP. The section extension theorem then says that 3 H € F(X).] 


Let X be in TOP/B. Let EF be in TOP; let ¢ € C(£, B)—then a continuous function 
®: FE + X is a lifting of ¢ provided that po ® = ¢. Example: Every s € secg(X) is a 


lifting of idp. 


FACT Suppose that X is fiberwise contractible. Let ¢ € C(E£, B)—then for any halo U of any A 
in EF and all » € C(U,X): pow = olU, there exists a lifting 6 of 6: ®|A = yA. 
[Note: The condition is also characteristic. First take E = B, A = @ = U, and ¢ = idg to see that 


Js € secg(X). Next let E= 1X, A= igX Ui, X,U =X x [0,1/2[ UX x ]1/2,1], and define 6: IX 4 B 


© (<1/2). ; 

by &(2,t) = p(x), p: U > X by Y(a2,t) = . Since U is a halo of A in IX, every 
sop(x) (t > 1/2) 

lifting ® of d with ®|A = yA is a fiber homotopy between idx and sop, i.e., X is fiberwise contractible. ] 
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(HLP) Let Y be a topological space—then the projection p: X — B is said to 
have the homotopy lifting property with respect to Y (HLP w.r.t. Y) if given continuous 


: LY SX . , ; ; 
functions { h: B such that poF = hoig, there is a continuous function H : TY > X 
such that F = Hot and poH =h. 
2) FEC, B®) : ae 
If p: X — B has the HLP w.r.t. Y and if are homotopic, then f has a lifting 
g € C(Y, B) 


FEC(Y,X) iff g has a lifting G € C(Y,X). 


EXAMPLE Take X = [0,1] Il *, B = [0,1] and define p : X — B by p(t) = t, p(*) = 0. 
Fix a nonempty Y and let f be the constant map Y — O0—then the constant map Y — « is a lifting 
FeC(Y,X) of f. Put h(y,t) = t, soh: IY > B. Obviously, po F = ho io but there does not exist 
H €C(IY,X):F =Hoig and poH=h. 


Let X be in TOP/B. Given a topological space Y and continuous functions 


F:Y 3X ; or 
e IY 3B such that po F = ho io, let W be the subspace of Y x PX consisting 


of the pairs (y,a): F(y) = 0(0) & h(y,t) = p(o(t)) (0<t <1). View W as an object in 
TOP/Y with projection (y,a) > y. 


ye 
LEMMA The commutative diagram io | |p admits a filler H: IY — X iff 
jag eet B 


secy (W) # 0. 


PROPOSITION 2 Suppose that p: X — B has the HLP w.r.t. Y—then V pair 
(Fh), W has the SEP. 

[Fix A C Y and let V be a halo of A in Y for which there exists a homotopy Hy : 
IV — X such that F|V = Hy 0% and po Hy = AlIV. To construct a homotopy 
H:IY — X such that F = Ho ig and poH =h, with H|[A = Hy|IA, take V closed 
(cf. HAg, p. 3-11) and using a haloing function 7, put h(y,t) = h(y, min{1, (y) + t}), so 


h:IY > B. Define Hy : igY UIV > X by men a j) and define F: Y > X 
V\Y; — fIV YY, 


by F(y) = Hv(y, r(y)). Since po F = ho ig, there is a continuous function H : IY + X 
such that F = Ho ig and po H =h. The rule 


_ { Hy(y,t) (hag 
A(y,t) = eave my)) (m(y) 


then specifies a homotopy H : IY + X having the properties in question.] 


4-7 


Let Y be a class of topological spaces—then p: X — B is said to be a J fibration if 
VY €EY,p:X — B has the HLP w.r.t. Y. 
(H) Take for Y the class of topological spaces—then a Y fibration p: X > B is 
called a Hurewicz fibration. 
(S) Take for Y the class of CW complexes—then a JY fibration p: X — B is 
called a Serre fibration. 
Every Hurewicz fibration is a Serre fibration. The converse is false (cf. p. 4-8). 
Observation: Let Y € Y and suppose that p: X > B is a Y fibration—then any 
inessential f € C(Y, B) admits a lifting F ¢ C(Y,X). 
[Note: It is thus a corollary that if B € Y is contractible, then secg(X) is nonempty.| 


Other possibilities suggest themselves. For example, one could consider p: X — B, where both X 
and B are in CG, and work with the class Y of compactly generated spaces. This leads to the notion of 
CG fibration. Any CG fibration is a Serre fibration. In general, if p: X — B is a Hurewicz fibration, 
then kp: kX — kB is a CG fibration. Another variant would be to consider pointed spaces and pointed 
homotopies. Via the artifice of adding a disjoint base point (cf. p. 3-26), one sees that every pointed 
Hurewicz fibration is a Hurewicz fibration. In the opposite direction, an f € Cp(X,Y) is said to be a 
fiberwise Hurewicz fibration if it has the fiber homotopy lifting property with respect to all FE in TOP/B. 
Of course, if f is a Hurewicz fibration, then f is a fiberwise Hurewicz fibration. On the other hand, for 


any X in TOP/B, the projection p: X —> B is always a fiberwise Hurewicz fibration. 


FACT Suppose that p: X — B is a Hurewicz fibration. Let E be a topological space with the 
homotopy type of a compactly generated space—then a ¢@ € C(E,B) has a lifting FE > X iff kh € 
C(kE,kB) has a lifting kE > kX. 


[The identity map kE — E is a homotopy equivalence.] 


EXAMPLE For any topological space T, the projection B x T > B is a Hurewicz fibration. Take, 
e.g., T =D”, let Xp C Bx S"—!, and put X = B x D” — Xp—then the restriction to X of the projection 


BxD” => B is a Hurewicz fibration. 


EXAMPLE (Covering Spaces) A continuous function p: X — B is said to be a covering projection 
if each 6 € B has a neighborhood O such that Xo is trivial with discrete fiber. Every covering projection 
is a Hurewicz fibration. 

[Note: A sheaf of sets F on B is locally constant provided that each b € B has a basis B of neigh- 
borhoods such that whenever U,V € B with U C V, the restriction map F(V) — F(U) is a bijection. 
Ifp: X — B is a covering projection, then its sheaf of sections [x is locally constant. Moreover, every 


locally constant sheaf of sets F on B can be so realized.] 
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EXAMPLE Let X be the triangle in R? with vertexes (0,0), (1,0), (0,1)—then the vertical 
projection p: X — [0,1] is a Hurewicz fibration but X is not locally trivial. 
[Note: Ferry? has constructed an example of a Hurewicz fibration p : X —> [0,1] whose fibers are 


connected n-manifolds but such that X is not locally trivial.] 


LEMMA Let X be in TOP/B—then p: X —> B is a Serre fibration iff it has the 
HLP w.r.t. the [0, 1]” (n > 0). 


CO 
EXAMPLE Take X = {(z,-2%):0<a2<1}U (0, 1] x {1/n}),B = [0,1], and let p be the 
1 
vertical projection—then p is a Serre fibration but not a Hurewicz fibration. 


[Note: p—1(0) and p~1(1) do not have the same homotopy type.] 


EXAMPLE Let B be a topological space which is not compactly generated—then TB is not 
compactly generated and the identity map kT B > TB is a Serre fibration but not a Hurewicz fibration. 


[For any compact Hausdorff space K, the arrow C(K,kT'B) > C(K,TB) is a bijection.] 


EXAMPLE Let B = ([0,1]%, the Hilbert cube. Put X = B x B — Ag and let p be the vertical 
projection, g the horizontal projection—then p: X — B is a Serre fibration. Moreover, B is an AR as are 
the X, (each being homeomorphic to B x [0,1[) but p: X — B is not a Hurewicz fibration. 

[If so, then there would exist an s € secg(X). Consider qos: It is a continuous function B > B 


without a fixed point, contradicting Brouwer. | 


Ungar? has shown that if X and B are compact ANRs of finite topological dimension, then a Serre 


fibration p: X — B is necessarily a Hurewicz fibration. 


The projection p : X — B is a Hurewicz fibration iff the commutative diagram 


PX 28. x 
Pp| |p is a weak pullback square. Homeomorphisms are Hurewicz fibrations. 
PB —> B 


Po 
Maps with an empty domain are Hurewicz fibrations. The composite of two Hurewicz 
fibrations is a Hurewicz fibration. 
Pi : X41 —> By 


p2 : Xo = Bo 
X_ — B, x Bo is a Hurewicz fibration. 


PROPOSITION 3. Let { be Hurewicz fibrations—then p, x po: X1 X 


+ Trans. Amer. Math. Soc. 327 (1991), 201-219; see also Husch, Proc. Amer. Math. Soc. 61 (1976), 
155-156. 
= Pacific J. Math. 30 (1969), 549-553. 
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X' —> X 
PROPOSITION 4 _ Let r'| |p be a pullback square. Suppose that p is a 
B+ B 


Hurewicz fibration—then p’ is a Hurewicz fibration. 


Application: Let p: X — B be a Hurewicz fibration—then V O C B, po: Xo > O 


is a Hurewicz fibration. 


PROPOSITION 5 Let p: X — B be a Hurewicz fibration—then for any LCH space 
Y, the postcomposition arrow p, : C(Y,X) — C(Y, B) is a Hurewicz fibration (compact 
open topology). 


[Convert 
E—+C(Y,X) PRY 3% 
Lm | tw J" | 
IE —C(Y,B) I(ExY)—B 


Application: Let p: X — B be a Hurewicz fibration—then Pp: PX > PB isa 


Hurewicz fibration. 


PROPOSITION 6 Letzi: A — X bea closed cofibration, where X is a LCH space— 
then for any topological space Y, the precomposition arrow i* : C(X,Y) > C(A,Y) isa 


Hurewicz fibration (compact open topology). 


[Convert 
E—+C(X,Y) Ex X——+yY 
[7 | te ere od 
IE—C(A,Y) T(E x X)—I(Ex A) 


Application: Let X be a topological space—then p, : PX > X (0 <t<l)isa 


Hurewicz fibration. 


EXAMPLE Leti: A—- X bea closed cofibration, where X is a LCH space. Fix ag € A and put 
x9 = 1(a9)—then for any pointed topological space (Y, yo), the precomposition arrow i* : C(X,20; Y, yo) > 


C(A, a0; Y, yo) is a Hurewicz fibration (compact open topology). 
C(X,r0;Y,yo) —* C(X,Y) 


[The commutative diagram | | is a pullback square. ] 


C(A,a0;Y,yo) —> C(A,Y) 
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; PX ~ XxX 
FACT Let X be a topological space—then II : is a Hurewicz fibration. More- 
a — (o(0),o(1)) 
over, X is locally path connected iff II is open. 


[Note: Fix xo € X—then the fiber of II over (x0, x0) is QX, the loop space of (X, xo).] 


STACKING LEMMA Given a topological space Y, let {P; : i € I} be a numerable 
covering of JY—then there exists a numerable covering {Y; : 7 € J} of Y and positive 
real numbers ¢€; (j € J) such that V ¢’, ¢” € [0,1] with t’) <  & t”-t <6, diel: 
VO ee 


[Let {p; : i € I} be a partition of unity on JY subordinate to {P; : i © I}. Put 
J =I". Take j € J, say j = (i1,...,%-) € 1", define 1; € C(Y, [0,1]) by 
1 


™3(y) = TT» {Pi (y,t):t€ 


s/s 
+] | 
rl ee 
s/s 
+]+ 
ref ee 
ee | 
SS’ 


2 : p k-1 k+1 
and set Yj = 7; *(J0,1]), ¢; = 1/2r. Since ¥; ¢ Neh {y : {y} x A. <] cP I, 


the €; will work. Moreover, due to the compactness of [0,1], for each y € Y there is: (1) 


An index j € J” such that {y} x saan C p;,, (J0,1]) (k = 1,...,7) and (2) A 


neighborhood V of y such that JV meets but a finite number of the p;'(]0, 1]). Therefore 
{Y;: 9 © J} =U{Y; : 7 € I"} is a o-neighborhood finite cozero set covering of Y, hence is 
1 


numerable.] 


LOCAL-GLOBAL PRINCIPLE Let X bein TOP/B. Suppose that O = {O; :i € I} 
is a numerable covering of B such that V 7, po, : Xo;  O; is a Hurewicz fibration—then 


p:X — Bisa Hurewicz fibration. 

F:Y3xX 

h:IY +B 
such that po F = hoi. To establish the existence of an H : IY — X such that 


F = H oig and po H = h is equivalent to proving that secy(W) 4 @ (cf. p. 4-6). For 
this, we shall use the section extension theorem and show that W has the SEP, which 
suffices. Set P; = h~1(O;) : {P; : i € I} is a numerable covering of IY and the stacking 
lemma is applicable. Given j, put W; = W|Y;, choose th :0 = tp < ti <---<t, =1, 
ty —trh—-1 < €j, and select i accordingly: h(Y; x [tx-1,tx]) C Oj. The claim is that W; 
has the SEP. So let A C Yj, let V be a halo of A in Y;, and let Hy : IV + X bea 
homotopy such that F|V = Hy oig and po Hy = h|IJV. With a a haloing function of 
V, put A, = m"([tx,1]) (k = 1,...,n) : Ax is a halo of Axyi in Y; and V is a halo 


[Fix a topological space Y and a pair (Fh) of continuous functions 
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of A; in Y;. Owing to Proposition 2, there exist homotopies Hy : Yj x [tx—-1,th] > X 
having the following properties: po Hy, = hlY; x |t,—-1,tk], He(y,te-1) = He—1(y, te-1) 
(k > 1), Mi(y,0) = F(y), Hx|An x [te—-1, te] = Hv|Ax x [tx-1, tx]. The Hy, thus combine 
to determine a homotopy H : IY; — X such that F|Y; = Hoio, po H = hjIY;, and 
H\IA = Hy|IA] 


Application: Suppose that B is a paracompact Hausdorff space. Let X be in TOP/B. 
Assume: X is locally trivial—then p: X — B is a Hurewicz fibration. 


EXAMPLE Let B = L*, the long ray. Put X = {(2,y) € Lt x Lt : x < y} and let p be the 


vertical projection—then X is locally trivial but p: X — B is not a Hurewicz fibration. 


FACT Let X be in TOP/B. Suppose that O = {O; : 7 € I} is an open covering of B such that 
Vt, po; : Xo; + O; is a Hurewicz fibration—then the projection p: X — B is a Y fibration, where ) is 


the class of paracompact Hausdorff spaces. 


F:Y 3X 
[Given Y € Y and continuous functions such that po F = hoio, consider the pullback 
h:IY ~B 
IY xpxX — xX 
square | |p observing that IY € Y.] 


IY — B 
h 


[Note: It follows that p: X — B is a Serre fibration.] 


Let f : X — Y be a continuous function—then the mapping track Wy of f is defined 


Wy — PY 
by the pullback square | | Po . Special case: V yo € Y, the mapping track 
xX ae x 


of the inclusion {yo} + Y is the mapping space OY of (Y,yo). There is a projection 
p: Wy — X, a homotopy G: Wy — PY, and a unique continuous function s: X — Wy 
such that pos = idx and Gos = jof (j: Y — PY). One has so pzidwy. The 
composition p; oG is a projection g: Wy — Y and f =qos. 

[Note: The mapping track is a functor TOP(—) — TOP.] 


LEMMA p is a Hurewicz fibration and Wy is fiberwise contractible over X. 


LEMMA _ q is a Hurewicz fibration. 
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E > Wy a 
: Le € 
[To construct a filler for io | ja , write ®(e) = (Xe, Te) : oe < PY & 
IE nee y 


f (te) = Te(0), and define H: IE + Wy; by H(e,t) = (ae, h(e,t)), where 


— PIT OQ=t)-7) (0 St /2 
ROS ay 


PROPOSITION 7 Every morphism in TOP can be written as the composite of a 
homotopy equivalence and a Hurewicz fibration. 
Gok 


FACT Let f: X — Y be a continuous function—then f can be factored as f = { , where 


[o) 
® ‘ k, ; k : 
is a Hurewicz fibration, is a closed cofibration, and is a homotopy equivalence. 
l w 
[Per Proposition 7, write f = qos, form S = Is(X) U Wyx]0,1] C IWs, and let w : IWy — [0,1] 


be the projection. The restriction to S of the Hurewicz fibration IW, — Wy is a Hurewicz fibration, call 


F:YoS 
it p. Proof: Given continuous functions such that po F = hoig, consider H: IY > S, 
h:lIY > Wy 


where H(y,t) = (h(y,t),t + (1 — t)w(F(y))). Next, ifk:X — S is defined by k(x) = (s(x), 0), then k(X) 
is both a strong deformation retract of S and a zero set in S (being (w|S)~1(0)). Therefore k is a closed 
cofibration (cf. §3, Proposition 10). And: f =qopok. To derive the other factorization, write f = roi 


(cf. §3, Proposition 16) and decompose r as above.| 


Let X be in TOP/B. Define \: PX — W, by o > (a(0), poo). 


PROPOSITION 8 The projection p: X — B is a Hurewicz fibration iff \ has a right 
inverse A. 


[Note: A is called a lifting function.| 


FACT Let p: X — B be a Hurewicz fibration. Suppose that A is a subspace of X for which 
there exists a fiber preserving retraction r : X — A—then the restriction of p to A is a Hurewicz fibration 


A->B. 


EXAMPLE Let X be a nonempty compact subspace of R”. Realize TX in R”+! by writing 
PX = U{(ttz):0<t < 1}, sol?X is U{(s, st, stz) :0<s <1&0<¢t < 1}, a subspace of R"*?. 
x 


x 
etal Mx [0,1) , ; ’ 
Claim: The projection p : is a Hurewicz fibration. To see this, consider [0,1] x TX = 
(s, st, str) > s 
U{(s,t,tz) :0<s<1&0<t< 1} with projection (s,t,tx) + s and define a fiber preserving retraction 
x 
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(s,8,sz) (¢> 8) ay 
r:[0,1])xTX 3T?2X by r(s,t,tx) = . The fibers of p over the points in ]0, 1] can be 
(s,t,tz) (¢<s) 


identified with TX, while p—!(0) = x. 
[Note: If X is the Cantor set, then IX is not an ANR.] 


X —1 _--W, 


p 
Let X be in TOP/B—then there is a morphism D, 4 . Here, in a change 
B 


of notation, y sends x to (2, j(p(x))), 7: B > PB the embedding. 


PROPOSITION 9 Suppose that p: X — B is a Hurewicz fibration—then 7: X > 
W,, is a fiber homotopy equivalence. 

[Choose a lifting function A: W, > PX. Define a fiber homotopy H : 1X — X by 
H (x,t) = A(y(x))(t) and a fiber homotopy G : IW, — W, by G((z,7T),t) = (A(z, 7)(t), 
tT) (u(T) = T(t + T — tT))—then it is clear that the assignment (x,7) > A(z,7)(1) isa 


fiber homotopy inverse for ¥.| 


Application: The fibers of a Hurewicz fibration over a path connected base have the 
same homotopy type. 

[Note: This need not be true if “Hurewicz” is replaced by “Serre” (cf. p. 4-8). It can 
also fail if “path connected” is weakened to “connected”. Indeed, for a connected B whose 


path components are singletons, every p: X — B is a Hurewicz fibration.] 


x —_— Ww, 


A Hurewicz fibration p: X — B is said to be regular if the morphism > a has a left 
inverse [ in TOP/B. B 


FACT The Hurewicz fibration p: X — B is regular iff there exists a lifting function Ao : Wp — PX 
with the property that Ao(xz,7) € j(X) whenever 7 € j(B). 

[Given a left inverse I for 7, consider the lifting function Ag : Wp + PX defined by Ao(z,7)(t) = 
T'(a,7¢), where 74 (T) = r(tT).] 


F 
Y — x 
FACT The Hurewicz fibration p:X > B is regular iff every commutative diagram iol |p 
IY at B 


admits a filler H : TY + X such that H is stationary with h, i.e., h|[{yo} constant > H|I{yo} constant. 
[Note: The local-global principle is valid in the regular situation (work with a suitable subspace of 


W to factor in the stationary condition).] 
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A sufficient condition for the regularity of the Hurewicz fibration p : X — B is that j(B) be a 
zero set in PB. Thus let ¢ € C(PB,[0,1]) : j(B) = ¢71(0). Define 6 € C(PB,PB) by ®(r)(t) = 
{ t(t/P(7)) t< $(r)) 


T(1) (o(r) <t <1) 
a lifting function Ao : W, + PX with the property that Ao(z,7) € j(X) whenever 7 € j(B). Example: 


. Take any lifting function A and put Ao(z,7)(t) = A(x, ®(7))(d(7)t) to get 


j(B) is a zero set in PB if Ag is a zero set in B x B, e.g., if the inclusion Ag — B x B is a closed 


cofibration, a condition satisfied by a CW complex or a metrizable topological manifold (cf. p. 3-14). 
EXAMPLE Let B = (0,1]/[0, 1[-then the Hurewicz fibration po : PB — B is not regular. 


FACT Suppose that p: X — B is a regular Hurewicz fibration—then V ro € X, p: (X,x0) > 


(B, bo) is a pointed Hurewicz fibration (b9 = p(zo)). 


Let X be in TOP/B—then the projection p: X — B is said to have the slicing structure property 
if there exists an open covering O = {O; : 7 € I} of B and continuous functions s; : O; x Xo; > Xo; 
(2 € I) such that s;(p(x),x) =x and po s;(b,z) = b. Note that p is necessarily open. Example: X locally 
trivial > p: X — B has the slicing structure property (but not conversely). 

Observation: Suppose that p: X — B has the slicing structure property—then V i, po, : Xo, > Oi 
is a regular Hurewicz fibration. 

[Consider the lifting function A; defined by A;(a,7)(t) = s;(7(t),2).] 

So, if p: X > B has the slicing structure property, then p: X — B must be a Serre fibration and is 


even a regular Hurewicz fibration provided that B is a paracompact Hausdorff space. 


FACT Let X be in TOP/B, where B is uniformly locally contractible. Assume: The projection 


p:X — Bis aregular Hurewicz fibration—then p has the slicing structure property. 


Application: Suppose that B is a uniformly locally contractible paracompact Hausdorff space. Let 
X be in TOP/B—then the projection p : X > B is a regular Hurewicz fibration iff p has the slicing 
structure property. 

[Note: It therefore follows that if B is a CW complex or a metrizable topological manifold, then the 


Hurewicz fibrations with base B are precisely the p: X — B which have the slicing structure property. |] 


FACT Let p: X > B bea Serre fibration, where X and B are CW complexes—then p is a CG 
fibration. 
[An open subset of a CW complex is homeomorphic to a retract of a CW complex (cf. p. 5-12).] 


[Note: If X x B is compactly generated, then p is a Hurewicz fibration.] 


Cofibrations are embeddings (cf. p. 3-3). By analogy, one might expect that surjective 


Hurewicz fibrations are quotient maps. However, this is not true in general. Example: 
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Take X = Q (discrete topology), B = Q (usual topology), p = idg—then p: X > Bisa 


surjective Hurewicz fibration but not a quotient map. 


PROPOSITION 10 Let p: X > B be a Hurewicz fibration. Assume: p is surjective 


and B is locally path connected—then p is a quotient map. 
x 


PX —> W, 
[Consider the commutative diagram pr | |a . Since » and py, have right 
xX — 8B 


inverses, they are quotient, so p is quotient iff re quotient. Take a nonempty subset 
O Cc B: Wo is open in W,. Fix b € O, « € Xp», and choose a neighborhood O, of 
b: ({z} x PO,) AW, C Wo. The path component Oo of Op containing b is open. Given 
bo € Oo, 3 7 € POs connecting b and bo. But (2,7) € Wo => bo = G(az,T) €C OS OO CO. 


Therefore O is open in B, hence q is quotient.| 


Application: Every connected locally path connected nonempty space B is the quo- 
tient of a contractible space. 


[Fix bo € B and consider the mapping space OB of (B, bo) with projection 7 > r(1).] 


Let p: X > B be a Hurewicz fibration—then for any path component A of X, p(A) 
is a path component of B and A — p(A) is a Hurewicz fibration. Therefore p(X) is a 
union of path components of B. So, if B is path connected and X is nonempty, then p is 


surjective. 


FACT Let p: X > B be a Hurewicz fibration. Assume: B is path connected and Xz, is path 
connected for some 6 € B—then X is path connected. 
[Note: The fibers of a Hurewicz fibration p : X — B need not be path connected but if X is path 


connected, then any two path components of a given fiber have the same homotopy type.] 


FACT Suppose that B is path connected—then B is locally path connected iff every Hurewicz 


fibration p: X — B is open. 


PROPOSITION 11 Let p: X — B be a Hurewicz fibration. Suppose that the 
inclusion O + B is aclosed cofibration—then the inclusion X¥9 — X isa closed cofibration. 
[Fix a Strom structure (¢,®) on (B,O). Let H : IX > X be a filler for the com- 
x ae 
mutative diagram io | |p , where h = ®o Ip. Define a Strom structure (w, VW) on 
IX 4 B 
(X, Xo) by p = bop, V(a,t) = A(x, min{t, p(x) }).] 
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Application: Let p: X > B be a Hurewicz fibration. Let A be a subspace of X and 
suppose that the inclusion A — X is a closed cofibration. View A as an object in TOP/B 
with projection pa = p|A—then the inclusion W, , + W, is a closed cofibration. 


EXAMPLE Let (X,20) be a pointed space. Assume: The inclusion {rg} — X is a closed 
cofibration—then Proposition 11 implies that the inclusion 7 : OX — OX is a closed cofibration. Call 


6 the continuous function TOX — OX that sends [o,t] to of, where o4(T) = o(tT). The arrow i : 
Qx —+ TAX 


OX > TOX ; 
is a closed cofibration and 601 = j. Consider the commutative diagram _ || |e 
o > [o, 1] 
OX —>+ OX 
j 
Because TOX and OX are contractible, it follows from §3, Proposition 14 that the arrow (idax,6) is a 


homotopy equivalence in TOP(-). 


LEMMA Let ¢ € C(Y,[0,1]) : A = ¢71(0) is a strong deformation retract of 


Y. Suppose that p: X — B is a Hurewicz fibration—then every commutative dia- 


A+ xX 
eram i| |p has a fille F: Y > X. 
h ae B 


[Fix a retraction r: Y > A and a homotopy ®: IY — Y between i or and idy rel A. 


O(y,t/(y)) (F<) g. ; 
Define a homotopy h : IY > Y by h(y,t) = : . Since p is a 
2 ha) = Lain tes aun) / 
Hurewicz fibration, there exists a homotopy H : IY > X such that gor = H o ig and 
po H =f oh. Take for F: Y > X the continuous function y > H(y, o(y)).] 
[Note: The hypotheses on A are realized when the inclusion i: A — Y is both a 


homotopy equivalence and a closed cofibration (cf. §3, Proposition 5).] 


FACT Let i: A —- Y bea continuous function with a closed image—then i is both a homotopy 


A —> xX 
equivalence and a closed cofibration iff every commutative diagram il | p, where p is a Hurewicz 
Y —~> B 


fibration, has a filler Y > X. 


[First take X = PB, p = po to see that 7 is a closed cofibration. Next, identify A with i(A) and 


A SA, A A 4 py 
produce a retraction r: Y — A from a filler for il | . Finally, consider il {a ; 
Yo =) Yo oS OV KY 


where p(y) = (y,r(y)) (II as on p. 4-10).] : 
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FACT Let p: X > B be acontinuous function—then p is a Hurewicz fibration iff every commuta- 


A — x 
tive diagram il if p, where i is both a homotopy equivalence and a closed cofibration, has a filler 
Y — B 
YX. 
Xo <— XX, <— 
FACT Let | | be a commutative ladder of topological spaces. Assume: 
Yo <—- YY <— 
: Xn — Xn41 ; ; F 
Vn, the horizontal arrows are Hurewicz fibrations and the vertical arrows $n : Xn > Yn 
Yn + Yn41 


are homotopy equivalences—then the induced map ¢: lim Xn — lim Yp is a homotopy equivalence. 


[The mapping cylinder is a functor TOP(—) — TOP, so there is an arrow 7m : Mon 44 —> M¢,,- 


Xp —“— Xp 


Use §3, Proposition 17 to construct a commutative triangle | A . The lemma then provides 


Mg 
id 
X41 — Xi 
a filler ri : M6, — X for il | , hence, by induction, a filler rn41 : Mén41 > Xn41 
Mg, — Xo 
id rQ°T™) 
aE 
Xn+1 — Xn4+1 
for il | . Give the composite Yn 4, M6, oh aie name, say yn, and take limits to get 


Mén41 —— Xn 


Tn °T™N 


a left homotopy inverse ~ for ¢.] 


PROPOSITION 12 Let A be a closed subspace of Y and assume that the inclusion 
A — Y is a cofibration. Suppose that p: X — B is a Hurewicz fibration—then every 
VTA: Ay 
commutative diagram | |e has a filler H: IY > X. 
IY = B 
[Quote the lemma: igY UJA is a strong deformation retract of IY (cf. p. 3-6) and 
ioY UIA is a zero set in IY .] 


Application: Let p: X — B be a Hurewicz fibration, where B is a LCH space. 
Suppose that the inclusion O > B is a closed cofibration—then the arrow of restriction 


secp(X) > seco(Xo) is a Hurewicz fibration. 
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EXAMPLE (Vertical Homotopies) Let p : X — B be a Hurewicz fibration. Suppose that s’, 
s" € secg(X) are homotopic—then s’, s’’ are vertically homotopic. 


[Take any homotopy H : IB + X between s’ and s”. Define G : IB > X by G(b,t) = 

H(b, 2t) (0<t< 1/2) 
s" opo H(b,2—2t) (1/2<t<1) 
relB x {0,1} to the projection B x [0,1] > B.] 


. Since po G(b, t) = po G(b, 1 — ¢), it follows that po G is homotopic 


LEMMA Let A be a closed subspace of Y and assume that the inclusion A — Y is 
a cofibration. Suppose that p: X — B is a Hurewicz fibration. Let F : i9¥Y UIA > X 
be a continuous function such that V a € A: po F(a,t) = po F(a,0) (0 <t < 1)—then 
there exists a continuous function H : IY — X which extends F such that V y € Y : 
poH(y,t)=poHA(y,0) (0<t< 1). 

[Choose ¢ € C(Y,[0,1]) : A = 671(0) and fix a retraction r: IY > igY UIA. Put 
f =poFfor. Define G € C(IY,PB) as follows: G(y,t)(T) = (i) f(y, (té(y) - TQ - 
#(y)))/4(y)) (0 < T < toly)/2 & ly) £0); (i) Ft) (0 < T < tbly)/2 & By) = 0); 
(ii) f(y, ty) — T) (td(y)/2 < T < td(y)); (iv) F(Y,0) (WY) < T <1). Take a lifting 
function A: W, > PX and set H(y,t) = A(F or(y,t), G(y, t))(td(y))-] 


LIFTING PRINCIPLE Let p: X > B bea Hurewicz fibration. Let A be a subspace 
of X and suppose that the inclusion A — X is a closed cofibration. View A as an 
object in TOP/B with projection pa = p|A and assume that p4 : A > B is a Hurewicz 
fibration. Let Ay :W,, — PA be a lifting function—then there exists a lifting function 
Ax :W, > PX such that Ax|W,, = Aa. 

[The inclusion W, , + W, is a closed cofibration (cf. p. 4-16). Therefore the inclusion 
ioW, UIW,,, + IW, is a closed cofibration (cf. p. 3-6 or §3, Proposition 7). Fix a lifting 
function A: W, + PX. Define a continuous function F : ip IW, UI(ioW, UIW,,) > X 
by (ar), t, 0) = G) Ate;r)) 1 = 0-& (37): W,); Gi) we a = 0-&. 7). -€-W,); 
(iii) Aa(a,7)(t) (O<t<T & (a,7) € W,,); (iv) A(Aa(a,7)(T),7*T)¢-T) (T<t<1 
& (a,7) € W,,). Here, 7 * T(t) = Ca : = ion ; 
continuous function H : I2W, — X which extends F such that V ((z,7),t) € IW, : po 
Ag, 7),t, 0) Spo (e440). Put As(e,7)@) =A (ees), t, then Ax + Wye PX 


is a lifting function that restricts to A4.| 


Apply the lemma to get a 


PROPOSITION 13 Let X be in TOP/B. Suppose that X = A, U Ag, where 


Ay 


A are cofibrations. Assume: 
2 


e are closed and the inclusions Ag = A, M Az - { 
2 


Pi=pa,:Ar>B yo : : ‘ 
= : Ag > B are Hurewicz fibrations—then p: X —> B is 
2 Po = PAo : P 
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a Hurewicz fibration. 


[Choose a lifting function Ag : W,, — PAo. Use the lifting principle to secure 
Ay - Wo, =e PA, Ay |W, = Ao 

Ay : Wp, > PAs such that on hae 
Ai(2,T) (; T) & Wy.) 
Ao(2z,T) (a; T) € Wo.) 


lifting functions { Define a lifting function 


A:W, > PX by A(a,7T) = { and cite Proposition 8.] 


By 
FACT (Mayer-Vietoris Condition) Suppose that B = By, U Bo, where { are closed and the 
Bo 
X41 —> By . 7 
are cofibrations. Let be Hurewicz fibrations. Assume: 


By 
inclusions Bp = B1N Bz > 
X2— Bo 


Bo 


X1|Bo 
{ | have the same fiber homotopy type—then there exists a Hurewicz fibration X — B such that 
X2|Bo 


X1 & X|By 
have the same fiber homotopy type. 
Xo & X|Bo 
Xo —> Bo < 
FACT Let | i) | be a commutative diagram in which the vertical arrows 


xX — B <— Y 
Pp q 


‘ : é sis Srie PO : : 
are inclusions and closed cofibrations. Assume that the projections { are Hurewicz fibrations—then 
Dp 
the induced map Xo X Bo Yo — X XB Y is aclosed cofibration. 


[The inclusion p~1(Bo) — X is a closed cofibration (cf. Proposition 11). Since Xo is contained in 
p—1(Bo) and since the inclusion X9 — X is a closed cofibration, the inclusion Xo > p—!(Bo) is a closed 
cofibration (cf. §3, Proposition 9). Proposition 13 then implies that the arrow igp~!(Bo) UIXo > Bo is 


a Hurewicz fibration. Consequently (cf. Proposition 12), the commutative diagram 


; id fot 
iop—}(Bo) UIX9 —> iop~!(Bo) UTXo 


i 


Ip~*(Bo) = Bo 


has a filler r : Ip~'(Bo) > iop~'(Bo) UIXo. Therefore the inclusion Xo x By Yo + p~*(Bo) XB Yo is a 
closed cofibration. On the other hand, the projection X x gp Y — Y is a Hurewicz fibration (cf. Proposition 
4) and the inclusion Yo + Y is a closed cofibration, so the inclusion p~!(Bo) x g Yo > X x BY is aclosed 


cofibration (cf. Proposition 11).] 


Application: Consider the 2-sink X 4B ay: where p: X — B is a Hurewicz fibration. Assume: 
The inclusions Ay > X x X, Ap ~ Bx B, Ay > Y x are closed cofibrations—then the diagonal 


embedding X xp Y > (X xB Y) x (X xBY) is a closed cofibration. 


4-20 


Let X 4 BY bea 2-sink—then the fiber join X *g Y is the double mapping cylin- 


der of the 2-source X & X xp Y-4SY. The fiber homotopy type of X *g Y depends only 
on the fiber homotopy types of X and Y. There is a projection X *g Y — B and the 
fiber over b is Xp, * Yp. Examples: (1) The fiber join of X3BeBx {0} is 'pX, the 
fiber cone of X; (2) The fiber join of X “Be Bx {0,1} is UgX, the fiber suspension 
of X; (3) The fiber join of B x T; > B+ Bx T2 is B x (T * T2); (4) The fiber join of 
{bo} > B&X is the mapping cone C,, of the inclusion X,, > X. 


Let X be in TOP/B—then I'gX can be identified with the mapping cylinder My and UgX can be 


identified with the double mapping cylinder My,y. 


p:X >B 
q:Y ~B 
then the projection 7: My — B is a Hurewicz fibration. 

Ax :W, > PX 
Ay :W, — PY 
follows: Given ((x,t),7) € 1X xp PB, put 


LEMMA Let f € Cg(X,Y). Suppose that { are Hurewicz fibrations— 


[Fix lifting functions . Define a lifting function A: W, — PMy as 


(Ax(e,r)(T),(t—1/2)(1+7) + (1-7)/2) (1/2<t <1) 
A((e,t),7)(L) = & (Ax(a,7)(L),t — T/2) (0<t<1/2&T <2) 
Ay (f (Ax (x,7)(2t)), 722) (T — 2t) (0<t<1/2&T > 2), 


where 72:(T') = 7(min{2t + T,1}), and given (y,7) € Y xp PB, put A(y,7) = Ay(y,7).] 


p:X 9B 
q:Y ~B 
projection X xg Y > B is a Hurewicz fibration. 
GY =. oi, 
[Consider the pushout square if | (cf. p. 3-23). Here, 
M¢e sar X«pY 


PROPOSITION 14 Suppose that { are Hurewicz fibrations—then the 


My, 


fy eae X xp Y are closed cofibrations and the projections 
g 


the arrows X Xp Y > { 


X xp YB, ue — B are Hurewicz fibrations. That the projection X xg Y > B is 
g 


a Hurewicz fibration is therefore a consequence of Proposition 13.] 


[pxX —B 


Application: Let p: X — B bea Hurewicz fibration—then the projections { TeX 3B 


are Hurewicz fibrations. 


Let X5 BEY bea 2-sink, where p is a Hurewicz fibration. There is a commutative diagram 
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Oe ee ee ge Le 
| | |y and ¥ is a homotopy equivalence, thus the induced map X x BY > X x BW g 


xX —> Be WwW, 
p 


aa oe. a eg 
is a homotopy equivalence (cf. p. 4-25). Consideration of i | || then leads 


xX ¢<— XxpW, —> Y 
to a homotopy equivalence X *p Y > X *p Wg (cf. p. 3-24). Example: V bo € B, X *g OB and Coo 


have the same homotopy type. 
Wey Sy 
Assume in addition that q is a closed cofibration and define P by the pushout square é| | 


x —> P 
—then Proposition 11 implies that € is a closed cofibration. Therefore the arrow X «gp Y —> P of 83, 
Proposition 18 is a homotopy equivalence. Example: V bo € B such that the inclusion {bo} > B is a 


closed cofibration, OB *3 OB and OB/OB have the same homotopy type. 


p:X >B 
q:Y ~B 
Cp(X,Y). Assume that ¢ is a homotopy equivalence—then ¢ is a homotopy equivalence 
in TOP/B. 

[This is the analog of §3, Proposition 13. It is a special case of Proposition 16 below.] 


PROPOSITION 15 Suppose that { are Hurewicz fibrations. Let ¢ € 


Application: Let p: X — B be a homotopy equivalence—then W,, is fiberwise con- 
tractible. 
[Write p= qoy:p and ¥ are homotopy equivalences, thus so is q.] 


[Note: Similar reasoning leads to another proof of Proposition 9.] 


EXAMPLE Let p: X > B be a Hurewicz fibration. View PX as an object in TOP/W, with 


projection A: PX — W,—then PX is fiberwise contractible. 


FACT Let p: X — B be a continuous function—then p is both a homotopy equivalence and a 


A —> xX 
Hurewicz fibration iff every commutative diagram il |e, where 7 is a closed cofibration, has a 
Y —> B 


filler Y > X. 
[To discuss the necessity, use Proposition 12, noting that X is fiberwise contractible, hence 3 s € 


seca(X):sop~ridx.] 
B 


xX’ —> xX 
Application: Let p/ | |p be a pullback square. Suppose that p is a Hurewicz fibration and 
B' — B 


a homotopy equivalence—then p’ is a Hurewicz fibration and a homotopy equivalence. 


FACT Leti: A—/Y bea continuous function—then 7 is a closed cofibration iff every commutative 


A — xX 
diagram il | p, where p is both a homotopy equivalence and a Hurewicz fibration, has a filler 
Y — B 
YX. 
A — PX 
[To establish the sufficiency, first consider il | Po to see that 7 is a cofibration. Taking 7 


Y —~> x 
to be an inclusion, put X = JA U Y x]0,1]—then the restriction to X of the Hurewicz fibration IY + Y 


is a Hurewicz fibration (cf. p. 4-12), call it p. Since p is also a homotopy equivalence, the commutative 


A — xX 
diagram il |p has a filler f: Y + X (a > (a,0) (a € A)), therefore A is a zero set in Y, 
VY i VY 


thus is closed.] 


FACT Let X5B<Y bea 2-sink, where p: X — B is a Hurewicz fibration. Denote by W: the 


mapping track of the projection X «3 Y — B—then X «gp Wg, and W, have the same fiber homotopy type. 


LEMMA Suppose that € € Cg(X,£) is a fiberwise Hurewicz fibration. Let f € 
COCA) of Hex fzidx—then J gE C(X,X):E0g=E®& fogzidx. 
[Let H : IX — X be a fiber homotopy with H oi9 = f and Hoi, = idx; let 


G:IX — X bea fiber homotopy with Goig = idx and 0G = 0H. Define F: 1X > X 
_ f foG(e,1—-2t) (0<t<1/2) 
by Hewes (1/2<t<1) and put 


€oG(x,1—24(1—T (0<t<1/2) 
Cea aes a a T)) (/2<t<1) 


to get a fiber homotopy k : [7X — E with £0 F = koig. Choose a fiber homotopy 
K :I°X — X such that F = K cig and £0 K =k. Write Kir): X — X for the function 
« — K((x,t),T). Obviously, K(o,.0) ~ Ko) ~ Kaj) & K(1,0), all fiber homotopies being 
over E. Set g = Goi;—then fog = Fot9 = Kg) ~ Ki9) = Foi, = idx.| 

[Note: Take B= +*«, EK = B,E=p,sop: X > Bis a Hurewicz fibration—then the 
lemma asserts that V f € Ce(X, X), with f ~ idx, dg € Ca(X,X): f og =idx.] 
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E € Cp (X, E) 
Uf] € CB (% E) 
Let 6 € C(X,Y):no¢=€. Assume that ¢ is a homotopy equivalence in TOP/B—then 
@ is a homotopy equivalence in TOP/E. 


PROPOSITION 16 Suppose that { are fiberwise Hurewicz fibrations. 


[Since € is a fiberwise Hurewicz fibration, there exists a fiber homotopy inverse ~ : 
Y > X for ¢ with oy = n, thus, from the lemma, 3’ € C(Y,Y): nop =7& 
gowpoy' ~idy. This says that 6’ = wo vy’ is a homotopy right inverse for ¢ over E. 


Repeat the argument with ¢ replaced by ¢’ to conclude that ¢’ has a homotopy right 
inverse $” over E, hence that ¢’ is a homotopy equivalence in TOP/F or still, that ¢ is 
a homotopy equivalence in TOP/E.] 


[Note: To recover Proposition 15, take B = x, EH = B,€=p, and n=q.| 


> eames) 
PROPOSITION 17 Suppose given a commutative diagram | |e in which 
Y — A 
q 


? are homotopy equivalences—then (¢, w) is a homo- 


y 


: are Hurewicz fibrations and 
topy equivalence in TOP(-—). 
[This is the analog of §3, Proposition 14.] 


Let X 4.7Y bea 2-sink—then the double mapping track Wy, of f, g is defined by 
Weg — PZ 


the pullback square | a [7 . The homotopy type of W-,, depends only on 
AY ae ZLXZ 
xg 


the homotopy classes of f and g and Wy is homeomorphic to W, ¢. There are Hurewicz 


Wg ee A 
:Weg aX 
fibrations 4? *  f.9 . The diagram v| |g is homotopy commutative and 
q: Wr g 3 Y 
a xX — Z 
f 
w+ yY 
if the diagram é| |g is homotopy commutative, then there existsa@: W > Wy g 
xX a Zi 


such that eae 
n=qo¢ 
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Wig — ¥ 
[Note: The commutative diagram | [9 isa pullback square (f = qos).] 
Wy — Z£ 
q 


FACT Let X42Z2Y be a 2-sink—then the assignment (x,y,7) — 7(1/2) defines a Hurewicz 
fibration Wy, > 4. 


W? = {(@,7) : f(z) = 7(0),7 € C(O, 1/2], Z)} ss Be WH + Z Wo 
[Let f . The projections f , 
We ={(y,T): 9(y) =7(1),7 € C([1/2, 1], 2)} (w,7) + 71/2) ((y,7) 
Wrgo > Wg 
Z 
oe are Hurewicz fibrations and the commutative diagram | | is a pullback square. ] 
— 7(1/2) 
We eZ 
PP es oy 
Every 2-sink X 4,7 “Y determines a pullback square é| |g and there is an 
xX =e Z 
arrow 6: P + Wy, characterized by the conditions ee & PA Wie > PZ = 
Gofog 
| 
JOGon 


PROPOSITION 18 If f is a Hurewicz fibration, then ¢: P — Wy, is a homotopy 
equivalence in TOP/Y. 
[Use Proposition 9 and the fact that the pullback of a fiber homotopy equivalence is 


a fiber homotopy equivalence. | 


/ 
Application: Let p: X > B be a Hurewicz fibration. Suppose that { a € C(B’, B) 
/ 


1 have the same homotopy type over B’. 


are homotopic—then { ; 
X5 


For example, under the assumption that p: X — B is a Hurewicz fibration, if ®’ : 
B' — B is homotopic to the constant map B’ — bo, then X’ is fiber homotopy equivalent 
to B’ x Xb: 


FACT Suppose that p : X — B is a Hurewicz fibration. Let ®’ : B’ — B be a homotopy 


equivalence—then the arrow X' > X is a homotopy equivalence. 


Denote by |id, A|/rop the comma category corresponding to the identity functor id on TOP x TOP 
and the diagonal functor A : TOP + TOP x TOP. So, an object in |id, A]rop is a 2-sink X s ZEY 
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Be. Se ey 
and a morphism of 2-sinks is a commutative diagram | i) | . The double mapping 
xX’ — Zi <— YY’ 
f g 


track is a functor |id, A|Jrop — TOP. It has a left adjoint TOP — |id, A|rop, viz. the functor that 
sends X to the 2-sink X 81x 2x. 


Ms Oey 
FACT Let | | | be a commutative diagram in which the vertical arrows are 
xX’ —> ZZ 4<— Yy' 
f' g 
homotopy equivalences—then the arrow W+,g > Wer, gh is a homotopy equivalence. 
p:X ~>B : : g:Y7B 
Application: Suppose that are Hurewicz fibrations. Let be con- 
p': X' > B' g :Y' 3B’ 
x Ap ee yY 
tinuous functions. Assume that the diagram | | | commutes and that the vertical 
xX’ —> B’ <— Y' 
p! g 


arrows are homotopy equivalences—then the induced map X x BY — X’X pr Y’ is a homotopy equivalence. 


xX + B 
EXAMPLE Suppose given a commutative diagram | |e in which " are Hurewicz 
qd 
Y — A 


qd 


p : 

fibrations and { are homotopy equivalences—then V b € B, the induced map Xp > Yep(b) is a homotopy 
wy 

equivalence. 


[Note: Let f : X — Y be a homotopy equivalence, fix ro € X and put yo = f(xo), form the com- 
p 
OX: Sr se Fe} 
mutative diagram ih i il , and conclude that the arrow OX — OY is a homotopy 


OY ty X= {yor 
P 
equivalence. ] ; 


Given a2-sink X 5 Bé Y, let X OY be the double mapping cylinder of the 2-source X «+ Wp,q > 


Sofas x —> p(x) 
Y. It is an object in TOP/B with projection , ((x,y,7),t) > T(t). 
y > aly) 


FACT There is a homotopy equivalence X 0 gp Y 4, Wp *B Wg. 
rv) = 7(2« 
[Define $ by { Be Te aay ed) = eal) Gia.) alee PS eC) and FAD = 
d(y) = (y) 
GT 41 ))] 
[Note: More is true if p: X — B is a Hurewicz fibration: X UgY and X *g Y have the same 
homotopy type. Indeed, Wp *— Wg has the same fiber homotopy type as X *g Wg which in turn has the 


same homotopy type as X *p Y (cf. p. 4-20 ff.).] 
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Application: V bp € B, NOB and OB xg OB have the same homotopy type. 
[Note: The suspension is taken in TOP, not TOP..] 


Given f € Cp(X,Y), let W be the subspace of X x PY consisting of the pairs 
(x,7) : f(x) = 7(0) and p(x) = q(r(t)) (O < t < 1)—then W is in TOP/Y with projec- 
tion («,7) — 7(1) and is fiberwise contractible if f is a fiber homotopy equivalence (cf. 
Proposition 16). 

[Note: W is an object in TOP/B with projection (x, 7) > p(x). Viewed as an object 
in TOP/Y, its projection (#,7) — 7(1) is therefore a morphism in TOP/B and as such, 


is a fiberwise Hurewicz fibration.| 
LEMMA f admits a right fiber homotopy inverse iff secy(W) 4 0. 


PROPOSITION 19 Let f € Cg(X,Y). Suppose that there exists a numerable cov- 
ering O = {O; : i € I} of B such that V i, fo, : Xo, — Yo, is a fiber homotopy 
equivalence—then f is a fiber homotopy equivalence. 

[It need only be shown that secy(W) # @. For then, by the lemma, f has a right fiber 
homotopy inverse g and, repeating the argument, g has a right fiber homotopy inverse h, 
which means that g is a fiber homotopy equivalence, thus so is f. This said, work with 
fo, € Co,;(Xo,;, Yo,) and, as above, form Wo, C Xo, x PYo,. Obviously, W|Yo, = Wo,. 
The assumption that fo, is a fiber homotopy equivalence implies that Wo, is fiberwise 
contractible, hence has the SEP. But {Yo, : 7 € I} is a numerable covering of Y. Therefore, 
on the basis of the section extension theorem, W has the SEP. In particular: secy (W) # 9.] 


Application: Let X be in TOP/B. Suppose that there exists a numerable covering 
O = {O; : i € I} of B such that V i, Xo, is fiberwise contractible—then X is fiberwise 


contractible. 


p:X >B 
q:Y ~B 
contractible. Suppose that f € Cg(X,Y) has the property that f, : Xp > Yp is a homotopy 


PROPOSITION 20 Let { be Hurewicz fibrations, where B is numerably 


equivalence at one point 6 in each path component of B—then f : X — Y is a fiber 
homotopy equivalence. 

[Fix a numerable covering O = {O; : i € I} of B for which the inclusions O; > B are 
inessential, say homotopic to O; — b;, where fp, : Xp, — Yo, is a homotopy equivalence— 
then V i, fo, : Xo; — Yo, is a fiber homotopy equivalence (cf. p. 4-24), so Proposition 
19 is applicable. | 


4-27 


EXAMPLE Take B = {0} U{1/n:n=1,2,...}, T= BU{n:n =1,2,...}, and put X = 
BxT. Observe that B is not numerably contractible. Let k = 1,2,...,00, 1 = 0,1,2,..., and define 
f € Cp(X,X) as follows: (i) f(1/k,1) = (1/k,1) (I< k), (1/k,1/k) (lL =k # 1), (1/k,1-— 1) (1 > &); Gi) 
f(1/k, 1/0) = (1/k,1/l) (0 <1 <k), (1/k,1/(L4+1)) (1 > k)—then f is bijective and V b € B, fy : Xp 3 Xp 
is a homeomorphism (X, = {b} x T). Nevertheless, f is not a fiber homotopy equivalence. For if it were, 


then f would have to be a homeomorphism, an impossibility (f—! is not continuous at (0,0)). 


x 
EXAMPLE (Delooping Homotopy Equivalences) Suppose that { are path connected and nu- 
ee ee Y 


merably contractible. Let f : X — Y be a continuous function. Fix zo € X and put yo = f(xo)—then 

f :X — Y is a homotopy equivalence iff Of :QX — OY is a homotopy equivalence. In fact, the necessity 

is true without any restriction on X or Y (cf. p. 4-25). Turning to the sufficiency, write f = qos, 

where q: Wy > Y. Since s is a homotopy equivalence, one need only deal with q. Form the pullback 
X Xy OY — OY 

square i |?1. The map is a morphism in TOP/X which, when 


x — Y 
f 
restricted to the fibers over xo, is Qf, thus is a fiber homotopy equivalence (cf. Proposition 20). In 


OX > X xy OY 
a > (o(1), foo) 


W, ———— PY 
particular: X xy OY is contractible. Consider now the commutative triangle > A . The 
Y 


fiber of pi over yo is contractible; on the other hand, the fiber of q over yo is homeomorphic to X xy OY 
(parameter reversal). The arrow Wy — PY is therefore a homotopy equivalence (cf. Proposition 20). But 


pi is a homotopy equivalence, hence so is q. 


EXAMPLE (H Groups) In any H group (= cogroup object in HTOP..), the operations of 
left and right translation are homotopy equivalences (so all path components have the same homo- 
topy type). Conversely, let (X,2o) be a nondegenerate homotopy associative H space with the property 
that the operations of left and right translation are homotopy equivalences. Assume: X is numerably 


contractible—then X admits a homotopy inverse, thus is an H group. To see this, consider the shearing 
XxX +> XxX 
map sh : 


(x,y) + (x, ay) 
jection, Proposition 20 implies that sh is a homotopy equivalence over X. Therefore sh is a homotopy 


Agreeing to view X x X as an object in TOP/X via the first pro- 


equivalence or still, sh is a pointed homotopy equivalence, (X x X,(xo,x0)) being nondegenerate (cf. p. 
3-35). Consequently, X is an H group. 

[Note: If (X,x0) is a homotopy associative H space and if mo(X) is a group, then the operations of 
left and right translation are homotopy equivalences. ] 

Example: Let K be a compact ANR. Denote by HE(K) the subspace of C(K, K) (compact open 


topology) consisting of the homotopy equivalences—then H E(K) is open in C(K, K), hence is an ANR (cf. 
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§6, Proposition 6). In particular: (HE(K),idx) is wellpointed (cf. p. 6-14) and numerably contractible 
(cf. p. 3-13). Because HE(K) is a topological semigroup with unit under composition and mo9(HE(K)) 
is a group, it follows that HE(K) is an H group. 


EXAMPLE (Small Skeletons) In algebraic topology, it is often necessary to determine whether 
a given category has a small skeleton. For instance, if B is a connected, locally path connected, locally 
simply connected space, then the full subcategory of TOP/B whose objects are the covering projections 
X — B has a small skeleton. Here is a less apparent example. Fix a nonempty topological space F’. 
Given a numerably contractible topological space B, let FIBg,r be the category whose objects are the 
Hurewicz fibrations X — B such that V b € B, Xp has the homotopy type of F, and whose morphisms 
X — Y are the fiber homotopy classes [f] : X + Y. The functor FIBg,r — FIB,, - determined by a 
homotopy equivalence ®’ : B’ + B induces a bijection Ob FIBg,r > ObFIBp: pr, hence FIBg, Fr has a 


small skeleton iff this is the case of FIB py) F- 


By 
Claim: Consider a 2-source B, gu Bo 9 Bz, where Bo, { are numerably contractible. Suppose 
2 


FIBs,,F 
that FIBz, pF, have small skeletons—then FIB jz F has a small skeleton. 
0» $152” 


FIBp,,F 


1=71 0241 
? 


[Observing that the double mapping cylinder M, $1,¢9 18 numerably contractible, write { 6 
o2 = 72 012 


r1 a4 . 
where { are homotopy equivalences and { are closed cofibrations (cf. §3, Proposition 16). There is 
r2 


12 
1 ig 
Mi, <— Bo — Min 
a commutative diagram ri| | he and the arrow Mj, ig + Mg, ,¢5 is a homotopy 
By, +<— Bo — Be 
1 $2 
1 
equivalence (cf. p. 3-24). Thus one can assume that { ? are closed cofibrations. But then if B is defined 
p2 
$ 
Bo eats Bog 
by the pushout square o1| | , the arrow Mg, .g. — B is a homotopy equivalence (cf. §3, Propo- 
Bi, — B 
B,CB X, =X |B 
sition 18). So, with Bo = Bin Ba, , take an X in FIBg,r and put Xo = X|Bo, 
2CB X= X|Bo 
wp w 
X1 ge Xo ues X2 
ae oe : : V1 
to get a commutative diagram | | | in which are closed cofibrations (cf. 
By +<— Bo — Be ; 
?1 2 


FIBs,,F : Yi 
, choose objects Yo, and fiber homotopy 
FIBs,,F Y2 


Ait eed, i 
f2: Yea Xe 


Proposition 11). In the skeletons of FIBg,,F, { 


1: X,Y 
(obvious notation). Let . be 


equivalences fo : Yo > Xo, { 
g2:X2-> Ye 


p2° fz = 42 


4-29 


Fi =q10 ) ofy~ ) Fy = WVj,0l 
a fiber homotopy inverse for e . Set { a ee eee : es Fey) . Write { : a 


fe Fo = g2 020 fo f2°Fo~ 420 fo Fo = Vool2 
1 ly 
where { are Hurewicz fibrations and homotopy equivalences and are closed cofibrations (cf. 
2 iP) 


with projec- 


11: Yo 3+ Yi & W:Yi30N Yi TOP By 
p. 4-12), say { . Here: is an object in / 


la: Yo — Yo & We:Ye2> Ye Yo TOP/B2 


; qi o Wy fro%: Yi > X1 : : oe 
tion and a is a fiber homotopy equivalence (cf. Proposition 15). Change 
qz 0 We f20V2:Yo7> Xe 


fio By . G 
by a homotopy over into a map 
f20 We Bo 
Yo es Yo 
square a | —then Y is in TOP/B and there is a fiber homotopy equivalence f : Y > X, 


1 Giol = 710 fo 
such that { . Form the pushout 


2 G2ol2= 4720 fo 


Yi, — YY 
i.e., this process picks up all the isomorphism classes in FIB gz F.] 


Example: Let B be a CW complex—then B is numerably contractible (cf. p. 3-13) and FIBg\r 


has a small skeleton. In fact, B = colim B‘”), so by induction, FIB has a small skeleton V n. On 


BU”) F 
the other hand, B and tel B have the same homotopy type (cf. p. 3-12) and tel B is a double mapping 


cylinder calculated on the B() (cf. p. 3-23). 


FACT Let X be in TOP/B. Suppose that U = {U; : i € I} is a numerable covering of X such 
that for every nonempty finite subset F C I, the restriction of p to () U; is a Hurewicz fibration—then 
p: X — B is a Hurewicz fibration. co 

[Equip I with a well ordering < and use the Segal-Stasheff construction to produce a lifting function 


A:W, > PX. Compare this result with Proposition 13 when I = {1, 2}.] 


The property of being a Hurewicz fibration is not a fiber homotopy type invariant, i.e., 
if X and Y have the same fiber homotopy type and if p: X — B is a Hurewicz fibration, 
then q: Y > B need not be a Hurewicz fibration. Example: Take X = [0,1] x [0,1], 
Y = ((0, 1] x {0}) U ({0} x [0, 1]), B = [0, 1], and let p,q be the vertical projections—then 
X and Y are fiberwise contractible and p: X — B is a Hurewicz fibration but q: Y > B is 
not a Hurewicz fibration. This difficulty can be circumvented by introducing still another 
notion of “fibration” . 


Let X be in TOP/B. Let Y be in TOP—then the projection p: X — B is said to 
Pe Yes 


have the HLP w.r.t. Y up to homotopy if given continuous functions { eee such 


that po F = hoio, there is a continuous function H : TY — X such that oH 0% and 
poH=h. 

[Note: To interpret the condition POH 0 %9, view Y as an object in TOP/B with 
projection po F.] 
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LEMMA _ The projection p: X — B has the HLP w.r.t. Y up to homotopy iff given 


F:Y 4X i , 
h:IY 3B such that poF = hot, (0 < t < 1/2), there is a 


continuous function H : lY — X such that F = Hoig and po H =h. 


continuous functions { 


Let X be in TOP/B—then p: X — B is said to be a Dold fibration if it has the 
HLP w.r.t. Y up to homotopy for every Y in TOP. Obviously, Hurewicz = Dold, but 
Dold * Serre and Serre # Dold. The pullback of a Dold fibration is a Dold fibration and 


the local-global principle remains valid. 


PROPOSITION 21 Let X,Y be in TOP/B and suppose that q: Y > B is a Dold 


G eo f € Ca(X, Y) 
fibration. Assume: J . € Cal ¥, X) 


:gof = idx—then p: X —> B is a Dold fibration. 


®@: BOX 
: IE B 
woip. Sinee qof =p, 41G: IE A> Y with fo®=G o tp and qoG = w. Put 
Y= goG:P=gofoP=Woig & poW=pogoG=qoG=y]] 


[Fix a topological space & and continuous functions { such that po ® = 


The property of being a Dold fibration is therefore a fiber homotopy type invariant. 
Example: Take X = ([0,1] x {0}) U ({0} x [0,1]), B = [0,1], and let p be the vertical 
projection—then p: X — B is a Dold fibration but not a Hurewicz fibration (nor is p an 
open map (cf. p. 4-15)). 


EXAMPLE Define f : [—1,1] > [-1,1] by f(x) = 2|a2| —1. Put X = I[-1,1]/~, where (x,0) ~ 
(f(x),1), and let p: X + S! be the projection—then p is an open map and a Dold fibration but not a 


Hurewicz fibration. 


FACT Suppose that B is numerably contractible, so B admits a numerable covering {O} for which 
each inclusion O — B is inessential. Let X be in TOP/B8—then the projection p: X — B is a Dold 
fibration iff V O there exists a topological space To and a fiber homotopy equivalence Xo — O x To over 


O. 


The homotopy theory of Hurewicz fibrations carries over to Dold fibrations. The 
proofs are only slightly more complicated. Specifically: Propositions 15, 17, 18, and 20 are 


true if “Hurewicz” is replaced by “Dold”. 


PROPOSITION 22 Let X be in TOP/B—then X is fiberwise contractible iff p : 
X — Bisa Dold fibration and a homotopy equivalence. 
[The necessity is a consequence of Proposition 21 and the sufficiency is a consequence 


of Proposition 15.] 
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PROPOSITION 23 Let X be in TOP/B—then p: X — B is a Dold fibration iff 
y:X — W, is a fiber homotopy equivalence. 
[Bearing in mind that q¢: W, > B is a Hurewicz fibration, the reasoning is the same 


as that used in the proof of Proposition 22.] 


Application: The fibers of a Dold fibration over a path connected base have the same 
homotopy type. 

[Note: Take X = ([0,1] x {0,1}) U ({0} x [0, 1]), B = [0, 1], and let p be the vertical 
projection—then p: X — B is not a Dold fibration] 

EXAMPLE Let . ies Cee er er ee ne ae eee ee 


q:Y ~B 
Dold fibration, hence X *g Y and X Op Y have the same fiber homotopy type. 


EXAMPLE Let X bea topological space. Fix a numerable covering U = {U; : i € I} of X—then, 
in the notation of p. 3-25, the projection py, : BU > X is a Dold fibration (for BU, as an object in 
TOP/X, is fiberwise contractible). 


Notation: Given bob € B, put Bo = B-— {bo} and for X,Y in TOP/B, write Xo, Yo in place of 
Xb91 Ybg- 


FACT (Expansion Principle) Let X be in TOP/B. Suppose that PBo : XBy — Bo is a Dold 
fibration and bo has a halo O C B contractible to 69, with O — {bo} numerably contractible. Assume: 
r:Xo — Xo is a homotopy equivalence which V b € O induces a homotopy equivalence ry : Xp > Xo— 


then there exists a Y in TOP/B and an embedding X — Y over B such that gq: Y > B is a Dold fibration 


x Ye 
and is a strong deformation retract of ; 
X09 Yo 


Xt —+ Xp 
[The commutative diagram | | (Xf = O x Xo) is a pullback square. Since O > bo is a 

O —> bo 
homotopy equivalence, Xj — Xo is a homotopy equivalence (cf. p. 4-24), thus the arrow r’: Xo > X4 
defined by x > (p(x), r(x)) is a homotopy equivalence. Let Y be the double mapping cylinder of the 
2-source X «+ Xo "xe : Y is in TOP/B and there is an embedding X > Y over B. It is a closed 
cofibration. Yo is the mapping cylinder of r’, so Xo is a strong deformation retract of Yo (cf. §8, 
Proposition 17). Therefore X is a strong deformation retract of Y (cf. §3, Proposition 3). Similar remarks 
apply to Xo and Yo. Finally, to see that q is a Dold fibration, note that {O, Bo} is a numerable covering 
of B. Accordingly, taking into account the local-global principle, it is enough to verify that qo : Yo ~ O 


and qBp, : YB) — Bo are Dold fibrations. Consider, e.g., the latter. The hypotheses on r, in conjunction 
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with Proposition 20, imply that the embedding XB, — Yao is a fiber homotopy equivalence. But pgp is 


a Dold fibration, hence the same holds for gp, | 


Let f : X — Y bea pointed continuous function—then the mapping fiber E’y of f is 
Es Ss Wy 


defined by the pullback square i [9 , Le., Ey is the double mapping track of 
{Xo} ra Y 


the 2-sink X Sy — {yo}. Example: The mapping fiber Eo of 0: X > Y is X x OY. 


EXAMPLE Let f:X —Y bea pointed continuous function. Assume: f is a Hurewicz fibration. 
Denote by Cy) the mapping cone of the inclusion Xy, — X—then the mapping fiber of Cy, — Y has the 


same homotopy type as Xyj *QY (cf. p. 4-20 ff.). 


FACT Let X 5B€Y bea2-sink. Denote by Wy the mapping track of the projection X Op Y > 
B—then Wp *B Wg and Wy have the same fiber homotopy type. 


Application: The mapping fiber of the projection X Og Y — B has the same homotopy type as 
Ein * Eq. 


Let f : X — Y bea pointed continuous function—then Wy and Ey are pointed spaces, 
the base point in either case being (x0, j(yo)). The pointed homotopy type of Wy or Ey 
depends only on the pointed homotopy class of f. The projection gq: Wy — Y is a pointed 
Hurewicz fibration and the restriction 7 of the projection p: Wr + X to Ey is a pointed 
Hurewicz fibration with t~1(2%9) = QY. By construction, f o 7 is nullhomotopic and for 


any g: Z — X with fog nullhomotopic, there is a @: Z + Ey such that g = 70 ¢. 


When is a pointed continuous function which is a Hurewicz fibration actually a pointed Hurewicz 
fibration? Regularity, suitably localized, is what is relevant. Thus let p: X — B be a Hurewicz fibration 
taking xo to bo. Assume: 4 a lifting function A such that A(xo,j(bo)) = j(xo)—then p is a pointed 
Hurewicz fibration. 

[Note: For this, it is sufficient that {bo} be a zero set in B, any Hurewicz fibration p: X > B 
automatically becoming a pointed Hurewicz fibration V ro € Xb, (argue as on p. 4-14). The condition is 
satisfied if the inclusion {bo} + B is a closed cofibration.] 

f[:X 32 


LEMMA Let X,Y, Z be pointed spaces; let { be pointed continuous functions—then 
g:YZ 


Wyo OX 


Wig gard 
being the triple (xo, yo, j(z0)). 


the projections { & Wy, + X x Y are pointed Hurewicz fibrations, the base point of Wy, 
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To deal with p: Wy, — X, define a lifting function A: Wp, ~ PWy, by A((z,y,7T),o)(t) = 
f.9 Dp f.9 
(o(t),y, Tt), where 
fost—2T) (O<T-< 4/2) 
m1(T) = { 


(=—) G227 <1). 


Obviously, A((xo, yo, j(20)), j(%0)) = (v0, yo, 5 (20)), sop: Wy,g + X is a pointed Hurewicz fibration.] 


X' —>+ X 
PROPOSITION 24 Consider the pullback square | /?, where p is a Hurewicz 
B' =. B 


fibration. Suppose that e bch eB & 


by} > B’ are closed, and that p(x) = bo = ©'(b5). Put xp = (66, x0)—then the inclusion 
0 0 0 0 
{ro} > X’ is a closed cofibration. 


& B' are wellpointed, that the inclusions { 


[The arrow X,, — X is a closed cofibration (cf. Proposition 11). Therefore the 
composite X;, + X' — X is a closed cofibration. On the other hand, the composite 
0 


{xo} + Xj, + X'— X is a closed cofibration. Therefore the inclusion {x9} — Xy isa 
0 
closed cofibration (cf. §3, Proposition 9). But the arrow X;, — X’ is a closed cofibration 
ie) 
(cf. Proposition 11), thus the inclusion {xp} — X’ is a closed cofibration.| 


a 
wellpointed with closed base points—then Wy and Ey are wellpointed with closed base 


aes : : : xX 
Application: Let f : X — Y be a pointed continuous function. Assume: { are 


points. 


[PY is wellpointed with a closed base point (cf. $3, Proposition 6).] 


FACT Let f: X — Y bea pointed continuous function. Suppose that ¢: X'’ > X (pW: Y 4 Y’) 
is a pointed homotopy equivalence—then the arrow Efog — Ey (Ef > Eyop) is a pointed homotopy 


equivalence. 


Application: Let X be wellpointed with {xo} C X closed—then the mapping fiber of the diagonal 


embedding X — X x X has the same pointed homotopy type as QYX. 
PX >XxxX 


[The embedding j : X > PX is a pointed homotopy equivalence and II : 
a — (o(0),o(1)) 


pointed Hurewicz fibration.] 


x {to} CX 
EXAMPLE Let be wellpointed with closed. 
Y 


{yo} CY 
(1) The mapping fiber of the inclusion X V Y + X x Y has the same pointed homotopy type 


as OX * OY. 
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(2) The mapping fiber of the projection X V Y — Y has the same pointed homotopy type as 
X x OY/{xo} x OY. 
[In both situations, replace © by TQ as on p. 4-16.] 


f: X73 Y 
FACT Let { be pointed continuous functions—then there is a homotopy equivalence 
g:Y OZ 


Ego — W, where W is the double mapping track of the 2-sink X 4y ya Eg. 
Egop — > Eg — * 


[Consider the diagram | | | al 


Xx — Y —> @ 


Let f : X — Y be a pointed continuous function, E’y its mapping fiber. 


LEMMA If f is a pointed Hurewicz fibration, then the embedding X,, > Ey is a 


pointed homotopy equivalence. 


In general, there is a pointed Hurewicz fibration 7 : Ey — X and an embedding 


QY — Ey. Iterate to get a pointed Hurewicz fibration 7’ : EH, — E,—then the trian- 


E, — Es 
gle ii we commutes and by the lemma, the vertical arrow is a pointed homotopy 
<)Y 
equivalence. Iterate again to get a pointed Hurewicz fibration 7” : FE, — E,—then the 
Ex = Ex 
triangle [ ~~ commutes and by the lemma, the vertical arrow is a pointed homotopy 
OX 


equivalence. Example: Given pointed spaces let XbY be the mapping fiber of the 


X 
VY v] 
inclusion f : X VY > X x Y—then in HTOP,, FE, © Q(X x Y) and Ey SO(X VY). 


xX : : {zo} CX 
LEMMA Let be wellpointed with closed. Denote by S the subspace of X *« Y 
ye 


{yo} CY 
[x, yo, €] 


consisting of the { —then X *Y/S = U(X#Y) and the projection X « Y + X «Y/S is a pointed 
XZ0,YU; t 
homotopy equivalence. 


[Note: The base point of X « Y is [xo, yo, 1/2] and © is the pointed suspension. | 


Basist x {to} CX 
Application: Let be wellpointed with closed—then XbY has the same pointed 
Y 


{yo} CY 
homotopy type as M(QX #QY). 


EXAMPLE Suppose that X and Y are nondegenerate—then the Puppe formula says that in 
HTOP.,., H(QX x OY) & HOX V VOY v V(OX#OY), and by the above, H(OX #OY) & XbY. 
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EXAMPLE (The Flat Product) In contrast to the smash product # (or its modification #), 
the flat product b does not possess the properties that one might expect to hold by analogy. Specifically, 
for nondegenerate spaces, it is generally false that in HTOP.: (1) (XbY)bZ & XbD(YdZ); (2) (X x 
Y)bZ & (XdZ) x (YbZ); (3) Q(XDY) & OXY. Counterexamples: (1) Take X = Y = P™(C), Z = 
P©*(H); (2) Take X = Y = Z = P™(C); (3) Take X = Y = P™(C). Look, e.g., at (1). Using 
the fact that QP™~(C) = S!, QP*°(H) = S°, compute: P®©(C)bP™(C) = NP%(C) * AP~(C) 
Si +S! = S83 & S3pP@(H) = NS? «S3 x H(NS3#S3) = DONS? #S? w DOS? #UIS® w v4NS3 48° 
m40S83 > (P©(C)bP™(C))bP@(H) = 54083. Similarly, P°(C)b(P~(C)bP®(H)) = 208°. The 
singular homology functor Hg(—; Z) distinguishes these spaces: Hg(=*0S?; Z) = Z, Hg(H?OS8°; Z) = 0. 


2 


2 


Let f : X — Y bea pointed continuous function—then the mapping fiber sequence 
associated with f is given by --- > 0?Y > QE; 3 OX > QY > Ey — X Ly. Example: 
When f = 0, this sequence becomes --- > 0?Y 43 OX x0?Y > AX 3 OY — Xx QY > 

0 
X—->Y. 


ee ae 
[Note: If the diagram | I} commutes in HTOP,, and if the vertical arrows 
Xe! = y’ 


are pointed homotopy equivalences, then the mapping fiber sequences of f and f’ are 
connected by a commutative ladder in HTOP,, all of whose vertical arrows are pointed 


homotopy equivalences. | 


FACT Let f : X — Y be a pointed Hurewicz fibration. Assume: The inclusion Xy, — X is 
nullhomotopic—then QY has the same pointed homotopy type as Xy, x QX. 
[For 7: Ey > X is nullhomotopic, thus in HTOP.: Ey, & Ep x OX > OY & Xyy x OX.) 


REPLICATION THEOREM Let f: X — Y bea pointed continuous function—then 
for any pointed space Z, there is an exact sequence 
+++ [Z,QX] > [Z, QY] > [Z, Ey] — [Z, X] > [Z, Y] 


in SET,,. 


If f: X > Y isa pointed Dold fibration or if f : X — Y is a Dold fibration and Z is 
nondegenerate, then in the replication theorem one can replace E'y by Xy, (cf. p. 3-18). 
This replacement can also be made if f : X — Y is a Serre fibration provided that Z is 
a CW complex (cf. infra). In particular, when f : X — Y is either a Dold fibration or a 


Serre fibration, there is an exact sequence 


sie esc m2(Y ) 4 11 (Xyo) —7 m™1(X) arg m1(Y) ad T0(X yo) = To(X) —> To(Y). 
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LEMMA Let f:X — Y bea pointed continuous function. Assume: f is a Serre fibration—then 
for every pointed CW complex Z, the arrow [Z, Xy,] — [Z, Ey] is a pointed bijection. 


[Proposition 12 is true for Serre fibrations if the “cofibration data” is restricted to CW complexes. ] 


Examples: Suppose that f : X — Y is either a Dold fibration or a Serre fibration, 
X #9 

YAQ° 
(2) If X is simply connected, then V yo € f(X), there is a bijection 71(Y, yo) > m0(Xy); 
(3) If X is path connected and if Y is simply connected, then V yo € Y, mo(Xy,) = *; (4) 


If Y is path connected and X,, is path connected, then X is path connected. 


where (1) If X,, is simply connected, then V 9 € Xy,, ™1(X, 20) & ™(Y, yo); 


LEMMA let f: X — Y be a Hurewicz fibration. Fix yo € f(X) & wo € Xyq and let (Z, 20) be 
wellpointed with {zo } C Z closed—then there is a left action 71 (X, #9) x [Z, 20; Xyq, £0] > [Z, 20; Xyq; Lol. 

[Represent a € 71(X,x0) by a loop o € Q(X,a0). Given ¢ : (Z,20) + (Xyp,#o0), consider the 

F 
ioZ UI{zo} —> X ; 
Sodas Ce 12 |) eee ee 
commutative diagram | ile , where F'(z,t) = (4 the inclusion 
a(t) (z = 20) 
IZ 7 ve 

Xy + X) and h(z,t) = (fo ¢)(t). Proposition 12 says that this diagram has a filler H : IZ —> X. Put 
w(z) = H(z,1) to get a pointed continuous function ~ : (Z,z0) > (Xyq, 20). Definition: a - [¢] = [y].] 

[Note: There is a left action 71(X, 20) x [Z, 20; X, xo] > [Z, 20; X, xo] and a left action 71(Xyg, 20) X 
[Z, 20; Xyq, 20] + [Z, 20; Xyg, Lo] (cf. p. 3-18). The arrow [Z, 20; Xy9, to] — [Z, 20; X, £0] induced by the 
inclusion Xy, — X is a morphism of 71(X,2o)-sets and the operation of 71(Xy,, 20) on [Z, 20; Xyq, x0] 


coincides with that defined via the homomorphism 71(Xyg, £0) > 71(X, £0).] 


EXAMPLE Let f:X — Y bea Hurewicz fibration. Fix yo € f(X) & zo € Xy. and n > 1—then 
there is a left action 71(X,20) X mn(X,20) > tn(X, x0), a left action 71(X,20) X mY, yo) > mn(Y, yo), 


and a left action 71(X,20) X Tn(Xyg,%0) 4 Tn(Xyq,20). All the homomorphisms in the exact sequence 
co 3 Tn+41(Y, yo) a Tn(Xyp, £0) = Tn (X, £0) => Trl Y, Yo) Spores 


are 71(X,x0)-homomorphisms. 
[Note: Suppose that Xyp is path connected—then there is a left action 7(Y, yo) x m7,(Xyg,20) > 
tn (Xyp, 0), where 17 (Xy9,20) is Tn(Xy_Q, £0) modulo the (normal) subgroup generated by the a-€—€ 


(a € T1(Xyg, £0), g € Tn(Xyg,0))-] 


EXAMPLE Let f: X + Y be a Hurewicz fibration. Fix yo € f(X) & 0 © Xy).—then 71(Y, yo) 


operates to the left on mo(Xy,) and the orbits are the fibers of the arrow mo(Xyj) > m0(X). 


FACT Let f : X — Y be a Hurewicz fibration. Fix yo € f(X) & ro € Xy )—then V n > 1, 


m1(Xy,, 0) operates trivially on ker(am(Xyq, 20) + tn(X, x0)). 
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EXAMPLE (Mayer-Vietoris Sequence) Let X,Y, Z be pointed spaces; let { Me . ms be point- 
ed continuous functions—then the projection Wy + X x Y is a pointed Hurewicz Sao (cf. p. 4-32) 
and there is a long exact sequence --- > mn41(Z) > tn(Wy.g) + tn(X) X tn(Y) 9 tn(Z) > --- 
— 12(Z) > m1(Wyzg) 4 m1(X) x m1(Y) > m1(Z) > mo(Wez 9) + To(X XY). 

[Note: It follows that if X and Y are path connected and if every y € 71(Z) has the form y = 


fx(@) + gx(B) (a € m1(X), 6B € m1(Y)), then Wy. is path connected.] 


If f : X — Y is either a Dold fibration or a Serre fibration, then the homotopy 
groups of X and Y are related to those of the fibers by a long exact sequence. As for the 
homology groups, there is still a connection but it is intricate and best expressed in terms 
of a spectral sequence. 

[Note: In the simplest case, viz. that of a projection Y x T > Y, the Kiinneth formula 
computes the homology of Y x T in terms of the homology of Y and the homology of T.] 


EXAMPLE Let f : X — Y be a Hurewicz fibration, where X is nonempty and Y is path 
connected. Fix yo € Y—then V q > 1, the projection (X, Xy,) > (Y,yo) induces a bijection mq(X, Xyg) > 
tq(Y, yo). The analog of this in homology is false. Consider, e.g., the Hopf map S?”+1 — P”(C) with fiber 
S!: H,(S?"t1,81) = 0 (2 <q < 2n) & Hoq(P"(C)) & Z (1 < q <n). However, a partial result holds 
in that if Xy,. is n-connected and Y is m-connected, then the arrow Hq(X,Xy.) > Hq(Y,yo) induced by 
the projection (X,Xy ) — (Y,yo) is bijective for 1 < q < n+m-+ 2 and surjective for gq =n +m + 2. 


Consequently, under these conditions, there is an exact sequence 


Animti(Xyq) = Hn+m4i(X) = An+m+i(Y) = Hnim(Xyg) SEATS 


+ H2(Y) > Hi (Xy) > HMy(X) > A1(Y). 


[One can assume that the inclusion {yo} — Y is a closed cofibration (pass to a CW resolution 
K + Y), hence that the inclusion X,, — X is a closed cofibration (cf. Proposition 11). The mapping 
cone of the latter is path connected and the mapping fiber of Cy, — Y has the same homotopy type as 
Xy * QY (cf. p. 4-32), which is (n + m + 1)-connected (cf. p. 3-40). Thus the arrow Cy, — Y is an 
(n + m + 2)-equivalence, so the Whitehead theorem implies that the induced map Hq(Cy)) > Hq(Y) is 
bijective for 0 <q <n+m-+ 2 and surjective for g=n+m-+ 2. But the projection Cy, > X/Xyq is a 
homotopy equivalence (cf. p. 3-24) and Hg(X, Xyq.) © Hq(X/Xyp,*) (cf. p. 3-8).] 


Application: Suppose that X is (n + 1)-connected—then H,(X) ® Hg—1(QX) (2 <q < 2n+4 2). 

[Note: It is a corollary that if X is nondegenerate and n-connected, then the arrow of adjunction 
e: X — QUX induces an isomorphism Hg(X) > Hg(QUuX) for 0 <q < 2n+4+ 1. Therefore, by the 
Whitehead theorem, the suspension homomorphism 7(X) + mg41(2X) is bijective for 0 < q < 2n and 


surjective for g = 2n + 1 (Freudenthal).] 
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Let X be a topological space, sin X its singular set—then sin X can be regarded 
A™ A® A” 


as a category: was. Be (a € Mor ({m],[n])). The objects of [(sinX)°P, AB] 


are called coefficient systems on X. Given a coefficient system G, the singular homology 
H,,(X;G) of X with coefficients in G is by definition the homology of the chain complex 


B Goo & Ba Go, & Ba Gaye eek, 


oo €sing X o ,€sin, X o2€sing X 


where 0 = So(-1! DB Gd;. 
0 On€sinn X 

[Note: To interpret Gd;, recall that there are arrows d; : sin, X — sin,_1X cor- 
responding to the face operators 6; : [yn — 1] > [n] (0 < i <n). So, Vo € sin, X, 
Gd; : G(A" 4 X) + G(A™1 8 x)] 
Gqo =G 
GogA% = idg 
H,(X;G), the singular homology of X with coefficients in G. 

A coefficient system G is said to be locally constant provided that V a, GA® is in- 
vertible. LOCSx is the full subcategory of [(sin X)°?, AB] whose objects are the locally 


constant coefficient systems on X. 


Example: Fix an abelian group G and define Gg by { —then H,(X;Gag) = 


[Note: A coefficient system G is said to be constant if for some abelian group G, G is 


isomorphic to Gg.| 


Suppose that X is locally path connected and locally simply connected—then the category of locally 
constant coefficient systems on X is equivalent to the category of locally constant sheaves of abelian groups 


on X. 


PROPOSITION 25 LCCSx is equivalent to [(ILX)°P, AB]. 


[We shall define a functor G + Gy from LCCSx to [(ILX)°P, AB] and a functor 
G —+ Gein from [(ILX)°P, AB] to LCCSx such that { ra : Z 

Definition of Gy: Given x € X, put Gor = Gor, eee Ox € SiNg X with o,(A°) =z. 
Given a morphism [co] : x > y, put Guf[o] = (Gdi) o (Gdo)~*, where o € sin, X with 
= ; . In other words, Gy[o] is the composite Gy > Go > Ga. Note that Gyo] is 


dio’ =r%= dio" 


/ 
welldefined. Indeed, if eo € sin, X with . haa tae! and [o’] = [o’], then there 
07 =y=do 


ato 


exists a T € sing X such that { ; 
dot =o 


! and Sodoo" = doT = sodga”’. 
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Definition of Ggin: Given o € sin, X, put Gsing = G(eno(A°)), where ep : sin, X > 
sing X is the arrow associated with the vertex operator €, : [0] > [n] that sends 0 to n. 
A™ A® A” 


Given a morphism a - we , put GsinA® = G(o o A®), where @ : [1] — [n] is 


defined by on ~ ie : 0 0 A® is a path in X which begins at e,,7(A°) and ends at 
eno (A°).] 


Because of this result, one can always pass back and forth between locally constant 
coefficient systems on X and cofunctors 1X — AB. The advantage of dealing with the 
latter is that in practice a direct description is sometimes available. For example, fix 
n > 2 and assign to each x € X the homotopy group 7,,(X,2)—then every morphism 
[o] : « — y determines an isomorphism 7,,(X,y) — m,(X,x) and there is a cofunctor 
TnX : TLX — AB. 

[Note: Suppose that G is in [(ILX)°?, AB]—then V ap € X, the fundamental group 
m1(X, 20) operates to the right on Gao : Gro x 71(X, 20) 4 Gao. Conversely, if X is path 
connected and if Go is an abelian group on which 71(X,2o) operates to the right, then 
there exists a G in [(IX)°?, AB], unique up to isomorphism, with Gro = Go and inducing 


the given operation of 71(X, 2%) on Go.] 


Application: On a simply connected space, every locally constant coefficient system 


is isomorphic to a constant coefficient system. 


EXAMPLE Let f: X > Y be a Hurewicz fibration—then V q > 0, there is a cofunctor H,(f) : 


ITY — AB that assigns to each y € Y the singular homology group Hg(Xy) of the fiber X,. Thus let 


: YO ae: 7 
[7] : yo > y1 be a morphism. Case 1: g f(X). In this situation, Xy, & Xy, are empty, hence 
Y1 


YO 


Hq(Xy)) = 0 = Hg(Xy,). Definition: Hq(f)[7] is the zero morphism. Case 2: { € f(X). Fix a 


fo A(a,t) = r(t) 


A(z,0)=2 x — A(az,1) 
equivalence. Definition: Hq(f)[7] is the inverse of the induced isomorphism Hg(Xy.) > Hq(Xy,) (it is 


homotopy A: IXy , — X such that { —then the arrow { is a homotopy 


independent of the choices). 
LEMMA Suppose that X is path connected. Given a locally constant coefficient 


system G, fix 79 € X, put Go = Garo, and let Ho be the subgroup of Gp generated by the 
g—g9-a(g € Go,a € m(X, 2o))—then Ho(X;G) + Go/ Ab. 
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Let f : X > Y and f’: X’ > Y’ be a pair of continuous functions. Call Hep(f", f) 


Poson aii : : i ue C(A” x X', X) 
the simplicial set specified by taking for H2Q(f’, f)n the set of all . € C(A" x Y/Y) 


A" x X' >» X 
such that the diagram idx f'| \f commutes and define a in the obvious 
DP ae Y : 
way. 
Now specialize, putting Y’ = A°, so f’ : X’ — A°® is the constant map, and write 
Hit}(X', f) in place of Hr} (f’, f). In succession, let X’ = A°, At,... to obtain a sequence 


of simplicial sets and simplicial maps: 
FY(A®, f) CAMA, f) EF H(A, f) 


Here, the arrows come from the face operators [0] = [1], [1] = [2],---. This data generates 


a double chain complex Kee = {Kn m:n > 0,m > 0} of abelian groups if we write 


Knim = Fa (Hi}(A”, fm) and define es t Knm 4 Kn—1m 


See eee ene as follows. 


> > 
(0;) The arrows HUY(A”, f)m : Ht(A"—', f)m lead to arrows Km i, Kn—-1,m- 
Take for 0; their alternating sum multiplied by (—1)”. 
= = 
(Orr) The arrows HIYA”, fm 2 HIYA”, f)m—1 lead to arrows Kum 2 Knm-1: 


Take for O77; their alternating sum. 
One can check that 0; 0 0; = 0 = O77 0 O77 and O; 0 O77 + O77 0 O; = 0. Form the total 
chain complex K, = {K,}:K, = © Kn m, where 0 = 0; + 07;—then there are first 


n+Mm=p 
quadrant spectral sequences 


TER 4 = 1Hp(11Hg(Kew)) > Hptq(Ke) 
11 Ep g = 11 Hp(1Hq(Kee)) > Hp+q(Ke) 


Hy(X) (p=9) 
0 (p > 0)” 
[From the definitions, sin X = H2}(A°, f). On the other hand, each projection A" > 


A° is a homotopy equivalence and induces an arrow sin X + H2p(A”, f). Since there are 


2 ~N 
LEMMA /E2 { 


sin X ae sin X 
n+ 1 commutative diagrams | | , passing to homology per 
AYA", f) —> Hig(Ar™, f) 
Orr gives 
0 id 0 
H(X) 2 HX) A(X) 
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Thus the first spectral sequence ;F collapses and H,(K,.) ¥ H,(X). To explicate the 
second spectral sequence ;;FE, given 7 € sin, Y, let X, be the fiber over 7 of the induced 
map sin, X — sin, Y,ie., X, = {o0: foo =}. View X, as a subspace of sin, X (compact 
open topology). Put Hg(f)r = Hq(X-) and V a, let Hg(f)A® be the homomorphism on 
homology defined by the arrow X, > X;oaa—then H,(f) is in [(sin Y)°?, AB] or still, is 
a coefficient system on Y. 

[Note: Vy © Y, Hq(f)Ty = Hq(Xy), where Ty € sing Y with 7,(A°) = y.] 


LEMMA 7;E? , © Hy(Y;H,(f))- 
[rH,(Kee) can be identified with the chain complex on which the homology of H,(f) 


is computed. | 


PROPOSITION 26 Suppose that f : X — Y is a Hurewicz fibration—then H,(f) is 
locally constant. 
C(A”, X) > C(A™, X) 
C(A", Y) > C(A™,Y) 
GAP X)\y 2s, Cy) 
there is a commutative diagram | | . According to Proposition 
C(A™, X) Bi C(A™,Y) 


5, the horizontal arrows are Hurewicz fibrations. But the vertical arrows are homotopy 


[Fix a@ € Mor ([m], [n])—then a determines arrows { and 


equivalences, thus V 7 € C(A",Y) the induced map X, > X7oa« is a homotopy equiva- 
lence (cf. p. 4-25), so Hg(f)A® : Hy(X7) — Hq(X-7oAq) is an isomorphism.] 

[Note: Retaining the assumption that f : X — Y is a Hurewicz fibration, one may 
apply the procedure figuring in the proof of Proposition 25 to the locally constant coefficient 
system H,(f). The result is the cofunctor H,(f) : IY — AB defined in the example on 
p. 4-39.] 


Proposition 26 is also true if f : X — Y is either a Dold fibration or a Serre fibration. 


Consider first the case when f is Dold—then Proposition 5 still holds and the validity of the relevant 
homotopy theory has already been mentioned (cf. p. 4-30). As for the case when f is Serre, note that the 
arrow C(A”, X) + C(A”,Y) is again Serre (as can be seen from the proof of Proposition 5). Therefore, 


thanks to the Whitehead theorem, the lemma below suffices to complete the argument. 


xX + B 
p 
LEMMA Suppose given a commutative diagram o| |e in which { are Serre fibrations 
Y— A ! 


qd 


p : 
and { are weak homotopy equivalences—then V b € B, the induced map Xp, > Y2p(b) is a weak homotopy 
wy 
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equivalence. 


[If Xp is empty, then so is Yy ,) and the assertion is trivial. Otherwise, let a = (6) and apply the 
five lemma to the commutative diagram 


—> %q41(B) — mq(Xp) — mW7(X) — a (B) — 
{ { 
SS GEA)! re GG) SS ere 4) 


> 1q(A) > 
with the usual caveat at the mo and 71 level.] 


The coefficient system H,(f) is defined in terms of the integral singular homology of 
the fibers. Embelish the notation and denote it by H,(f; Z). One may then replace Z by 


any abelian group G : H,(f;G), a coefficient system which is locally constant if f : X — Y 
is either a Dold fibration or a Serre fibration. 


FIBRATION SPECTRAL SEQUENCE Let f:X —Y be either a Dold fibration or 


a Serre fibration—then for any abelian group G, there is a first quadrant spectral sequence 
= BO 65% 
E = {Ej ,,d"} such that Ep, 


~ 


A, (Y3;H¢q(f;G)) => Hp4q(X;G) and V n, H,(X;G) 
admits an increasing filtration 


0= eg pert Cc Hon cC---C Ay, 11 C AA — H,(X;G) 


by subgroups H;.n—-i, where EX, © ad Pp Aig ee 


2a 
[Note: The fibration spectral sequence is natural, i.e., if the diagram | | 


XxX’ ri y’ 
commutes, then there is a morphism p : E — E” of spectral sequences such that ee 


coincides with the homomorphism H,(Y;H,¢(f;G)) — Hy(Y'; H¢(f’; G)) induced by the 
arrow Hy(f;G) > Hq(f'; G).] 


WANG HOMOLOGY SEQUENCE Take Y = S”+! (n > 1) and let f : X > Y be a Hurewicz 
fibration with path connected fibers X,—then there is an exact sequence 


++ > Hg(X) + Hg—n-1(Xy) 4 Hq-1(Xy) > Hg-1(X) > --- 


EXAMPLE Suppose that n > 1—then Hz, (QS"t1) & Z(k = 0,1,...), while Hy(QS"*') = 0 
otherwise. Moreover, the Pontryagin ring Hs(QS"+!) is isomorphic to Z[t], where ¢ generates 
H,(Qsr**). 
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As formulated, the fibration spectral sequence applies to singular homology. There is also a companion 
result in singular cohomology (with additional multiplicative structure when the coefficient group G is a 


commutative ring). 


WANG COHOMOLOGY SEQUENCE Take Y = 8”+! (n > 1) and let f: X + Y bea 


Hurewicz fibration with path connected fibers X y—then there is an exact sequence 
ci eH) SG) SRS I Se, 
[Note: In the graded ring H*(Xy), 0(a- 8) = O(a) - B+ (-1)"!*la- 6(B).] 


EXAMPLE Suppose that n > 1—then 6: H’"(QS"t+!) = H&-D(OS"+1) (k > 1) is an 
isomorphism and H°(QS"*?) is the infinite cyclic group generated by 1. Put a9 = 1 and define az (k > 1) 
inductively through the relation 6(a%) = az—1. Case 1: n even. One has klaz = ak, therefore H*(QS"*") 
is the divided polynomial algebra generated by a1,a2,.... Case 2: n odd. One has aj = 0, a1a2,p = 
O2k+41,A102h41 = 0, and ak = klagz, thus a1 generates an exterior algebra isomorphic to H*(S”) and 
a2,@4,... generate a divided polynomial algebra isomorphic to H*(QS?2"++), so H*(QS"*!) = H*(S") ® 
H*(QS8S2"+1), 


In what follows, we shall assume that X is nonempty and Y is path connected. 

[Note: If f is Dold, then the X, have the same homotopy type (cf. p. 4-31), while if 
f is Serre, then the X, have the same weak homotopy type (cf. Proposition 31).] 

(EDy) Let ex : EX) > Ej be the edge homomorphism on the horizontal 
axis. The arrow of augmentation Ho(X,;G) — G is independent of y, so there is a ho- 
momorphism H,(Y;Ho(f;G)) ~ H,(Y;G). The composite H,(X;G) > Hpo/Hp-11 

1) — E2 ) & Hy (Y; Ho(f;G@)) + H,(Y;G) is the homomorphism on homology induced 
by f:X OY. 

(EDy) Let ey : Ej, > EX, be the edge homomorphism on the vertical axis. 
Fix y € Y—then there is an arrow H,(X,;G) — Ho(Y;H,(f;G)). The composite 
Hy(Xy:G) > HV; Hg(f;G@)) » Ej, —> ES, + Hg(X;G) is the homomorphism on 
homology induced by the inclusion X, > X. 

Keeping to the preceding hypotheses, f : X — Y is said to be G-orientable provided 
that the X, are path connected and V q,Hq(f;G) is constant, so V y the right action 
Hy (Xy;G) x m(Y,y) 9 Ay(Xy;G) is trivial. 

[Note: If f : X — Y is G-orientable, then by the universal coefficient theorem, 
Boa & Hy (Y; Hy(Xy;G)) © Hp(Y) @ Hy(Xy;G) @ tor(Hp_1(Y), Hq(Xy; G)).] 
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EXAMPLE Let f : X — Y be G-orientable. Assume: Hj(Xy);G) = 0 (0 < i < mn) and 
H;(Y;Z) =0 (0 <j < m)—then there is an exact sequence 


An+m+1(Xyqi G) 4 Ant+m4i(X;G) > Antm+i(Y; G) 4 Ant+m(XygiG) > ++ 


> H2(Y;G) > Ai (Xy9; G) > M1(X;G) > A1(Y;G). 


or r n m , combine e exact sequence 
For 2<r<n+m+2 bine th t seq 
d’ 
Os Beg > Ee 2h. oa 0 


with the exact sequence 


O + Bg (AG) By 0, 


observing that H;(Y;G) © Ex) & Ef.) and Hr—1(Xyj;G) & EG 1 © Ej.,_1, the arrow H,(Y;G) > 
H,—1(Xyp;G) being the transgression. ] 
[Note: The above assumptions are less stringent than those imposed earlier in the case G = Z (cf. 


p. 4-37).] 


EXAMPLE Let f: X —Y be A-orientable, where A is a principal ideal domain—then the arrow 
H,(X;A) > H.(Y;A) is an isomorphism iff V q > 0, Hg(Xy,;A) = 0 and the arrow Hx(Xy ;A) > 
H,(X;A) is an isomorphism iff V q > 0, Hqg(Y; A) = 0. 


[Note: The formulation is necessarily asymmetric (take Y simply connected and consider OY — Y).] 


FACT Suppose that f : X — Y is Z-orientable—then any two of the following conditions imply 
the third: (1) V p, Hp(Y) is finitely generated; (2) V q,Hq(Xy,) is finitely generated; (3) V n, Hn(X) is 


finitely generated. 


FACT Suppose that f : X — Y is Z-orientable—then any two of the following conditions imply 
the third: (1) V p > 0, Hp(Y) is finite; (2) V q > 0, Hq(Xyp) is finite; (3) V n > 0, Hn(X) is finite. 


Given pointed spaces the mapping fiber sequence associated with the inclusion 


xX 

VY p) 

f:XVY ~3Xx/Y reads: --- 9 OX VY) BOX xX Y) 9 XOY SO XVY SO XXY. 
[Note: The homology of Q(X V Y) can be calculated in terms of the homology of OX 


and QY (Aguade-Castellet’).] 


LEMMA The arrow Ff: Q(X x Y) > XbY is nullhomotopic. 


+ Collect. Math. 29 (1978), 3-6; see also Dula-Katz, Pacific J. Math. 86 (1980), 451-461. 
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OX = {o: o((1/2,1]) = 20} ; : QX + OX 
[Put car = {7 7(10, 1/216} —then the inclusions ‘or oy 


homotopy equivalences, hence the same holds for their product: OX x QY > QX x QY = 
Q(X xY). Use two parameter reversals to see that the composite DX x QY > O(X VY) > 
XbY is equal to the composite OX x QY > Q(X x Y) sa XbY, from which F ~ 0.] 


are pointed 


GANEA-NOMURA FORMULA _ Suppose that X and Y are nondegenerate—then in 
HTOP,, Q(X VY) = OX x QY x OS(OX#OY). 

[The mapping fiber of 0: Q(X x Y) > XDbY is OX XY) x O(XDY) and by the lemma, 
Ep & Q(X x Y) x O(XdY). Employing the notation of p. 4-34, there is a commutative 

Fo hy 
triangle il UP . The vertical arrow is a pointed homotopy equivalence, thus 
Q(X x Y) 

E, © Ep or still, OX VY) & Q(X x Y) x OXY) & OX x OY x OX(OX#OY) (cf. p. 
4—34).] 


Given pointed spaces the mapping fiber sequence associated with the projection 


X 
y? 
f:XVY —-Y reads: --- 9 Q(X VY) 9 QY > Bp 9 XVY OY. 


LEMMA The arrow F:: QY — Ef is nullhomotopic. 

[Define 9g: Y > XVY by g(y) = (20, y), so fog =idy. Let Z be any pointed space— 
then in view of the replication theorem, there is an exact sequence [Z,Q(X V Y)] > 
[Z,QY] — [Z, Ey]. Since Of has a right inverse, the arrow [Z,Q(X V Y)] > [Z, QY] is 
surjective. This means that the arrow [Z,QY] — [Z, Ey] is the zero map, therefore F' is 


nullhomotopic. | 


GRAY-NOMURA FORMULA Suppose that X and Y are nondegenerate—then in 
HTOP,, Q(X VY) & OY x Q(X x OY/{ao} x QY). 
[Argue as in the proof of the Ganea-Nomura formula (Ly is determined on p. 4-34).| 


PROPOSITION 27 Let X,Y be pointed spaces—then =X x Y/{xo} x Y has the 
same pointed homotopy type as UX V (UX#Y). 

[OX x Y/{ao} x Y S UX#Y, & UX#(SOVY) & X#D(S°VY) & X#(S' VEY) & 
(X#S') v (X#DEY) = DX Vv (UX#Y),] 

[Note: Recall that in HTOP,, U(X#Y) ~ UX#Y x X#XY for arbitrary pointed 
X and Y (cf. p. 3-33).] 
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So, if X is the pointed suspension of a nondegenerate space, then the Gray-Nomura 
formula can be simplified: Q(X VY) & QY x Q(X Vv (X#OQY)). Consequently, for all 
nondegenerate X and Y, 


Ox(x VY) x { QEX x QX(Y v (Y#NDX)) 


OEY x QN(X v (X#OXY)) * 


xX , ' {xo} CX 
Suppose that , Z are wellpointed with , {20} C Z closed. Let f: X > Y bea 
Y {yo} C ¥ 


pointed continuous function, Cy its pointed mapping cone. Let p: 4 — Cy be a pointed continuous 


function, Zo its fiber over the base point. Assume: p is a Hurewicz fibration—then p is a pointed Hurewicz 


| os A 
fibration. Form the pullback square | |p . Since jo f ~ 0, there is a commutative triangle 
Y — Cs 
Z j 
ee i? and an induced map e: X > P. 
xXx — C's 


jof 


FACT The pointed mapping cone of the arrow Ce > Z has the pointed homotopy type of X * Zo. 


EXAMPLE Let X be wellpointed with {ro} C X closed. The pointed mapping cone of X — « 
QTxX —\> OX 


is &.X, the pointed suspension of X. Consider the pullback square | {pi . Here, e: X > 


* —_, dX 
QUX is the arrow of adjunction and the pointed mapping cone of Ce + OXX has the same pointed 


homotopy type as Ce > *, thus in HTOP., Ce 2 X *OXX. 


Given a pointed space X, the pointed mapping cone sequence associated with the 
arrow of adjunction e: X > QUX reads: X 5 OQUX 93 C, 9 UX 3 DOUNX OS ---. 


PROPOSITION 28 Let X be nondegenerate—then MQ>X has the same pointed 
homotopy type as UX V U(X#0EX). 

[Because the evaluation map r : NOQUNX — XX exhibits /X as a retract of MLOXX, 
the replication theorem of §3 implies that the arrow F': C. > XX is nullhomotopic, hence 
Crp x UX V UC. Reverting to the notation of p. 3-32, there is a commutative triangle 
C27 2 

~~ | in which the vertical arrow is a pointed homotopy equivalence. Accordingly, 


UX 
Cy = Cr => MOUX & UX V UC, & UX V U(X#OXYX), the last step by the preceding 


example. | 
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Assume: X and Y are nondegenerate. Put X!]= 8°, xl = x#..-#X (n factors). 
Starting from the formula QU(X VY) = OLX xOQU(Y V(Y#OEX)), successive application 


of Proposition 28 gives: 
N 
ND(X VY) & NEX x aD(\/Vexhly vex xox). 
0 


xX 
FACT Let { be nondegenerate and path connected—then V q > 0, tq(DX V UY) & mq(UX) © 
Y 


CO 
mq(O(\V Y#X!"))). 
0 
[By the above, 7g(=X V NY) is isomorphic to 
N 
T(=X) ® mq(B(\/ VEX" v (vex ]40DxX))). 
0 
Since 5(Y #X1#0NDX) is (N + 2)-connected (cf. p. 3-40), it follows that Vq < N+2:mq(=X VEY) & 


N 
Tg (UX) © mg(U(\Y Y#XI)). But =( \V Y#X”) is also (N + 2)-connected. Therefore, V q > 0: 
0 n>N 


Rq(UX V NY) & mq(UX) @ rq S(\f Y#XI")))] 
0 


A continuous function f : X — Y is said to be an n-equivalence (n > 1) provided 


: xX 
that f induces a one-to-one correspondence between the path components of { Y and 


V to € X, fa t Wq(X, 20) > 74(Y, f(%o)) is bijective for 1 < q < n and surjective for q =n. 
Example: A pair (X, A) is n-connected iff the inclusion A > X is an n-equivalence. 


[Note: f is an n-equivalence iff the pair (My, i(X)) is n-connected.] 


p q ; p is an n-equivalence ee 
FACT Let X >B¢€Y be a 2-sink. Suppose that —then the projection 
q is an m-equivalence 


X Op Y > Bis an (n+m +4 1)-equivalence. 
[There is an arrow X Op Y a Wy *B W, that commutes with the projections and is a homotopy 
: Pp : : : < 
equivalence (cf. p. 4-25), thus one can assume that are Hurewicz fibrations and work instead with 


q 
X «BY (the connectivity of the join is given on p. 3-40).] 


A continuous function f : X — Y is said to be a weak homotopy equivalence if f is 
an n-equivalence V n > 1. Example: Consider the coreflector k : TOP — CG—then for 
every topological space X, the identity map kX — X is a weak homotopy equivalence. 

[Note: When X and Y are path connected, f is a weak homotopy equivalence provided 
that at some ro € X, fx : Tq(X,L0) 4 T¢(Y, f(xo)) is bijective V q > 1.] 
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Re Sg ge Oe 
Example: Let | i | be a commutative diagram in which the ver- 
NO Bee, 
tical arrows are weak homotopy equivalences—then the arrow Wy, — We7,9' is a weak 
homotopy equivalence. 


[Compare Mayer-Vietoris sequences (use an ad hoc argument to establish that 
To(W yg) x To(W yf g’))-] 


xo GX Cis 
Example: Let iyo ap nar 


xX” ae xn ; : 
yn _5 ynti are closed cofibrations. Suppose given a sequence 


DOS ee a 
of continuous functions ¢” : X” + Y” such that V n, the diagram "| lent 


Veo =e yart 
commutes—then 6° : X° — Y° is a weak homotopy equivalence if this is the case 


of the ¢”. 


be expanding sequences of topological spaces. As- 


sume: V n, the inclusions { 


tel X° —> xX 
[Consider the commutative diagram tel ¢ | |e~ (cf. p. 3-12). Since the 


tel Y° — Y° 
horizontal arrows are homotopy equivalences, it suffices to prove that tel@ is a weak ho- 
tel X° — [0, oof 


tel Y® — [0, oof’ yas 


motopy equivalence. To see this, recall that there are projections { 


tel X °° tel, X °° 
tel Y tel, YS 
tel, X° — tel, Y° is a weak homotopy equivalence. | 


ROE KE oe: , F 
a0: ey lie ae be expanding sequences of topological 


a compact subset of { must lie in { (dn >> 0). But V n, the arrow 


[Note: Here is a variant. Let { 

x 

yn is T,;. Suppose given a sequence of continuous functions 
MO ea 

go”: X" + Y” such that V n, the diagram gr | ent commutes—then ¢°° : 


ye yee 
X° — Y™ is a weak homotopy equivalence if this is the case of the ¢”.] 


spaces. Assume: V n, { 


EXAMPLE Given pointed spaces X and Y, let X™Y be the double mapping track of the 2-sink 
X>XVY+«/Y. The projection XxY > X x Y is a pointed Hurewicz fibration. Its fiber over (xo, yo) 
is Q(X V Y) and the composite O(XbDY) > Q(X VY) > XY defines a weak homotopy equivalence 
O(XbY) > XMY. 


Assume: X and Y are nondegenerate—then the argument used to establish that 
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N 
Qx(X VY) = QDX x ox(\/ Y#xl"l v (vex ]¥0nx)) 


0 
does not explicitly produce a pointed homotopy equivalence between either side but such precision is 


ix Me oa BX Ee VEY 
possible. Let be the inclusions . With wo = tsy, inductively define w, = 
Loy “YY —O UX V UY 
[wo,inx],---,Wn = [Wn-1,4zx], the bracket being the Whitehead product, so wi : H(Y#X) > UX V 
N 
LY,...,Wn : L(Y #X"l) 4 UX VXY. Write Ausx) + A(Y wn V [wN,epx © 7) for the composite 
N 0 
QUuX x ax(\/ Vex v (y¥#EXI]40DX)) = OU(X VY) x AX(X VY) SOX VY). 
0 N 
Then Spencer? has shown that Q(usx) + ay wn V [wn,tsx oT]) is a pointed homotopy equivalence. 
0 


x 
EXAMPLE Let { be nondegenerate and path connected—then the map 
Y 


oo oo 
Qn x) + Of wn) 9EX x B(\/ Y#eXT)) + OE(X VY) 

is a weak homotopy equivalence. 9 0 
Let L be the free Lie algebra over Z on two generators ti1,t2. The basic commutators of weight one 
are ti and tg. Put e(t1) = 0, e(t2) = 0. Proceeding inductively, suppose that the basic commutators of 
weight less than n have been defined and ordered as t1,...,¢) and that a function e from {1,...,p} to the 
nonnegative integers has been defined: V i, e(¢) < i. Take for the basic commutators of weight n the [t;, t,], 
where weight ¢;+ weight t; = n and e(t) <j < 7. Order these commutators in any way and label them 
tn41,---,tp4+q- Complete the construction by setting e([t;,t;]) = 7. Let B be the set of basic commutators 


thus obtained—then B is an additive basis for L, the Hall basis. 


xX 
EXAMPLE (Hilton-Milnor Formula) Let { be nondegenerate and path connected. Put 
Y 


Z(t1) = X (1: UZ(t1) 3 UX VEY . . 
and let be the inclusions. For t € B of weight n > 1, write 


Z(t2) =Y GtDAGs) ox VY 
uniquely ¢ = [t;,t;], where weight t;+ weight t; =n. Via recursion on the weight, put Z(t) = Z(t;)#Z(t;) 


G0 BAe ey. 
and let ¢; : Z(t) + SX V XY be the Whitehead product [¢;,¢;], where . The 
¢; : DZ(tj) + DX v SY 


¢¢ combine to define a continuous function ¢ = S> Q¢ from (w) [] QUZ(t) (cf. p. 1-36) to NU(X VY). 


t€B te€B 
Claim: ¢ is a weak homotopy equivalence. To see this, attach to each N = 1,2,..., a “remainder” 
Rv = \V Z(t). Applying the preceding example to NX(Z(tw) V \V Z(ti)), it follows that the 
i=N i>N 
e(i)<N e(i)<N 
map 


N N 
Siac 40 \Y Gi): [ [222s x 22 (Rw 41) > 2B VY) 


421 i>N i=1 
e(t)<N 


+ J. London Math. Soc. 4 (1971), 291-303. 
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is a weak homotopy equivalence. To finish, let N — co (justified, since the connectivity of Ru+1i tends to 
oo with N). 
[Note: The isomorphism ¢. : ® m(QUZ(t)) > m.(QU(X V Y)) depends on the choice of the Hall 
teB 


basis B. Consult Goersst for an intrinsic description.] 


A nonempty path connected topological space X is said to be homotopically trivial if 
X is n-connected for all n, i-e., provided that V q > 0, tg(X) = 0. Example: A contractible 
space is homotopically trivial. 

Example: Let X tr, ZY bea2sink. Assume: X & Z are homotopically trivial— 


then the arrow Wy, — Y is a weak homotopy equivalence. 


EXAMPLE A homotopy equivalence is a weak homotopy equivalence but the converse is false. 

(1) (The Wedge of the Broom) Consider the subspace X of R? consisting of the line seg- 
ments joining (0,1) to (0,0) & (1/n,0) (n = 1,2,...)—then X is contractible, thus it and its base point 
(0,0) have the same homotopy type. But in the pointed homotopy category, (X, (0,0)) and ({(0, 0)}, (0, 0)) 


are not equivalent. Consider X V X, the subspace of R? consisting of the line segments joining 
{ (0,1) to (0,0) & (1/n,0) 


(0, —1) to (0,0) & (—1/n, 0) 
ial. However, X V X is not contractible, so the map that sends X V X to (0,0) is a weak homotopy 


n = 1,2,...)—then X V X is path connected and homotopically triv- 


equivalence but not a homotopy equivalence. 


(2) (The Warsaw Circle) Consider the subspace X of R? consisting of the union of {(x,y) : 
e£=0,-2<y<l 


O0<a<l,y=-2 and {(a,y):0< a < 1,y = sin(27/x)}—then X is path connected and homo- 


e=1,-2<y<0 
topically trivial. However, X is not contractible, so the map that sends X to (0,0) is a weak homotopy 


equivalence but not a homotopy equivalence. 


FACT Let p: X — B be a Hurewicz fibration, where X and B are path connected and X is 
nonempty. Suppose that [p] is both a monomorphism and an epimorphism in HTOP—then p is a weak 


homotopy equivalence. 


A continuous function f : (X,A) — (Y,B) is said to be a relative n-equivalence 
(n > 1) provided that the sequence * — mo(X, A) — m0(Y, B) is exact and V zo € A, 
fx: Mq(X, A, Lo) 9 T_(Y, B, f(xo)) is bijective for 1 < q < n and surjective for g =n. 


xX. 
PROPOSITION 29 Suppose that i & i are open subspaces of ie with 
2 2 


+ Quart. J. Math. 44 (1993), 43-85. 


4-51 


beam Ue € X= f-'(%) 
Y=YUY X_ = f-" (Ya) ’ 
Fixn > 1. Assume: f : (X;, X19.X2) > (Yi, Y1NY2) is a relative n-equivalence (¢ = 1, 2)— 
then f : (X, X;) > (Y,Y;) is a relative n-equivalence (7 = 1, 2). 
[This is the content of the result on p. 3-46.] 


. Let f : X > Y be a continuous function such that { 


A continuous function f : (X,A) — (Y,B) is said to be a relative weak homotopy 
equivalence if f is a relative n-equivalence VY n > 1. Example: Let p: X > B bea 
Serre fibration, where B is path connected and X is nonempty—then V 6 € B, the arrow 
(X, Xp) — (B,b) is a relative weak homotopy equivalence. 


LEMMA Let f : (X,A) — (Y,B) be a continuous function. Assume: f : A > B 
and f : X — Y are weak homotopy equivalences—then f : (X,A) — (Y, B) is a relative 


weak homotopy equivalence. 


X} 


Xe 


PROPOSITION 30 Suppose that { Y 


& ee are open subspaces of 7 with 
2 


_ _ f-1 
eee . Let f : X — Y be a continuous function such that ee 7 ae : 
Assume: ieee & f : XN X27 Y,N Yo are weak homotopy equivalences—then 

- : Xo = Y 


f :X 7 Y is a weak homotopy equivalence. 

[The lemma implies that f : (X;, X19 X2) > (Yi, Y:NY2) is a relative weak homotopy 
equivalence (i = 1,2). Therefore, on the basis of Proposition 29, f : (X,X;) > (Y, Yi) is 
a relative weak homotopy equivalence (i = 1,2). Since a given x € X belongs to at least 


one of the X;, this suffices (modulo low dimensional details).] 


RAL, oS 
Application: Let | | | be a commutative diagram in which the 
De. oe Le Se a 
vertical arrows are weak heey peninlenees enon the arrow My, — My:q’ is a weak 


homotopy equivalence. 
- 
ii 


is a weak homotopy equivalence (cf. §3, Proposition 18).] 


[Note: If in addition { are closed cofibrations, then the arrow X LU, Y — X'U,: Y’ 


x 
FACT Let { be topological spaces and let f : X — Y be a continuous function. Assume: V = 
Y 


{V} is an open covering of Y which is closed under finite intersections such that VV € Y, f: f—1(V) 3 V 


is a weak homotopy equivalence—then f : X — Y is a weak homotopy equivalence. 
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[Use Zorn on the collection of subspaces B of Y that have the following properties: B is a union of 
elements of V, f : f—!(B) > B is a weak homotopy equivalence, and VV € V, f: f-1(BNV) +> BNV 
is a weak homotopy equivalence. Order this collection by inclusion and fix a maximal element Bo. Claim: 


Bo =Y. If not, choose V EV: V ¢ Bo and consider Bo UV] 


; ; : @:S7 14x | 
SUBLEMMA Let f € C(X,Y) and suppose given continuous functions with fo 
~:D" 3Y 
1 ‘ : ‘ins ; : g:U+X 
ob = »|S"—*— then there exists a neighborhood U of S"—* in D” and continuous functions < _ 
~:D" 3Y 
such that 6|S"—! = ¢ and fod = WlU, where 7) ~ prelS”—1. 
x (llz|| < 1) 


Let U = {x :1/2 x|| < 1} and put A(x) = d(a/||x x €U). Write v(x) = : 
[Let {x :1/2 < |lz|| < 1} and put 4(x) = ¢(2/|lz||) (e € U) (x) on (jel) > 1) 


Define H : ID" > Y by H(a,t) = p(v((1+ t)x)) and take ~ = Ho ii .] 


Xi Y, x 
LEMMA Suppose that & are subspaces of with Let 
Y 


X = int X1 U int Xe 
X2 Yo 


Y = int Yj U int Yo 


f(%1) CY eae 
Assume: 


f :X — Y bea continuous function such that { & f:X1iNXe> 


f(Xe2) C Yo ff: X27 Yeo 
Y1 M Y2 are weak homotopy equivalences—then f : X > Y is a weak homotopy equivalence. 
o:I17 5X 
[In the notation employed at the end of §3, given continuous functions { such that 
wy:IIaV 


fod= y|14, it is enough to find a continuous function ® : I4 + X such that &|/4 = dand fo®~ prel!?. 


; oe Rao! go *(X — int X1) UP -(Y —¥1) 
This can be done by a subdivision argument. The trick is to consider he 
@-1(X — int X2) Uw-1(Y — Yo) 
These sets are closed. However, they need not be disjoint and the point of the sublemma is to provide an 


escape for this difficulty. ] 


EXAMPLE In the usual topology, take Y = R, Yi = Q, Yo = P; in the discrete topology, take 


X=R, X; = Q, X2 = P—then the identity map X — Y is not a weak homotopy equivalence, yet the 


3 X1 —> Y, , 
restrictions , X1N X2 > Y1M Y2 are weak homotopy equivalences. 
X22 Yo 


xX 
FACT Let { be topological spaces and let f : X — Y be a continuous function. Suppose that 
Y 


U={U;:71€ I} . XxX F 
are open coverings of such that Vi: f(U;) C V;. Assume: For every nonempty 
Y={V;:71€ I} Y 
finite subset F C I, the induced map () U; > () V; is a weak homotopy equivalence—then f is a weak 


iCF i€F 
homotopy equivalence. 


. xX : : ; 
Topological spaces { are said to have the same weak homotopy type if there exists 


Y 
f:Z27X 
g:2Z7Y- 
having the same weak homotopy type is an equivalence relation. 


a topological space Z and weak homotopy equivalences { The relation of 
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[Note: One can always replace Z by a CW resolution K — Z, hence i have the 


KAaX 


K>3Y by the same CW 


same weak homotopy type iff they admit CW resolutions { 
complex K.] 


Transitivity is the only issue. For this, let X1,X2,X3 be topological spaces, let K, L be CW com- 
K L 
plexes, and consider the diagram SY Ne oe Pa , where { fi F are weak homo- 
Pe oe be fo (9 
topy equivalences. Since (K, f2) and (L, g2) are both CW resolutions of X2, there is a homotopy equivalence 
o@:K +L such that fe ~ g20o¢ (cf. p. 5-18). Thus g3 06: K + X3 is a weak homotopy equivalence, so 


X;1 and X3 have the same weak homotopy type. 


EXAMPLE Two aspherical spaces having isomorphic fundamental groups have the same weak 
homotopy type. 
[Note: A path connected topological space X is said to be aspherical provided that V q > 1, mq(X) = 


0. Example: If X is path connected and metrizable with dim X = 1, then X is aspherical.] 


Let X be in TOP/B. Assume that the projection p: X — B is surjective—then p 
is said to be a quasifibration if V 6 € B, the arrow (X, X,) > (B,b) is a relative weak 
homotopy equivalence. If p: X — B is a quasifibration, then V bp € B,V xo € Xp,, there 


is an exact sequence 


ieee 4 T2(B) — T1(Xp,) => 1™1(X) = m1(B) —> T0(Xp,) —> To(X) —> To(B). 


LEMMA Let p: X > B bea Serre fibration. Suppose that B is path connected and 


X is nonempty—then p is a quasifibration. 


EXAMPLE Take X = ([—1,0] x {1}) U ({0} x [0,1]) U ((0, 1] x {0}), B = [-1, 1], and let p be the 
vertical projection—then p is a quasifibration (X and B are contractible, as are all the fibers) but p is 
neither a Serre fibration nor a Dold fibration. 

[Note: The pullback of a Serre fibration is a Serre fibration, i.e., Proposition 4 is valid with “Hurewicz” 


replaced by “Serre”. This fails for quasifibrations. Let B’ = [0,1] and define ®’ : B’ + B by ®t) = 
ae (t > 0) 


( ' —then the projection p’ : X’ + B’ is not a quasifibration (consider 70).] 
0 t+=0 


PROPOSITION 31 Let p: X > B bea quasifibration, where B is path connected— 
then the fibers of p have the same weak homotopy type. 
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[Using the mapping track W,, factor p as qo y and note that V b € B, y induces a 
weak homotopy equivalence X, > q7'(b). But q: W, — B is a Hurewicz fibration and 
since B is path connected, the fibers of g have the same homotopy type (cf. p. 4-13).] 


EXAMPLE Let B= ([0,1]" (n> 1). Put X = Bx B-—Ag and let p be the vertical projection— 


then p is not a quasifibration (cf. p. 4-8). 


LEMMA Let p: X — B be a continuous function. Suppose that O C B and 
po : Xo — O is a quasifibration—then the arrow (X, Xo) — (B,O) is a relative weak 
homotopy equivalence iff V b € O, the arrow (X, X,) > (B,b) is a relative weak homotopy 


equivalence. 


O71 
are open subspaces 


PROPOSITION 32 Let X be in TOP/B. Suppose that 10 
2 


of B with B = O, UO». Assume: ne : & pono, : Xo,no, 7 O1 MN Oz are 


POs? Xo, = Or 
quasifibrations—then p: X — B is a quasifibration. 


[From the lemma, the arrows (Xo,,Xo0,no,) 7 (Oi,01M O2) are relative weak ho- 
motopy equivalences (i = 1,2). Therefore the arrow (X, Xo,) > (B,O;) is a relative weak 
homotopy equivalence (i = 1, 2) (cf. Proposition 29). Since p is clearly surjective, another 


appeal to the lemma completes the proof.] 


Application: Let X be in TOP/B. Suppose that O = {O; : i € I} is an open 
covering of B which is closed under finite intersections. Assume: V 2, po, : Xo, > Oj is a 
quasifibration—then p: X —> B is a quasifibration. 

[The argument is the same as that indicated on p. 4-52 for weak homotopy equiva- 
lences. | 

[Note: This is the local-global principle for quasifibrations. Here, numerability is 


irrelevant. | 


EXAMPLE Let X be R? equipped with the following topology: Basic neighborhoods of (x,y), 


x<o O0<a<l&y>O0 ; . ; 
where & —co< y < coor , are the usual neighborhoods but the basic neigh- 
x>1 O0<a<1l&y<0 


borhoods of (x, 0), where 0 < x < 1, are the open semicircles centered at (x, 0) of radius < min{x, 1—x} that 
lie in the closed upper half plane. Take B = R? (usual topology)—then the identity map p: X — B is not a 
O1 = {(z,y): 2 > 0} O71 
Oo = {(a,y):@ <1} Ve 
po, : Xo, 71 


quasifibration (since 71(B) = 0, 71(X) 4 0 and the fibers are points). Put { 


Xo 
are open subspaces of B with B = O; UO2. Moreover, { 1 are contractible, thus 
X05 POx ? XOg — O2 


are quasifibrations. However, po,no,s : X0,nO5 2 01M O2 is not a quasifibration. 
q » PO{NOg 1NO0g 
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FACT Let p: X > B be a surjective continuous function, where B = colim B” is Ti. Assume: 


Vn, p~'(B”) > B” is a quasifibration—then p is a quasifibration. 


Let A be a subspace of X,7: A — X the inclusion. 
(WDR) A is said to be a weak deformation retract of X if there is a homotopy 

H:IX > X such that Ho ip = idx, Hoi,(A) CA (O<t <1), and Hoiy(X) CA. 

[Note: Define r: X > A by ior = H 07,;—then ior ~ idx and roi ~ idy.| 

A strong deformation retract is a weak deformation retract. The comb is a weak 
deformation retract of [0,1]? (consider the homotopy H((z, y),t) = (x, (1 — t)y)) but the 
comb is not a retract of [0, 1]?. 

[Note: A pointed space (X, Zo) is contractible to x9 in TOP, iff {xo} is a weak (or 
strong) deformation retract of X. The broom with base point (0,0) is an example of a 
pointed space which is contractible in TOP but not in TOP,. Therefore a deformation 


retract need not be a weak deformation retract.| 
On a subspace A of X such that the inclusion A > X is a cofibration, “strong” =“weak”. 


PROPOSITION 33 Let p: X — B be a surjective continuous function. Suppose 


that O is a subspace of B for which po : Xo — O is a quasifibration and { ~ is a weak 
O 


p: BO 
r:X—- Xo 
is a weak homotopy equivalence Xp + X,(5)—then p: X — B is a quasifibration. 


deformation retract of ee , say { . Assume: por =popandVbe B,r|Xp 


[Given b € B,r: (X, Xv) > (Xo, X,v)), a8 a map of pairs, is a relative weak homotopy 
(xX, Xp) a (Xo, X pty) 
equivalence and, by assumption, the diagram | | commutes. | 


KO 2 
Application: Let | | | be a commutative diagram in which the 
Z 


X' < ZZ —, Y' 
f' g' 
: : : Zz! . 
vertical arrows are quasifibrations. Assume: V z’ € Z’, a Zz. is a weak homotopy 
zl 
Z xt —> X f(z") 


—then the arrow Mr, — Me,’ is a quasifibration. 
Zyxt > Yo"(z") fg f's9 q 


equivalence { 
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me 2 Os Sey 
PROPOSITION 34 Let | | | be a commutative diagram in 
X' <— Z' —+ Y' 
f' g’ 
which the left vertical arrow is a surjective Hurewicz fibration and the right vertical arrow 


a ae, 
is a quasifibration. Assume: | | is a pullback square, ee are closed cofi- 
XxX! ae Z! 
brations, and V 2’ € Z’, g|Z,: is a weak homotopy equivalence Z, + Y(,:)—then the 
induced map X U, Y > X’U, Y’ is a quasifibration. 
My ; 
[Consider the commutative diagram ¢| |e" . Since { rf are cofi- 
Aas Ye ee 


a 
9 ? My",9' 


brations, { : are homotopy equivalences (cf. §3, Proposition 18) and, by the above, yu is 


a quasifibration. Thus it need only be shown that Vm! € My’, the arrow ~!(m’) > 


v—'(¢'(m’)) is a weak homotopy equivalence, which can be done by examining cases.] 


The conclusion of Proposition 34 cannot be strengthened to “Hurewicz fibration”. 
To see this, take X = [—1,0] x [0,1], Y = [0,2] x [0,2], Z = {0} x [0,1], X’ = [-1,0], 


. 12 / / 
Y' = [0, 2], Z' = {0}, let e eee 7 ee be the inclusions, and let X > X’, 


G22 S3¥ * gen Sy! 
Z— Z',Y — Y' be the vertical projections—then XU, Y =X UY, X’Ug Y' = X'UY', 
and the induced map X UY > X'UY’ is the vertical projection. But it is not a Hurewicz 


fibration since it fails to have the slicing structure property (cf. p. 4-14). 


EXAMPLE (Cone Construction) Fix nonempty topological spaces X,Y and let 6: X x Y > Y 


XxY stay 


be a continuous function. Define FE by the pushout square | | 


TX xY — E 
Assume: V x € X, dz : {x} x Y > Y is a weak homotopy equivalence. Consider the commutative 
PXx¥ <= xxv -S 7 


diagram | | i . Since the arrows X > TX, X x Y >T-X x ¥ are closed 


TX <— x — « 
cofibrations, all the hypotheses of Proposition 34 are met. Therefore the induced map EF > UX is a 


quasifibration. 


[Note: The same construction can be made in the pointed category provided that (X,zo0) is well- 
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pointed with {xo} C X closed.] 


EXAMPLE (Dold-Lashof Construction) Let G be a topological semigroup with unit in which 


the operations of left and right translation are homotopy equivalences. Let p: X — B be a quasifibration. 


: 3 . XxG>X Go X p(x) 
Assume: There is a right action such that p(x-g) = p(x) and the arrow is a 
(w,g) 7 u-9g g7+4u-g 


XxG —> X 
weak homotopy equivalence. Define X by the pushout square | | and put B = Cy. Since 


TXxG —> X 
TX xG <—- xXxG — x 


the diagram i | | commutes, Proposition 34 implies that p: X > Bisa 


TX — x — B 
quasifibration. Represent a generic point of X (B) by the symbol [x,t,g] ([x, t]) (with the obvious under- 
XxGoXx 
standing at t = 0 or t = 1), so D[z,t,g] = [x,t]. The assignment is unambiguous 
([z, ¢, g\; h) =f [x,t, gh] 
and satisfies the algebraic conditions for a right action of G on X but it is not necessarily continuous. 


The resolution is to place a smaller topology on X. Let t : X — [0,1] be the function [a,t,g] > t; let 
x : t~+(j0,1[) > X be the function [x,t,g] > x; let g : t~1((0,1[) > G be the function [x, t, g] > g; let 


x-g:t—1+(J0,1]) + X be the function [x,t,g] > «+g. Definition: The coordinate topology on X is the 


2 oe @ 
initial topology determined by t,x, g,x-g. The injection is an embedding, as is the injection 
x — [x,1,e] 
Go x : ao Go X5(z) . 
(t £ 0,1). Moreover, G acts continuously and V z € X, the arrow is a weak 
g > [2,t,9] ns Bee TE. 
homotopy equivalence. Now equip B with its coordinate topology (cf. p. 3-3)—then p: X — B is contin- 
' - O1 = {[z,t]:0<t< 1} 
uous and remains a quasifibration (apply Propositions 32 and 33 to ). In other 
O2 = {[z,t]:0<t< 1} 
x — xX 
words, (X, B) satisfies the same conditions as (X, B) and there is a commutative diagram | | j 
Bo B 


- IX +X 
where X — X is inessential (consider H : 
(x,t)  [2,t,e] 


Example: Let G be a topological group—then G (coordinate topology) is homeomorphic to G *- G 


(coarse join). 


Let G be a topological group, X a topological space. Suppose that X is a right 


G-space: { Fae aie: —then the projection X — X/G is an open map and X/G is 


(35 9) 7a: g 
Hausdorff iff X x x/qX is closed in X x X. The continuous function 6: X xG@ > X x xjqX 
defined by (x, g) > (a, x-g) is surjective. It is injective iff the action is free, ie., iff Vr € X, 


the stabilizer G, = {g: x-g = x} of x in G is trivial. A free right G-space X is said 
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to be principal provided that @ is a homeomorphism or still, that the division function 


Hs { X X X/G X 3G 
(x, c- 9) 7g 
Let X be in TOP/B—then X is said to be a principal G-space over B if X is a 


principal G-space, B is a trivial G-space, the projection p: X — B is open, surjective, and 


is continuous. 


equivariant, and G operates transitively on the fibers. There is a commutative triangle 
xX 

el and the arrow X/G — B is a homeomorphism. PRINg.qg is the category 
xX/G—B 

whose objects are the principal G-spaces over B and whose morphisms are the equiv- 

ariant continuous functions over B. If ®’ € C(B’,B), then for every X in PRINg¢ 


MO Es 
there is a pullback square | | with X’ = B’ xp X in PRINg:g4 and f’ equiv- 
B en B 


ariant. 


LEMMA Every morphism in PRINg.gq is an isomorphism. 
[Note: The objects in PRINg,g which are isomorphic to B x G (product topology) 


are said to be trivial. It follows from the lemma that the trivial objects are precisely those 


that admit a section.] 


ia setts Xx! . | PRINB ¢. ' ' / / 
Application: Let ee be in oe > let f’ € C(X', X), ® € C(B',B). As- 
x Bee 
sume: f’ is equivariant and po f’ = ®’ op’—then the commutative diagram | | 
B = B 


is a pullback square. 


[Compare this diagram with the pullback square defining the fiber product.| 


Let X be in TOP/B—then X is said to be a G-bundle over B if X is a free right G- 
space, B is a trivial G-space, the projection p: X — B is open, surjective, and equivariant, 
and there exists an open covering O = {O; : i € I} of B such that Vi, Xo, is equivariantly 
homeomorphic to O; x G over O;. Since the division function is necessarily continuous 
and G operates transitively on the fibers, X is a principal G-space over B. If O can be 
chosen numerable, then X is said to be a numerable G-bundle over B (a condition that is 
automatic when B is a paracompact Hausdorff space, e.g., a CW complex). BUNg.g is the 
full subcategory of PRIN gg whose objects are the numerable G-bundles over B. Each X 
in BUNg.q is numerably locally trivial with fiber G and the local-global principle implies 
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that the projection X — B is a Hurewicz fibration. There is a functor J: BUNg Gg > 
BUN 7g .¢ that sends p: X > B to Ip: IX — IB, where (x,t)-g = (x-g,t). 


EXAMPLE A G-bundle over B need not be numerable. For instance, take G = R—then every 


object in BUN 2g, R admits a section (R being contractible), hence is trivial. Let now X be the subset of R? 


defined by the equation 7123 +23 = land let R act on X via (x1, 22, 23)-t = (x1, 72 +121, 73 —2tx2—-t? 271). 
X is an R-bundle over X/R but it is not numerable. For if it were, then there would exist a section 


X/R — X, an impossibility since X/R is not Hausdorff. 


FACT Suppose that X is a G-bundle over B—then the projection p: X — B is a Serre fibration 
(cf. p. 4-11) which is Z-orientable if B and G are path connected. 


xX! : BUN®s' c¢ ; ; ; ! —_ 
Let { x be in { BUNg.c ” Write X' xq X for the orbit space (X’ x X)/G—then 


X'’xX — X’' 
there is a commutative diagram | | which is a pullback square. As an 
X'’xgX — B' 
object in TOP/B’, X’ xq X is numerably locally trivial with fiber X so, e.g., has the SEP 
if X is contractible. The s’ € secg:(X’ xq X) correspond bijectively to the equivariant 
f' € C(X',X). As an object in TOP/B’ x B, X' xq X is numerably locally trivial 
with fiber G. Given ® € C(B’, B), there exists an equivariant f’ € C(X', X) rendering 


ee : B' +> B'xB 
. : : = x ‘ Bia 
the diagram | | commutative iff the arrow i + (b', ®'(b')) admits a lifting 
B’ —> B 
@! 
Ba xXG X 
y | 


B' —— B'xB 


BUNs. G4 
BUNg.cG 
f' : X' — X is an equivariant continuous function and h: IB’ > B is a homotopy with 


X' : 
COVERING HOMOTOPY THEOREM Let xX be in { . Suppose that 


po f' = hoigo p’—then there exists an equivariant homotopy H : 1X’ > X such that 


Le 
Hf o%ig = f’ and for which the diagram | | commutes. 
IB' ar B 
x XG X 
[Take 6’ = ho ig to get a lifting  ~" | and a commutative diagram 


B' —- B'xB 
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Blo o—> IX'xg@X 
io | | . The projection 1X' xg X — IB’ x B is a Hurewicz fibration, 
iB! — >) IB xXB 
thus the diagram has a filler 1B’ > IX' xg X and this guarantees the existence of H.] 


/ 
Application: Let X be in BUNg. ag. Suppose that { a € C(B’, B) are homotopic— 


Xt ‘ a 
then a are isomorphic in BUN»: aq. 
2 
FACT The functor J: BUNg,g — BUN73,G has a representative image. 


The relation “isomorphic to” is an equivalence relation on Ob BUNg a. Call kgB the 
“class” of equivalence classes arising therefrom—then kg B is a “set” (see below). Since for 
any ®’ € C(B’, B) and each X in BUNg.q, the isomorphism class [X"] of X' in BUNg ¢ 
depends only on the homotopy class [®’| of ©’, kg is a cofunctor HTOP — SET. A 
topological space Bg is said to be a classifying space for G if Bg represents ka, i.e., if there 
exists a natural isomorphism © : [—, Bg] > kg, an Xq in =p, (idp,) being a universal 
numerable G-bundle over Bg. From the definitions, V ® € C(B, Bg), Zg[®] = [|X], where 

X — X@ 


X is defined by the pullback square i i} and © is the classifying map. 
ae oe 
hg i=. / 
(UN) Assume that 4 =," | Ba Se are natural isomorphisms—then there 
aM: |=, BA) ke 


ve / 1 / —= 
exist mutually inverse homotopy equivalences { Sage such that { kel®')([X@]) = 


0": Be > Be kgl®"]([Xe@]) = 
[XG] 
[Xa] 


Recall that the members of a class are sets, therefore kgB is not a class but rather a conglomerate. 
Still, BUNg,q has a small skeleton BUN gg. Indeed, any X in BUNg,g is isomorphic to B x G. Here, 
the topology on B x G depends on X and is in general not the product topology but the action is the 


same ((b,g)-h = (b,gh)). Thus one can modify the definition of kg and instead take for kgB the set 
Ob BUNg, a. 


PROPOSITION 35 Suppose that there exists a Bg in TOP and an Xg in BUNg, Gg 
such that Xq@ is contractible—then kg is representable. 
[Define a natural transformation = : [—, Bg] > ke by assigning to a given homotopy 


class [®] (® € C(B, Bg)) the isomorphism class [X] of the numerable G-bundle X over B 
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xX — Xo 
defined by the pullback square | i} . The claim is that V B, Eg :[B, Be] — kgB 
Pigg oe 


is bijective. 
Surjectivity: Take any X in BUNg.g and form X xg Xq. Since Xq is contractible, 
X Xq Xq has the SEP, thus secg(X xq Xq@) is nonempty, so there exists an equivariant 


x A Xe 
f € C(X, Xq). Determine ® € C(B, Bg) from the commutative diagram | eee 
Re me 


then =p[®] = [X]. 


Injectivity: Let 6’, 6” € C(B, Bg) and assume that =,[®'] = Ep[®”], say [X’] = 


ee ae! x! 44 X¢ 
[X"], where \. /  , with ¢ equivariant. There are pullback squares | Wiese 
B B = Be 
Rr. he oe 
i | . Put Bo = B x ((0,1/2[U]1/2,1]) and define Ho : 1X'|By > Xq@ by 
B ae Be 


: Ho is equivariant, hence corresponds to a section so 


/ / 
pave J (t < 1/2) 
Ho(x a) — 0 b(a') (t > 1/2) 
of (IX' xg Xqg)|Bo. Since Bo is a halo of i9 BU i,B in JB and since [X' xg Xq has the 


SEP, 4 s € secyp(IX' xg XG): 5|B x ({0O} U {1}) = 50|B x ({0O} U {1}). Translated, this 
means that there exists an equivariant homotopy H :1X' > Xg. Determine h: 1B > Bg 
TXE. 225 Xe 
. . hoty = ! ! " 
from the commutative diagram | | —then se pil [6’] = [6”.] 
IB —+ Be , 


The converse of Proposition 35 is also true: In order that kg be representable, it is necessary that Xq 
be contractible. Thus let X@ be the numerable G-bundle over B@? produced by the Milnor construction— 
then X@ is contractible, so =°° is a natural isomorphism. As the same holds for = by assumption, there 

Ke, Ey RR eee yee 
are pullback squares | | ; | | and © oP y idBg: Owing to the covering 


Be — Be BRE — Be 
® eco 


4-62 


eee, oe 
homotopy theorem, f° o f is equivariantly homotopic to an isomorphism \ eA . But ¢ is 
B 


G 
necessarily inessential, X @P being contractible. 


EXAMPLE [Let E be an infinite dimensional Hilbert space—then its general linear group GL(E) 
is contractible (cf. p. 6-10). Any compact Lie group G can be embedded as a closed subgroup of GL(E). 
So, if Xg = GL(E), Be = GL(E)/G, then Bg is a classifying space for G and Xq is universal. 

[Bg is a paracompact Hausdorff space. Local triviality of Xq@ is a consequence of a generality due 
to Gleason, viz: Suppose that G is a compact Lie group and X is a Hausdorff principal G-space which is 


completely regular—then X, as an object in TOP/B (B = X/G), is a G-bundle. 
Pp y reg , J ; 


EXAMPLE Let G be a noncompact connected semisimple Lie group with finite center, K C Ga 
maximal compact subgroup. The coset space K\G is contractible, being diffeomorphic to some R”. Let 
I be a discrete subgroup of G. Assume: T is cocompact and torsion free—then I operates on K\G by 
right translation and K\G is a numerable I-bundle over K\G/T. So, if Xp = K\G, Bp = K\G/T, then 
Bp is a classifying space for T and Xp is universal. 

[Note: Bp is a compact riemannian manifold. Its universal covering space is Xr, thus Br is aspherical 


and of homotopy type (T,1).] 


MILNOR CONSTRUCTION Let G be a topological group. Consider the subset of 

((0,1] x G)” made up of the strings {(¢;,9;)} for which >t; = 1 & #{i:t; FO} <w. 
i 

Write {(ti, gi)} ~ {(t7, gf/)} iff V i,t, = t! and at those i such that t; = t!’ is positive, 

g, = gi. Call X@ the resulting set of equivalence classes. Define coordinate functions 


JAS > [0,1] _ ft" 00,1) +4 = 
tj. and 9» by tj : 3 Sita) and g; : e ae) , where x = [(t;(x), 9;(2))]. 
The Milnor topology on X@° is the initial topology determined by the ¢; and g;. Thus 
XP xXxG> XP 
(2, 9) 7 o-g 
gi(@-g) = 9i(x)g. Let B& be the orbit space X2°/G. 
[Note: Put X2 = G, X% =G *.---*.G, the (n + 1)-fold coarse join of G with itself. 
One can identify XG with {x7:Vi>n+1,ti(z) =0}. Each X@ is a zero set in XZ and 
there is an equivariant embedding XZ > Pee So, X28 c X4 C --- is an expanding 


topologized, X@ is a right G-space: { Here, t;(x@-g) = ti(x) and 


sequence of topological spaces and the colimit in TOP associated with this data is X@ 
equipped with the final topology determined by the inclusions XG — X@?. The colimit 
topology is finer than the Milnor topology and in general, there is no guarantee that the 
G-action (x, g) > x-g remains continuous. | 

(M) X@ is a numerable G-bundle over B2’. 
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[It is clear that X2 is a principal G-space. Write O; for the image of t;'(J0, 1]) under 
the projection X@ — Be—then {O;} is a countable cozero set covering of BZ, hence is 
numerable (cf. p. 1-25). On the other hand, V i, seco,(X@|O;) is nonempty. To see this, 
define a continuous fiber preserving function f; : X2°|O; + X@|O; by fi(v) =2-g;(x)~! : 
Vg€G, fi(x-g) = fi(x). Consequently, f; drops to a section s; : O; > X2?|O;, therefore 
X @|O; is trivial. 

(D) X@ is contractible. 

[Let AG be the subset of X@ consisting of those x such that g;(x) =e if t;(~) > O— 
then A@ is contractible, so one need only construct a homotopy H : 1X@ — X@ such 
that H oto = idxe and Hoii(X@) CAG. Put Up = 7, '(J0,1]) and Ay = 7, (1), where 


Tk = >> tj. Define Hj, : IU, — Ux by 
i<k 


ti(Hy(2,t))=*  te(c) * 


and g;(H;.(#,t)) = gi(x) when t;(Hj,(#,t)) > 0. Note that Hj(v,0) = x2, H,(x,1) € Ag, 
and « € A®? = H;,(a,t) € A (0<t <1). Define Hy : TA, > Apyi by 


(1—#)ts(a) (@<k) 


i(Hi(e,t) = 43 (=8+1) 
0 (i >k+1) 
aud gtHitn a) = a ; < - 1) when t:(H(q,t)) > 0. Note that Hy(,0) =a, 


/ 


Hy(z,1) € A®, and « € AP => HAy(a,t) € AP (0 < t < 1). Combine ee and 

k 
obtain a homotopy Hy, : IU, — Ux4i such that Hy(v,0) = x, Hy(x,1) € AG, and 
xe AS => Ay(ax,t) €e AQ (O<t <1). Proceeding recursively, write G; = H, and 


G(x, t) (2/3 < th(x) <1) 
Grii(z,t) = Ayai(Gp(a, t), 2t(2 — 37% (x))) (1/2 < Th(x) < 2/3) 
RN Hyai(Ge(a, 2t(37%(x) —1)),t) (1/3 < te(x) < 1/2) 
Hysi(a, t) (0 < T(x) < 1/3) 


to get a sequence of homotopies G, : IU, — Ug41 such that Gx41|I7, *(]2/3,1]) = 
G.\I7, ‘(J2/3, 1]) and G,(z,0) = 2, Gz(x,1) € A®. Take for H the homotopy 1X2 > 
X& that agrees on I7, '(]2/3,1]) with Gx.] 


[Note: The argument shows that A? is a weak deformation retract of X2.] 


4-64 


g 28s XX 
FACT (Borel Construction) Let X be in BUNg,q. There is a pullback square | | 


B—, Be 

® 
XX x XE 
z — (x, f(x)) 


and since f is equivariant, the continuous function { induces a map B > X xg X®@, 


which is a homotopy equivalence (cf. p. 3-25). 


FACT Let a:G-— K bea continuous homomorphism—then a determines a continuous function 


xe 12%, xe 


fa : XQ + XPS such that fa(x-g) = fa(x)-a(g). There is a commutative diagram | | 
G bo K 


and ®, is a homotopy equivalence iff a@ is a homotopy equivalence. 


CLASSIFICATION THEOREM For any topological group G, the functor kg is rep- 
resentable. 


[This follows from Proposition 35 and the Milnor construction] 


The isomorphism classes of numerable G-bundles over B are therefore in a one-to- 
one correspondence with the elements of |B, BZ]. By comparison, recall that on general 
grounds the isomorphism classes of G-bundles over B are in a one-to-one correspondence 
with the elements of the cohomology set H1(B;G) (G the sheaf of G-valued continuous 


functions on B). 


LEMMA Suppose that G is metrizable—then the Milnor topology on X@P is metrizable. 
[Fix a metric dg on G: dg < 1. Define a metric d on XZ by 


d(x, y) =) jmin{ti(x), ti(y)}da (9i(x), 9i(y)) + A) fmin{ti(x), ti(y)}). 


a a 
1 
To check the triangle inequality, consider . \t;(x) —ti(y)|+min{t;(2), ti(y) }de(gi(x), gi (y)) and distinguish 
two cases: t;(z) > min{t;(x),ti(y)} & té(z) < min{t;(x),ts(y)}. In the metric topology, the coordinate 
functions are continuous, thus the metric topology is finer than the Milnor topology. To go the other 


way, let {an} be a net in X2P such that x, — x in the Milnor topology. Claim: zn — x in the metric 


N 
topology. Fix « > 0. Since 5) t;(z) = 1, 4 N: Soti(z) >1- - Choose no : Vn >no &1<i<QN, 
i 1 


a 


€ 
Its(an) — ti(a)| < ww and ti(x) > 0 = ti(tm) > 0 with de(gi(en),9i(e)) < 7, from which 


N ieg J: € € 
d(an, 2) <) imin{ti (en), ti(e) }de (gilen), 9i(2)) + (1) [min{ti(en), ti(@)}) < 7 +1-(1— 5) <€] 
1 1 
[Note: B@ is also metrizable. For this, it need only be shown that B@? is locally metrizable and 


paracompact (cf. p. 1-19). Local metrizability follows from the fact that X2?|O; is homeomorphic to 
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O; x G. Since a metrizable space is paracompact and since {O;} is numerable, BZ? admits a neighborhood 


finite closed covering by paracompact subspaces, hence is a paracompact Hausdorff space (cf. p. 5-4).] 


EXAMPLE X@ in the colimit topology is contractible. This is because V n, the inclusion XZ > 
xee is a cofibration (cf. p. 3-4) and inessential, thus the result on p. 3-20 can be applied. Consequently, 
if the underlying topology on G is locally compact and Hausdorff (e.g., if G is Lie), then colim(X% x G) = 
(colimx@) x G, so X2? in the colimit topology is a right G-space. As such, it is a numerable G-bundle 
over B2, which is therefore a classifying space for G (cf. Proposition 35). While the topology on B@ 
arising in this fashion is finer than that produced by the Milnor construction, it has the advantage of 
being “computable”. For example, let G be 8°, S', or S, the multiplicative group of elements of norm 
one in R, C, or H—then X% = 8", S27t+1 or S4"+3 hence X@ = S®© and factoring in the action, 
Be = P*(R), P™(C), or P(H). As a colimit of the S”, S°° is not first countable. However, the three 
topologies on its underlying set coming from the Milnor construction are metrizable, in particular first 
countable. 

[Note: Here is another model for Xg and Bg when G = 8°,S?', or S?. Take an infinite dimensional 
Banach space E over R, C, or H and let S be its unit sphere—then S is an AR (cf. p. 6-13), hence 


contractible (cf. p. 6-14), so Xq@ = S is universal and Bg = S/G is classifying. ] 


Let G be acompact Lie group—then Notbohm? has shown that the homotopy type of Be determines 


the Lie group isomorphism class of G. 


Consider G as a pointed space with base point e. Let x2 = [(1,e), (0,e),...] be the 
base point in X@°, b?? = «&-G the base point in B2?—then V q > 0, m4(G) © mq41(B@)- 


- z (0) =a : i 
Choose a homotopy H : IX? — X@ such that iG a Taking adjoints and 
X & ——— OB? 
projecting leads to a map X@ — OBZ. The triangle oe Ba commutes, 
CO 
G 


thus there is an arrow G > QB. 


PROPOSITION 36 The arrow G > QB@ is a homotopy equivalence. 

[The map X@ — OBZ is a homotopy equivalence (by contractibility). But the 
projections X@ > Be, OBe = e@ are Hurewicz fibrations. Therefore the map X@ — 
OB? is a fiber homotopy equivalence (cf. Proposition 15).] 


+ J. London Math. Soc. 52 (1995), 185-198. 
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EXAMPLE Take B = 8” (n > 1)—then kgS” & [S", B] & m1 (BS, 02 )\[S”, 6n; B&, be] & 
T1(BE, be )\tn (BE, be) & m0(G, e)\mn-1(G, e), ie., in brief: kgS” & m0(G)\mn-1(G). 


LEMMA Suppose that G is an ANR—then X2 and B@ are ANRs (cf. p. 6-45) and the arrow 


G > OB is a pointed homotopy equivalence. 
XP, af) : ; 
[Being ANRs, (G,e) & ( are wellpointed (cf. p. 6-14). Therefore X@ is contractible 
Boe bo 
G°"G 
to x in TOP. and the arrow G > 0B? is a pointed map. But (QB2,j(b)) is wellpointed (cf. p. 
3-17) (actually OBZ is an ANR (cf. 86, Proposition 7)), so the arrow G + QB? is a pointed homotopy 


equivalence (cf. p. 3-19).] 


EXAMPLE Let Gbea Lie group—then G is an ANR (cf. p. 6-28). Consider kg B, where (B, bo) 
is nondegenerate and ¥B is the pointed suspension. Thus kg=B & [©B,B2] & m(B2,be&)\[B, bo; 
QBS, Ibe )] & mo(G,e)\[B, bo; G,e], which, when G is path connected, simplifies to [B, bo; G, e] or still, 
[B, G] (the action of 71(G,e) on [B, bo; G, e] is trivial). 

[Note: Suppose that G is an arbitrary path connected topological group—then again kghiB »& 
[B, bo; QBS, 7(b&)]. However, OBZ? is a path connected H group, hence [B, b9; OBZ, j(b&)] & [B, OBZ] 
and, by Proposition 36, [B, 2B2?] = [B, G].] 
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85. VERTEX SCHEMES AND CW COMPLEXES 


Vertex schemes and CW complexes pervade algebraic topology. What follows is an 
account of their basic properties. All the relevant facts will be stated with precision but I 
shall only provide proofs for those that are not readily available in the standard treatments. 

A vertex scheme K is a pair (V,&) consisting of a set V = {v} and a subset © = 
{a} c 2” subject to: (1) Vo:0 40& #0) <u; (2)Vo:0F TCoSTEY; 
(3) Vu: {uv} © X. The elements v of V are called the vertexes of K and the elements 
o of © are called the simplexes of K, the nonempty 7 C o being termed the faces of o. 
A vertex map f : Ky = (Vi, 41) > Kg = (V2, X2) is a function f : Vi + V2 such that 
VY o1 € 41, f(o1) € No. WSCH is the category whose objects are the vertex schemes and 


whose morphisms are the vertex maps. 


EXAMPLE Let X be a set; let S = {5S} be a collection of subsets of X—then the nerve of S, 
written N(S), is the vertex scheme whose vertexes are the nonempty elements of S and whose simplexes 


are the nonempty finite subsets of S with nonempty intersection. 


Let K = (V,%) be a vertex scheme. If #(%) < w (< w), then K is said to be finite 
(countable). If V v,#{o:v € ao} < w, then K is said to be locally finite. A subscheme 
VicV 
BC 2 
cardinality n +1 (n> 0). The n-skeleton of K is the subscheme K(”) = (V%™,™) of K 
defined by putting V’) = V and letting ©“ C ¥ be the set of m-simplexes of K with 


m <n. The combinatorial dimension of K, written dim K, is —1 if K is empty, otherwise 


of K is a vertex scheme K' = (V’,»’) such that { . An n-simplex is a simplex of 


is n if K contains an n-simplex but no (n+ 1)-simplex and is oo if K contains n-simplexes 


for alln > 0. If K is finite, then dim K is finite. The converse is trivially false. 


EXAMPLE In the plane, take V = {(0,0)} U{(1,1/n) :n > 1}. Let K = (V,%) be any vertex 


scheme having for its 1-simplexes the sets on = {(0,0), (1,1/n)} (n > 1)—then K is not locally finite. 


Given a vertex scheme K = (V,%), let |A| be the set of all functions ¢ : V — [0,1] such 


me Iyexe& yy d@(v) = 1. Assign to each o the sets { ie = : : A ae 
os 


ey So, Va: (co) C |o| and |K| = U(o), a disjoint union. Traditionally, there are two 
oO 
ways to topologize |K]. 
(WT) Ifo is an n-simplex, then |a| can be viewed as a compact Hausdorff space: 


|c| < A”. This said, the Whitehead topology on |K| is the final topology determined 
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by the inclusions |jo| > |K|. |K]| is a perfectly normal paracompact Hausdorff space. 
compact ‘ . | finite 


locally compact ees nen finite © 


V = (0, 1]/*! 

v — by : by (bd) = b(v) 
coordinates, the initial topology on |K| determined by them being the barycentric topology, 
a topology that is actually metrizable: d(¢, w) = S> |by(d) — by(w)]. 


Moreover, || is 


(BT) There is a map { The b, are called the barycentric 


To keep things straight, denote by |A|, the set |K| equipped with the barycentric 
topology—then the identity map 7: |K| > |K’|, is continuous, thus the Whitehead topology 
is finer than the barycentric topology. The two agree iff K is locally finite. 

[Note: A vertex map f : Ky = (Vi,%1) > Ke = (V2,Ne2) induces a map |f| : 


he ool , where ¢o(v2) = >> ¢1(v1). Topologically, |f| is continuous in either 
pi —> 0) f(v1)=v2 


the Whitehead topology or the barycentric topology. Consequently, there are two functors 
from VSCH to TOP, connected by the obvious natural transformation.] 


EXAMPLE Let E bea vector space over R. Let V be a basis for E; let & be the set of nonempty 
finite subsets of V. Call K(E) the associated vertex scheme. Equip FE with the finite topology—then 
|K(E)| can be identified with the convex hull of V in E. But |K(E)| and |K(E)|, are homeomorphic iff 
F is finite dimensional. 

[Note: Let kK = (V,=) be a vertex scheme. Take for EF the free R-module on V, equipped with the 
finite topology—then |K| can be embedded in |K(E)|.] 


PROPOSITION 1 The identity map 7: |K| — |K|, is a homotopy equivalence. 
[The collection {b;'(]0, 1])} is an open covering of |K|,, hence has a precise neighbor- 
hood finite open refinement {U,}. Choose a partition of unity {«,} on |K|, subordinate to 


{U,}. Let j : |K|» > |K| be the map that sends w to the function i ag: ee ui 


p) 
_ {H:1|K|3|K H(t) =t6+ (Dio i(9) 
the homotopies Ne ; Foete defined by re Gleb,t) =tb + (1 — deo fC) | 


Consider 


f:X 3 |K 
Let X be a topological space—then two continuous functions { | | are said to be contiguous 
gi: x 3 |Kk 
f#VcE X Jo ED: {f(z),g(x)} C fo}. 
FACT Suppose that are contiguous—then f ~ g. 
g:X >|K| 


[Define a homotopy H : IX — |K |, between io f and iog by writing by(H(a,t)) = (1—t)by(f(x)) + 


tby(g(x)) and apply Proposition 1.] 
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EXAMPLE Let X bea topological space; let ¢ = {U} be a numerable open covering of X—then 
a U-map is a continuous function f : X — |N(U)| such that VU € U: (by o f)—1(J0,1]) C U. Every 
partition of unity on X subordinate to U defines a U-map and any two U-maps are contiguous, hence 
homotopic. 
f:X > |K| 


FACT Let X be a topological space. Suppose that { IK are two continuous functions 
g:xX > |K 


such that Vz € X Jv €V: {f(x),g(x)} C by (0, 1])—then f ~ g. 


ADJUNCTION THEOREM Let K and L’ be vertex schemes. Let K’ be a subscheme 
of K and let f : kK’ — L’ be a vertex map—then there exists a vertex scheme L containing 
L' as a subscheme and a homeomorphism |K| jf) |Z'| — || whose restriction to |L'| is 


the identity map. 


A topological space X is said to be a polyhedron if there exists a vertex scheme K and 
a homeomorphism f : |K|— X (|A| in the Whitehead topology). The ordered pair (K, f) 
is called a triangulation of X. Put f, = by o f~'—then the collection Tk = {f; (JO, 1])} 
is a numerable open covering of X and Whitehead’s' “Theorem 35” says: For any open 
covering U of X, there exists a triangulation (K, f) of X such that 7x refines U. 

Every polyhedron is a perfectly normal paracompact Hausdorff space. A polyhedron 


is metrizable iff it is locally compact. Every open subset of a polyhedron is a polyhedron. 


Let X be a topological space—then a closure preserving closed covering A = {A; : j € J} of X is 
said to be absolute if for every subset I C J, the subspace X7 = U A; has the final topology with respect 
to the inclusions A; > X;. Example: Every neighborhood finite Closed covering of X is absolute. 

[Note: Let K be a vertex scheme—then {|c|} is an absolute closure preserving closed covering of || 


but, in general, is only a closure preserving closed covering of |K'|9.] 


EXAMPLE Take X = [0,1], put X1 = [0,1], Xn = {0} U[1/n,1] (n > 1)—then {X,} is a closure 


preserving closed covering of X but {Xn} is not absolute since X = U Xp does not have the final 
n>1 
topology with respect to the inclusions Xn > X (n> 1). 


LEMMA let A= {A;: 7 € J} be an absolute closure preserving closed covering of X—then for 
any compact Hausdorff space K, Ax K = {A; x K : j € J} is an absolute closure preserving closed 


covering of X x K. 


+ Proc. London Math. Soc. 45 (1939), 243-327. 
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FACT If X is a topological space and if A = {A; : 7 € J} is an absolute closure preserving closed 
covering of X such that each A; is a normal (normal and countably paracompact, perfectly normal, collec- 
tionwise normal, paracompact) Hausdorff space, then X is a normal (normal and countably paracompact, 
perfectly normal, collectionwise normal, paracompact) Hausdorff space. 

[In every case, X is Ti. And: Ti+ normal => Hausdorff. 

(Normal) Let A be a closed subset of X, take an f € C(A,[0,1]), and let F be the set of 


continuous functions F' that are extensions of f and have domains of the form AU X;, where X; = U A; 
i 


(I Cc J). Order F by writing F’ < F” iff F” is an extension of F'’. Every chain in F has an upper bound, 
so by Zorn, F has a maximal element Fo. But the domain of Fo is necessarily all of X and Fo|A = f. 

(Normal and Countably Paracompact) First recall that a normal Hausdorff space is count- 
ably paracompact iff its product with [0,1] is normal. Since A x [0,1] = {Aj x [0,1]: 7 € J} is an absolute 
closure preserving closed covering of X x [0,1], it follows that X x [0,1] is normal, thus X is countably 
paracompact. 

(Perfectly Normal) Fix a closed subset A of X. To prove that A is a zero set in X, equip 
J with a well ordering <. Given j € J, put X(j) = U A;. Inductively construct continuous functions 
fj: X(G) — [0,1] such that fju|X(9") = fy if 7" <9” cd Z(fj) = AN X(9). 

(Collectionwise Normal) Let A be a closed subset of X, E any Banach space—then it suffices 
to show that every f € C(A, E) admits an extension F € C(X, EF) (cf. p. 6-37). This can be done by 
imitating the argument used to establish normality. 

(Paracompact) Tamano’s theorem says that a normal Hausdorff space X is paracompact iff 


X x BX is normal, which enables one to proceed as in the proof of countable paracompactness. | 


EXAMPLE The ordinal space [0,Q[ is not paracompact but {[0,a] : @ < Q} is a covering of [0, Q[ 


by compact Hausdorff spaces and [0, Q[ has the final topology with respect to the inclusions [0,a] — [0, Q[. 


FACT Let X be a topological space; let A = {A; : 7 € J} be an absolute closure preserving closed 
covering of X. Suppose that each A; can be embedded as a closed subspace of a polyhedron—then X can 
be embedded as a closed subspace of a polyhedron. 

[For every j there is a vertex scheme K;, a vector space E; over R, and a closed embedding f; : Aj > 
|K;| (C Ej). Write E for the direct sum of the E; and give E the finite topology. Let Ey stand for the 
direct sum of the E; (2 € I) and put K; = K(E;)—then |K7| C |K(E)|. Here, as above, I is a subset of J. 
Consider the set P of all pairs (I, f7), where fy; : X; — |K_| is a closed embedding. Order P by stipulating 
that (I', fpr) < (1", fr) iff I! CI” and (1) fp |X yr = fpr & (2) fy (Xp — X71) A| Ky | = 0. Every chain 


in P has an upper bound, so by Zorn, P has a maximal element (Jo, fig). Verify that Xz, = X.] 


Application: Let X be a paracompact Hausdorff space. Suppose that X admits a covering U by open 
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sets U, each of which is homeomorphic to a closed subspace of a polyhedron—then X is homeomorphic to 


a closed subspace of a polyhedron. 


The embedding theorem of dimension theory implies that every second countable compact Hausdorff 
space of finite topological dimension can be embedded in some euclidean space (cf. p. 19-28). It there- 
fore follows that if a topological space X has an absolute closure preserving closed covering made up of 
metrizable compacta of finite topological dimension, then X can be embedded as a closed subspace of a 


polyhedron. This setup is realized, e.g., by the CW complexes (cf. p. 5-12). 


The product X x Y of polyhedrons X and Y need not be a polyhedron (cf. p. 5-14), 


although this will be the case if one of the factors is locally compact. 


FACT Let X and Y be polyhedrons—then X x Y has the homotopy type of a polyhedron. 
IKI & |Kly 


ave the same homotopy type, it need only be 
|L| & |Llp 


[Consider a product |K| x |L|. Since { 
u : 
shown that |K|, x |Z|, has the homotopy type of a polyhedron. Let be the cozero set covering of 
Vv 


K\p K 
{ | | associated with the barycentric coordinates—then { can be identified with the corresponding 
Llp L 


N(U 
nerve { | . PutuUxv={UxV:U €EU,V € VY}. Claim: There is a homotopy equivalence 
N(V 
UxVru (UxV5U) 
IN(U x V)lp > |N(@)|, x |N(V)|b. Indeed, the projections define vertex 
uUxVoVv (UxVV) 
pu: NUxv)>N(U) 
maps 
py: NUxYv) > N(V) 
A homotopy inverse gq: |N(U)|»y x |N(V)|, — |N(U x V)|p to p is given in terms of barycentric coordinates 


by buxv(a(¢, )) = bu (d)bv (Y).] 


, from which p: [N(Ux V)ly > [N&)|s x [N(Y)|4, where p = [pul x py. 


Let X be a topological space; let A be a closed subspace of X—then X is said to 
be obtained from A by attaching n-cells if there exists an indexed collection of continuous 
functions f; : S”~' + A such that X is homeomorphic to the adjunction space ([] D") Li; 


A (f = J] fi). When this is so, X — A is homeomorphic to [](D” — S"~') = ]]B”, a 


7 7 
decomposition that displays its path components as a collection of n-cells. 


EXAMPLE Put sy = (1,0,...,0) € Rt! (n > 1). Let I be a set indexing a collection of 


copies of the pointed space (S”, sn )—then the wedge V S” is a pointed space with basepoint *. Since the 
I 
quotient D”/S”—! can be identified with S”, V S” is obtained from * by attaching n-cells. 
I 
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Let X be a topological space—then a CW structure on X is a sequence XX, ... 


X= YAM 
0 


of closed subspaces X‘”) : and subject to: 


X™ ¢ X(r4+1) 
(CW,) X) is discrete. 
(CW2) X ”) is obtained from X(—) by attaching n-cells (n > 0). 
(CW3) X has the final topology determined by the inclusions X) + X. 

A CW complex is a topological space X equipped with a CW structure. Just as a 
polyhedron may have more than one triangulation, a CW complex may have more than 
one CW structure. Every CW complex is a perfectly normal paracompact Hausdorff space. 

[Note: Let K be a vertex scheme. Consider |K| (Whitehead topology)—then |K | 
is discrete and |K™| is obtained from |K("-))| by attaching n-cells (n > 0) : |o| — (a) > 
|K—-D|. go an n-simplex. Since |K| has the final topology determined by the inclusions 
|K)| + |K]|, it follows that the sequence {|K |} is a CW structure on |K|.] 

CW is the full subcategory of TOP whose objects are the CW complexes and HCW 


is the associated homotopy category. 


EXAMPLE Equip R® with the finite topology. Let S° = U S” and give it the induced topology 
or, what amounts to the same, the final topology determined by the inclusions S” > S°. The sequence 
{S"} is a CW structure on S®. Indeed, S” is obtained from S"~+ by attaching two n-cells (n > 0) 
(seal the upper and lower hemispheres at the equator). On the other hand, R” is not obtained from 
R”~—! by attaching n-cells. Therefore the sequence {R”} is not a CW structure on R®. But R© is 
obviously a polyhedron. A less apparent aspect is this. Put soo = (1,0,...)—then it can be shown that 
S© and S® — {860} are homeomorphic. Since stereographic projection from soo defines a homeomorphism 
S® — {so} > R®™, the conclusion is that S° and R®™ are actually homeomorphic. 


CO 
[Note: The sequence {D”} is not a CW structure for D® = (JD”. However, D” US” can be 
0 


obtained from D”~! U 8"! by attaching four n-cells (n > 0), so the sequence {D” U S”} is a CW 


structure for D°.] 


Let X be a CW complex with CW structure {X(")} : X(™ is the n-skeleton of X. The 
inclusion X(") —> X is a closed cofibration (cf. p. 3-5) and V n > 1, the pair (X, X‘) is 
n-connected. Put &) = X©) and denote by €, the set of path components of X™ — Xx (@-D 
(n > 0). Let € = eshen an element e of € is said to be a cell in X, e being termed 


an n-cell if e € £,. Set theoretically, X is the disjoint union of its cells. On the basis of 
the definitions, for every e € E,, there exists a continuous function ®, :D”" > eUX@-), 
the characteristic map of e, such that ®,|B” is an embedding and (i) ®.(B”) = e; (ii) 
6,(S""') c X(-)); (iii) 6.(D") = @. X has the final topology determined by the ®.. 
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A subspace A C X is called a subcomplex if there exists a subset E4 C €: A = UEA 
& Ve € E,gNE,, ®(D") C A. A subcomplex A of X is itself a CW complex with 
CW structure {A = An X™}. The inclusion A + X is a closed cofibration and for 
every open U D A there exists an open V D A with V C U such that A is a strong 
deformation retract of V. If €’ c €, then UE’ is a subcomplex iff UE’ is closed. Arbitrary 
unions and intersections of subcomplexes are subcomplexes. In general, the € are not 
subcomplexes, although this will be the case if all the characteristic maps are embeddings. 
The combinatorial dimension of X, written dim X, is —1 if X is empty, otherwise is the 
smallest value of n such that X = X(”) (or oo if there is no such n). It is a fact that dim X 
is equal to the topological dimension of X (cf. p. 19-21), therefore is independent of the 
CW structure. 


Let X be a CW complex—then the collection € = {€: e € €} is a closed covering of X and X has 


the final topology determined by the inclusions € > X but E need not be closure preserving. 


EXAMPLE (Simplicial Sets) Let X be a simplicial set—then its geometric realization |X| is a 

CW complex with CW structure {|X|}. In fact, |X| is discrete and, using the notation of p. 0-18, 
Xe oAlal —s eH) 

the commutative diagram | | is a pushout square in SISET. Since the geomet- 


X#.A[n]) —> x) 
ric realization functor |?| is a left adjoint, it preserves colimits. Therefore the commutative diagram 


X#. An —» |x(n-1)| 

| | is a pushout square in TOP, which means that |X (")| is obtained from 
X# an —» [x 
|X("-))| by attaching n-cells (n > 0). Moreover, X = colimX™ => |X| = colim|X (|, so |X| has 
the final topology determined by the inclusions |X ‘")| > |X|. Denoting now by G the identity component 
of the homeomorphism group of [0,1], there is a left action G x |X| — |X| and the orbits of G are the cells 
of |X|. 

[Note: If Y is a simplicial subset of X, then |Y| is a subcomplex of |X|, thus the inclusion |Y| > |X| 


is a closed cofibration.] 
It is true but not obvious that if X is a simplicial set, then |X| is actually a polyhedron (cf. p. 13-11). 
A CW pair is a pair (X, A), where X is a CW complex and A C X is a subcomplex. 


CW? is the full subcategory of TOP? whose objects are the CW pairs and HCW? is the 


associated homotopy category. 
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A pointed CW complex is a pair (X,209), where X is a CW complex and x € ON 
CW,, is the full subcategory of TOP, whose objects are the pointed CW complexes and 
HCW,, is the associated homotopy category. 

[Note: If (X,20) is a pointed CW complex, then V q > 1, mq(X,20) & colim 
m(X™), xo).] 


Let X be a CW complex—then V xo € X, the inclusion {zg} — X is a cofibration (cf. p. 3-17), 
thus (X, 9) is wellpointed. Of course, a given xo need not be in X() but there always exists some CW 


structure on X having xo as a 0-cell. 


Let X be a topological space, A C X a closed subspace—then a relative CW structure 
on (X,A) is a sequence (X,A),(X,A)™,... of closed subspaces (X, A)” 


x =U(x, 4m 
Ul A) and subject to: 


(X, A\™ c (X, A)tD 
(RCW,) (X, A) is obtained from A by attaching 0-cells. 
(RCW2) (X,A)™) is obtained from (X, A)-) by attaching n-cells (n > 0). 
(RCW3) X has the final topology determined by the inclusions (X, A)‘ > X. 

[Note: (X,A)© is the coproduct of A and a discrete space, so when A = @ the 
definition reduces to that of a CW structure.| 

A relative CW complex is a topological space X and a closed subspace A equipped 
with a relative CW structure. 

[Note: If (X,A) is a relative CW complex, then the inclusion A — X is a closed 
cofibration and X/A is a CW complex. On the other hand, if X is a CW complex and if 
Ac X is a subcomplex, then (X, A) is a relative CW complex.] 

Example: Suppose that (X, A) is a relative CW complex—then (IX, JA) is a relative 
CW complex, where (IX, 1A) = ig(X, A)™ U (1(X, A)-Y U TA) U iy (X, A). 

Let (X, A) be arelative CW complex with relative CW structure {(X,.A)()} : (X, A)™ 
is the n-skeleton of X relative to A. The inclusion (X, A)°) + X is a closed cofibration (cf. 
p. 3-5) and V n > 1, the pair (X,(X,A)™) is n-connected. The relative combinatorial 
dimension of (X, A), written dim(X, A), is —1 if X is empty, otherwise is the smallest 
value of n such that X = (X,A)™) (or oo if there is no such n). Obviously, dim(X, A) = 
dim(X/A) provided that X is nonempty. 


LEMMA Let (X, A) bea relative CW complex—then for every compact subset K C 
X there exists an index n such that K C (X, A)™. 

[Consider the image of K under the projection X — X/A, bearing in mind that X/A 
is a CW complex.] 
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Application: Let (X,A,x%o) be a pointed pair. Assume: (X, A) is a relative CW 
complex—then V q > 1, m4(X, 20) © colim7,((X, A)(™), x9). 


HOPF EXTENSION THEOREM Let (X,A) be a relative CW complex with 
dim(X, A) <n+1 (n> 1). Suppose that f € C(A,S”)—then 4 F € C(X,S"): F|A=f 
iff f*(H"(S")) Cc i*(H"(X)), 7: A > X the inclusion. 


HOPF CLASSIFICATION THEOREM Let (X, A) be a relative CW complex with 
dim(X, A) <n (n> 1). Fix a generator 1 € H"(S”, s,; Z)—then the assignment [f] > f*e 
defines a bijection [X, A;S", s,] — H"(X, A;Z). 


EXAMPLE The unit tangent bundle of S2” can be identified with the Stiefel manifold Voen+4+1,2: 
It is (2n — 2)-connected with euclidean dimension 4n — 1. One has Hy(V2n+1,2) ® Z (q = 0,4n — 
1), Hon-1(V2n41,2) & Z/2Z, and Hg(V2n+1,2) = 0 otherwise. By the Hopf classification theorem, 
[Von+1,2; a H*?—1(Won41,2), so there is a map f : Van+1,2 > S*”—1! such that f* induces an iso- 
morphism H4”—1($4"—1) — H4"-1(Wo,41,2). Consequently, under fx, Hs«(Von+41,2; Q) © Hs (S4*"—'; Q), 


thus the mapping fiber Ey of f is rationally acyclic, i.e., He (E;Q) =0 (cf. p. 4-44). 


(n) 
Let { . be CW complexes with CW structures { on —then a skeletal map is a 


continuous function f : X + Y such that Vn: f(X™) cCY™, 
[Note: A CW complex is filtered by its skeletons, so the term “skeletal map” is just 
the name used for “filtered map” in the CW context.] 


EXAMPLE (Simplicial Sets) If f:X — Y is a simplicial map, then |f|: |X| — |Y| is a skeletal 


map and transforms cells of |X| onto cells of |Y |. 


SKELETAL APPROXIMATION THEOREM Let X and Y be CW complexes. Sup- 
pose that A is a subcomplex of X—then for any continuous function f : X — Y such that 
f|A is skeletal there exists a skeletal map g: X — Y such that f|A = g|A and f ~ grel A. 

[Note: In particular, every continuous function f : X — Y is homotopic to a skeletal 


mapg:X > Y.] 


(X, A) (GA) 
Let { (Y, B) be relative CW complexes with relative CW structures {(Y, B)™} 


then a relative skeletal map is a continuous function f : (X,A) — (Y,B) such that Vn: 
f((X, AJ™) c (¥, BY. 


5-10 


RELATIVE SKELETAL APPROXIMATION THEOREM Let (X, A) and (Y,B) be 
relative CW complexes—then every continuous function f : (X, A) > (Y, B) is homotopic 
rel A to a relative skeletal map g : (X, A) > (Y, B). 


Here is a summary of the main topological properties of CW complexes. 
(TCW,) Every CW complex is compactly generated. 
(TCW2) Every CW complex is stratifiable, hence is hereditarily paracompact. 
(TCW3) Every CW complex is uniformly locally contractible, therefore locally 
contractible. 
(TCW,4) Every CW complex is numerably contractible. 
(TCW5;) Every CW complex is locally path connected. 
(TCW.) Every CW complex is the coproduct of its path components and these 
are subcomplexes. 
(TCW7) Every connected CW complex is path connected. 
(TCWsg) Every connected CW complex has a universal covering space. 
[Note: If X is a connected CW complex with CW structure {X(™} and if p: X 3 X 
is a covering projection, then the sequence {X() = p-!(X(™)} is a CW structure on X 
with respect to which p is skeletal.] 
If (X, A) is a relative CW complex, then certain topological properties of A are au- 
tomatically transmitted to X. For example, if A is in CG, A-CG, or CGH, then the 
same holds for X. Analogous remarks apply to a Hausdorff A which is normal, perfectly 


normal, paracompact, etc. 


(F) A CW complex X is said to be finite if #(€) < w. Every finite CW complex 
is compact and conversely. A compact subset of a CW complex is contained in a finite 
subcomplex. 

(C) A CW complex X is said to be countable if #(€) < w. A CW complex is 
countable iff it does not contain an uncountable discrete set. Every countable CW complex 
is Lindelof and conversely. 

[Note: The homotopy groups of a countable connected CW complex are countable.| 

(LF) A CW complex X is said to be locally finite if each « € X has a neigh- 
borhood U such that U is contained in a finite subcomplex of X. Every locally finite CW 
complex is locally compact and conversely. Every locally finite CW complex is metrizable 


and conversely. A locally finite connected CW complex is countable. 


What spaces carry a CW structure? There is no known characterization but the foregoing conditions 


impose a priori limitations. For example, a nonmetrizable LCH space cannot be equipped with a CW 
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structure. On the other hand, the Cantor set and the Hilbert cube are metrizable compact Hausdorff 
spaces but neither supports a CW structure. 
[Note: Every compact differentiable manifold can be triangulated but examples are known of compact 


topological manifolds that cannot be triangulated, i.e., that are not polyhedrons (Davis-Januszkiewicz' ).] 


EXAMPLE (The Sorgenfrey Line) Topologize X = R by choosing for the basic neighborhoods 
of a given zx all sets of the form [z, y[ (a < y). In this topology, the line is a perfectly normal paracompact 
Hausdorff space but it is not locally compact. While not second countable, X is first countable (and 
separable), therefore is compactly generated. However, X is not locally connected, thus carries no CW 
structure. 


[Note: The square of the Sorgenfrey line is not normal (apply Jones’ lemma).] 


EXAMPLE (The Niemytzki Plane) Let X be the closed upper half plane in R?. Topologize 
X as follows: The basic neighborhoods of (x,y) (y > 0) are as usual but the basic neighborhoods of 
(x,0) are the {(z,0)} UB, where B is an open disk in the upper half plane with horizontal tangent 
at (x,0). X is a compactly generated CRH space. In addition, X is Moore, hence is perfect. And 


X is connected, locally path connected, and even contractible (consider the homotopy H((z,y),t) = 
(x,y) + #(0, 1) (O<¢< 1/2) 
#(0,1) + 2(1—t)(z,y) (/2<t< 1) 

[Note: X is neither countably paracompact nor metacompact but is countably metacompact.] 


). However, X is not normal, thus carries no CW structure. 


EXAMPLE An open subset of a polyhedron is a polyhedron but an open subset of a CW complex 


need not be a CW complex. To see this, fix an enumeration {gn} of QN]0,1[. Consider the CW complex 


0-0 
X defined as follows: X) = {0,1}, X™ = [0,1] { and at each point gn attach a 2-cell by taking 
171 


for fn :S' + X@) the constant map fn = qn. Choose a point xn € en (€ €2) and put A = {a }—then 
A is closed and U = X — A carries no CW structure. 


[Otherwise: (a) [0,1] CUM); (b) Vn,U@) Nen FO; (c) V n,an € UO] 


PROPOSITION 2. Every CW complex has the homotopy type of a polyhedron. 

[Let X be a CW complex with CW structure {X™} : X = colimX™. Taking 
into account §3, Proposition 15, it will be enough to construct a sequence of vertex 
schemes K(,) such that Vn, K(n—1) is a subscheme of K(,) and a sequence of homo- 
topy equivalences ¢,, : X(") > |K(n)| such that V n, bn|X@-Y = gby_1. Proceeding by 
induction, make the obvious choices when n = 0 and then assume that Kg),.-., K(n—1) 


and ¢o,---,¢n—1 have been defined. At level n there is an index set J, and a pushout 


+ J. Differential Geom. 34 (1991), 347-388. 
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ike i Se 
square | | (f = [| fi). Given i € I, use the simplicial approxima- 
i 
Lik? SS BY) 
tion theorem to produce a vertex scheme A; and a vertex map gj : Ki > Ki,_1) with 
|K;| = A” and |g;| ~ ¢@n—1 0 fi. Combine the K; and put |g] = []|gi|. The ad- 
i 
junction theorem implies that there exists a vertex scheme K(,) containing K(,_1) as 


a subscheme and a homeomorphism J, - A” Ujg) |K(n—1)| — |K(n)| whose restriction to 


i Ar f x (n-1) 
|K(n—1)| is the identity map. The triangle ay |e is homotopy commuta- 


|K(n—1)| 
tive: |g| ~ dn-10 f. Since dn-1 is a homotopy equivalence, one can find a homotopy 


equivalence ¢p : In-A" Uz XY + I-A" Ug) |K(n—1)| such that }J,|X-) = dp_i (cf. 
p. 3-24), which completes the induction.] 

[Note: Similar methods lead to the expected analogs in CW? or CW,. Consider, 
e.g., a CW pair (X, A) with relative CW structure {(X,A)™} : (X, A)™ = X™U A. 
Choose a vertex scheme LZ and a homotopy equivalence ¢ : A — |L|—then there is a 
vertex scheme Ko) containing L as a subscheme and a homotopy equivalence of pairs 
((X, A), A) > (|Ko)|, Z|) so, arguing as above, there is a vertex scheme K containing L 
as a subscheme and a homotopy equivalence ® : X — |K]| such that ®|A = ¢. Conclusion: 
In HTOP”, (X, A) © (|K|,|L]|) (cf. §3, Proposition 14).] 


PROPOSITION 3 Let X be a CW complex. Assume: (i) X is finite (countable) or 
(ii) dim X < n—then there exists a vertex scheme K such that X has the homotopy type 
of |K|, where (i) K is finite (countable) or (ii) dim K < n. 

[This is implicit in the proof of the preceding proposition.| 


Let X be a CW complex; let A be the collection of finite subcomplexes of X—then A is an absolute 
closure preserving closed covering of X. Since every finite subcomplex of X is a second countable compact 
Hausdorff space of finite topological dimension, it follows that X can be embedded as a closed subspace 


of a polyhedron (cf. p. 5-5). 


FACT Every CW complex is the retract of a polyhedron, hence every open subset of a CW complex 


is the retract of a polyhedron. 


EXAMPLE Every polyhedron is a CW complex but there exist CW complexes that cannot be 
triangulated. Thus let f(t) = tsin(a/2t) (0 < t < 1) and set f(0) = 0. Denote by m the absolute 
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minimum of f on [0,1] (so -1 < _m <0). Take for X the image of the square [0,1] x [0,1] under the map 


(u,v) — (u, uv, f(v)). The following subspaces constitute a CW structure on X: 


X ©) = £(0,0,0), (1,0, 0), (0,0, 1), (1,1, 1), (0,0, m)}, 


Ree 
X@) = {(u,0,0):0<u< 1}Uf(u,u,1):0<u<1}uU Mice, Aoncoeee 1) 
{(0,0,v):0<u< 1} 


and X(?) = X. Using the fact that f has a sequence {Mn} of relative maxima: M; > M2 >.---(1 > M1), 
look at the (0,0, Mn) and deduce that X is not a polyhedron. 


FACT Let X be a CW complex. Suppose that all the characteristic maps are embeddings—then 


X is a polyhedron. 


There are two other issues. 


(n) 
(Products) Let Ee be CW complexes with CW structures ees ¢ Put 
(Xx, Y)™ = U XxX) x, ¥(. Consider X x, Y—then the sequence {(X x, Y)™} 


prq=n 
satisfies CW 1, CW2, and CW3 above, meaning that it is a CW structure on X x, Y. When 
can “x,” be replaced by “x”? Useful sufficient conditions to ensure this are that one of 
the factors be locally finite or that both of the factors be countable (necessary conditions 


have been discussed by Tanaka‘). 


EXAMPLE (Dowker’s Product) Suppose that X and Y are CW complexes—then the product 
X x Y need not be compactly generated, hence, when this happens, X x Y is not a CW complex. Here is 


an illustration. Definition of X: Put X@) — NN u {0} (discrete topology), let fs : {0,1} ~ X©) be the 
0-0 N 

map (s € N'Y), write X“) for the space thereby obtained from X) by attaching 1-cells, and 
los 


take X = X) UX). Definition of Y: Put Y) = NU {0} (discrete topology), let fn : {0,1} > YO 


0-0 
be the map { (n EN), write Y for the space thereby obtained from Y©) by attaching 1-cells, 
lon 


and take Y = Y©) UY). Let ©, (®,) be the characteristic map of the 1-cell corresponding to s € NN 
(n € N). Consider the following subset of X x Y : K = {(®s(1/sn), @n(1/sn)) : (s,n) € NN x N}. 
Evidently K is a closed subset of X x, Y. But K is not a closed subset of X x Y. For if it were, 
X x Y — K would be open and since the point (0,0) € X x Y — K, there would be a basic neighborhood 
UxV:(0,0) €eUxVCXxY-K. Givens € NN, 4 a real number as : 0 < as < 1 such that 
U D {®s(p) : p < as} and given n € N, Ja real number bp, : 0 < bp < 1 such that V D {®n(q): ¢ < bn}. 
Define 5 € NN by 5, = 1+ [max{n, 1/bn}] (so 3n > n & Bn > 1/bn); define HE N by 7 = 14 [1/ag] (so 


+ Proc. Amer. Math. Soc. 86 (1982), 503-507. 
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nm > 1/az)—then the pair (®;(1/s;), ®=(1/s>)) is in both U x V and K. Contradiction. Incidentally, one 


Ae. XxXEY AX ; ; 
can show that the projections are not Hurewicz fibrations (although, of course, they are 
XxXpY OY 


CG fibrations). 
[Note: This construction has an obvious interpretation in terms of cones. Observe too that X and 


Y are polyhedrons. Corollary: The square of a polyhedron need not be a polyhedron.] 


FACT Every countable CW complex has the homotopy type of a locally finite countable CW 
complex. 

[Let X be a countable CW complex. Fix an enumeration {e, } of its cells. Given e,, denote by X (ex) 
the intersection of all subcomplexes of X containing e,—then X (ez) is a finite subcomplex of X. Put 
= UX (ex) : X° Cc X!C --- is an expanding sequence of topological spaces with X° = X. The 
isons tel X© of X% has the same homotopy type as X° = X (cf. p. 3-12) and is a CW complex. 
In fact, tel X © is the subcomplex of X x, [0,o0o[= X x [0, co[ made up of the cells e x {n}, ex]n,n + I, 
where e is a cell of X™ (m <n), a description which makes it clear that tel X °° is locally finite. ] 

[Note: Suppose that X is a locally finite countable CW complex—then there exists a sequence of 


finite subcomplexes Xy, such that V n, Xp C int Xn41, with X = Xen] 


n 


(n) 
(Adjunctions) Let { * be CW complexes with CW structures { aie Sup- 


ye yy * 
pose that A is a subcomplex of X. Let f : A — Y be a skeletal map—then RS ee 
space X Lip Y is a CW complex, the CW structure being {X™) LU gin) Ya (FO) = FA), 
Examples: (1) If X is a CW complex and if A C X is a subcomplex, then the quotient 
X/A is a CW complex; (2) If X is a CW complex, then its cone TX and its suspension 
“xX are CW complexes; (3) If X and Y are CW complexes and if f : X — Y is a skeletal 
map, then the mapping cylinder My of f is a CW complex, containing both X and Y as 
embedded subcomplexes; (4) If X and Y are CW complexes and if f : X — Y is a skeletal 
map, then the mapping cone Cy of f is a CW complex containing Y as an embedded 
subcomplex. 


(X, Xo) 


[Note: There are also pointed analogs of these results. For example, if { (Y, yo) 
» YO 
pointed CW complexes, then the smash product X#;,Y is a pointed CW complex.| 


are 


Let X and Y be CW complexes. Let A be a subcomplex of X and let f : A — Y be a continuous 
function—then X Liz Y has the homotopy type of a CW complex. Proof: By the skeletal approximation 
theorem, there exists a skeletal map g: A + Y such that f ~ g, so X Us Y has the same homotopy type 
as X Ug Y (cf. p. 3-24). 


FACT A CW complex is path connected iff its 1-skeleton is path connected. 
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EXAMPLE (Trees) Let X be a nonempty connected CW complex—then a tree in X is a 
nonempty simply connected subcomplex T of X with dimT < 1. Every tree in X is contractible and 
contained in a maximal tree. A tree is maximal iff it contains X). If T is a maximal tree in X, then 
X/T is a connected CW complex with exactly one 0-cell and the projection X — X/T is a homotopy 


equivalence (cf. p. 3-24). 


xX ; : 
WHE CRITERION Let be topological spaces, f : X — Y a continuous 


Y 
function—then f is a weak homotopy equivalence if for any finite CW pair (K, LZ) and 
Le 
any diagram | \f , where fog = aL, there exists a ® : K — X such that 
K si Va 


®|\L=¢and fo®~ wprelL. 
8S, — xX Ss” —-> XxX 


(Indeed, diagrams of the form it \f | \f evidently suffice.] 
Ss" — Y prt _, y 


LEMMA Suppose that f : X — Y is an n-equivalence—then in any diagram 
Sie ee 
| |f where fog on 8S"! by h: IS"! SY, there exists a ®: D” 4 X 
D” —> Y 
wy 
such that ®|S"~' = ¢ and an H : ID" > Y such that H|JS"~* = h and fo®~w on D” 
by A. 


HOMOTOPY EXTENSION LIFTING PROPERTY Suppose that f:X > Y isa 
weak homotopy equivalence. Let (K, L) be a relative CW complex—then in any diagram 
i. 2s. % 
| | f, where fodxzwonLbyh:IL—-Y, there exists a ®: K > X such that 
kK — Y 

w 
®|\L=¢dandan H:IK -Y such that H|JLD=hand fo®~ywy on Kk by H. 


Application: Let f : X — Y be a weak homotopy equivalence—then for any CW 
complex K, the arrow f, : [K, X]— |K,Y] is bijective. 

[To see that f, is surjective (injective), apply the homotopy extension lifting property 
to (K,0) (IK, inK Ui, K)),] 


[Note: The condition is also characteristic. Thus first take K = * and reduce to 
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when ee are path connected. Next, take K = \/S' (J a suitable index set) to get that 


is 
Vae X, fx: m(X,2) > 71(Y, f(x)) is surjective. Finish by taking kK = 8” (cf. p. 3-18).] 


X,xX0 
EXAMPLE Let { ( ) be pointed connected CW complexes. Suppose that f € C(X, x0; Y, yo) 


Y, 70) 
has the property that Vn > 1, fe : mn(X,x20) > mn(Y,yo) is bijective—then for any pointed simply 


connected CW complex (K,ko), the arrow fs : [K,ko;X,xo0] > [K,ko; Y, yo] is bijective. 


FACT Let p: X — B be a continuous function—then p is both a weak homotopy equivalence 


L235. % 
and a Serre fibration iff for any relative CW complex (K,L) and any diagram | |p , where 
kK — B 
p 


pod=y|L, there exists a ®: K + X such that ®|L = ¢ and po ® = yw. 


[Note: The characterization can be simplified: A continuous function p : X — B is both a weak 
Stak Se oe 


homotopy equivalence and a Serre fibration iff every commutative diagram | | (n > 0) 


D” — B 
admits a filler D” > X.] 


xX’ —> xX 
Application: Let e'| |p be a pullback square. Suppose that p is a Serre fibration and a 
B’' — B 


weak homotopy equivalence—then p’ is a Serre fibration and a weak homotopy equivalence. 


A continuous function f : (X,A) — (Y, B) is said to be a weak homotopy equivalence 
of pairs provided that f : X + Y and f : A — B are weak homotopy equivalences. 
[Note: A weak homotopy equivalence of pairs is a relative weak homotopy equivalence 


(cf. p. 4-51) but not conversely. | 


Application: Let f : (X,A)— (Y, B) be a weak homotopy equivalence of pairs—then 
for any CW pair (K, L), the arrow f, : |[K,L; X, A] > [K, L; Y, B] is bijective. 

[Note: The condition is also characteristic. For [K,0; X, A]  [K,0;Y, B] > [K, X] = 
[K,Y] and [IK, ioK; X, A] © [IK, inK+ Y, B] > [K, A] © [K, B]]] 


REALIZATION THEOREM Suppose that X and Y are CW complexes. Let f : 
X —+ Y bea weak homotopy equivalence—then f is a homotopy equivalence. 
[Note: It is a corollary that the result remains true when X and Y have the homotopy 


type of CW complexes.| 
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Application: A connected CW complex is contractible iff it is homotopically trivial. 


EXAMPLE Let X and Y be CW complexes—then the identity map X x, Y ~ X x Y isa 
homotopy equivalence. 

[A priori, the identity map X x, Y + X x Y is a weak homotopy equivalence. However, X and Y 
each have the homotopy type of a polyhedron (cf. Proposition 2), thus the same holds for their product 
X x Y (cf. p. 5-5).] 


EXAMPLE (H Groups) Let (X,29) be a nondegenerate homotopy associative H space. Assume: 


XXX + XXX . . 

X is path connected—then the shearing map sh : is a weak homotopy equivalence, 
(z,y) + (a,xy) 

thus X is an H group if X carries a CW structure (cf. p. 4-27). 


xX 
y are CW complexes and 
if f: X > Y is a weak homotopy equivalence, then f is a pointed homotopy equivalence 


‘ tp € X 
for any choice of i. ay 


The pointed version of the realization theorem says that if 


with f(%o) = yo. Proof: By the realization theorem, f is a 


homotopy equivalence, so f is actually a pointed homotopy equivalence, { being 


wellpointed (cf. p. 3-19). 


RELATIVE REALIZATION THEOREM Suppose that (X,A) and (Y,B) are CW 
pairs. Let f : (X,A) — (Y,B) be a weak homotopy equivalence of pairs—then f is a 
homotopy equivalence of pairs. 

[Note: This result need not be true if one merely assumes that f is a relative weak 
homotopy equivalence. Example: Take X path connected, fix a point a9 € A, and consider 
the projection (X x A,ao x A) > (X,ao). It is a relative weak homotopy equivalence but 


the induced map on relative singular homology is not necessarily an isomorphism. | 


The relative realization theorem is a consequence of the following assertion. Suppose that (X, A) and 
(Y, B) are relative CW complexes. Let f : (X,A) — (Y,B) be a weak homotopy equivalence of pairs with 


f|A: A— B a homotopy equivalence—then f is a homotopy equivalence of pairs. 


EXAMPLE Let (K,L) be a relative CW complex. Assume: The inclusion L + K is a weak 
homotopy equivalence—then the inclusion L + K is a homotopy equivalence. Proof: Consider the arrow 


(L,L) > (K,L). 


PROPOSITION 4 Let (Y,B) and (Y', B’) be pairs and let h: (Y,B) > (Y', B’) be 
a continuous function; let (X,A) and (X’, A’) be CW pairs and let f : (X,A) —> (Y,B) 
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& f’ : (X', A’) > (Y’, B’) be continuous functions. Assume: f’ is a weak homotopy 
equivalence of pairs—then there exists a continuous function g : (X, A) > (X’', A’), unique 
(XA) Se Oe A 
up to homotopy of pairs, such that the diagram fl | f' commutes up to 
(VB) —> (Y’,BY) 
homotopy of pairs. 
[The arrow f! : |X, A; X’, A’] > [X, A; Y’, B’] is bijective.] 


Given a topological space X, a CW resolution for X is an ordered pair (K, f), where 
K is a CW complex and f : K + X is a weak homotopy equivalence. The homotopy type 
of a CW resolution is unique. Proof: Let f: K > X & f’: K’ + X be CW resolutions 
of X—then by Proposition 4, there exists a continuous function g : K — K’' such that 


K 4, K' 
the diagram i | | rf’ is homotopy commutative: f ~ f' og. Therefore 
xX xX 


g is a weak homotopy equivalence, hence is a homotopy equivalence (via the realization 


theorem). 


RESOLUTION THEOREM Every topological space X admits a CW resolution f : 
Kk xX. 

[Note: If X is path connected (n-connected), then one can choose K path connected 
with K® (K™)) a singleton.] 


Application: Suppose that X is homotopically trivial—then for any CW complex K, 


the elements of C'(K, X) are inessential. 


Given a pair (X, A), a relative CW resolution for (X, A) is an ordered pair ((K, L), f), 
where (K,L) is a CW pair and f : (K,L) > (X, A) is a weak homotopy equivalence of 


pairs. A relative CW resolution is unique up to homotopy of pairs (cf. Proposition 4). 


RELATIVE RESOLUTION THEOREM Every pair (X, A) admits a relative CW 
resolution f : (Kk, L) > (X, A). 
@:L4A 
yp:KaxX 
sition 4, choose ag: L > K such that ~og ~io¢. Owing to the skeletal approximation 


[Fix CW resolutions and let 2: A — X be the inclusion. Using Propo- 


theorem, one can assume that g is skeletal, thus its mapping cylinder M, is a CW complex 
containing L and K as embedded subcomplexes. If r: M, — K is the usual retraction, 


then r is a homotopy equivalence and 7 or|L ~ io @¢. Since the inclusion L > M, is a 
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cofibration, wor is homotopic to a map f : M, > X such that f|L =7i0¢. Change the 
notation to conclude the proof. | 
[Note: If (X, A) is n-connected, then one can choose K with K“ Cc L.] 


It follows from the proof of the relative resolution theorem that given (X,A) and a CW resolution 


g:L-— A, there exists a relative CW resolution f : (K,L) > (X, A) extending g. 


Let X and Y be topological spaces—then X is said to be dominated in homotopy by 
f:xX 73 Y 
g:Y AX 
topological space is contractible iff it is dominated in homotopy by a one point space. 


Y if there exist continuous functions such that go f ~ idx. Example: A 

[Note: Let f : X — Y be a continuous function, My its mapping cylinder—then f 
admits a left homotopy inverse g: Y > X iff i(X) is a retract of My. By comparison, f is 
a homotopy equivalence iff i(X) is a strong deformation retract of My (cf. §3, Proposition 
17).] 


EXAMPLE Let X bea topological space which is dominated in homotopy by a compact connected 
n-manifold Y. Assume: H”(X; Z2) #4 0—then Kwasikt has shown that X and Y have the same homotopy 


type. 
FACT If X is dominated in homotopy by a CW complex, then the path components of X are open. 


DOMINATION THEOREM Let X bea topological space—then X has the homotopy 


type of a CW complex iff X is dominated in homotopy by a CW complex. 
f:X ~Y & 
g:Y AX 
gof ~ idx. Fix a CW resolution h: K > X. Using Proposition 4, choose continuous 
Ke. 2s We ES ie 
such that the diagram n| | ja is homotopy 
xX —) Y —- xX 
f g 


[Suppose that X is dominated in homotopy by a CW complex Y : { 


fikasy 


functions { ge Ak 


commutative. Claim: h is a homotopy equivalence with homotopy inverse g' o f. In fact: 
(goflohegof'rho(gof') & gof)ohwrhoidx => Qg'0o f' ~ idx (cf. Proposition 
4), so(giof)ohegof'~ridx &ho(gof)~gof ~idx.] 


Application: Every retract of a CW complex has the homotopy type of a CW complex. 


+ Canad. Math. Bull. 27 (1984), 448-451. 
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[Note: Consequently, every open subset of a CW complex has the homotopy type of 
a CW complex (cf. p. 5—12).] 


COUNTABLE DOMINATION THEOREM Let X be a topological space—then X 
has the homotopy type of a countable CW complex iff X is dominated in homotopy by a 


countable CW complex. 

[Suppose that X is dominated in homotopy by a countable CW complex Y : { : - a 
- & gof ~idx. Using the notation of the preceding proof, consider the image g'(Y) of 
Y in K. Claim: g’(Y) is contained in a countable subcomplex Lo of K. Indeed, for any 
cell e of Y, g/(€) is compact, thus is contained in a finite subcomplex of K and a countable 
union of finite subcomplexes is a countable subcomplex. Fix a homotopy H : IK > K 
between g'o foh and idx. Since IL is a countable CW complex, there exists a countable 
subcomplex L; C K : H(ILo) C Ly. Iteration then gives a sequence {L,,} of countable 


subcomplexes L,, of kK : Vn, H(ILn,) C In4i. The union L = UL, is a countable CW 
complex whose homotopy type is that of X.] 


Application: Every Lindelof space having the homotopy type of a CW complex has 
the homotopy type of a countable CW complex. 
[The subcomplex generated by a Lindeléf subspace of a CW complex is necessarily 


countable. | 


Is it true that if X is dominated in homotopy by a finite CW complex, then X has the homotopy 


“no” in general but “yes” under certain assumptions. 


type of a finite CW complex? The answer is 
Notation: Given a group G, let Z[G] be its integral group ring and write Ko(G) for the reduced 
Grothendieck group attached to the category of finitely generated projective Z[G]-modules. 


The following results are due to Wallt. 


OBSTRUCTION THEOREM Suppose that X is path connected and dominated in homotopy 
by a finite CW complex—then there exists an element w(X) € Ko(m (X)) such that w(X) = 0 iff X has 


the homotopy type of a finite CW complex. 


One calls w(X ) Wall’s obstruction to finiteness. Example: If X is simply connected and dominated 


in homotopy by a finite CW complex, then X has the homotopy type of a finite CW complex. 


+ Ann. of Math. 81 (1965), 56-69. 
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FULFILLMENT LEMMA Let G be a finitely presented group—then given any a € Ko(G), 
there exists a connected CW complex Xq which is dominated in homotopy by a finite CW complex such 


that 71(Xq) = G and w(X) =a. 


Let A be a Dedekind domain, e.g., the ring of algebraic integers in an algebraic number field—then the 
reduced Grothendieck group of A is isomorphic to the ideal class group of A. This fact, in conjunction with 
the fulfillment lemma, can be used to generate examples. Thus fix a prime p, put wp = exp(27/—1/p), 
and consider Z[wp], the ring of algebraic integers in Q(wy). It is known that Ko(Z/pZ) is isomorphic 
to the reduced Grothendieck group of Z[wy]. But the ideal class group of Z[wp]| is nontrivial for p > 19 
(Montgomery). Moral: There exist connected CW complexes which are dominated in homotopy by a finite 


CW complex, yet do not have the homotopy type of a finite CW complex. 


EXAMPLE Every path connected compact Hausdorff space X which is dominated in homotopy 
by a CW complex is automatically dominated in homotopy by a finite CW complex. Is w(X) = 0? Every 
connected compact ANR (in particular, every connected compact topological manifold) has the homotopy 
type of a CW complex (cf. p. 6-19), thus is dominated in homotopy by a finite CW complex and one can 
prove that its Wall obstruction to finiteness must vanish, so such an X does have the homotopy type of 
a finite CW complex. Still, some restriction on X is necessary. This is because Ferry! has shown that 
any Hausdorff space which is dominated in homotopy by a second countable compact Hausdorff space 
must itself have the homotopy type of a second countable compact Hausdorff space and since there exist 
connected CW complexes with a nonzero Wall obstruction to finiteness, it follows that there exist path 
connected metrizable compacta which are dominated in homotopy by a finite CW complex, yet do not 


have the homotopy type of a finite CW complex. 


EXAMPLE Suppose that X is path connected and dominated in homotopy by a finite CW 
complex—then Gersten? has shown that for any connected CW complex K of zero Euler characteris- 
tic, the product X x K has the homotopy type of a finite CW complex, i.e., multiplication by K kills 
Wall’s obstruction to finiteness. For example, one can take K = $?"+!. In particular: X x S! is homotopy 
equivalent to a finite CW complex Y, say f : X x 8! 5 Y. Since X is homotopy equivalent to X x R and 
X x R is the covering space of X x S! determined by 71(X) C m1(X x $?), it follows that X is homotopy 
equivalent to the covering space Y of Y determined by the subgroup f«(1(X)) of 71(Y). Conclusion: X 


has the homotopy type of a finite dimensional CW complex. 


A (pointed) topological space is said to be a (pointed) CW space if it has the (pointed) 


+ Topology 19 (1980), 101-110; see also SLN 870 (1981), 1-5 and 73-81. 
= Amer. J. Math. 88 (1966), 337-346; see also Kwasik, Comment. Math. Helv. 58 (1983), 503-508. 
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homotopy type of a (pointed) CW complex. CWSP (CWSP,) is the full subcategory 
of TOP (TOP,,) whose objects are the CW spaces (pointed CW spaces) and HCWSP 
(HCWSP,,) is the associated homotopy category. Example: Suppose that (X, A) is a 
relative CW complex, where A is a CW space—then X is a CW space. 

[Note: If (X, xo) is a pointed CW space, then (X, 2) is nondegenerate (cf. p. 3-35).] 

Every CW space is numerably contractible (cf. p. 3-13). Every connected CW space 
is path connected. Every totally disconnected CW space is discrete. Every homotopically 
trivial CW space is contractible (cf. p. 5-17). 

[Note: A CW space need not be locally path connected.| 


The product X x Y of CW spaces ee is a CW space. Proof: There exist CW 


Y 
X2wk 


Ye SX <Y S hx hw Kh xXeh (el: 6-17) 


complexes { ' such that in HTOP, { 


L 
and K x; L is a CW complex. 
A CW space need not be compactly generated. Example: Suppose that X is not in 
CG—then ['X is not in CG but [X is a CW space. However, for any CW space X, the 
identity map kX — X is a homotopy equivalence. 


PROPOSITION 5 Let X bea connected CW space—then X has a simply connected 
covering space X which is universal. Moreover, every simply connected covering space of 
X is homeomorphic over X to x: 


[Fix a CW complex K and a homotopy equivalence ¢: X > K. Let K be a universal 


DO. oh: Te 
covering space of K and define X by the pullback square | | . Since the covering 
xX — K 
¢ 


projection K — K is a Hurewicz fibration (cf. p. 4-7), is a homotopy equivalence (cf. 
p. 4-24), so X isa simply connected covering space of X. To see that X is universal, let 


X' be some other connected covering space of X—then the claim is that there is an arrow 
f 


" xX —+_ x’ 


xX En X’ and a commutative triangle Pe we . For this, form the pullback square 


s me tes xX 
Ki +, Xx! 
| | , w a homotopy inverse for ¢. Due to the universality of K , there is an 
kK — xX 
a naan 7a 
arrow K —*> K’ and a commutative triangle aie wee . Consider the diagram 


Kk 
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ik eo ik a ie ee 

P i ! [»! 

X —- KK kK —> xX 
¢ w 


From the definitions, popogog=Wodhop~ey, thus 4 f € Cx(X,X’') : frwogod. 
Finally, if X' is simply connected, then K' is simply connected and one can assume that 
g is a homeomorphism. Therefore f is a fiber homotopy equivalence (cf. §4, Proposition 
15). Because the fibers are discrete, it follows that f is also an open bijection, hence is a 


homeomorphism. | 


EXAMPLE The Cantor set is not a CW space. The topologist’s sine curve C = AU B, where 
A={(0,y):-1<y< 1} ; 
, 1s not a CW space. The wedge of the broom is not a CW space but 
B= {(a,sin(Qx/x)):0<a<1} 
CO 
the broom, being contractible, is a CW space, although it carries no CW structure. The product I] S” is 
1 


not a CW space. 


FACT Suppose that X is a connected CW space. Assume: 71(X) is finite and V q > 1, mq(X) is 
finitely generated—then there exists a homotopy equivalence f : K — X, where K is a CW complex such 


that V n, K() is finite. 


Dydak? has shown that the full subcategory of HCWSP. whose objects are the pointed connected 


CW spaces is balanced. 


Every open subset of a CW complex is a CW space (cf. p. 5-20). Every open subset 
of a metrizable topological manifold is a CW space (cf. p. 6-28). 


PROPOSITION 6 Let U be an open subset of a normed linear space E—then U is 
a CW space. 

[Fix a countable neighborhood basis at zero in EF consisting of convex balanced sets U;, 
such that Uj41 C Un. Assuming that U is nonempty, for each x € U, there exists an index 
Ng): v+ 2U yg) C U. Since U is paracompact, the open covering {7 + U,(q) : x € U} has 
a neighborhood finite open refinement O = {O}. So, VO€ OA rq €U:O0C t0 + Uno) 
(n(O) = n(ao)). Let {Ko : O € O} be a partition of unity on U subordinate to O. 


+ Proc. Amer. Math. Soc. 116 (1992), 1171-1173; see also Dyer-Roitberg, Topology Appl. 46 (1992), 
119-124. 
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Consider N(O), the nerve of O. If {O1,... , Ox} is a simplex of N(O) and if n(O1) <---< 
n(Ox), then the convex hull of {ro,,.-- ,%o, } is contained in xo, + 2U,(0,) C U. Define 
f= hone 
g:|N(O)| 9 U g(¢) = 2BO)E0 
(1 —t)S>ko(x)xo to get a homotopy H : IU > U between go f and idy. This shows 
O 


continuous functions { and put H(x,t) =ta+ 


that U is dominated in homotopy by |N(Q)|, hence, by the domination theorem, has the 
homotopy type of a CW complex.| 

[Note: If E is second countable, then U has the homotopy type of a countable CW 
complex. Reason: Every open covering of a second countable metrizable space has a 


countable star finite refinement (cf. p. 1-25).| 


FACT Let E be a normed linear space. Suppose that Eg is a dense linear subspace of FE. Equip 
Eo with the finite topology—then for every open subset U of E, the inclusion UN Eo — U is a weak 


homotopy equivalence. 


FACT Let E be a normed linear space. Suppose that E° C E! C --- is an increasing sequence 
of finite dimensional linear subspaces of E whose union is dense in &. Given an open subset U of E, put 
U™ = Un E™—then U® Cc U! C --: is an expanding sequence of topological spaces and the inclusion 


U®™ -— U is a homotopy equivalence. 


PROPOSITION 7 Let A — X be a closed cofibration and let f : A > Y bea 
continuous function. Assume: A, X, and Y are CW spaces—then X Lif Y is a CW space. 
ie ge cy 
[There is a CW pair (K,LZ) and a commutative diagram , | ll, 
X «<— A a ¥ 


where the vertical arrows are homotopy equivalences and g is the composite. Accordingly, 
KuUgY » X Uy Y in HTOP (cf. p. 3-24 ff.) and K U, Y is a CW space (cf. p. 5-14).| 


Application: Let X £2Z4Y bea 2-source. Assume: X,Y,and Z are CW spaces— 
then My is a CW space. 

[Note: One can establish an analogous result for the double mapping track of a 2-sink 
in CWSP (cf. §6, Proposition 8). For example, given a nonempty CW space X,V x9 € X, 
Q(X, xo) is a CW space (consider the 2-sink * > X < x).] 


EXAMPLE Suppose that X and Y are CW spaces—then their join X * Y is a CW space. 
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[Note: The double mapping cylinder of X «+ X x Y —+ Y defines the join. If X and Y are CW 
complexes, then X * Y is a CW complex provided that X x Y = X xz Y. Otherwise, consider X x, Y, 


the double mapping cylinder of X + X x, Y > Y.] 


LEMMA Let X° Cc X!C--- be an expanding sequence of topological spaces. As- 
sume: V n,X” is a CW complex containing X"~! as a subcomplex—then X° is a CW 


complex containing X” as a subcomplex. 


X,f 
EXAMPLE (The Mapping Telescope) Let { ) be objects in FIL(TOP). Suppose that 
——_——. -—-_- Y,g 
Xn fig > Xn4+1 
o: (%,f) — (Y,g) is a homotopy morphism, i.e., V n, the diagram on| | n+ is homo- 
Yn Ye 
gn 


topy commutative—then there is an arrow tel¢ : tel(X,f) — tel(Y,g) such that V n, the diagram 
Xn <—  teln(X,f) — tel(X,f) 


| | i is homotopy commutative and tel¢ is a homotopy equivalence 


Yn «— teln(Y,g) — tel(Y,g) 
if each dp, is a homotopy equivalence. Thanks to the skeletal approximation theorem and the lemma, it 


then follows that for any object (X,f) in FIL(CW), there exists another object (X, g) in FIL(CW) such 
that tel(X,f) and tel(X,g) have the same homotopy type and tel(X,g) is a CW complex. 
[The mapping telescope is a double mapping cylinder (cf. p. 3-23). Use the fact that a homotopy 
& eh Guy & 


morphism of 2-sources, i.e., a homotopy commutative diagram | | | , gives rise to 
MO ee ZI 
f' g' 
an arrow My 4 — My 5 which is a homotopy equivalence if this is the case of the vertical arrows (cf. 


p. 3-24).] 


PROPOSITION 8 Let X° Cc X! C --- be an expanding sequence of topological 
spaces. Assume: V n, X” is a CW space and the inclusion X" > X"+! is a cofibration— 
then X°° is a CW space. 

kK® —>+ K* —> 
[There is a commutative ladder | | , where the vertical ar- 

X® —4 X' —> 
rows K” —» X” are homotopy equivalences and K® Cc K! C--- is an expanding sequence 
of CW complexes such that Vn, (K", K"~') is a CW pair. The induced map K® > X° 
is a homotopy equivalence (cf. §3, Proposition 15) and, by the lemma, K° is a CW 


complex. | 
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Application: Let (X,f) be an object in FIL(TOP). Assume: V n,X, is a CW 
space—then tel(X, f) is a CW space. 


FACT Let X be a topological space. Suppose that U/ = {U; : i € I} is a numerable covering of X 
with the property that for every nonempty finite subset F' C J, () U; is a CW space—then X is a CW 
iC F 
space. . 


[In the notation of the Segal-Stasheff construction, show that BU is a CW space.] 


Application: Let X be a topological space. Suppose that U = {U; : i € I} is a numerable covering of 
X with the property that for every nonempty finite subset FC J, () U; is either empty or contractible— 
then X is a CW space. tat 

[Note: One can be more precise: X and |N(U)| have the same homotopy type. Example: Every 


paracompact open subset of a locally convex topological vector space is a CW space (cf. Proposition 6).] 


EXAMPLE Let X be the Cantor set. In /X, let Ui be the image of X x [0,2/3[ and let U2 
be the image of X x]1/3,1]—then {U1,U2} is a numerable open covering of UX. Both Ui and U2 are 
contractible, hence are CW spaces. But ©X is not a CW space. In this connection, observe that U; MN U2 


has the same homotopy type as X, thus is not a CW space. 


A sequence of groups 7, (n > 1) is said to be a homotopy system if Vn > 1: my, is 


abelian and there is a left action 71 X Tn — Tn. 


HOMOTOPY SYSTEM THEOREM Let {a, : n > 1} be a homotopy system— 
then there exists a pointed connected CW complex (X, 20) and V n > 1, an isomorphism 
Tn(X, 20) 4 TM, such that the action of 71(X,x29) on m,(X, xo) corresponds to the action 
of m1 on Ty. 


[Note: One can take X locally finite if all the 7, are countable.| 


Let a be a group and let n be an integer > 1, where 7a is abelian if n > 1—then a 
pointed path connected space (X, Zo) is said to have homotopy type (a, n) if m,(X, Zo) is 
isomorphic to 7 and m4(X,%o) = 0 (q # n). An Eilenberg-MacLane space of type (7,7) 
is a pointed connected CW space (X,20) of homotopy type (7,n). Notation: (X,29) = 
(K (2,7), kz). Two spaces of homotopy type (7,n) have the same weak homotopy type 
and two Eilenberg-MacLane spaces of type (7,n) have the same pointed homotopy type. 
Every Ejilenberg-MacLane space is nondegenerate, therefore the same is true of its loop 
space which, moreover, is a pointed CW space (cf. p. 6-24). Example: QK(2,n+ 1) = 


K(a,n), a abelian. 
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EXAMPLE A model for K(G,1), G a discrete topological group, is BZ (cf. p. 6-25). 


Upon specializing the homotopy system theorem, it follows that for every 7, (K (7, n), 
kz) exists as a pointed CW complex. If in addition 7 is abelian, then (A(z, 7), kz,n) 
carries the structure of a homotopy commutative H group, unique up to homotopy, and 
the assignment (X, A) — [X, A; K(7,n), kx] defines a cofunctor TOP? > AB. 


EXAMPLE A model for K(Z",1) is T”. 
[Note: Suppose that X is a homotopy commutative H space with the pointed homotopy type of a 
finite connected CW complex—then Hubbuckt has shown that in HTOP., X = T” for some n > 0.] 


EXAMPLE A model for K(Z/nZ,1) is the orbit space S°/T', where I’ is the subgroup of S? 


th 


generated by a primitive n'” root of unity. 


[Note: Recall that S°° is contractible (cf. p. 3-20).] 


EXAMPLE A model for K(Q, 1) is the pointed mapping telescope of the sequence S' + S! > ---, 
the kt? map having degree k. 
[Note: Shelah? has shown that if X is a compact metrizable space which is path connected and locally 


path connected, then 71(X) cannot be isomorphic to Q.] 


N N 
The homotopy type of I] K(Z,2q) or I] K(Z/nZ,2q) admits an interpretation in terms of the 
q=1 q=1 
theory of algebraic cycles (Lawson ). 


(7,1) Suppose that (X,2o) has homotopy type (z,1)—then for any pointed 
connected CW complex (K, ko), the assignment | f] > f, defines a bijection [K’, ko; X, 20] > 
Hom(7(K, ko), 71(X,20)). Since (K,ko) is wellpointed, the orbit space 11(X,20)\ 
[K, ko; X, xo] can be identified with [K, X] (cf. p. 3-18), thus there is a bijection [K, X] > 
m1(X, 29)\Hom(m1(K, ko), m1(X,%0)), the set of conjugacy classes of homomorphisms 
m1(K, ko) > m(X, xo). If 7 is abelian, then Hom(m1(K, ko), m1(X,2%0)) © Hom(Ai(K, ko), 
m™1(X,%0)) © H'(K, ko; 71(X, xo)) and the forgetful function [K, ko; X, vo] > [K, X] is bi- 
jective. 

Example: Fix a pointed connected CW complex (K,ko)—then the functor GR > 
SET that sends 7 to [K,ko; K(a, 1), kz,1] is represented by 7 (K, ko). 


+ Topology 8 (1969), 119-126. 
= Proc. Amer. Math. Soc. 103 (1988), 627-632. 
ll Ann. of Math. 129 (1989), 253-291. 
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EXAMPLE Take X = K(z,1), co = kan and realize (X,20) as a pointed CW complex. Assume: 
X is locally finite and finite dimensional. Write HE(X,x0) (HE(X)) for the space of homotopy equiv- 
alences of (X,20) (X) equipped with the compact open topology—then mo(HE(X,29)) (mo(HE(X))) 
is the isomorphism group of (X,20) (X) viewed as an object in HTOP. (HTOP). By the above, 
wo(HE(X,20)) & Auta (mo(HE(X)) & Out). The evaluation a =e is a Hurewicz fibra- 
tion (cf. §4, Proposition 6) and its fiber over xo is HE(X, 20). woe the base point, one has 
wq(HE(X,2x0),idx) = 0 (q > 0), mq(HE(X), idx) = 0 (q > 1), and m(HE(X), idx) & Cen7z, the center 
of x. The homotopy sequence of the evaluation thus reduces to 1 > m1(HE(X),idx) — 71(X,x20) > 


wo(HE(X, 2x0), idx) > mo(HE(X),idx) > 1, ie., to 1 4 Cena > a > Auta > Outa > 1. 


EXAMPLE Let p: X > B be a Hurewicz fibration, where B = K(G,1). Suppose that V b € B, 
Xy is a K(x, 1) (a abelian)—then the only nontrivial part of the homotopy sequence for p is the short exact 
sequence 1 > 7 > 71(X) > G— 1. Therefore 71(X) is an extension of 7 by G and X is a K(m1(X),1) 
(cf. §6, Proposition 11). Algebraically, there is a left action G x m > a and geometrically, there is a left 


action G x z > 7. These two actions are identical. 


EXAMPLE Consider a 2-source 7’ + G > 7” in GR, where the arrows are monomorphisms. 


G — rr" 
Define « by the pushout square | | , Le, wm = 7’ *g 7’’— then there exists a pointed CW 
n> oT 
X!' = K(nr’,1) 
complex X = K(z,1) and pointed subcomplexes , Y = K(G,1) such that X = X'UX"” 
X" = K(n",1) 


and Y= X'/N xX”. 


EXAMPLE Let X and Y be connected CW complexes. Suppose that f : X — Y is a contin- 
uous function such that for every finite connected CW complex K, the induced map [K, X] > [K, Y] is 
bijective—then f is a homotopy equivalence iff V x € X, fx : m1(X,x2) > 71(Y, f(x)) is surjective (cf. 
p. 3-18) but this condition is not automatic. To construct an example, let Sa. be the subgroup of the 


symmetric group of N consisting of those permutations that have finite support. Each injection 1: N > N 
Loo(a)|(N — o(N)) = id 


Loo{a)|u(N) =rodou 
I] USS ES b0 \ I] Sco > Soo \ I] Soo is bijective. Here the action of Sg5 on I] Soo is by conjugation. Choose 


@: K(So,1) > K(So0,1) such that $x = too on S'94.—then for every finite connected CW complex K, the 


, and on any finite product, 


determines a homomorphism too : Soo 4 Soo, Viz. { q 


induced map [K, K (Soo, 1)] > [K, K(S0,1)] is bijective (consider first a finite wedge of circles). However, 
¢ is not a homotopy equivalence unless 4 is surjective. 

[Note: There are various conditions on 71(X) (or 71(Y)) which guarantee that f. is surjective (under 
the given assumptions). For example, any of the following will do: (1) 71(X) (or 71(Y)) nilpotent; (2) 
m1(X) (or 71(Y)) finitely generated; (3) 71(X) (or 71(Y)) free.] 
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EXAMPLE Let 7 be a group—then K(z,1) can be realized by a path connected metrizable 
topological manifold (cf. p. 6-28) iff is countable and has finite cohomological dimension (Johnsont). 
[Note: Under these circumstances, the cohomological dimension of 7 cannot exceed the euclidean 


dimension of K(z,1), there being equality iff K(m,1) is compact.] 


EXAMPLE The homotopy type of an aspherical compact topological manifold is completely de- 
termined by its fundamental group. Question: If X and Y are aspherical compact topological manifolds 
and if m1(X) & 71(Y), is it then true that X and Y are homeomorphic? Borel has conjectured that the 
answer is “yes”. To get an idea of the difficulty of this problem, a positive resolution easily leads to a 
proof of the Poincaré conjecture (modulo a result of Milnor). Additional information and references can 


be found in Farrell-Jones*. 


(z,n) Suppose that (X, 29) has homotopy type (a,n), where 7 is abelian. Let 

L€ H”(X, £0; mm(X,20)) be the fundamental class—then for any pointed connected CW 

complex (K, ko), the assignment [f] > f*: defines a bijection [K, ko; X, 209] > H”(K, ko; 
tn( XA; 2a)): 

Assuming that a’ and a” are abelian, [K(a',n), kan; K(a",n), kan] & [K(a',n), 


K(n",n)] © Hom(z', 7”). Example: Suppose that 0 > 2’ > a > x” > 0 is a short exact 


sequence of abelian groups—then (1) The mapping fiber of the arrow K(a,n) > K(1r",n) 
isa K(x',n); (2) The mapping fiber of the arrow K(n',n+1) > K(r,n+1) isa K(x", n); 
(3) The mapping fiber of the arrow K(2",n) 3 K(x',n +1) isa K(z,n). 

[Note: CWSP,, is closed under the formation of mapping fibers (cf. §6, Proposition 


8).| 


EXAMPLE A model for K(Z,2) is P®(C). Fix n > 1 and choose a map P®(C) > K(Z, 2n) 


representing a generator of H?"(P™(C);Z) =» Z. Put Y = P™(C) and define X by the pullback square 
X —> OK(Z,2n) 


| ) . The fiber Xyg is a K(Z,2n —1). Since 2n — 1 > 3, there is an isomorphism 


Y —  K(Z,2n) 
T2n-1(Xy)) © T2n-1(X) but the corresponding arrow in homology H2n—-1(Xy)) 4 Han-1(X) is not 


even one-to-one. 


Let (X, A) be arelative CW complex—then for any abelian group 7, there is a bijection 
[X, A; K (2,7), kz] ~ H"(X,A;7) which, in fact, is an isomorphism of abelian groups, 


+ Proc. Camb. Phil. Soc. 70 (1971), 387-393. 
= CBMS Regional Conference 75 (1990), 1-54; see also Conner-Raymond, Bull. Amer. Math. Soc. 
83 (1977), 36-85. 
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natural in (X, A). This applies in particular when A = 0, thus there is an isomorphism 
[X, K(2,n)] > H”"(X;7) of abelian groups, natural in X. So, on HCW the cofunctor 
H”(—-; 1) is representable by K(z,n). But on HTOP itself, this is no longer true in that 
the relation [X, K(a,n)] ~ H"(X;7) can fail if X is not a CW complex. 


EXAMPLE Let X be the Warsaw circle and take = Z—then H!(X,Z) = 0, while [X, K(Z,1)] = 
Z or still, [X, K(Z,1)] © H1(X;2Z). 


In general, for an arbitrary abelian group 7 and an arbitrary pair (X, A), there is a 
natural isomorphism [X, A; K(a,n), kp] — H(X,A;7) (cf. p. 20-1). Moral: It is Cech 


cohomology rather than singular cohomology that is the representable theory. 


Suppose that (X,2o9) is a pointed connected CW complex. Equip C(X, K(,n)) with the compact 
open topology—then [X, K(2,n)] = mo(C(X, K(a,n))), X being a compactly generated Hausdorff space. 
Because the forgetful function |X, x9; K(1,n), kz,n] > [X, K(x, n)] is surjective, every path component of 


C(X, K(x,n)) contains a pointed map fo : fo(xo) = ka,n- 


EXAMPLE Let (X,209) be a pointed connected CW complex. Assume: X is locally finite—then 
H"-(X;n) (L<q<n) 


0 (q > n) 
[Since K(z,n) is an H group, all the path components of C(X,K(a,n)) have the same homo- 


for any abelian group 7, q(C(X, K(z,n)), fo) © { 


topy type. Let fo be the constant map X — kzn,Co(X,K(a,n)) its path component. To compute 
™q(Co(X, K(x,n)), fo), consider the Hurewicz fibration Co(X, K(a,n)) + K(x,n) which sends f to f(xo) 
(cf. §4, Proposition 6), bearing in mind that 71(Co(X, K(,n)), fo) is abelian.] 

[Note: Suppose in addition that X is finite—then C(X, K(a,n)) (compact open topology) is a CW 


space (cf. p. 6-23) and there is a decomposition H"(C(X,K(m,n)) x X;7) & @ H4(C(X, K(r,n)); 
H”—%X;7)). Let ev : C(X,K(x,n)) x X — K(a,n) be the evaluation. Take se fundamental class 
L€ H”(K(a,n);7) and write ev*, = Aig, where fig € H9(C(X, K(x,n)); H"~%(X;7)). Let [fq] € 
[C(X, K(2,n)), K(H"— U(X; 7), @)] je ca tO fq (conventionally, K(AH"(X;7),0) is H"(X; 7) (discrete 


topology)). The fq determine an arrow C(X,K(n,n)) > [[ K(H"~-4(X;7),q). It is a weak homotopy 
q=0 
equivalence, hence, by the realization theorem, a homotopy equivalence. ] 


EXAMPLE Let (X, 0) be a pointed connected CW complex. Assume: X is locally finite and fi- 


So ; Cen(7, fo) (q = 1) 
nite dimensional—then for any group 7, t_(C(X, K(m,1)), fo) & . Here, Cen(z, fo) 
0 


(q> 1) 
is the centralizer of (fo)«(m1(X,20)) in m1(K(a,1),kz,1) © a. Special case: Suppose that (X,2xo) is a- 


spherical, let 7 = 71(X,2x0), take fo = idx, and conclude that the path component of the identity in 
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C(X,X) has homotopy type (Cen7z,1),Cen7z the center of 7. Example: Cen 7 is trivial if X is a compact 
connected riemannian manifold whose sectional curvatures are < 0. 

[Reduce to when X (9) = {ao} (ef. p. 5-15), observe that mg(C(X, K(m,1)), fo) & mq(C(X™, K(x, 1)), 
fo|X), and use the fact that X) is a wedge of circles.] 

[Note: It can happen that z is finitely generated but Cen(z, fo) is infinitely generated even if X = S! 
(Hansen? ).] 


A compactly generated group is a group G equipped with a compactly generated 
topology in which inversion G — G is continuous and multiplication G x, G > G is 
continuous. Since multiplication is not required to be continuous on G x G (product 
topology), a compactly generated group is not necessarily a topological group, although 
this will be the case if G is a LCH space or if G is first countable. Example: Let G be a 
simplicial group—then its geometric realization |G| is a compactly generated group (cf. p. 
13-2). 

[Note: If G is a topological group, then kG is a compactly generated group but kG 
need not be a topological group (cf. p. 1-36). A compactly generated group is To iff 
it is A-separated. Therefore any A-separated compactly generated group which is not 
Hausdorff cannot be a topological group.| 

Suppose that a is abelian—then it is always possible to realize K(,n) as a pointed 
CW complex carrying the structure of an abelian compactly generated group on which 
Auta operates to the right by base point preserving skeletal homeomorphisms such that 

T(K(1,n)) % & 
VY @ € Autz, there is a commutative square $4 \¢ (Adem-Milgram?) 
Mn EK (nyn)). Soa 
(0 =k). With this understanding, let G be a group, assume that 7 is a right G-module, 
and denote by y : G > Aut the associated homomorphism. Calling K (G, 1) the universal 
covering space of K(G, 1), form the product K(G, 1)x K(a,n), and write K (2, n; x) for the 
orbit space (K(G,1) x K(x,n))/G. As an object in TOP/K(G, 1), K(x,n; x) is locally 
trivial with fiber K(a,n), thus the projection py : K(,n;x) — K(G,1) is a Hurewicz 
fibration (local-global principle) and K (1, n; x) isa CW space (cf. §6, Proposition 11). The 
inclusion K(G, 1) x {0} > K(G,1) x K (m,n) defines a section sy : K(G,1) > K(a,n; x), 
so K(m,n;x) is an object in TOP(K(G,1)) (cf. p. 0-3). Example: Take G = Autz : 


+ Compositio Math. 28 (1974), 33-36. 


= Cohomology of Finite Groups, Springer Verlag (1994), 51. 
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x A ‘ ; aro 
{ - nee —then the associated homomorphism Aut a > Aut 7 is idautz = Nz- 


(a, 6) > 6" *(a) 
G > Auta 


[Note: Given G, consider the trivial action 7 x G — 7, where y : . sid . In 
this case, K (m,n; x) reduces to the product K(G,1) x K(z,n).] 
Example: Take = Z, G = Z/2Z and let y : G — Auta be the nontrivial 


homomorphism—then K(Z, 2; x) “is” Bova). 


EXAMPLE The homotopy sequence for py breaks up into a collection of split short exact se- 
quences 0 — mq(K(m,n)) > mq(K(a,7;x)) 3 mq(K(G,1)) > 0. Case 1: n > 2. Here, tg(K (m,n; x)) & 
. ie i and m,4(K(a,n;x)) = 0 otherwise. The algebraic right action x G — am corresponds to 
an ee ba action G x m > 7 and this is the same as the geometric left action G x m — 7. Case 2: 
n = 1. In this situation, 71(K (7,7; x)) is a split extension of by G and the higher homotopy groups are 
trivial. If 0, ,K (m,n; x) is the subspace of PK (m,n; x) made up of those o such that o(0) € sy(K(G,1)) 
and py(a(t)) = py(a(0)) (0 < t < 1), then the projection O5,,K(x,n;x) > K(a,n;x) sending o to o(1) 
is a Hurewicz fibration whose fiber over the base point is QK(z,n). Specialize and take G = Aut7z (so 
X = x7). Let B be a connected CW complex. The “class” of fiber homotopy classes of Hurewicz fibrations 
X — B with fiber K(z,n) is a “set” (cf. p. 4-28 ff.). As such, it is in a one-to-one correspondence with the 
set of homotopy classes [B, K(z,n+1;x7)]: [|X] Oo [®],®: B > K(a,n+1; xx) the classifying map, where 

X —> Os y,K(a,n+1;x7) 
X is defined by the pullback square ih il . For example, if X is a connected 


Bo K(a,n+1:xzx) 
CW space with two nonzero homotopy groups 71(X) = G and mn(X) = m (n > 1), then the geometry 


furnishes a right action 7 x G — m and an associated homomorphism x: G > Autz. To construct X up 
to homotopy, fix a map f : X — K(G,1) which induces the identity on G, pass to the mapping track Wy, 
and consider the Hurewicz fibration Wy, — K(G,1). There is an arrow ® : K(G,1) > K(a,n +1; x7) 
such that y = ©, :G— Aut a and [Wy] + [9]. 


[Note: Suppose that B is a pointed simply connected CW complex—then the set of fiber homo- 
topy classes of Hurewicz fibrations X — B with fiber K(z,n) is in a one-to-one correspondence with 
Aut 7\H"+1(B; 7). Proof: The set of homotopy classes [B, K(a,n+1; yx)] can be identified with the set of 
pointed homotopy classes [B, K(a,n+1;x2)] mod 71(K(2,n+1;x7)), i.e., with the set of pointed homo- 
topy classes [B, K(z,n+1;x7)] mod Aut 7, ie., with the set of pointed homotopy classes [B, K(z,n+1)] 


mod Aut 7 (cf. p. 5-16), i.e., with Aut 7\H"+!(B; 7). Translated, this means that in the simply connected 
OK(x,n+1) 
case, one can use il to carry out the classification but then it is also necessary to build in the 


K(a,n+ 1) 
action of Aut 7.] 
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x: G = Auta’ : m 

EXAMPLE Let G be a group; let be homomorphisms, where are 
x":G > Auta” nm! 

abelian—then [K(z’,n +1;x'), K(r",n+1:x)|a¢ % Home(n’,7”), [ , |g standing for homotopy in 


TOP(K(G,1)). 


Notation: Given X in TOP/B and ¢ € C(E, B), let lify(#, X) be the set of liftings 
®:E— X of ¢. Relative to a choice of base points bo € B, ro € Xp, and e9 € FL, 
where ¢(€9) = bo, let lify(L,e0;X, 20) be the subset of lify(#, X) consisting of those & 
such that @(e9) = vo. Write [E, X]4 for the set of fiber homotopy classes in lify(E, X) 
and [E,e9;X,o|¢ for the set of pointed fiber homotopy classes in lify(E, eo; X, x0). 


LEMMA If (B,bo), (E,e9) are wellpointed with {bo} C B, {eo} C E closed, then 
the fundamental group 71(Xz,,%0) operates to the left on [E,eo;X,2o9]g and the for- 
getful function [E,e9;X,ro]¢ — [E,X]g passes to the quotient to define an injection 
m1(Xp,,20)\[E, €0; X, tolg 4 [E, X]g which, when X», is path connected, is a bijection. 


Let G and x be groups. Given x € Hom(G, Aut 7), denote by Hom,(G, 7) the set of crossed_homo- 
morphisms per x, so f : G > x is in Hom, (G,7) iff f(g’9”) = f(g’) (x(9') f(g”). There is a left action 
n x Hom, (G,7) > Hom, (G,7), viz. (a- f)(g) = af(g)(x(g)a7?). 

[Note: The elements of Hom,(G,7) correspond bijectively to the sections s : G > 1 ,G, where 


TxG is the semidirect product (cf. p. 5-56).] 


EXAMPLE Suppose that B is a connected CW complex. Fix a group z and a Hurewicz fibration 
p: X — Bwith fiber K(x,1). Assume: secg(X) 4 0, say s € secg(X). Choose bo € B and put xo = s(bo). 
Let (E,e9) be a pointed connected CW complex, ¢: E — B a pointed continuous function. There is a 
split short exact sequence 1 + 71(X5),%0) > 71(X,20) > 71(B, bo) — 1, from which a left action of 
G = m1(E, eo) on 7 = 71(X5,, 20) or still, a homomorphism x : G — Aut 7, x(g) thus being conjugation 
by (so ¢)«(g). Attach to ® € lifg(E,e0; X, v0) an element fe € Hom,(G, 7) via the prescription fa(g) = 
&,(g)(s 0 b)«(g)~!— then the assignment ® — fg induces a bijection [E,e0;X,xo]g —- Hom,(G, 7), so 
[E, X]g & m\[E, e0; X,20]g © 7\Hom, (G, 7). 


[Note: The considerations on p. 5-27 are recovered by taking B = * and X = K(z,1).] 


(Locally Constant Coefficients) Let (X,29) be a pointed connected CW com- 
plex. Assume given a homomorphism xg : 71(X,2%0) > G and a homomorphism y : G > 
Aut 7, where z is abelian. Let G : LX — AB be the cofunctor determined by the composite 
xoxg (cf. p. 4-39). Choose a pointed continuous function fg : X + K(G, 1) correspond- 
ing to ¥g and put kyin:y = 8y(ke,1)—then [X, 29; K (1,7; xX), ka niylfp © H"(X, £039). 
So, ifn = 1, H'(X,20;G) ~ Homyoy,(m1(X, 20), ™) (see the preceding example) => 
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H'(X;G) = m\H"(X, 2039) © m\Homyoyg (71(X, £0), 7) & [X, K (7,1; x)]¢, but if n > 1, 
H"(X,20;G) & A"(X;G) & [X, K(a,n; x) ¢6- 

[Note: The cohomology of any cofunctor G : ILX —> AB fits into this scheme. Simply 
take m = Gao, G = Auta, vy = Xz, and let yg : m1(X, 20) — Auta be the homomorphism 
derived from the right action 7 x m(X,2%09) — 7m (of course, H°(X;G) is fixy,(m), the 
subgroup of 7 whose elements are fixed by yg). When xg is trivial, one can choose fg as the 
map to the base point of K(Aut 7,1) and recover the fact that [X, K(a,n)]| » H"(X;7).] 


LEMMA Fix a set of representatives f; for [X,2o;K(G,1),kgi1|-then [X, x0; 
K (n,n; x), kzjn;x] is in a one-to-one correspondence with the union U[X, 20; K(7,n; x), 
i 
kz nixlf, (which is necessarily disjoint). 


Application: There is a one-to-one correspondence between the set of pointed homo- 
topy classes of pointed continuous functions f : X —> K(7,n;x) such that m(f) = xg and 
the elements of H"(X;G) (n > 1). 


X, ZrO 
FACT Let { ( ) be pointed connected CW complexes; let f € C(X,x0; Y, yo). Assume given 


(Y, yo) 
a homomorphism xg : 71(Y,yo) — G and a homomorphism x : G > Auta. Put x¢*g = xg 0 m™1(f) 
and suppose that f* : [Y, yo; K(a,; x), ka.n:sx] 9 [X, "0; K(1,; x), ka,n;x] is bijective—then H”(Y;G) = 


A(X; f*G). 


The singular homology and cohomology groups of an Eilenberg-MacLane space of type 
(1, n) with coefficients in G depend only on (a, n) and G. Notation: Hy(a,n;G), H%(2, n;G) 
(or H,(a,n),H%\(r,n) if G = Z). Example: H,(1,n) & 7/|7, 7]. 

[Note: There are isomorphisms H,7 ~ H,(a,1) (H*a = H*(a,1)), where H,7 (H*z) 
is the homology (cohomology) of z. In general, if G is a right 7-module and if G is the 
locally constant coefficient system on K (7, 1) associated with G, then H,(a;G) (H*(a;G)) 
is isomorphic to H,(K(z,1);G) (H*(K(z,1);G)).] 


EXAMPLE If z is abelian, then V n > 2, Hn+1(7,n) = 0 but this can fail if n = 1 since, e.g., 
H2(Z/2Z@Z/2Z,1) = H1(Z/2Z,1)@H1(Z/2Z,1) & Z/2Z. When does H2(z,1) vanish? To formulate the 
answer, let 0 > ttor > 7 > II > 0 be the short exact sequence in which 7tor is the torsion subgroup of 7 
and denote by ttor(p) the p-primary component of mor—then Varadarajant has shown that H2(z,1) = 0 


iff rank II < 1 plus V p: (pi) ttor(p) @ I = 0 & (p2) ttor(p) is the direct sum of a divisible group and a 


+ Ann. of Math. 84 (1966), 368-371. 
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cyclic group. Example: Assume that 7 is finite—then Ho(x,1) = 0 iff x is cyclic. Other examples include 


x= Z,7=Q, and t = Z/p™Z (the p-primary component of Q/Z). 


EXAMPLE Let (X,20) be a pointed path connected space. Denote by hurn(X) the image in 
Hy(X) of m(X) under the Hurewicz homomorphism. 
(m,1) Set m = m1(X) and assume that mg(X) = 0 for 1 < q < n—then Hy(X) ® Hy(x,1) 
(q <n) and H,(X)/hurn(X) & An(7,1). 
[Note: In particular, there is an exact sequence 72(X) + H2(X) > Ho(m,1) > 0.) 
(x,n) Set m = tm(X) (n > 1) and assume that 7,(X) = 0 for 1 <q<n & mq(X) =0 for 
n<q< N—then H,(X) & Hg(a,n) (q < N) and Hy(X)/hurn(X) & An(z,n). 
[Note: Take N = n+ 1 to see that under the stated conditions the Hurewicz homomorphism 


Tn4+1(X) > Hn+41(X) is surjective.] 


EXAMPLE Let z bea finitely generated (finite) abelian group—then V q > 1, Hq(x,n) is finitely 


Z =1 
generated (finite). The Hg(z,1) are handled by computation. Simply note that Hg(Z,1) = (q ) 
0 (q>1) 
Z/kZ (q odd) 2 
& Hy(Z/kZ,1) = ( and use the Kiinneth formula. To pass inductively from n to n +1, 
0 q even 


apply the generalities on p. 4-44 to the Z-orientable Hurewicz fibration OK(z,n+1) > K(a,n+1). One 
can, of course, say much more. Indeed, Cartan? has explicitly calculated the Hq(a,n;G), H4(a,n;G) for 
any finitely generated abelian G. However, there are occasions when a qualitative description suffices. To 
illustrate, recall that H*(Z,n;Q) is an exterior algebra on one generator of degree n if n is odd and a 
polynomial algebra on one generator of degree n if n is even. Therefore, if n is odd, then Hg(Z,n;Q) = Q 
forg=0 & q=n with H,(Z,n;Q) = 0 otherwise and if n is even, then Hg(Z,n;Q) = Q for q=kn 
(k = 0,1,...) with H,(Z,n;Q) = 0 otherwise. So, by the above, if n is odd, then Hg(Z,n) is finite for 
q#0&qnand if n is even, then Hg(Z, 7) is finite unless gq = kn (k = 0,1,...), Hpn(Z,n) being the 


direct sum of a finite group and an infinite cyclic group. 


EXAMPLE If 7a’ and x” are finitely generated abelian groups and if F is a field, then the al- 
gebra H*(x' @ 1",n;F) is isomorphic to the tensor product over F of the algebras H*(x’,n;F) and 
A*(x",n;F). Specialize and take F = F2—then for 7 a finitely generated abelian group, the determi- 
nation of H*(a,n;F2) reduces to the determination of H*(a,n;F2) when t = Z/2*Z, 1 = Z/p'Z (p = 
odd prime), or = Z. The second possibility is easily dispensed with: H4(Z/p'Z,n;F2) = 0Vq > 0, 
so H*(Z/p'Z, n;F2) = Fo. The outcome in the other cases involves the Steenrod squares Sq? and their 


iterates Sq!. To review the definitions, a sequence I = (i1,... ,i,) of positive integers is termed admissible 


+ Collected Works, vol. II, Springer Verlag (1979), 1300-1394; see also Moore, Astérisque 32-33 
(1976), 173-212. 
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provided that 71 > 222,... ,%p_1 > 2%,, its excess e(J) being the difference (71 — 272) +---+(¢p_1—2tr) +ir. 
Sq! is the composite Sql o--- 0 Sq'” (Sq! = id if e(1) = 0). 

(7 = Z/2*Z) Let un be the unique nonzero element of H"(Z/2"Z, n; F2). 

(k=1) H*(Z/2Z,1;F2) = F2[ui], the polynomial algebra with generator u;. For n > 1, H*(Z/2Z,n; 
F2) = Fo[(Sq!un)], the polynomial algebra with generators the Sq! un, where J runs through all admissible 
sequences of excess e(I) <n. 

(k>1) H*(Z/2*Z,1;F2) = A\(u1)®F2[v2], the tensor product of the exterior algebra with generator 
ui and the polynomial algebra with generator v2. Here, v2 is the image of the fundamental class under 
the Bockstein operator H!(Z/2*Z,1;F2) 3 H?(Z/2*Z,1;F2) corresponding to the exact sequence 0 > 
Z/2Z > Z/2*+1Z + Z/2*Z > 0. Using this, extend the definition and let vp, be the image of the 
fundamental class under the Bockstein operator H"(Z/2"Z,n;Z/2*Z) + H"+1(Z/2*Z,n;F2). Write 
Sq" un = Sqlun if i, > land Sq tin = Sq'1o---oSq'?-1vp if ip = 1—then for n > 1, H*(Z/2*Z,n;F2) = 
Fo[(Sq' un)], the polynomial algebra with generators the Sq tn, where J runs through all admissible 
sequences of excess e(I) <n. 

(x= Z) Let un be the unique nonzero element of H"(Z,n;F2)—then H*(Z,1;F2) = (\(u1), 
the exterior algebra with generator uz, and for n > 1, H*(Z,n;F2) = Fo[(Sq!un)], the polynomial algebra 
with generators the Sq’un, where I runs through all admissible sequences of excess e(I) <nand i, > 1. 

Let z be a finitely generated abelian group—then, as vector spaces over F2, the H4(m,n; F2) are finite 
dimensional, so it makes sense to consider the associated Poincaré series: P(x,n;t) = 
3 dim(H%(a,n;F2)) - ¢%. Obviously, P(x’ 6 r",n;t) = P(a',n;t) - P(x",n;t). Examples: (1) 
q=0 ee 
P(Z/2Z, 130) = Y it; 2) P(Z ty a1 +4. 


0 
(PSi) P(x,n;t) converges in the interval 0 <t < 1. 


[It suffices to treat the cases 7 = Z/2*Z, = Z/p'Z (p = odd prime), 7 = Z. The second case is 
trivial: P(Z/p'Z,n;t) = 1. 

(x = Z/2*Z) In view of what has been said above, H*(Z/2*Z,n;F2) and H*(Z/2Z,n; F2) 

are isomorphic as vector spaces over F2, thus one need only examine the situation when k = 1 and 

nm > 1. Given an admissible J, let |J| = i1 +--+: +%, (= e(Z) = 2%, — |J|)—then P(Z/2Z,n;t) = 


1 
I] Tope: Since the number of admissible I with e(J) < n such that n+ |I| = N is equal to the 


e(I)<n 
number of decompositions of N of the form N = 1+42"1 +-.--+2"n-1, where 0 < hi <--- < hn—1, it 
follows that 
1 
P(Z/2Z,n;t) = I] 


q— git2hi4--ta'n—1 
eee ee 


j : h hn-1. : 
The associated series x gt2°1T+--+2°"—1 Gs convergent if 0<t <1. 
OShy<-"Shy-1 
(x = Z) Assuming that n > 1, the extra condition i; > 1 is incorporated by the requirement 
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hn—1 = hn—2. Consequently, P(Z,n;t) = P(Z/2Z,n — 1;t)/P(Z,n — 1;¢) or still, 


P(z, mst) = POZ/2Bsm = 1st) - P(Z/2,n = Bit) 
TS) = P(Z/2Z,n — 2;t) - P(Z/2Z,n — 43) 


via iteration of the data.] 
Put ®(7,n; 2) = logs P(r,n;1— 277) (0O< a2 < oo). 
(PS2) Suppose that 7 is the direct sum of ys cyclic groups of order a power of 2, a finite group 


n 
of odd order, and vy cyclic groups of infinite order—then: (i) wp > 1 > ®(2,n;2) ~ a Gi) p=O& 
n! 


y>1> O(r,n;2) ~ 


Gant 


gg” 
[The essential point is the asymptotic relation ®(Z/2Z,n; x) ~ ot everything else being a corollary. 
n! 


1 
Observe first that P(Z/2Z,1;t) = 7 => 6(Z/2Z,1;x2) = x. Proceeding by induction on n, introduce 
the abbreviations P,(t) = P(Z/2Z,n;t), @n(x) = ®(Z/2Z,n;x2), and the auxiliary functions Qn(t) = 
Th a Pale) = Bogs Qn (1 — 2-7) then Qu #)/Pr—1lt) < Prlt) < Qnlt 
O8hyx--Shgay Late there 
Ht, 


(0<t<1) => Un(z) — ®n_1(z) < n(x) < Un(x) (0 <x < co). Because 6p_1(xr) ~ (induction 


x 
(n— 1) 
hypothesis), one need only show that U,(x) ~ ae But from the definitions, Qn(t)/Pn—1(t) = Qn(t?), 
hence Upn(x) = ®n-1(x) + Un (x — 1 — loge(1 — 9-2-1), So, Ve>0,3 2%. >0:V a> ae, 


(1-¢) 


(1 + €) gr} 
(n — 1)! 


a”) < Up(2) < Un(e@ -—1 +64 mai 


Wn(w@—-—1)4+ 


Claim: Given A and n > 1, there exists a polynomial F(x) of degree n with leading term 
A n—-1 
that F,(a) = Fy(a — 1) + ——. 
(n — 1)! 


Ac? 2 
[Use induction on n: Put Fi(a) = Ax and consider Fy, (x) = ae Ss 
k=2 


(DE 


Fn a41(2), 


n! 


Claim: Let f € C([0, co[). Assume: f(x) < f(a—1)4+ ae ; f(z) > f(a@-1)+ a) 


-1 
(n — 1) (n — 1)! 
there exists a constant C’ (C’’) such that f(a) < Fn(@) +C’ (f(x) > Fn(x) + C”). 


[Let C’ = max{f(x) — Fn(z) :0< a2 <1}: f(z) < Fr(x) 4+ C’ (0 < x < 1) and by induction on 
m1 n—-1 


A A 

NIN Se<N+1> f(0)< fe-N +7 S Fa(e@- 1) +0" + Ty = Fala) +0" 

n—1)! n—1)! 
These generalities allow one to say that V e > 0, there exist polynomials Ri and RV of degree 

<n:Va>>0, 

l+e 


l-e 


(1-9) + Rix) < Yale) < (*£) + RU. 


n 


x 
Since ¢ is arbitrary, this means that Uy (x) ~ ae 
n! 


LEMMA Suppose that A is path connected—then V n > 1 there exists a path 
connected space X D A which is obtained from A by attaching (n + 1)-cells such that 
T(X) = 0 and, under the inclusion A > X, mg(A) & m¢(X) (¢ <n). 
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[Let {a} be a set of generators for 7,(A). Represent a by fa : S” — A and put 
X= (JD) u; A (f = L fa). 


Let X be a pointed path connected space. Fix n > 0—then an n*" Postnikov approxi- 
mate to X is a pointed path connected space X[n] D X, where (X[n], X) is a relative CW 
complex whose cells in X[n]— X have dimension > n+ 1, such that 74(X[n]) = 0 (¢ > n) 
and, under the inclusion X > X|n], mg(X) & t4_(X[n]) (¢ < n). 

[Note: X[0] is homotopically trivial and X|1] has homotopy type (71(X), 1).] 


PROPOSITION 9 Every pointed path connected space X admits an nt? Postnikov 
approximate X[n]. 

[Using the lemma, construct a sequence X = Xo C X, C --- of pointed path connected 
spaces X; such that V k > 0, Xx is obtained from X,_1 by attaching (n + k + 1)-cells, 
Tn+k(X~) = 0, and, under the inclusion X,_1 > X,, Tq(Xn—1) © Wq(Xe) (¢ < n+ 4). 
Consider X[n] = colim X,.] 

[Note: If X is a pointed connected CW space, then the X[n] are pointed connected 
CW spaces. | 


EXAMPLE Let 7 be a group and let n be an integer > 1, where z is abelian if n > 1—then 


a pointed connected CW space X is said to be a Moore space of type (a,n) provided that mn(X) is 

; Tg(X)=0 (q<n) ; 

isomorphic to 7 and . Notation: X = M(r,n). If n = 1, then M(z,n) exists 
Ay(X)=0 (q>n) 

iff Ho(x,1) = 0 but ifn > 1, then M(z,n) always exists. If n = 1 and Ha(z,1) = 0, then the pointed 

homotopy type of M(z,1) is not necessarily unique (e.g., when 7 = Z) but if n > 1, then the pointed 


homotopy type of M(z,n) is unique. In any event, M(x,n)[n] = K(z,n). 


FACT Suppose that X is a pointed path connected space. Fix n > 1—then there exists a pointed 
n-connected space cm in TOP/X such that the projection Xn — X is a pointed Hurewicz fibration and 
induces an isomorphism Tq(Xn) > 1 (X)Vq>n. 


[Consider the mapping fiber of the inclusion X + X[n].] 


EXAMPLE Take X = S*—then the fibers of the projection a — X have homotopy type (Z, 2) 


~ 0 (q odd) 
and V q > 1, Hy(X3) = 
Z/(q/2)Z  (q even) 
[Use the Wang cohomology sequence and the fact that H*(Z,2) is the polynomial algebra over Z 


generated by an element of degree 2.] 
[Note: Given a prime p, let C be the class of finite abelian groups with order prime to p—then from 


the above, Hn({X3) EC (0 <n < 2p), so by the mod C Hurewicz theorem, mn(X3) EC (0<n< 2p) and 
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the Hurewicz homomorphism T2p(X3) > Hoy(X3) is C-bijective. Therefore the p-primary component of 


mn(S°) is 0 if n < 2p and is Z/pZ if n = 2p.] 


Put Wi = X1. Let W2 be the mapping fiber of the inclusion SG [2|—then the mapping fiber 
of the projection W2 — Wi has homotopy type (72(X),1). Iterate: The result is a sequence of pointed 
Hurewicz fibrations Wn, —- Wy_1, where the mapping fiber has homotopy type (tn(X),n — 1) and Wy 
is n-connected with mg(Wn) & mq(X) (Vq > n). The diagram X = Wo + Wi <--- is called “the” 
Whitehead tower of X. 

[Note: If X is a pointed connected CW space, then the W, are pointed connected CW spaces and 
the mapping fiber of the projection Wn > Wn_-1 is a K(an(X),n— 1).] 


EXAMPLE Let X bea pointed simply connected CW complex which is finite and noncontractible. 
Assume: 47 > 0 such that H;(X;F2) #4 0—then 7,(X) contains a subgroup isomorphic to Z or Z/2Z for 
infinitely many q. 

[Because the H,(X) are finitely generated V q, the same is true of the mq(X) (cf. p. 5-44). The set 
of positive integers n such that m(X) ® Z/2Z #4 0 is nonempty. To get a contradiction, suppose that 


CO 

there is a largest such N. Working with the Whitehead tower of X, let Pn(t) = 5+ dim(H4(Wn; F2)) - t4, 
q=0 

the mod 2 Poincaré series of H*(Wn;F2) (meaningful, the H4(W,,; F2) being finite dimensional over F2). 


In particular: Py(t) = 1, Py—i(t) = P(ayn(X),N;t), Pi(t) = Px(t), the Poincaré series of H*(X; Fe). 
On general grounds, there is a majorization Pp(t) < Py—i(t)- P(an(X),n — 1;t), where the symbol 
< means that each coefficient of the formal power series on the left is < the corresponding coefficient 
of the formal power series on the right. So, starting with n = N — 1 and multiplying out, one finds 


that P(wn(X),N;t) < Px(t)- [] P(mi(X),i- 154). Since Px(t) is a polynomial, hence is bounded 


1<i<N 
n [0,1], C > 0: P(mn(X),N;t) < C- JT] P(ai(X),i — 154) or still, in the notation of p. 5-37, 
1<i<N 
®(tn(X),N;a) < loggC + SY) O(mi(X),i-1;2) (0 < x < co). Comparing the asymptotics of either 
1<i<N 


side leads to an immediate contradiction (cf. p. 5-37).] 

[Note: This analysis is due to Serret. It has been extended to all odd primes by Umeda*. Accordingly, 
if X is a pointed simply connected CW complex which is finite and noncontractible, then mq(X) is nonzero 
for infinitely many g. Proof: IfV p¢€ Il & Vi > 0, H;(X;F,) = 0, then the arrow X — * is a homology 


equivalence (cf. p. 8-8), thus by the Whitehead theorem, X is contractible. ] 
LEMMA Let (X, A,%o) be a pointed pair. Assume: (X, A) is a relative CW complex 
+ Comment. Math. Helv. 27 (1953), 198-232. 


= Proc. Japan Acad. 35 (1959), 563-566; see also McGibbon-Neisendorfer, Comment. Math. Helv. 
B9 (1984), 253-257. 
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whose cells in X — A have dimension > n+ 1. Suppose that (Y,yo) is a pointed space 
such that m9(Y, yo) = 0 V q > n—then every pointed continuous function f : A— Y hasa 


pointed continuous extension F': X > Y. 


It follows from the lemma that if X and Y are pointed path connected spaces and if f : 
X —+ Y isa pointed continuous function, then form <n there exists a pointed continuous 
oY 
function frm : X[n] + Y[m] rendering the diagram i | commutative, any 
X{n] —> (mj 


two such being homotopic rel X. Proof: Let F : X — Y|m] be the composite X 4y5 
X[n] 


~~ 
Nn 
~~ 
Nn 


Y|m]. To establish the existence of fm, consider any filler for | ee and 


ce le) 


to establish the uniqueness of fp rel X, take two extensions ff, & fhm, define ® : 


igo X[n] U LX Ui1X[n] > Y|[m] by ee 7 ae , ®(a2,t) = F(x), and consider any 


IX{[n}__ 
filler for | a, 


ioX[n] ULX Ui, X[n] —s— Y[m] 


Application: Let X'[n] and X"[n] be n* Postnikov approximates to X—then in 
HTOP”, (X'[n], X) = (X"[n], X). 


EXAMPLE Let X and Y be pointed connected CW spaces—then it can happen that X[n] and 
Y[n] have the same pointed homotopy type for all n, yet X and Y are not homotopy equivalent. To 
construct an example, let K be a pointed simply connected CW complex. Assume: K is finite and 
noncontractible. Put X = (w) T[Klnl, Y = X x K—then V n, X[n] © Y[n] in HTOP,. However, it 
is not true that X & Y in HTOP. For if so, K would be dominated in homotopy by X or still, by 
K[0] x --- x K[n] (4 n), thus V q, tq(K) would be a direct summand of 7,(K[0] x --- x K[n]). But this is 
impossible: The 7_(K) are nonzero for infinitely many gq (cf. p. 5-39). 

[Note: This subject has its theoretical aspects as well (McGibbon-Mellert ).] 


Let X be a pointed path connected space. Given a sequence X[0], X[1],... of Post- 


+ Topology 31 (1992), 177-201; see also Dror-Dwyer-Kan, Proc. Amer. Math. Soc. 74 (1979), 183- 
186. 
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nikov approximates to X, V n > 1 there is a pointed continuous function f, : X[n] > 


xX 
X[n— 1] such that the triangle va * commutes. Put Pp X = X[0], let 
X[n] oo X[n— 1] 
Xi) eG) 
$9 be the identity map, and denote by P,X the mapping track of fi: si | | so. 
PX — PX 
Recall that s; is a pointed homotopy equivalence, while p; is the usual painted, ‘Hurewicz 
fibration associated with this setup. Repeat the procedure, taking for P,X the map- 
Xo) 2 2c] 
ping track of s; 0 fa: s2 | |. The upshot is that the f, can be converted 
P2X —> PX 


p2 
to pointed Hurewicz fibrations p,, where at each stage there is a commutative triangle 


X 

va XS . The diagram PyX «+ P,X «--- of pointed Hurewicz fibrations 
fer a. 
is called “the” Postnikov tower of X. Obviously, tg(P,X) =0 (q > 7), tq(X) © T¢(PnX) 
(q <n), and mg(P,X) & mq(Pn-1X) (¢ # n). Therefore the mapping fiber of p,, has 
homotopy type (7,(X), 7). 

[Note: If X is a pointed connected CW space, then the P,,X are pointed connected 
CW spaces, so the mapping fiber of p, is a K(m,(X), n).] 


EXAMPLE Let X be a pointed path connected space. Fix n > 1—then 7,,(X) defines a locally 


constant coefficient system on P,—1X and there is an exact sequence 
An+2(PnrX) —> An+2(Pn—1X) —> Ay (Pn-1X; Tn(X )) > An+1(PrX) —> An+41(Pr-1X) 
— Ho(Pn—-1X3%n(X)) > Hn(PnX) > Hn(Pn-1X) > 0.] 


[Work with the fibration spectral sequence of pp : Pn X > Pn—1X, noting that Eng =OiO<q<n 


org=n+1.] 


A nonempty path connected topological space X is said to be abelian if 7,(X) is 
abelian and if V n > 1, 71(X) operates trivially on 7,(X). Every simply connected space 
is abelian as is every path connected H space or every path connected compactly generated 
semigroup with unit (obvious definition). 

[Note: If X is abelian, then V zo € X, the forgetful function [S”, s,,; X, 29] > [S", X] 
is bijective (cf. p. 3-18).] 
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Let X be a pointed connected CW space. Assume: X is abelian. There is a commu- 


xX 
tative triangle 7 IN and an embedding 1X —+ My, ,,. Define xX [n] by 


X|n + 1] ——— X[n] 


IX “y+ X 
the pushout square — | | —then X[n] contains X[n] as a strong deformation 
Mpiz. —> X[n] 
retract, hence mg(X|n]) © mq(X[n]) (¢ > 1). Using the exact sequence 


9g pi (X[n + 1) g41(X [m]) ot g41(X[n], X[n + U)saqg(X[n + Y)mq(X[n])+---, 


one finds that wq(X [nl], X[n+1]) = 0 (q 4 n+2) and Tn+2(X (nl, X[n+1]) © t4i1(X[n + 1) 
 Wn41(X). Thus the relative Hurewicz homomorphism hur : 742(X(n], X[n + 1]) 
> Hy+2(X[n], X[n + 1]) is bijective, so the composite kn42 : Hy42(X(n], X[n + 1}) 
Di Tn42(X[n], X[n+1]) 3 tn41(X) is an isomorphism. Since Hy+1(X[n], X[n+1]) = 0, 
the universal coefficient theorem implies that H"+2(X[n], X[n + 1]; mp41(X)) can be 
identified with Hom(Hn+2(X[n], X[n +1]); tm41(X)), therefore &,42 corresponds to a 
cohomology class in H"+2(X[n], X[n + 1]; tn41(X)) whose image k"*?(= k"+?(X)) in 
H”+?(X[n]; t41(X)) is the Postnikov invariant, of X in dimension n+ 2. Put Kyy2 = 
K (tm41(X),n+2), let kn4o : X[n] > Ky4o be the arrow associated with k"*?, and define 
Wi[nt+1] — OKn4.2 


W|n+1] by the pullback square | il —then W[n+ 1] is a CW space 
X([n] —_ Kn+2 
kn+42 
Wi[n+1] 
An 1 . . 
(cf. §6, Proposition 9) and there is a lifting al | of fn4i which is a 


X[n+ 1] ora X[n] 
weak homotopy equivalence or still, a homotopy equivalence (realization theorem). The 
restriction of A,41 to X is an embedding and A,41 : (X[n +1], X) — (W[n+ 1], X) isa 
homotopy equivalence of pairs. 
[Note: A,41 is constructed by considering a specific factorization of kj42 as a com- 


posite X[n] + X[n]/X[n +1] > Kno (kn42 is determined only up to homotopy).] 


xX ‘ xX 
INVARIANCE THEOREM Let Y be pointed CW spaces. Assume: ee are 


abelian. Suppose that 6: X — Y is a pointed continuous function. Fix pointed ¢, : 
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x 25 1. 
X[n] + Y[n] such that the diagram | | commutes—then V n, key) = 
Xin] > Yin 
book *?(X) in H"?(X nfs tasa(V)). 
[Note: Here, ¢co is the coefficient group homomorphism H"+?(X[n]; t41(X)) > 
H"*?(X[n]; tm41(¥)).] 


NULLITY THEOREM Let X bea pointed CW space. Assume: X is abelian—then 
k”"*? — 0 iff the Hurewicz homomorphism 7,,(X) + H,(X) is split injective. 
EXAMPLE Suppose that k”*+! = 0—then W][n] is fiber homotopy equivalent to X[n — 1] x 
K(an(X),n) (cf. p. 4-24), hence X[n] » X[n — 1] x K(an(X),n). Therefore X has the same pointed 
CO 
homotopy type as the weak product (w) [| K (tm (X),n) provided that the Hurewicz homomorphism 


1 
mtn (X) + Hy(X) is split injective for all n. This condition can be realized. In fact, Puppet has shown 


that if G is a path connected abelian compactly generated semigroup with unit, then V n, the Hurewicz 
CO 

homomorphism t(G) + Hn(G) is split injective, thus G = (w) |] K(m(G),n) when G is in addition a 
1 

CW space. 


[Note: Analogous remarks apply if G is a path connected abelian topological semigroup with unit. 


Reason: The identity map kG —> G is a weak homotopy equivalence. ] 


ABELIAN OBSTRUCTION THEOREM Let (X, A) be a relative CW complex; let Y be a 
pointed abelian CW space. Suppose that V n > 0, H"+!(X,A;mn(Y)) = O—then every f € C(A,Y) 
admits an extension F € C(X,Y), any two such being homotopic rel A provided that V n > 0, H"(X, A; 
Tn{Y)) =0. 


EXAMPLE Let (X,20) be a pointed CW complex; let (Y, yo) be a pointed simply connected CW 
complex. Assume: V n > 0, H"(X;7n(Y)) = 0—then [X, x0; Y, yo] = «. 

[In fact, H"(X,20;7n(Y,yo)) © H"(X3mn(Y)) = 0 => [X,20;Y, yo] = *(> [X,Y] = * (cf. p. 
3-18)).] 


PROPOSITION 10 Let X be a pointed abelian CW space. Assume: The H,(X) are 
finitely generated V g—then V n, the H,(X[n]) are finitely generated V q. 

[The assertion is trivial ifn = 0. Next, X[1] is a K(m(X),1), hence 71(X) » Hi(X), 
which is finitely generated. For gq > 1, H,(X[1]) ~ H,(mi(X),1) and these too are 


+ Math. Zeit. 68 (1958), 367-421. 
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finitely generated (cf. p. 5-35). Proceeding by induction, suppose that the H,(X[n]) 
are finitely generated V q—then the H,(X[n], X) are finitely generated V g. In particu- 
lar, Hp42(X|n], X) is finitely generated. Since m,41(X[n]) = m42(X[n]) = 0, the arrow 
Tn42(X[n],X) > m41(X) is an isomorphism. But X is abelian, so from the relative 
Hurewicz theorem, 7,42(X[n],X) © Hn42(X[n], X). Therefore 7,,41(X) is finitely gener- 
ated. Consider now the mapping track W,,42 of kn4o : X|[n] 4 Ky4o2. The fiber of the 
Z-orientable Hurewicz fibration Wr42 4 Kn+2 over the base point is homeomorphic to 
W|n+1] (parameter reversal). The Hg(Kn+2) = Hq(an+41(X),n+2) are finitely generated 
V q (cf. p. 5-85), as are the H,(W,,42) (induction hypothesis), thus the Hy(W|n + 1]) are 
finitely generated V q (cf. p. 4-44). Because X[n+1] and W[n+1] have the same homotopy 
type, this completes the passage from n to n + 1.] 


Application: Let X be a pointed abelian CW space. Assume: The H,(X) are finitely 
generated V g—then the 7,(X) are finitely generated V q. 

[Note: This result need not be true for a nonabelian X. Example: Take X = S'vS?— 
then the H,(X) are finitely generated V q and 71(X) & Z. On the other hand, 72(X) ~ 
H.(X), X the universal covering space of X, i.e., the real line with a copy of S? attached 


at each integral point. Therefore 72(X) is free abelian on countably many generators.| 


PROPOSITION 11 Let X be a pointed abelian CW space. Assume: The H,(X) are 
finite V g > 0—then V n, the H,(X|[n]) are finite V q > 0. 


Application: Let X be a pointed abelian CW space. Assume: The H,(X) are finite 
V q > 0—then the 7,(X) are finite V q > 0. 


EXAMPLE (Homotopy Groups of Spheres) The 1q(S?"*1) of the odd dimensional sphere are 
finite for q > 2n + 1 and the 1,_(S?”) of the even dimensional sphere are finite for gq > 2n except that 
T4n—1(S?") is the direct sum of Z and a finite group. Here are the details. 

(2n+1) Fixamap f:S?"?+! 4 K(Z,2n+1) classifying a generator of H2"+1(S?"+1)— then 
f* induces an isomorphism H.(S?"+1; Q) + H.(K(Z,2n+1); Q) (cf. p. 5-35), so V q > 0, Hq(Ez;Q) = 0 
(cf. p. 4-44). Accordingly, V q > 0, Hq(EF) is finite (being finitely generated). Therefore all the homotopy 
groups of Ey are finite. But mg(Ey) © mq(S?"*") if q > 2n4+ 1. 

(2n) The even dimensional case requires a double application of the odd dimensional case. 
First, consider the Stiefel manifold Van+41,2 and the map f : Van+41,2 > S471 defined on p. 5-9. As 
noted there, V q > 0, Hq(E7;Q) = 0, hence the mq(Ey) are finite and this means that the mq(V2n+1,2) 
are finite save for t4n—1(W2n+41,2) which is the direct sum of Z and a finite group. Second, examine the 


homotopy sequence of the Hurewicz fibration V2n+1,2 > S?”, noting that its fiber is S?”—1. 
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Given a category C, the tower category TOW/(C) of C is the functor category 
[[NJOP, C]. Example: The Postnikov tower of a pointed path connected space is an object 
in TOW(TOP.,,). 

Take C = AB—then an object (G, f) in TOW(AB) is a sequence {G,,, fn : Gn4i > 
G,}, where G,, is an abelian group and f, : Gn41 4 Gp is a homomorphism, a morphism 
b: (G',f’) = (G",f£") in TOW(AB) being a sequence {¢,}, where dp : Gl, = G” isa 
homomorphism and ¢, 0 f), = f/’ o bn4i. TOW(AB) is an abelian category. As such, it 
has enough injectives. 

[Note: Equip [N] with the topology determined by <, i.e., regard [N] as an A space— 
then TOW(AB) is equivalent to the category of sheaves of abelian groups on [N].] 

The functor lim : TOW(AB) — AB that sends G to limG is left exact (being a 
right adjoint) but it need not be exact. The right derived functors lim’ of lim live only 
in dimensions 0 and 1, i.e., the lim! (i > 1) necessarily vanish. To compute lim! G, form 
G = [|G, and define d: G > G by d(xo, 71,...) = (to — fo(a1), 21 — fi(v2),...)—then 


ker d = limG and cokerd = lim!G. Example: Suppose that V n, G,, is finite—then 
lim’ G = 0. 
[Note: Translated to sheaves, lim’ corresponds to the 7*! right derived functor of the 


global section functor.] 


The fact that the lim’ (¢ > 1) vanish is peculiar to the case at hand. Indeed, if (I, <) is a directed set 
and if I is the associated filtered category, then for a suitable choice of J, one can exhibit a G in or AB) 


such that lim’ G 4 0 V i > 0 (Jensent). 


EXAMPLE Let pu ¥ v be relatively prime natural numbers > 1. Define G(u) in TOW(AB) 
by Giw)n =ZVn& ay and  € Mor (G(y),G(u)) by én(1) = v—then the cokernel 
of ¢ is isomorphic to the ae tower on [N] with value Z/vZ. Applying lim to the exact sequence 
0 > G(p) £A(p) — coker ¢ — 0 and noting that lim G(y) = 0, one obtains a sequence 0 > 0 > 0 > 

lim 


1 
Z/vZ — 0 which is not exact. On the other hand, the sequence 0 + Z/vZ —> lim! G() ? Gu) >0 


is exact, so lim! G(j) contains a copy of Z/vZV v: (u,v) = 1. 


To extend the applicability of the preceding considerations, replace AB by gr. Again, 
there is a functor lim : TOW(gr) > er that sends G to limG. As for lim'G, it is 
/ 


=— / 
the quotient [[G,/~, where ae 7 {tn} are equivalent iff J 2 = {x,} such that 
- = 


{tnt 


+ SLN 254 (1972), 51-52. 
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Vi a eee ON Come While not necessarily a group, lim’ G is a pointed set with 


base point the equivalence class of {e,} and it is clear that lim’: TOW(gr) > SET, isa 
functor. 


[Note: Put X = |[[G,—then the assignment ((g0,91,---),(%0,%1,---)) > (Go®o 
fo(g7),9121f: (9 '),---) defines a left action of the group [[G, on the pointed set X. 
The stabilizer of the base point is limG and the orbit space []G,,\X is lim! G. For the 


definition and properties of lim’ “in general”, consult Bousfield-Kan'.] 


LEMMA Let « — G’ > G > G” = « be an exact sequence in TOW(gr)—then 


there is a natural exact sequence of groups and pointed sets 
+ > lim G’ > lim G > lim G” = lim’ G’ = lim'G => lim’ G” = «. 


[Note: Specifically, the assumption is that V n, the sequence * > G!, > G, > Gi — x 


is exact in gr.] 


EXAMPLE Suppose that {Gn} is a tower of finitely generated abelian groups—then lim! Gy 
is isomorphic to a group of the form Ext(G,Z), where G is countable and torsion free. To see this, 
write G’, for the torsion subgroup of Gy, and call G!! the quotient G,/Gi,. Since each G‘%, is finite, 
lim'G/, = « > lim'G, & lim'G//. Assume, therefore, that the Gy are torsion free. Let Kn = 
QD Gi = Gn ® Kn_-1 and define Kn —% Kyn—-1 by Gn > Gn—1 — Kn_—1i on the first factor and 
ee identity on the second factor. So, Vn, Kn — Kn-—1 is surjective, thus the sequence 0 > 
lmGn > limKn, > limKn/Gn > lim! Gn — 0 is exact. Because Gn, Kn, and Kn/Gn are free 
abelian, the sequence 0 — Hom(Kn/Gn, Z) > Hom(Kn, Z) + Hom(Gn, Z) > 0 is exact > the sequence 
0 + colim Hom(Kn/Gn,Z) > colim Hom(Kn, Z) > colim Hom(Gn,Z) > 0 is exact = the sequence 
0 — Hom(colim Hom(G,,, Z),Z) — Hom(colim Hom(K,,, Z),Z) — Hom(colim Hom(K7p,/Gn, Z),Z) > 
Ext(colim Hom(Gn, Z),Z) > Ext(colim Hom(Kn, Z), Z) is exact > the sequence 0 > lim Gn > lim Kn > 
lim Kn/Gn + Ext(colim Hom(Gn, Z),Z) > 0 is exact (for colim Hom(Kn,Z) & )Hom(Gn, Z), which 

n 


is free). Consequently, lim’ Gy, & Ext(colim Hom(Gn, Z),Z), where colim Hom(G zn, Z) is countable and 
torsion free. 
[Note: It follows that lim! Gp is divisible, hence if lim! Gy, 4 *, then on general grounds, there exist 


cardinals a and y(p) (p € TI) : lim!Gn S a-Q@ @ v(p) - (Z/p’Z). But here one can say more, viz. 
p 


a = 2” and V p, y(p) is finite or 2”.] 


+ SLN 304 (1972), 305-308. 
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Huber-Warfieldt have shown that an abelian G is isomorphic to a lim! G for some G in TOW(AB) 
iff Ext(Q,G) = 0. 


When is lim’ G = «x? An obvious sufficient condition is that the f, : Gnas 3 Gn 
be surjective for every n. More generally, G is said to be Mittag-Lefler if Vn dn’ > n: 
Vn" >n', im(Gy > Gn) = im(Gp” > G,,). 


MITTAG-LEFFLER CRITERION Suppose that G is Mittag-Leffler—then lim’ G = x. 
[Note: There is a partial converse, viz. if lim’ G = « and if the G, are countable, 
then G is Mittag-Leffler (Dydak-Segal*).| 


EXAMPLE Fix a sequence po < pi -:: of natural numbers (zo > 1). Put Gp = I] Z/upZ and 
k>n 
let Gn41 4 Gn be the inclusion—then G is not Mittag-Leffler, yet lim! G = «. 


FACT Assume: lim! G # «x and the Gy are countable—then lim! G is uncountable. 


EXAMPLE Let X be a CW complex. Suppose that Xo C X1 C --- is an expanding sequence 
of subcomplexes of X such that X = U Xn. Fix a cofunctor G : IX — AB and put Gn = G|Xn— 
n 


then V q > 1, there is an exact sequence 0 > lim! H9-!(Xn;Gn) > H4(X;G) > lim H4(Xn;Gn) > 0 
of abelian groups (Whitehead). To illustrate, take X = K(Q,1) (realized as on p. 5-27) and let 
G : ILX — AB be the cofunctor corresponding to the usual action of Q on Q[Q] (cf. p. 4-39). This data 
generates a short exact sequence 0 > lim! H!(Z; Q[Q]) > H?(Q; Q[Q]) > lim H?(Z; Q[Q]) > 0. The 
tower H1(Z; Q[Q]) — H!(Z; Q[Q]) < --- is not Mittag-Leffler but H1(Z; Q[Q]) is countable, therefore 
lim! H!(Z; Q[Q]) is uncountable. In particular: H?(Q; Q[Q]) ¥ 0. 


FACT Let {Gn} be a tower of nilpotent groups. Assume: V n, #(Gn) < w—then lim! G, = « iff 
lim! Gn/[Gn, Gn] = *. 

[For as noted above, in the presence of countability, lim! Gn/[Gn,Gn] = * > {Gn/[Gn,Gn]} is 
Mittag-Leffler.] 


PROPOSITION 12 Let { iy be two sequences of pointed spaces. Suppose given 
n 

On : Xn ce Maa 

Wie Yn > Yu 

and the w, are pointed Hurewicz fibrations—then there is an exact sequence 


pointed continuous functions { . Assume: The ¢, are closed cofibrations 


+ Arch. Math. 33 (1979), 430-436. 
= SLN 688 (1978), 78-80. 
ll Elements of Homotopy Theory, Springer Verlag (1978), 273-274. 
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* > lim'[X,,, QY,] 4[colim X,, lim Y,] > lim[Xp, Yn] 3 * 
in SET, and z is an injection. 


[Write X.. = colim X,, & Ys = lim Y,,. Embedded in the data are arrows { 
Re joo. ob. o5 
Y, with ee =, 
[n° fo bn]. 

Define €, : [Xoo, Yoo] 4 [Xn, Yn] by &n([f]) = [no fo ®@,]. Because the collec- 
tion {E, : [Xoo; Yoo] > [Xn, Yn|} is a natural source, there exists a unique pointed map 
(Xoo, Yoo) 2+ lim[Xp, Yo] 

zs il com- 


[Xn; Yn] 
mutes. To prove that €,, is surjective, take {[f,,]} € lim[X,, Y,]|—then V n, tno fn41°bn & 


fn. Set fo = fo and, proceeding inductively, assume that f, € [fi],---, fn € [fn] have 
been found with w,_1 0 Fie 0 dp_-1 = F oa (1 < k < n). Choose a pointed homotopy 


fy oe Ye ‘i : 2 2 a © fnt1 On . Since ~,, is a pointed Hurewicz fibration, 
n 1 = n 


Meg BE Fas 

the commutative diagram io | [vn admits a pointed filler H, : 1Xn— Yn41. 
IXy, ou aa 

Fix a retraction r, : IXpii Te ney U I¢n(Xn) (cf. §3, Proposition 1) and specify 


®,:Xn-> 
Wn: Yoo > 


and V n, an arrow [Xn4i,Yn4i] 2 [Xn, Yn], viz. [f] > 


Exo t [Xo0; Yoo] > lim[X,, Y,] such that V n, the triangle 


a pointed continuous function Fai : t9Xn41 ULbén(Xn) > Ynii by the prescription 
{ Fr4i(@n41;9) = froi(tn41) 
Fr4i(bn(&n), t) = A, (Xn, ¢) 
toXn41 U Idbn(Xn) oy Yn41 
i [on Bearing in mind that ¢, is a closed cofibration, this 
Tess = 


Rn 
diagram has a pointed filler Hy,41 : [Xn41 7 Ynii (cf. $4, Proposition 12). Finally, to 


. Put hyn = pn © Fn41°T, to get a commutative diagram 


push the induction forward, let Fae = Hy41 0%. Conclusion: There exists a pointed 
continuous function f., : Xoo 4 Yoo such that €.([f.]) = {[fnl}, Le, Eco is surjective. 

As for the kernel of €,o, it consists of those [f]: Vn, V,ofo®,, is nullhomotopic. Thus 
there are pointed homotopies =, : 1Xn— Y, such that =, o%9 = 0, & =, ot, = V,ofo®, 
with (nO En41 OLg}n O19 = On & Yn OEn41 0 Ldn 01, = Vy, o f 0 ®,, where 0, is the zero 
morphism X,, — Y,,. To define nx, : ker 4, > lim! [Xn OY, ], let on,¢ : Xp — OY, be the 
pointed continuous function given by 

gute ie 2t) (0<t< 1/2) 

: De Oy sci lOg (aes = 2b). (ly eT) 
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The op,f determine a string in [[[X,,QY,,] or still, an element of lim'[Xp, QYn], call 


it [of]. Definition: n.([f]) = log]. One can check that 7. does not depend on the 
choice of the =, and is independent of the choice of f € [f]. Claim: 1. is bijective. 
To verify, e.g., injectivity, suppose that mo([f’]) = Noo([f”])—then there exists a string 
{lon]} € [][ Xn, QOYn] Vn, 


Ci iis Ob) (0<t< 1/3) 
Oncpi(Snyot = L) Cis ts 273) 
Yn © On41(Pn(En),38— 3t) (2/3 <t <1) 


represents o,,¢”. In addition, the formulas 


Sybil 8b) (OS 173) 
On(Ln,2—3t) (1/3 <t < 2/3) 
SUlggot= 2). (2735 t=. 1) 


define a pointed homotopy H,, : 1X, + Y,, having the property that H,,oi9p = V,0 f’o®, 
& H,oi, = V,0f"06,,. Arguing as before, construct pointed homotopies H,, : 1X, — Yp 
such that Hy, oi9 = Vy, 0 f'0®, & Hn ot, = Vz o f" 0 ©, with po An4101dn = Hn. 
The H,, combine and induce a pointed homotopy H., : 1X5, 3 Yoo between f’ and f”, 


1.€., Noo is injective.| 


Application: Let {X,,} be a sequence of pointed spaces. Suppose given pointed con- 
tinuous functions ¢, : X, — Xn41 such that V n, dy is a closed cofibration—then for any 


pointed space Y, there is an exact sequence 
* > lim'[©X,, Y]-4[colim X,Y] > lim[X,, Y] > * 
in SET, and 2 is an injection. 


EXAMPLE Fix an abelian group 7. Let (X,29) be a pointed CW complex. Suppose that xo € 


Xo C X1 C-::: is an expanding sequence of subcomplexes of X such that X = LJ Xn—then Vq>1, 
n 


there is an exact sequence 0 > lim? HI-"(Xn; ™) HX; mw) — lim HUXn; m) —> 0 of abelian groups. 
Example: V q > 1, H4(Z/pZ,n) & lim H9(Z/p*Z, n). 
[In the above, substitute Y = K(z,q).] 


LEMMA Let X be a pointed finite CW complex. Let K be a pointed connected CW complex. 
Assume: The homotopy groups of K are finite—then the pointed set [X, K] is finite. 


[This result is contained in obstruction theory but one can also give a direct inductive proof. ] 
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EXAMPLE Let (X,20) be a pointed CW complex. Suppose that ro € Xo C X1 C -:: is an 


expanding sequence of finite subcomplexes of X such that X = U Xp. Let K bea pointed connected CW 
n 


complex. Assume: The homotopy groups of K are finite—then the natural map 7x : [X, K] > lim[Xn, K] 
is bijective. In fact, surjectivity is automatic, so injectivity is what’s at issue. For this, consider the natural 
map mrx : [[X,K] > lim[i9X UIXn Ui1X, K] and the obvious arrows ig, 71 : lim[igX UIXn Ui1X, K] > 
[X,K]. Since i9 o myx = 11° 7rx and since myx is surjective, i9 = t1. That mx is injective is thus a 


consequence of the following claim. 


; sy [fo] = to([F}) 
Claim: If wx ([fo]) = mx ([f1]), then there exists [F] € lim[ioX UIX, Ui1X,K]: ; : 
[fr] = 41 ([F]) 
[Let 19,77 : [ioX UIX, Ui1X, K] > [X, K] be the obvious arrows. For each n, there is at least 


[fo] = #9 ([Fn]) 
[fi] = 4? ([Fn}) 


consisting of all such [F,]—then, from the lemma, I, is finite, hence lim I, # @.] 


one [Fn] € [toX ULXy, Ui1X, K]: { . Denote by In the subset of [i9nX UIXn UX, K] 
[Note: The ©X py, are finite CW complexes, therefore the [EX yn, K] are finite groups, so lim![DXn, K] = 


*«. But this only means that the kernel of 7x is [0].] 


Application: Let {Y,} be a sequence of pointed spaces. Suppose given pointed con- 
tinuous functions ~, : Yn41 3 Y, such that V n, w, 1s a pointed Hurewicz fibration—then 


for any pointed space X, there is an exact sequence 
* > lim'[X, QY,] [X, lim Y,] > lim[X, Y,] > * 


in SET, and 2 is an injection. 
[Note: The exact sequence * > lim! mg41(Yn)—9 mq(limYn) 3 limag(Yn) 3 * of 


pointed sets is a special case (take X = S%).| 


si+s! 


EXAMPLE For each n, put Yn = S! and let wn : Yn41 3 Yn be the squaring map { 


ss 
then lim 71(Yn) = 0 but lim! 71(Yn) & Zo/Z, the 2-adic integers mod Z. 


EXAMPLE Let @ = {7} be a tower of abelian groups. Assume: @ is Mittag-Leffler—then 
Vq> 1, K(im7,gq) = lim K(mn,q), so for any pointed CW complex (X,20), there is an exact sequence 


0 > lim! H9-1(X: a) 3 H4(X;lim m) > lim H4(X; mn) + 0 of abelian groups. 


Given a pointed path connected space X, let P,,X = limP,X—then V q > 0, 
Tq(PooX) © lim mq(P,X) & 14(P,X). Proof: The relevant lim’ term vanishes. 


PROPOSITION 13 The canonical arrow X — PX is a weak homotopy equivalence. 
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[For each n, there is an inclusion X — X[n], a projection P..X — P,X, and a 


pointed homotopy equivalence X[n] > P,,X. Consider the associated commutative dia- 
xX — PX 


eran | |, recalling that m,(X) © m,(X[n]).] 
X[n] —> P,X 


FACT Let {Xn, fn : Xn+1 > Xn} be a tower in TOP. Assume: The Xn are CW spaces and the 
fn are Hurewicz fibrations—then lim X,, is a CW space iff all but finitely many of the f, are homotopy 
equivalences. 

[Necessity: If infinitely many of the fn are not homotopy equivalences, then lim Xp, is not numerably 
contractible. 

Sufficiency: If all of the fn are homotopy equivalences, then Xo and lim X, have the same homotopy 


type (cf. p. 4-17).] 


Application: Suppose that X is a pointed connected CW space—then the canonical arrow X — P»X 


is a homotopy equivalence iff X has finitely many nontrivial homotopy groups. 


WHITEHEAD THEOREM Suppose that X and Y are path connected topological 
spaces. 

(1) Let f : X —Y bean n-equivalence—then f, : Hy(X) > H,(Y) is bijective 
for 1 <q <n and surjective for gq =n. 

(2) Suppose in addition that X and Y are simply connected. Let f : X > Y 
be a continuous function such that f, : Hg(X) > H;,(Y) is bijective for 1 < q < n and 
surjective for g = n—then f is an n-equivalence. 

[The condition on f, amounts to requiring that Hj(My,i(X)) = 0 for q < n, thus the 


result follows from the relative Hurewicz theorem. | 


EXAMPLE Let X be a pointed connected CW space—then the inclusion X + X[n] is an (n+ 
1)-equivalence, hence there are bijections Hg(X) = Hg(X[n]) (q < n) and a surjection Hn+1(X) > 
Hy+41(X[n]). So, if X is abelian and if the 1q(X) are finitely generated V q, then the H,(X) are finitely 
generated V q (cf. p. 5-44). 


EXAMPLE (Suspension Theorem) Suppose that X is nondegenerate and n-connected. Let K 
be a pointed CW complex—then the suspension map [K, X] > [= K, =X] is bijective if dim K < 2n and 
surjective if dim kK < 2n +1. In fact the arrow of adjunction e : X — QUX induces an isomorphism 
Hy(X) > H,(QUX) for 0 < q < 2n+4+1 (cf. p. 4-37), therefore by the Whitehead theorem e is a 
(2n + 1)-equivalence. So, if dim K is finite and if n > 2+ dim K, then [D"K, 5° X] x [="t+! Kk, U"+1X]. 
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A continuous function f : X — Y is said to be a homology equivalence if V n > 
0, fx : H,(X) — H,(Y) is an isomorphism. Example: Consider the coreflector k : 
TOP — CG—then for every topological space X, the identity map kX — X isa homology 


equivalence. 


EXAMPLE A homology equivalence f : X — Y need not be a weak homotopy equivalence. One 
can take, e.g., X to be Poincaré’s homology 3-sphere S?/SL(2,5) and Y = S°. There is a homology 
equivalence f : X — Y obtained by collapsing the 2-skeleton of X to a point which, though, is not a weak 
homotopy equivalence, the fundamental group of X being SL(2,5). Eight different descriptions of X have 


been examined by Kirby-Scharlemannt. 


WHITEHEAD THEOREM (bis) Suppose that X and Y are path connected topo- 
logical spaces. 
(1) Let f : X > Y be a weak homotopy equivalence—then f is a homology 
equivalence. 
[Note: It is a corollary that in general a weak homotopy equivalence is a homology 
equivalence. | 
(2) Suppose in addition that X and Y are simply connected. Let f : X > Y 


be a homology equivalence—then f is a weak homotopy equivalence. 


Consequently, if X and Y are simply connected topological spaces that are dominated 
in homotopy by CW complexes, then a continuous function f : X — Y is a homotopy 


equivalence iff it is a homology equivalence. 


The following familiar remarks serve to place this result in perspective. 
(1) There exist path connected topological spaces X and Y such that V n : m(X) is isomor- 
phic to m(Y) but Jn: Hn(X) is not isomorphic to Hy,(Y). 
(2) There exist simply connected topological spaces X and Y such that V n : Hn(X) is 
isomorphic to Hp(Y) but 3 : m(X) is not isomorphic to m(Y). 
(3) There exist path connected topological spaces X and Y admitting a homology equivalence 
f :X — Y with the property that f. :1(X) > 71(Y) is an isomorphism, yet f is not a weak homotopy 
equivalence. 
[Note: Recall too that there exist topological spaces X and Y such that V n : Hn(X) is isomorphic 


to Hn(Y) and V n: mm(X, 2x0) is isomorphic to mn(Y, yo) (V ro € X,V yo € Y), yet X and Y do not have 
X= {0}Uf{l/n:n>1} 


the same homotopy type. Example: 
Y={0}U{n:n>1} 


+ In: Geometric Topology, J. Cantrell (ed.), Academic Press (1979), 113-146. 
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EXAMPLE There exists a sequence X1,X2,... of simply connected CW complexes X,, having 
isomorphic integral singular cohomology rings such that V n’ # n’’, the homotopy types of X,, & X,n 


are distinct (Body-Douglast ). 


EXAMPLE Let X bea pointed connected CW space—then ©X is contractible iff H1(z,1) =0 = 
Ho(x,1) (w# = m1(X)) and Hg(X) = 0 (q > 2). 


EXAMPLE (Stable Splitting) Let G be a finite abelian group—then there exist positive integers 
T and t such that ©7K(G,1) has the pointed homotopy type of a wedge X1 V--- V Xz, where the X; are 
pointed simply connected CW spaces. For let G = G(p1) ®--- ® G(pn) be the primary decomposition of 
G. Since the arrow K(G(pi),1) V--- V K(G(pn),1) > K(G(p1),1) x --: x K(G(pn), 1) = K(G,1) is a 
homology equivalence, its suspension is a pointed homotopy equivalence, thus one can assume that G is 
p-primary, say G = Z/p'1Z@--- @ Z/p*Z, so K(G,1) = [] K(Z/p°Z, 1). Accordingly, thanks to the 
Puppe formula and the fact that UUXX#Y) = UX#Y x X#EY, it suffices to consider K(Z/p°Z, 1). 

Claim: There exist pointed simply connected CW spaces Xj,...,Xp—1 and a pointed homotopy 
equivalence UK (Z/p°Z, 1) > X1V---V Xp-1. 

[A generator of the multiplicative group of units in Z/pZ defines a pointed homotopy equivalence 
K(Z/p°Z,1) > K(Z/p°Z, 1).] 
m(X) = 


TY (Y) —0 
antee that a homology equivalence f : X — Y is a weak homotopy equivalence. For 


The rather restrictive assumption that { is not necessary in order to guar- 


example, { : abelian will do and in fact one can get away with considerably less. 

Notation: Given a group G, let Z[G] be its integral group ring and I[G] C Z[G] the 
augmentation ideal. Given a G-module M, let Mg be its group of coinvariants, i.e., the 
quotient M/I|G]-M or still, Ho(G; M). 


[Note: In this context, “G-module” means left G-module. If K is a normal subgroup 
of G, then the action of G on M induces an action of G/K on Mx and Mg & (Mx)a/xK-] 


FUNDAMENTAL EXACT SEQUENCE Fix a G-module M. Let K be a normal 
subgroup of G—then there is an exact sequence 


The LHS spectral sequence reads: E?,, ~ H,(G/K;H,(K;M)) > Hypi4(G; M). Ex- 
p q pt+q 


Pod 


2 
plicate the associated five term exact sequence H2(G;M) — E3., Se > Hi(G;M) > 
Ei > 0.] 


+ Topology 13 (1974), 209-214. 
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Application: Let K be a normal subgroup of G—then there is an exact sequence 
H2(G) > H2(G/K) > K/|G, Kk] > Hi(G) > Ay(G/K) > 0. 

[Specialize the fundamental exact sequence and take M = Z (trivial G-action). Ob- 
Hy(G) > Hi(G/k) 


Hy(G) + H2(G/K) are induced by the projection G > G/K.] 


serve that the arrows { 


Using a superscript to denote the “invariants” functor, the fundamental exact sequence in cohomology 


is 0 > H1(G/K; M*) > H1(G; M) = H1(K;M)9/% — H?(G/K;M*) > H?(G;M). 


Notation: Given a group G, let [°(G) > T'(G) D --- be its descending central series, 
so [**1(G) = [G,T*(G)]. In particular: [°(G) = G, [(G) = [G, G] and G is nilpotent if 
there exists a d: T4(G) = {1}, the smallest such d being its degree of nilpotency: nilG. 


FACT Let G be a nilpotent group—then G is finitely generated iff G/[G, G] is finitely generated. 


EXAMPLE Let G be a nilpotent group—then G is finitely generated iff V q > 1, H,(G) is finitely 
generated. For suppose that G is finitely generated. Case 1: nilG < 1. In this situation, G is abelian 
and the assertion is true (cf. p. 5-35). Case 2: nilG > 1. Argue by induction, using the LHS spectral 
sequence E? ,  Hp(G/I*(G); Hy(I't(G)/l't1(G))) > Ap+q(G/I't*(G)). To discuss the converse, note 
that Hi(G) = G/[G, G] and quote the preceding result. 


It is false in general that a subgroup of a finitely generated group is finitely generated. Example: Let 


G be the free group on two symbols and consider [G, G]. 


FACT Suppose that G is a finitely generated nilpotent group—then every subgroup of G is finitely 


generated. 


FACT Suppose that G is a finitely generated nilpotent group—then G is finitely presented. 


[The class of finitely presented groups is closed with respect to the formation of extensions. | 


Notation: Given a group G, Gtor is its subset of elements of finite order. 
[Note: Gtor need not be a subgroup of G (consider G = Z/2Z * Z/2Z) but will be if G is nilpotent 
d d 
(since nilG <dand y™ =e => (ay)™ =2”™ ),] 
FACT Suppose that G is a finitely generated nilpotent group. Assume: G is torsion—then G is 
finite. 


Application: If G is a finitely generated nilpotent group, then Gtor is a finite nilpotent normal 


subgroup. 
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PROPOSITION 14 Let f : G > K be a homomorphism of groups. Assume: (i) 
f. : Hi(G) > Hy(k) is bijective and (ii) f, : H2(G) + H2(K) is surjective—then V i > 0, 
the induced map G/T?(G) > K/T'(K) is an isomorphism. 

[The assertion is trivial if 7 = 0 and holds by assumption if i = 1. Fix i > 1 and 
proceed by induction. There is a commutative diagram 


H2o(G) — #2(G/T(G) — reeyr\(aG — AG) — AiG/T(G)) — 0 


i i i i i i 


Ho(K) — Ho(K/T*(K)) — (kK)/Tt(kK) — Ai(K) — Ai(K/T*(K)) — 0 


with exact. rows, hence, by the five lemma, I*(G)/T'**1(G) = I'*(K)/T**1(K). But then 
from 


tS rayne). SS. erry. rE -.4 


i i | ; 


1 — TKy/PTHK) 3 K/TH4(K) — K/TK) 3 1 
one concludes that G/T’+!(G) ~ K/T*+!(K),] 


Application: Let f : G — K be a homomorphism of nilpotent groups. Assume: (i) 
f. : Hi(G) > Hy(K) is bijective and (ii) f, : H2(G) > H2(K) is surjective—then f is an 


isomorphism. 


Let G and z be groups. Suppose that G operates on 7, i.e., suppose given a homomor- 
phism x¥:G — Auta. Put my (7) = m and, via recursion, write ees ea) for the subgroup 
of 7 generated by the a(x(g)ai)a~ta; (a € 7,0; € I (m)), where g € G—then I} (7) 
is a G-stable normal subgroup of 7 containing I4**(m). The quotient I (a) /T**(z) is 
abelian and the induced action of G is trivial. One says that G operates nilpotently on 
m or that m is x-nilpotent if there exists a d : T4(m) = {1}, the smallest such d being 
its degree of nilpotency: nilyz. Example: Take G = 7 and let y : 7 — Auta be the 
representation of a by inner automorphisms—then 7 is y-nilpotent iff 7 is nilpotent. 

[Note: From the definitions, for any y, (a) C Re (zr), thus if a is x-nilpotent, then 
m raust be nilpotent.| 

Let IL and z be groups, where II C Aut 7. Suppose that 7 = m9 D m1 D--- D ma = {1} 
is a finite filtration of 7 by I-stable normal subgroups such that II operates trivially on the 
m;/™;41—then there is a lemma in group theory that says II must be nilpotent (Suzuki‘). 


So, given x: G > Autz,imy is nilpotent provided that a is y-nilpotent. 


+ Group Theory, vol. II, Springer Verlag (1986), 19-20. 
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FACT Given a homomorphism y : G + Aut 7, consider the semidirect product 17x,G, i.e., the set 
of all ordered pairs (a,g) € 7 X G with law of composition (a’,g’)(a”,g) = (a’(x(g')a’”’), g’g’’)— then 


TXyG is nilpotent iff z is x-nilpotent and G is nilpotent. 


EXAMPLE Every finite p-group is nilpotent. Since the semidirect product of two finite p-groups 
is a finite p-group, it follows that if G and 7a are finite p-groups and if G operates on 7, then G actually 


operates nilpotently on 7. 


FACT Suppose that G operates on s—then G operates nilpotently on 7 iff z is nilpotent and G 


operates nilpotently on 7/[z, 7]. 


EXAMPLE Let 1—- G’ > G—G" 1 beashort exact sequence of groups. Obviously: G nilpo- 


/ 
tent > { - nilpotent. The converse is false (consider A3 C $3). However, there is a characterization: 
G 


/ 


G 
G is nilpotent iff { , are nilpotent and the action of G” on G'/[G’, G’] is nilpotent. 
G 


Example: Suppose that 7 = M is a G-module. Since M is abelian, it is nilpotent 
but it needn’t be y-nilpotent. In fact, [4 (M) = ([G])’- M, therefore M is y-nilpotent iff 
(I[G])4- M =0 for some d. When this is so, M is referred to as a nilpotent G-module. 


EXAMPLE Let 7 be a nilpotent G-module. Fix n > 1—then V gq > 0, Hq(a,n) is a nilpotent 
G-module. 

[G operates nilpotently on the re (7) and V i, there is a short exact sequence 0 + Le (1m) > Be (1m) > 
Te (an) /Dit* (nr) — 0 of G-modules, the action of G on Di (a) (Tit? (x) being trivial. The mapping fiber 
of the arrow K (P(x), n) > rein (n) /T3** (x), n) is a K (Tit? (x), n). Consider the associated fibration 


spectral sequence, noting that by induction, G operates nilpotently on Bee. 


FACT Suppose that G is a finitely generated nilpotent group. Let M be a nilpotent G-module. 
(1) If M is finitely generated, then V q > 0, Hg(G; M) is finitely generated. 
(2) If M is not finitely generated, then Ho(G; M) is not finitely generated. 


A nonempty path connected topological space X is said to be nilpotent if 7,(X) is 
nilpotent and if Vn > 1, 71(X) operates nilpotently on 7,(X). Examples: (1) Every 
abelian topological space is nilpotent; (2) Every path connected topological space whose 
homotopy groups are finite p-groups is nilpotent (cf. supra); (3) Take for X the Klein 
bottle—then 7 (X) is not a nilpotent group; (4) Take for X the real projective plane— 
then 71(X) & Z/2Z, m2o(X) » Z and the action of 71(X) on 72(X) is the inversion n > —n, 
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thus 71(X) does not operate nilpotently on 72(X); (5) Take for X the torus S' x S'—then 
X is nilpotent but its 1-skeleton X“) = S' v $! is not nilpotent. 


EXAMPLE Let G bea topological group with base point e and denote by Go the path component 
of e—then m(G) = G/Go can be identified with m (BZ?) and m(G) = mn(Go) can be identified with 
Tn+41(Be) (cf. p. 4-65). These identifications are compatible in that the homomorphism xp, : ™o(G) > 
Aut t(Go) arising from the operation of G on itself by inner automorphisms corresponds to the action of 
m1(B&) on mn41(B@). Accordingly, BZ? is a nilpotent topological space iff 7o(G) is a nilpotent group and 
Yn > 1, mn(Go) is xn-nilpotent or still, Vn > 1, the semidirect product mm(Go) xy, 70(G) is nilpotent 
(cf. p. 5-56). The forgetful function [S”,5n;Go,e] + [S”,Go] is bijective, hence [S",Go] & mn(Go). 
In addition, [S",G] is isomorphic to mn(Go)Xy,,70(G). To see this, let f : S” — G be a continuous 
function. Choose gg € G: f(S”) C Gogy, put fo = fa, and consider the assignment [f] — ([fo], gfGo).- 
It therefore follows that BZ is a nilpotent topological space iff Vn > 1, [S",G] is a nilpotent group. 
Example: BO(an+1) is nilpotent but Ban) is not nilpotent. 

[Note: Here is another illustration. The higher homotopy groups of a connected nilpotent Lie group 


are trivial. So, if G is an arbitrary nilpotent Lie group, then BZ is a nilpotent topological space. | 


FACT Let G be a topological group. Assume: V n > 1, [S”, G] is a nilpotent group—then for any 
finite CW complex K, [K, G] is a nilpotent group. 


[Take K connected and argue by induction on the number of cells.] 


EXAMPLE Let X be a nilpotent CW space—then Mislint has shown that X is dominated in 
homotopy by a finite CW complex iff the Hy(X) are finitely generated V q and there exists go : V q > qo, 
H,(X) = 0. Moreover, under these conditions, Wall’s obstruction to finiteness is zero provided that 71(X) 


is infinite but this can fail if 71(X) is finite (Mislin*). 


DROR’S WHITEHEAD THEOREM Suppose that X and Y are nilpotent topological 
spaces. Let f : X + Y bea homology equivalence—then f is a weak homotopy equivalence. 
[To prove that f is a weak homotopy equivalence amounts to proving that for every 
n, the pair (My, i(X)) is n-connected, where, a priori, H,(My,i(X)) = 0. Consider the 


x 25. ¥ 
commutative diagram | | . Since the vertical arrows are 2-equivalences, f1,1 
X{i] — Y{1] 
fiy 


+ Ann. of Math. 103 (1976), 547-556. 
= Topology 14 (1975), 311-317. 
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induces a bijection H,(X[1]) ~ Hi(Y[1]) and a surjection H2(X[1]) > He(Y{1]). But 


a has homotopy type { a 2 i: and o : are nilpotent groups, thus f, : 
m™1(X) — 71(Y) is an isomorphism (cf. p. 5-55) and so (My, 7(X)) is 1-connected. Noting 
that here 72(My,i(X)) is abelian, fix n > 1 and assume inductively that mq(My,i(X)) = 
0 for g < n—then, from the relative Hurewicz theorem, 7,(My,i(X))a,(x) = 0, ie., 
Mn (My, i(X)) = I[m1(X)] - tm (My, i(X)). On the other hand, there is an exact sequence 
Tn(My) + trn(My,i(X)) > tn—1(i(X)) of m1(X)-modules. Because the flanking terms 
are, by hypothesis, nilpotent 7(X)-modules, the same must be true of 7,,(My,,i(X)). 
Conclusion: m,,(M,,i(X)) = 0.] 


PROPOSITION 15 Let f : X — Y be a Hurewicz fibration, where X and Y are 
path connected. Assume: X is nilpotent—then V yo € Y, the path components of X,, are 
nilpotent. 

[Fix xo € X,, and take X,, path connected. The homomorphisms in the homotopy 


sequence 
ier d trea’, Yo) <2 Tn (Xyos Lo) —> Tr (X, xo) iat Tal Y; Yo) ages 


of f are 7,(X,20)-homomorphisms (cf. p. 4-36). Of course, 7(X,29) operates on 
Mn (Y, yo) through f, and if i: X,, + X is the inclusion, then a-€ = (t,a)-€ (a € 
T1(Xy,%0),€ € Mm(Xy,Lo)). Since the base points will play no further role, drop them 
from the notation. 

(n = 1) To see that 7(X,,) is nilpotent, consider the short exact sequence as- 
sociated with the exact sequence 72({Y ) oy ry (Xyo) sry (X), noting that im0 is contained 
in the center of 71(X,,). 

(n > 1) There is an exact sequence 741(Y) 4, tn (Xyp) #4 ty (X) and by as- 
sumption, 4 d: (I[m(X)])4-m,(X) = 0. Claim: (I[mi(X,,)])4t! - tm (Xy,) = 0. For let 
a € (I[mi(Xy,)])4, € € tn(Xyo)  tx(-€) = ta ig€ = 0S a-€ = On (N € Try (Y)). And: 
VB © m(Xyp), (én8 —1) “19 = (fein — 1) +9 =0, 50 0 = ((ieB — 1) +m) = (eB —1) -O9 = 
((8 — 1)a)-€. Hence the claim.] 


Application: Let X and Y be pointed path connected spaces. Assume: X is nilpotent— 
then for every pointed continuous function f : X > Y, the path components of the map- 


ping fiber Ey of f are nilpotent. 


EXAMPLE Let (K,ko) be a pointed connected CW complex. Assume: K is finite—then for 


any pointed path connected space (X,zx0), the path components of C(K,ko;X,x0) are nilpotent. In 
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particular, the fundamental group of the path component of the constant map K — x9 is nilpotent, thus 
[K, ko; QX,7(xq)] is a nilpotent group. Observe that the base points play a role here: [S1,QP?(R)] is a 


group but it is not nilpotent. 


FACT Let f: X > B be a Hurewicz fibration. Given ®’ € C(B’, B), define X’ by the pullback 


xX’ —> xX 
xX 
square | |F. Assume: & B’ are nilpotent—then the path components of X’ are nilpotent. 
B 
B’o— B 
g/ 


[Work with the Mayer-Vietoris sequence (cf. p. 4-37).] 


EXAMPLE The preceding result implies that nilpotency behaves well with respect to pullbacks 
but the situation for pushouts is not as satisfactory since nilpotency is not ordinarily inherited (consider 
S' v S?). For example, suppose that f : X — Y is a continuous function, where X and Y are nonempty 
path connected CW spaces. Assume: Y is nilpotent—then Raol has shown that the mapping cone Cs 
of f is nilpotent iff one of the following conditions is satisfied: (i) fx : m1(X) — 71(Y) is surjective; (ii) 
Vq> 0, Hq(X) = 0; (iii) d a prime p such that 71(Cf) is a finite p-group and V q > 0, Hq(X) is a p-group 
of finite exponent. Example: If f : X — Y is a closed cofibration, then under (i), (ii), or (iii), Y/f(X) is 
nilpotent (cf. p. 3-24). Moreover, under (ii), the projection Y + Y/f(X) is a homology equivalence (cf. 


p. 3-8), hence by Dror’s Whitehead theorem is a homotopy equivalence. 


Y 
continuous function—then f is said to admit a principal refinement of order n if f can be 


Let 7 be pointed connected CW spaces. Suppose that f : X — Y is a pointed 


written as a composite X A Wn a Wn1 7-7: OW as Wo = Y, where A is a pointed 
homotopy equivalence and each q; : W; > W;_1 is a pointed Hurewicz fibration for which 
there is an abelian group 7; and a pointed continuous function ®;_1 : Wi. > K(m,n+1) 


such that the diagram a | i is a pullback square. 
W-1 = K(m,n+1) 

[Note: W; is a pointed conneeted CW space homeomorphic to Es,_, (parameter 
reversal). 

Example: If X is a pointed abelian CW space, then V n, the arrow f, : X[n] > X[n—1] 

W({n] 
admits a principal refinement of order n: ae | (cf. p. 5-42), with N = 1. 
X[n] —— X[n - 1] 


+ Proc. Amer. Math. Soc. 87 (1983), 335-341. 
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EXAMPLE (Central Extensions) Let a and G be groups, where z is abelian—then the isomor- 
phism classes of central extensions 1 > 7 > II ~ G > 1 of a by G are in a one-to-one correspondence 
with the elements of H?(G,1;7) or still, with the elements of [K(G,1), K(,2)]. Therefore G is nilpotent 
iff the constant map K(G,1) — * admits a principal refinement of order 1. 

[Any nilpotent G generates a finite sequence of central extensions 1 > I*(G)/T*+!(G) > G/T’+!(@) 
+ G/T*(G) > 11 


Let X be a pointed connected CW space—then, in view of the preceding example, 


the arrow f; : X{1] > X[0] admits a principal refinement of order 1 iff 71(X) is nilpotent. 


PROPOSITION 16 Let X be a pointed connected CW space. Fix n > 1—then the 
arrow f, : X[n] > X|[n— 1] admits a principal refinement of order n iff 7(X) operates 
nilpotently on 7,,(X). 

[Necessity: Suppose that f, factors as a composite X[n] 4 Wy 3 Wns as 
W,3W = X[n — 1], where A and the q; are as in the definition. Obviously, 71(X) & 
m1(W;) for all i. Since 1,(Wo) = t,(X[n— 1]) = 0, 71(X) operates nilpotently on 7,,(Wo). 


Claim: 71(X) operates nilpotently on 7,(W1). Thus let Wo be the mapping track of ®o 
WwW, — OK (m,n +1) 


and define W, by the pullback square | | —then there is a pointed 
Wo —> K(m,n+1) 

homotopy equivalence W, — W, and, from the proof of the “n > 1” part of Proposition 15, 

™(X) operates nilpotently on 7,(W,). Iterate to conclude that 7,(X) operates nilpotently 

on T(Wn) © tn(X). 

Sufficiency: One can copy the argument employed in the abelian case to construct 
the Postnikov invariant (cf. p. 5-42). At the first stage, the only difference is that after 
replacing n by n—1, the coefficient group for cohomology is not 7,(X) but tm(X)z,(x) = 

Wi 
Ho(m1(X);m,(X)). Because the initial lifting SFE \ of f, is a pointed homo- 
X([n] = X([n—- 1] 
topy equivalence iff I[71(X)]-7,(X) = 0, it is in general necessary to repeat the procedure, 


which will then terminate after finitely many steps.| 


Application: Let X be a pointed connected CW space—then X is nilpotent iff V n, 
the arrow f, : X|n] > X[n — 1] admits a principal refinement of order n. 

[Note: If X is nilpotent and if yp, : 71(X) > Auta,(X) is the homomorphism corre- 
sponding to the action of 7,(X) on 7,(X), then a choice for the abelian groups figuring in 
the principal refinement of the arrow X[n] > X[n—1] are the M4 (n(X))/T4t "(an (X)).] 
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EXAMPLE Let K be a finite CW complex—then for any pointed nilpotent CW space X, the 
path components of C'(K, X) are nilpotent. 
[Bearing in mind §4, Proposition 5, use Proposition 15 and induction to show that V n, the path 


components of C(K, X[n]) are nilpotent.] 


EXAMPLE Let (K,ko) be a pointed CW complex. Assume: K is finite—then for any pointed 
nilpotent CW space (X, 29), the path components of C(K, ko; X, xo) are nilpotent. Indeed, C(K, ko; X, x0) 
= C(Ko,ko; X,20) x C(K1,X) x +--+: x C(Kn,X), where Ko, Ki,... ,Kn are the path components of K 
and ko € Ko. 


NILPOTENT OBSTRUCTION THEOREM Let (X, A) be a relative CW complex; let Y be 
a pointed nilpotent CW space. Suppose that Vn > 0 & Vi > 0, H"*1(X,A; Th, GROOVE Git!) = 
0—then every f € C(A,Y) admits an extension F € C(X,Y), any two such being homotopic rel A provided 
that Vn > 0 & Vi > 0, H"(X,A;TE (aa (¥))/TH (an (¥))) = 0. 


PROPOSITION 17 Let X bea pointed connected CW space, X its universal covering 
space. Assume: 7,(X) is nilpotent—then X is nilpotent iff Vn > 1, 7(X) operates 
nilpotently on H,,(X). 

[LX exists and is a pointed connected CW space (cf. Proposition 5). 

Necessity: Consider the Postnikov tower of be SO Dn : P,,X > Pg Suppose 
inductively that 71(X) operates nilpotently on the homology of P,,1X. Since X is nilpo- 
tent, the Hy(m,(X),n) are nilpotent 7(X)-modules (cf. p. 5-56), i.e., 71(X) operates 
nilpotently on the homology of the mapping fiber of p,. Therefore, by the universal co- 
efficient theorem, the E? , = Hy(Pp_1X; Hy (mn(X),n)) in the fibration spectral sequence 
of py, are nilpotent 7,(X )-modules, thus the same is true of the H;(P,,X). But the arrow 
X — P,,X induces an isomorphism of 7(X)-modules H;(X) > H;(P,X) for i <n. 

Sufficiency: Introduce the Whitehead tower of X and argue as above.| 


PROPOSITION 18 Let X bea pointed connected CW space. Assume: X is nilpotent— 
then the 74(X) are finitely generated V q iff the H,(X) are finitely generated V q. 
[Suppose that the 7,(X) are finitely generated V g—then, x being simply connected, 


hence abelian, the H,(X) are finitely generated V q (cf. p. 5-51). On the other hand, 


according to Proposition 17, 71(X) operates nilpotently on the H,(X). Consequently, the 
H,(m™1(X); H,(X)) are finitely generated (cf. p. 5-56). However, these terms are precisely 
the Ee? in the spectral sequence of the covering projection xX 3X (see below), so V i, 


H;(X) is finitely generated. 
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Suppose that the H,(X) are finitely generated V g—then, since 7(X)/[m1(X), 71(X)] 
~ H,(X), the nilpotent group 7(X) is finitely generated (cf. p. 5-54). As for the my(X) 
(q > 1), their finite generation will follow if it can be shown that the H,(X ) are finitely 
generated (cf. p. 5-44). Proceeding by contradiction, fix an ig such that H;,(X) is not 
finitely generated and take ig minimal. The E? , © H,(m1(X); H,(X)) are finitely gener- 
ated if q < ip but EG, ~ Ho(m(X); Aj,(X)) is not finitely generated (cf. p. 5-56), thus 
Eg, is not finitely generated. Therefore H;,(X) contains a subgroup which is not finitely 
generated. 

[Note: A finitely generated nilpotent group is finitely presented and its integral group 
ring is (left and right) noetherian. This said, it then follows that under the equivalent 
conditions of the proposition, X necessarily has the pointed homotopy type of a pointed 
CW complex with a finite n-skeleton V n (Wall').] 


The spectral sequence E? , % Hp(m(X); Hq(X)) > Ap+q(X) of the covering projec- 
tion X — X isan instance of a fibration spectral sequence. In fact, consider the inclusion 7 : 
X — X{1] = K(m(X), 1) and pass to its mapping track W; > K(7(X),1)—then EF; has 
the same pointed homotopy type as X. Moreover, A, (m1(X); H,(X)) = H,(K(m1(X), 1); 


Ha(X)), where H,(X) is the locally constant coefficient system on K (m1(X ), 1) determined 
by H,(X) (cf. p. 5-34). 


xX 
FACT Suppose that { are pointed connected CW spaces. Let f : X — Y bea pointed Hurewicz 
Y 


fibration with mo(Xy,) = *—then 71(X) operates nilpotently on the mq(Xyg) V q iff Xy_ is nilpotent and 
m1(Y) operates nilpotently on the Hg(Xy,) V q. 


EXAMPLE Suppose that . are pointed connected CW spaces. Let f : X — Y be a pointed 
Hurewicz fibration with 7o(Xy,) = *—then any two of the following conditions imply the third and the 
third implies that Xy, is nilpotent: (i) X is nilpotent; (ii) Y is nilpotent; (iii) 71(X) operates nilpotently on 
the mq(Xy.) Vg. Assume now that 71(Y) operates nilpotently on the Hqg(Xy,.) V q. Claim: X is nilpotent 
iff both Y and Xy, are nilpotent. For X nilpotent > X,, nilpotent (cf. Proposition 15) > 71(X) operates 
nilpotently on the q(Xyq) V q > Y nilpotent, and conversely. 


xX Xx! 
HILTON-ROITBERG! COMPARISON THEOREM Suppose that { & , are pointed 
Y 


connected CW spaces. Let f : X — Y and f’: X’ — Y’ be pointed Hurewicz fibrations such that Ey 


+ Ann. of Math. 81 (1965), 56-69. 
= Quart. J. Math. 2'7 (1976), 433-444; see also Schon, Quart. J. Math. 32 (1981), 235-237. 
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m(Y) Ay(Ef) ; 
and Eg are path connected and operates nilpotently on the V q. Suppose there is 
m(¥") Ay(Esr) 
5 ee a 
a commutative diagram i} | , where 71(Y) & 71(Y") or 71i(Y) & 71(Y’) are nilpotent—then, 
SY! 
f’ 


assuming that all isomorphisms are induced, any two of the following conditions imply the third: (1) 


V p, Hp(Y) © Hp(¥"); (2) V a, Hal Es) © Hq( Ez); (3) Vn, Hn(X) © An (X’). 


A nonempty path connected topological space X is said to be acyclic provided that 
Vq> 0, H,(X) =0. So: X acyclic > 7 = |x, 7] and Hy(z, 1) = 0 = Ho(z, 1) (cf. p. 5-35), 
where 7 = 71(X). Example: Every nilpotent acyclic space is homotopically trivial (quote 
Dror’s Whitehead theorem). 


EXAMPLE (Acyclic Groups) A group G is said to be acyclic if V n > 0, Hn(G) = 0 or, equiv- 
alently, if K(G,1) is an acyclic space. Nontrivial finite groups are never acyclic (Swant). However, there 
are plenty of concretely defined infinite acyclic groups. A list of examples has been compiled by Harpe- 
McDuff?. They include: (1) The symmetric group on an infinite set; (2) The group of invertible linear 
transformations of an infinite dimensional vector space; (3) The group of invertible bounded linear trans- 
formations of an infinite dimensional Hilbert space; (4) The automorphism group of the measure algebra 


of the unit interval; (5) The group of compactly supported homeomorphisms of R”. 


FACT Let G be a group which is the colimit of subgroups Gp, (n € N) with the property that Vn, 
there exists a nontrivial gn € Gn+i and a homomorphism dn : Gn > Ceng, 44 (Gn) such that V g € Gn, 
g = [gn, on(g)|—then G is acyclic. 

[It suffices to work with coefficients in an arbitrary field k. Since H.(G;k) % colim H.(Gn;k), one 
need only show that Vn > 1&VN > 1, the morphism Hy(Gn;k) — Hg(Gn+n;k) induced by the 
inclusion Gn > Gn+n is trivial when 1 < q < 2%. For this, fix n and use induction on N. Recall that 
conjugation induces the identity on homology and apply the Kunneth formula.] 

[Note: It is clear that én is injective (> gn € Gn+1 — Gn). Observe too that it is not necessary to 
assume that dn (Gn) is contained in the centralizer of Gn in Gn+1 as this is implied by the other condition. 
Proof: V g,h € Gn : [gn dn(gh)] = lon, dn(9)]-lon(9), Lon, bn (h)]] -[9n, bn (h)] +> gh = glon(g), hlh = e = 
[dn(g), h]-] 


+ Proc. Amer. Math. Soc. 11 (1960), 885-887. 


= Comment. Math. Helv. 58 (1983), 48-71; see also Berrick, In: Group Theory, K. Cheng and Y. 
Leong (ed.), Walter de Gruyter (1989), 253-266. 
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EXAMPLE Let H,(Q) be the set of bijections of Q that are the identity outside some finite 
interval. Given a group G, let F.(Q, G) be the set of functions Q > G that send all elements outside some 
finite interval to the identity. Both H-.(Q) and F.(Q,G) are groups and there is a homomorphism y : 


H,(Q) > Aut F.(Q, G), viz. x(B)a(q) = a(B—1(q)). The cone of G is the associated semidirect product: 
GoTG g (q=0) 
: Ag(q) = 


TG = F.(Q,G)x, H-(Q). The assignment 
j e (#0) 


is a monomorphism of 
groups and IG is acyclic. 

[Let TGn = {(a,8) : spt aU spt 8 C [—n,n]} and construct a homomorphism ¢n : TGn > 
Cenrg,,,, (FGn) in terms of a bijection By € He(Q) : spt Bn C [—n—-1,n+1] &Vk: BE[-n, n]N[-n, n] = 


0.] 


FACT Every group can be embedded in an acyclic simple group. 

[By the above, every group can be embedded in an acyclic group. On the other hand, every group 
can be embedded in a simple group (Robinsont). So given G, there is a sequence G C Gi C G2 C -:-, 
where G7, is acyclic if n is odd and simple if n is even. Consider U Gn.| 

Recall that a group G is said to be perfect if G = [G,G]. Examples: (1) Every acyclic 
group is perfect; (2) Every nonabelian simple group is perfect. 

[Note: The fundamental group of an acyclic space is perfect.] 

The homomorphic image of a perfect group is perfect. Therefore, if G is perfect and 
m is nilpotent, then G operates nilpotently on x iff G operates trivially on m (cf. p. 5-55). 
Proof: A perfect nilpotent group is trivial. 

Every group G has a unique maximal perfect subgroup Gper, the perfect. radical of G. 
The automorphisms of G stabilize Gye, thus Gper is normal. 

(P;) Let f:G—K bea homomorphism of groups—then f(Gper) C Kper- 
(P2) Let f :G—K bea homomorphism of groups, where Kper = {1}—then 
Grae C kerf. 


FACT A locally free group is acyclic iff it is perfect. 


Note: A group is said to be locally free if its finitely generated subgroups are free. 
& sails ea 


LEMMA Let f : G > K be an epimorphism of groups. Put N = ker f—then 
f (Goer) = Kper provided that Jn: N™ C Gye. 

[Note: N) is the n“ derived group of N : N© = N,N@+D = [N@,N®]. Obvi- 
ously, N) C Goyer if N is perfect and N® C Goer if N is central.] 


+ Finiteness Conditions and Generalized Soluble Groups, vol. I, Springer Verlag (1972), 144. 
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Application: Let N be a perfect normal subgroup of G—then the perfect radical of 
G/N is the quotient Gyer/N, hence the perfect radical of G/N is trivial iff N = Gye. 


EXAMPLE Let A be a ring with unit. Agreeing to employ the usual notation of algebraic K- 
theory, denote by GL(A) the infinite general linear group of A and write E(A) for the subgroup of GL(A) 
consisting of the elementary matrices—then, according to the Whitehead lemma, E(A) = [E(A), E(A)] = 
[GL(A), GL(A)], thus E(A) is the perfect radical of GL(A). Let now ST(A) be the Steinberg group of 
A: ST(A) is perfect and there is an epimorphism ST(A) — E(A) of groups whose kernel is the center of 
ST(A). 

[Note: On occasion, it is necessary to consider rings which may not have a unit (pseudorings). Given 
a pseudoring A, let A be the set of all functions X : N x N > A such that #{(i,j) : Xi; 4 0} < w—then 
A is again a pseudoring (matrix operations). The law of composition X * Y = X + Y +X x Y equips A 
with the structure of a semigroup with unit. Definition: GL(A) is the group of units of (A, x). Therefore, 
using obvious notation, E(A) = [E(A), E(A)] = [GL(A), GL(A)]. Every bijection ¢ : N > N x N defines 


an isomorphism of pseudorings: Aw ‘A, hence GL(A) + GL(A). In the event that A has a unit, the 
GL(A) > GL(A) 


XO X41 


assignment { is an isomorphism of groups (> GL(A)  GL(A)).] 
EXAMPLE (Universal Central Extensions) Let G be a group—then a central extension 1 > 


N + U —+ G > 1 is said to be universal if for any other central extension 1 — 7 — II ~ G — 1 there 
U — Il 
is a unique homomorphism NG / over G. A central extension 1 ~ N ~ U + G — 1 is universal 


if H;(U) = 0 = H2(U). On the other hand, a universal central extension 1 ~— N ~ U > G-> 1 
exists iff G is perfect. To identify N in terms of G, use a portion of the fundamental exact sequence: 
H2(U) + H2(G) > N/[U, N] > Hi(U) or still, 0 + H2(G) > N/[U,N] — 0 > Ho(G) = N. Example: 
Take G = E(A)—then Hi(ST(A)) = 0 = Ho(ST(A)) and there is a universal central extension 1 —> 
H2(E(A)) — ST(A) > E(A) > 1. 


EXAMPLE Let ACYGR be the full subcategory of gr whose objects are the acyclic groups—then 
Berrickt has defined a functor a: AB > ACYGR such that V G, the center of aG is naturally isomorphic 
to G. The quotient BG = aG/CenG is a perfect group and the central extension 1 — G > aG > BG > 1 
is universal, so G & H2(GG). 


[Note: By contrast, the cone construction defines a functor [: gr > ACYGR.] 


G 
FACT Let { ps be groups—then the perfect radical of G1 x G2 is (G1)per X (G2)per- 
2 


+ J. Pure Appl. Algebra 44 (1987), 35-43. 
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G 
FACT Let { . be groups with trivial perfect radicals—then the perfect radical of their free 

G2 
product G * G2 is trivial. 


[A theorem of Kurosch says that any subgroup G of G1 * Go has the form F * (*G;), where F is a 
i 
free group and V i, G; is isomorphic to a subgroup of either G1 or G2. Put X = K(F,1) V V K(G;,1): 


a 
m1(X) & G. If G is perfect, then 0 = Hi(X) = Hi(F) 6 @ Ai(G,), and it follows that F and the G; are 
i 
perfect, hence trivial.] 


Let e be pointed connected CW spaces. Suppose that f : X — Y is a pointed 


continuous function—then f is said to be acyclic if its mapping fiber Fy is acyclic. For 
this, it is therefore necessary that mo(Ey) = *. 

[Note: Using the mapping cylinder My, write f = roi (cf. p. 3-21)—then (My, i(x0)) 
is nondegenerate, thus r: My > Y is a pointed homotopy equivalence (cf. p. 3-35) which 
implies that the arrow E; > E,o; = Ey is a pointed homotopy equivalence (cf. p. 4-33). 
Conclusion: f : X — Y is acyclic iff i: X — Mf is acyclic.] 

Observation: Suppose that f : X — Y is acyclic—then f, : 71(X) — 7™(Y) is sur- 
jective and its kernel is a perfect normal subgroup of 71(X). 


[Inspect the exact sequence 72(Y) > m (Ez) > m(X) > m1 (Y) > a0(Ef).] 


xX : : 
PROPOSITION 19 Let Y be pointed connected CW spaces, f : X — Y a pointed 


continuous function—then f is a pointed homotopy equivalence iff f is acyclic and f, : 
m™1(X) > 71(Y) is an isomorphism. 

[The necessity is clear. As for the sufficiency, the arrow 12(Y) > (EF) is surjective, 
hence 71(£y) is both abelian and perfect. But this means that 7(/) must be trivial, so, 
being a pointed connected CW space, Ey is contractible. | 


Let P be a set of primes. Fix an abelian group G—then G is said to be P-primary if V g € G, 


JF CP (#(F)<w)&neEN: ([]I p)"g = 0 ([] = 1) and G is said to be uniquely P-divisible if 
peF 0 
YVgE€G,VpeP,UhEG: ph=g. 
[Note: If P is empty, then the only P-primary abelian group is the trivial group and every abelian 


group is uniquely P-divisible.] 


LEMMA Let C be a class of abelian groups containing 0. Assume: C is closed under the formation 


of direct sums and five term exact sequences, i.e., for any exact sequence G1 — G2 — G3 — G4 > G5 of 


G1, G2 
abelian groups: { € C > G3 € C—then there exists a set of primes P such that C is either the 
G4, Gs 


class of P-primary abelian groups or the class of uniquely P-divisible abelian groups. 
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[The hypotheses imply that C is colimit closed. Given a set P of primes, it follows that if Z/pZ € 
CV p € P, then every P-primary abelian group is in C or if Q € C and Z/pZ € C V p ¢ P, then 
every uniquely P-divisible abelian group is in C. On the other hand, if some G € C is not uniquely 
P-divisible, then Z/pZ € C (consider GG) and if some G € C is not torsion, then Q € C (consider 
Q®@G = colim(--- > G4G-—.---)). To summarize: (1) If Q ¢ C and if Z/pZ € C exactly for p € P, 
then C consists of the P-primary abelian groups; (2) If Q € C and if Z/pZ € C exactly for p ¢ P, then C 


consists of the uniquely P-divisible abelian groups. | 


A 
Application: Fix abelian groups { —then A® B = 0 = Tor(A, B) iff there exists a set P of primes 
B 
such that one of the groups is P-primary and the other is uniquely P-divisible. 
[Supposing that A ® B = 0 = Tor(A, B), the class of abelian groups G for which G@ B=0 = 


Tor(G, B) satisfies the assumptions of the lemma.] 


xX 
EXAMPLE Given a 2-sink X 4B —¥, where { & B are pointed connected CW spaces, 
Y 


form X OpyY (cf. p. 4-25). Let r : X OgY —- B be the projection—then the following conditions 
are equivalent: (i) r is a pointed homotopy equivalence; (ii) E, is acyclic; (iii) 3 P such that one of 


H. (Bp) = Q Hi(Ep) 


H. (Bq) = © H;(Eq) 
J 


is P-primary and the other is uniquely P-divisible. To see this, recall that E, % E, * Eq (cf. p. 4-32) 


and, on general grounds, Hy41(Ep * Eq) ®& GQ) Hi(Ep) @ H;(Eq)® © Tor(H;(Ep),H;(Eq)). In 
itj=k i+j=k-1 
particular: E, acyclic > 0 = Hi(E,) = Ho(Ep) ® Ho(Eq), so at least one of Ey and Eg is path connected, 


thus E, * Eq is simply connected (cf. p. 3-40) or still, E is contractible and r is a pointed homotopy 


equivalence. Therefore (i) and (ii) are equivalent. To check (ii) = (iii), use the algebra developed above. 


EXAMPLE Let : be pointed connected CW spaces, f : X — Y a pointed continuous function. 
Denote by Cz the mapping cone of the pointed Hurewicz fibration 7 : Ey — X—then, specializing the 
preceding example, the projection Cz; — Y is a pointed homotopy equivalence iff 4 P such that one of 

H, (Ey) = QD Hi(Es) 
& ae is P-primary and the other is uniquely P-divisible. To illustrate the situation 
H,(QY) = BA; (QY) 
when P is the i of all primes, consider the short exact sequence 0 — Z > Q > Q/Z — 0—then 
the mapping fiber of the arrow K(Z,n +1) — K(Q,n +1) is a K(Q/Z,n) (cf. p. 5-29). Furthermore, 
QK(Q,n+1) = K(Q,n) and H.(Q,n) is a uniquely divisible abelian group (being a vector space over 
Q), while H,(Q/Z,n) is a torsion abelian group (cf. p. 7-9). When P = 9, there are two possibilities: 
(1) H.(E,) = 0; (2) H,(QY) = 0. In the first case, f is acyclic and in the second case, Y is contractible 
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and 7: Ey + X is a pointed homotopy equivalence. Consequently, if 71(Y) # 0, then f is acyclic iff the 
projection C; — Y is a pointed homotopy equivalence. 
[Note: A priori, Cz is calculated in TOP but is viewed as an object in TOP.. As such, it has the 


same pointed homotopy type as the pointed mapping cone of 7.] 


FACT Suppose that f : X — Y is acyclic. Let Z be any pointed space—then the arrow [Y, Z] > 
[X, Z] is injective. 

[The orbits of the action of [SEy,Z] on [Cz, Z] are the fibers of the arrow [Cz,Z] — [X,Z] (cf. 
p. 3-33). But XE is contractible in TOP., hence [SE ¥, Z] is the trivial group and, as noted above, one 
can replace Cz by Y.] 


Y be pointed connected CW spaces. Suppose that f : 


X — Y is a pointed continuous function with mo(Ly) = *—then f is acyclic iff f is a 


XxX 
PROPOSITION 20 Let 


homology equivalence and 71(Y) operates nilpotently on the H,(E) V q. 


Wr — YY 
[Consider the commutative diagram | 1 and apply the Hilton-Roitberg 
ye 


comparison theorem.| 


EXAMPLE Take X = S?/SL(2,5),Y = S?—then the arrow X — Y is an acyclic map (cf. 
p. 5-52). 


FACT Let i. be pointed connected CW spaces, f : X — Y a pointed continuous function. 
Denote by Cy its mapping cone—then f acyclic > Cy contractible and Cy contractible > f acyclic 
provided that 7i(Y) = 0. 

[If Cy is contractible and Y is simply connected, then f is a homology equivalence (cf. p. 3-22) and 
m1(Y) operates trivially on the Hg(Ey) V q, so Proposition 20 can be cited.] 


FACT Let 1 be pointed connected CW spaces, f : X — Y a pointed continuous function. 
Assume: X is acyclic and fx : 71(X) — 71(Y) is trivial—then f is nullhomotopic. 

[Take X to be a pointed connected CW complex, consider a lifting f :X 3 Y of f, and show that 
Y= Cy is an acyclic map.] 

[Note: It is a corollary that if X is acyclic and Hom(m1(X, 20), 71(Y, yo)) = *, then C(X, x0; Y, yo) 


is homotopically trivial.] 


Y 
Application: Let X & { , be pointed connected CW spaces. Suppose that f: X > Y & f’: 
Y 


X — Y’ are pointed continuous functions with f acyclic—then there exists a pointed continuous function 


g:Y + Y’ such that go f ~ f’ iff kerm1(f) C ker 7mi(f’). 
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[Note: Up to pointed homotopy, g is unique.] 


xX , 
PROPOSITION 21 Let. Y be pointed connected CW spaces. Suppose that f : 


X — Y is a pointed continuous function with mo(Hy) = *—then f is a pointed homo- 
topy equivalence iff f is a homology equivalence and 7(X) operates nilpotently on the 
Tq(E'z) V @. 

[The stated condition on 7;(X) implies that 71(Y) operates nilpotently on the H,(Es) 
V q (cf. p. 5-62), thus, by Proposition 20, Ey is acyclic. But Ey is also nilpotent. Therefore 
Ey is contractible and f : X — Y is a pointed homotopy equivalence. 


It will be convenient to insert here a technical addendum to the fibration spectral 
sequence. 

Notation: A continuous function f : X — Y induces a functor f* : LCCSy —> 
LCCSx or still, a functor f* : [((1Y)°?, AB] > [(ILXY)°P, AB] (cf. §4, Proposition 25). 
If X is a subspace of Y and f is the inclusion, one writes G|X instead of f*G. 


Let f : X > Y be a Hurewicz fibration, where and the X, are path connected. 


Y 
Fix a cofunctor G : TY + AB—then V y € Y, the projection X, — Y is inessential, hence 


f*G|Xy is constant. So, V q > 0, there is a cofunctor Hg(f;G) : TY — AB that assigns 
to each y € Y the singular homology group H,(X,; f*G|X,) and the fibration spectral 
sequence assumes the form E? , ¥ A,(Y;Hq(f:G)) > Hp+q(X; f*9). 

[Note: A morphism [7] : yo > y1 determines a homotopy equivalence X,, > Xy, 
(cf. p. 4-39) and an isomorphism G[r] : Gy: > Gyo, thus H,(f;G)[7] is the composite 
Ag(Xy,3 Gyr) + Hg(Xyoi Gyr) > Hq(Xyo G¥0)-1 


xX : : 
PROPOSITION 22 Let Y be pointed connected CW spaces, f : X > Y a pointed 


continuous function—then f is acyclic iff for every locally constant coefficient system G on 
Y, the induced map f, : H.(X; f*G) > H.(Y;G) is an isomorphism. 

[Upon passing to the mapping track, one can assume that f is a pointed Hurewicz 
fibration. 

Necessity: Vy € Y, Xy is acyclic, thus from the universal coefficient theorem, V q > 0, 
H,(Xy; f*G|Xy) = 0. Accordingly, the edge homomorphism ey : EX) > Ez) is an 
isomorphism, so V p > 0, H,(X; f*G) + H,(Y;39). 

Sufficiency: The integral group ring Z[71(Y)] is a right 71(Y)-module. Viewed as a 
locally constant coefficient system on Y, its homology is that of Y. Form the pullback 
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X Xy Y St, Y 
square | | —then H,(X xy Y) = A,(X; f*(Z[m(Y)])) and fl : H.(X xy 
xX i Y 
Y) > H,(Y) is the composite H,(X xy Y) > Hy(X; f*(Z[m(Y)])) 5 A (¥; Z[m(Y)]) > 
A, (Y). By hypothesis, f, is an isomorphism, hence f/ is too. Since Y is simply con- 
X Xy Y I, Y 
nected, Ey is path connected. Consider the commutative diagram f | [ia. 
y aed 
Owing to the Hilton-Roitberg comparison theorem, the projection Ez: + * is a homology 


equivalence. Therefore Ey is acyclic.] 


f:X ~Y 
g:Y 72 
are pointed continuous functions. Assume: f is acyclic—then g is acyclic iff go f is acyclic. 


Application: Let X,Y, Z be pointed connected CW spaces. Suppose that. { 


xX 
FACT Let X & ZSY bea pointed 2-source, where { & Z are pointed connected CW spaces. 
Y 


Z + Y 
Consider the pushout square t| |a. Assume: f is a cofibration—then f (or g) acyclic > 7 (or 
X ==> OP 
g 


€) acyclic. 


PLUS CONSTRUCTION Fix a pointed connected CW space X. Let N be a perfect 
normal subgroup of 71(X)—then there exists a pointed connected CW space Xj and 
an acyclic map fx, : X — Xj such that ker m(fi) = N (= m(Xf) & m1(X)/N). 
Moreover, the pointed homotopy type of Des is unique, 1.e., if ou :X > Ye is acyclic and 
if ker 71 (gi) = N, then there is a pointed homotopy equivalence ¢ : Xt > a such that 
go fx ~ gN- 

[Existence: We shall first deal with the case when N = 71(X). Thus let {a} be a 
set of generators for 71(X). Represent a by fy : S' > X and put X, = ([]D’) u; X 
(f = [[ fa) to obtain a relative CW complex (Xi, X) with 71(X1) = 0 (cf. p. 5-37). 
Consider the exact sequence Ho(X1) > H2(X1,X) > Hi(X): (a) mo(X1) © He(X1); 
(b) H2(Xy, X) is free abelian on generators wa, say; (c) Hi(X) = 0. Given a, choose a 
continuous function gy : S$? > X1 such that the homotopy class [Ja] Maps to we under the 
composite 12(X1) + H2(X1) > He(X1, X). Put X# = ([]D*) Uy X1 (g = [] go)—then 


the pair (X%, X 1) is a relative CW complex with 7;(X7,) = 0. The inclusion X > X> is 
N N N 


a closed cofibration. In addition, it is a homology equivalence (for H,(Xj,X) = 0), hence 
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is an acyclic map (cf. Proposition 20). Turning to the general case, let xX n be the covering 
space of X corresponding to N (so 7 (Xy) x= N). Apply the foregoing procedure to bee 
to get an acyclic closed cofibration ft : Te > Xt, where xt is simply connected. Define 
fn 


Xz, by the pushout square {I i . Thanks to Proposition 7, Xj is a pointed 
X —> Xy 
fy 


connected CW space. And: f;; is an acyclic closed cofibration (cf. p. 5-70). Finally, the 
Van Kampen theorem implies that 7(Xjy,) ¥ m1(X)/N. 


ker 71(gy) 
+ 

o: Ae > Ye such that ¢ o ie ey ae (cf. p. 5-68). But +: acyclic => @ acyclic and 
N 


: . ker 11(f;5) ; ; ; : 
Uniqueness: Since N = NV. , there exists a pointed continuous function 


bx : (XZ) 4 71 (Y pf) is necessarily an isomorphism. Therefore ¢ is a pointed homotopy 
equivalence (cf. Proposition 19). 

[Note: X7 is called the plus construction with respect to N. Like an Eilenberg- 
MacLane space, Xa is really a pointed homotopy type, thus, while a given representative 
may have a certain property, it need not be true that all representatives do. As for @, if 
ie is an acyclic closed cofibration and if Gu is another such, then matters can be arranged 
so that there is commutativity on the nose: ¢o im = On: This in turn means that ¢ is a 


homotopy equivalence in X\TOP (cf. §3, Proposition 13).] 


One can interpret X Bs as a representing object of the functor on the homotopy category of pointed 


connected CW spaces which assigns to each Y the set of all [f] € [X,Y]: kerm1(f) DN. 


Different notation is used when N = 71(X)per, the perfect radical of m1(X) : X71 is 
replaced by X* and fx; : X > Xj} is replaced by i+ : X 4 X*. Example: X acyclic 
= X* contractible. 

[Note: The perfect radical of 71(X7) is trivial (cf. p. 5-65).] 


: be pointed connected CW spaces—then (1) X* x YT is a model 
for (X x Y)t; (2) Xt VY™ is a model for (X VY)*; (3) XT#Y™ is a model for (X#Y)™. 


Examples: Let 


EXAMPLE (Homology Spheres) Fix n > 1. Suppose that X is a pointed connected CW space 
Z(q=n) 


nee, —then 71(X) is perfect and X*+ has the same pointed homotopy type as 
O(qA#n 


such that Hy(X) = { 
Ss”. 


FACT Let X be a pointed connected CW space—then for any pointed acyclic CW space Z, the 


arrow [Z, 4] > [Z, X] is bijective. 
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Convention: Henceforth it will be assumed that i+ : X — XT is an acyclic closed 


cofibration. 


LEMMA Let y be pointed connected CW spaces. Suppose that f : X —> Y is 


Y 
a pointed continuous function—then there is a pointed continuous function ft : Xt +> 
ge) ee oy 
Y* rendering the diagram | | commutative, ft being unique up to pointed 
Xt = Ye 
ft 
homotopy. 


Y be pointed connected CW spaces. Assume: X and Y have the 


same pointed homotopy type—then Xt and Y* have the same pointed homotopy type. 


Application: Let ee 


PROPOSITION 23 Let X be a pointed connected CW space. Denote by er the 
covering space of X corresponding to N, where N is a normal subgroup of 7 (X) containing 
11(X )per—then Xe has the same pointed homotopy type as the covering space of XT 
corresponding to the normal subgroup N/7(X)per of m1(X*) © 71(X)/71(X) per- 

[The pointed homotopy type of Xy can be calculated as the mapping fiber of the 
composite X + X[1] = K(m(X),1) — K(m(X)/N,1). This arrow factors through XT 
and m(X)/N & (m1(X)/71(X)per)/(N/71(X )per)-] 


Notation: Given a group G, put BG = K(G,1). 


EXAMPLE  BGpber is the covering space of BG corresponding to Gper. There is an arrow BGher > 


BG* and BG}. “is” the universal covering space of BGT. 


EXAMPLE Let A be a ring with unit—then the fundamental group of the mapping fiber of 
BGL(A) > BGL(A)?* is isomorphic to ST(A). 


xX : 
PROPOSITION 24 Let Y be pointed connected CW spaces. Suppose that f : 


X — Y is a pointed continuous function with mo(Ey) = *—then mo(ELy+) = * and the 
perfect radical of 71(E+) is trivial. 
Ey —— EF 
[Note: It follows that there is a commutative triangle | ra A 
Ep+ 
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xX 
FACT Let { be pointed connected CW spaces. Suppose that f : X — Y is a pointed continuous 
Y 


function with m9(Ey) = *—then the arrow EF — E,+ is a pointed homotopy equivalence if 71(Y) per is 
trivial or if EF is nilpotent and 71(Y)per operates nilpotently on the Hg(E¥) V q. 

[Note: 71(Y)per operates nilpotently on the Hg(Ey) V q iff 71(Y)per operates trivially on the 
Hy (Ez) V q (cf. p. 5-64).] 


EXAMPLE (Central Extensions) Let 7 and G be groups, where z is abelian. Consider a central 
extension 1 > z — H — G — 1—then Bn can be identified with the mapping fiber of the arrow 
BIIt > BG*. 

[Since m is abelian, Bx = Bat and G (= 71(BG)) operates trivially on 7, hence operates trivially 


on the Hg(Br) V q.] 


EXAMPLE Let G be an abelian group—then there is a universal central extension 1 + G > 
aG > BG > 1 (cf. p. 5-65). Specializing the preceding example, the mapping fiber of the arrow 
K(aG,1)* > K(8G,1)t is a K(G,1) and K(8G,1)* is a K(G,2). 

[Recall that aG is acyclic, thus K(aG,1)t is contractible.] 


x 
X — Y is a pointed continuous function for which the normal closure of f,.(71(X )per) is 


X : 
PROPOSITION 25 Let. { be pointed connected CW spaces. Suppose that f : 


11(Y )per—then the adjunction space X* Uy Y represents Y*. 

[Since i+ : X + X7 is an acyclic closed cofibration, the same is true of the inclusion 
Y > XU, Y (cf. p. 5-70). On the other hand, by Van Kampen, the fundamental group 
of Xt Liz Y is isomorphic to 71(Y) modulo the normal closure of f,(71(X)per), ie., to 
m(¥)/™1(¥ per’ 


EXAMPLE (Algebraic K-Theory) Let A be a ring with unit—then by definition, Ko(A) is the 
Grothendieck group attached to the category of finitely generated projective A-modules and for n > 1, 
K,(A) is taken to be the homotopy group m,(BGL(A)t). While it is immediate that Ko is a functor 
from RG to AB, the plus construction requires some choices, so to guarantee that Ky is a functor one 


has to fix the data. Thus first construct BGL(Z)+. This done, define BGL(A)t by the pushout square 
BGL(Z) —> BGL(A) 


| il . Here, Proposition 25 comes in (the normal closure of im(E(Z) > E(A)) 


BGL(Z)+ —> BGL(A)+ 
is E(A)). Observe that the Ky, preserve products: Kn(A’ x A”) & Kn(A’) x Kn(A”). 

(n = 1) Ki(A) = m(BGL(A)*) & m1(BGL(A))/71(BGL(A)) per & GL(A)/[GL(A), GL(A)] 
= H,(GL(A)). 

(n = 2) Ko(A) = r2(BGL(A)*) & 2o(BE(A)t) © Ho(BE(A)t) & Ho(BE(A)) = Ho(E(A)). 
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[Note: The central extension 1 > K2(A) + ST(A) > E(A) — 1 is universal (cf. p. 5-65) and 
BK2(A) can be identified with the mapping fiber of the arrow BST(A)t > BE(A)t.] 
(n = 3) K3(A) = m3(BGL(A)t) & 23(BE(A)t+) & m3(BST(A)t) = H3(BST(A)T) & 
H3(BST(A)) = Hs(ST(A)). 


There is no known homological interpretation of K4 and beyond. 


EXAMPLE (Relative Algebraic K-Theory) Let A be a ring with unit, I C A a two sided ideal. 
Write GL(A/Z) for the image of GL(A) in GL(A/I)—then GL(A/I) > E(A/J), thus GL(A/J) is normal 
and G47 = GL(A/I)/GL(A/I) is abelian. Since BGL(A/I)+ can be identified with the mapping 
fiber of the arrow BGL(A/I)* > BG = BG 4,1) (cf. p. 5-73), it follows that tm(BGL(A/I)*) ~ 
Tm(BGL(A/I)*) (n > 1) but m™(BGL(A/I)*) ~ im(Ki(A) — Ki(A/J)) and there is a short exact 
sequence 0 > m™1(BGL(A/I)+) + Ki(A/I) > Ga,r > 0. If K(A,J) is the mapping fiber of the arrow 
BGL(A)* > BGL(A/I)*, then K(A,J) is path connected, so letting K,(A,1I) = m(K(A,J)) (n > 1), 
one obtains a functorial long exact sequence --- > Ky41(A/I) > Kn(A,I) > Kn(A) > Kn(A/I) > 
-+ > K1(A,I) > Ki (A) > Ki (A/I). 


PROPOSITION 26 Let X be a pointed connected CW space. Put 7 = 71(X) and 


denote by Xper the mapping fiber of the composite X + K(m,1) > K(a/tMper, 1). Assume: 
T/Tper is nilpotent and 7/per operates nilpotently on the Hy(Xper) VY g—then X* is 
nilpotent. 

[Since (7/7 per)per is trivial (cf. p. 5-65), Len can be identified with the mapping fiber 
of the composite Xt > K(,1)+ > K(a/tper, 1)* (cf. p. 5-73). By construction, ee is 
simply connected (cf. Proposition 23), hence nilpotent. But K(a/tper,1)* = K (a /tper, 1) 
is also nilpotent. Therefore, bearing in mind that the inclusion Kies —> Xt. is a homology 


equivalence, it follows that X* is nilpotent (cf. p. 5-62).] 


FACT Let Gbeagroup. Fix ¢ € AutG. Assume: Given gi,...,gn € G, Ig € G: o(g:) = ggig7 
(1 <i <n)—then ¢. : H.(G) — H.(G) is the identity. 


Application: Let G be a group. Let K be a normal subgroup of G which is the colimit of subgroups 
Kn (n €N) such that Vn, G = K - Ceng(Ky,)—then G operates trivially on H.(K). 


EXAMPLE Let A be a ring with unit—then BGL(A)* is nilpotent. To see this, consider the 
short exact sequence 1 + E(A) > GL(A) > GL(A)/E(A) > 1. Here, E(A) = GL(A)per and BE(A) is 
the mapping fiber of the arrow BGL(A) > K(GL(A)/E(A),1). The quotient GL(A)/E(A) is abelian, 
hence nilpotent. On the other hand, if E(n, A) is the subgroup of GL(n, A) consisting of the elementary 
matrices, then E(A) = colim E(n, A) and V n, GL(A) = E(A) - Cengz4)(E(n, A)), so GL(A) operates 


trivially on H.(E(A)). That BGL(A)* is nilpotent is therefore a consequence of Proposition 26. 
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[Note: More is true. Thus define a homomorphism 6 : GL(A) x GL(A) > GL(A) by (X,Y) > 
Ly (t= 2k —1,7 = 21-1) 


Yet (i = 2k, j = 21) 
the composite BGL(A)t x BGL(A)t > B(GL(A) x GL(A))+ + BGL(A)* serves to equip BGL(A)t 


X @Y, where (X @Y)ij = { & 0 otherwise—then Lodayt has shown that 


with the structure of a homotopy commutative H group. In particular: BGL(A)? is abelian.] 


EXAMPLE Let A be a ring with unit. Write UT(A) for the ring of upper triangular 2-by-2 


at a 
matrices with entries in A—then the projection p: UT(A) ~ Ax A (p = (a1,a2)) induces an 


0 a2 
epimorphism p : GL(UT(A)) > GL(A x A). Its kernel is not perfect, therefore Bp : BGL(UT(A)) > 


BGL(A~x A) is not acyclic. Nevertheless, Bp is a homology equivalence. Consider now the commutative di- 
BGL(UT(A)) —> BGL(UT(A))t 
agram Bp| | Bpt . Since the horizontal arrows are homology equivalences, 


BGL(A x A) —> BGL(A~x A)t 
Bpt is a pointed homotopy equivalence, so Vn > 1, Kn(UT(A)) & Kn(A) x Kn(A). 


B 
[Note: Bp+ is acyclic (cf. Proposition 19), thus the composite BGL(UT(A)) — BGL(A x A) 3 
BGL(A x A)* is acyclic even though Bp is not.] 


FACT Let G be a group. Assume: 


(®) There is a homomorphism ©: G x G > G such that for any finite set {g1,...,9n}C G, 


7) — 
af" eo. {Me Ne are | 
VU 


v(e@ gi)u—1 = gj 
(9) There is a homomorphism o : G > G such that for any finite set {g1,...,9n} C G, 


4p €G: pg: © pgi)p—* = gi (i= 1,... , n). 

Then G is acyclic. 

[Fix a field of coefficients k. Let A: G— G x G be the diagonal map—then and @ 0 (id x p)oA 
operate in the same way on homology. Since H1(G;k) = 0, one can take n > 1 and assume inductively 
that Hg(G;k) =0(0<q<_n). Let  € Hn(G;k) : g(a) = (oid x p) oA). (x) = Ox(@@141x(z)) = 
rot gs(2) > x2 =0.] 


EXAMPLE (Delooping Algebraic K-Theory) Let A be a ring with unit. Denote by [A the set 
of all functions X : Nx N > A such that Vi, #{j : Xi; #0} < wandV Jj, #{i: Xj; FO} < w—then TA is 
aring with unit containing A as a two sided ideal. TA is called the cone of A and the quotient SA =TA/A 


is called the suspension of A. Define a homomorphism @: TA x TA >TA by (X,Y) — X @Y, where 
tht (= 2k—1,7 = 21-1) 2 . 

(X OY)iyz = : & 0 otherwise and define a homomorphism g : TA > TA 
Yet (4 = 2k, j = 21) 

i = 2(2m — 1) 


for some k,m,n & 0 otherwise. Evidently, X 6 9X = oX for all 
j = 2%(2n — 1) 


by A(X )a5 = Xony if { 


+ Ann. Sci. Ecole Norm. Sup. 9 (1976), 309-377. 
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X €TA and induce homomorphisms @ : GL(T'A) x GL(T'A) — GL(TA) & @: GL(TA) > GL(TA) 
satisfying the S eeaiine assumptions. Therefore GL(TA) is acyclic, so GL([.A) = E(TA). Taking into 
account the exact sequences 1 + GL(A) > GL(T'A) — GL(=A), E(T'A) > E(=A) > 1, it follows that 
there is an exact sequence 1 + GL(A) ~ GL(TA) > E(2A) > 1. The mapping fiber of the arrow 
BGL(TA)* > BE(ZA)t is BGL(A)t. Since BGL(T'A)* is contractible, this means that in HTOP., 
BGL(A)* = QBE(ZA)t. Consequently, Vn > 1,Kn(A) = tn(BGL(A)*) & m(QBE(ZA)T) & 
Tn+1(BE(ZA)*) & mn4i1(BGL(SA)t) = Ky4i1(DA). It is also true that Ko(A) » Ki(DA) (Farrell- 
Wagonert). Let Q9BGL(ZA)* be the path component of QDBGL(SA)* containing the constant loop— 
then in HTOP,, QBE(ZA)+ = QBGL(ZA)+ (cf. p. 5-72). But 71(BGL(ZA)+) = Ki (ZA), hence 
Ko(A) x BGL(A)t 8 QBGL(ZA)*. 

[Note: Additional information can be found in Wagoner?. There it is shown that by fixing the 


data, the pointed homotopy equivalence Ko(A) x BGL(A)+t & QBGL(DA)t can be made natural, i.e., 
Ko(A') x BGL(A’)* & OQBGL(DA’)* 


if f : A’ > A” is a morphism of rings, then the diagram | i) is 


Ko(A") x BGL(A”)+ = QBGL(ZA”)t 
pointed homotopy commutative. | 


EXAMPLE Let A bearing with unit—then NUT(A) & UT(ZA) => Ko(UT(A)) © Ki (2UT(A)) 
x Ki(UT(SA)) = Ki(2A) x Ki(2A) & Ko(A) x Ko(A). 


KAN-THURSTON THEOREM Let X bea pointed connected CW space—then there 
exists a group Gx and an acyclic map kx : K(Gx,1) > X. 

[Because of Proposition 2, one can take for X a pointed connected CW complex 
with all characteristic maps embeddings. Moreover, it will be enough to deal with finite 
X, the transition to infinite X being straightforward (given the naturality built into the 
argument). Since dim X < 1 > X aspherical, we shall assume that dim X > 1 and proceed 
by induction on #(€), supposing that the construction has been carried out in such a way 


that if Xo is a connected subcomplex of X, then K(Gx,,1) = «x' (Xo) and Gx, > Gx is 
grt 5 Xx 

injective. To execute the inductive step, consider the pushout square | | (n> 
De. ==> 

Xo = im(S"7' > X) 


Yo = im(D" 2x y) are connected 


2), where the horizontal arrows are embeddings and { 


+ Comment. Math. Helv. 47 (1972), 474-501. 


= Topology 11 (1972), 349-370. 
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Xo — Xx 
subcomplexes of ie , sO | | is a pushout square. Recalling that there is a 


Yo — YY 
monomorphism Gy, — TG x, of groups (cf. p. 5-64), define Gy by the pushout square 
Gx, —> Gr K(Gx,, 1) —> K(Gx,1) 


| | and realize K (Gy, 1) by the pushout square | | 


TGx, — Gy K(Gx,,1) — K(Gy,1) 

(cf. p. 5-28). Extend kx : K(Gx,1) — X to ky : K(Gy,1) — Y in the obvious 
K(Gx,1) “> Xx 

way (thus ky K(TGx,,1) C Yo and the diagram | | commutes). The 
K(Gy,1) — Y 

induction hypothesis implies that kx and «x, are acyclic. In aacinotk K(UGx,,1) is an 

acyclic space and Yo is contractible, hence Ky|AK(IGx,, 1) is acyclic (cf. Proposition 20). 

Therefore, by comparing Mayer-Vietoris sequences and applying the five lemma, it follows 

that Ky is acyclic (cf. Proposition 22). Finally, the condition on connected subcomplexes 

passes on to Y.] 

[Note: Put N = ker («Kx )—then X is a model for K(Gx, 1)}.] 


Application: Every nonempty path connected topological space has the homology of 
a K(G,1). 


EXAMPLE Suppose given two sequences 7, (n > 2) & Gg (q > 1) of abelian groups—then there 
exists a pointed connected CW space Z such that Vn > 2: mn(Z) % tn & Vq > 1: Hy(Z) & Go. 
CO 


Thus choose X : t41(X) & tn (n > 2) (homotopy system theorem) and put Y = \/ M(Gq,q) (cf. 
1 
Kx: K(Gx,1) 3X : 
p. 5-88): H,(Y) & Gg (q > 1). Using Kan-Thurston, form and consider Z = 
Ky : K(Gy,1) +> Y 
Exy X K(Gy,1), the mapping fiber of the arrow K(Gx x Gy, 1) = K(Gx,1) x K(Gy,1) > X. Example: 
If Gq (q > 1) is any sequence of abelian groups, then there exists a group G such that Vg > 1: Hg(G) & Gq. 


[Note: Z also has the property that 71(Z) operates trivially on m(Z) Vn > 2.] 


The homotopy categories of algebraic topology are not complete (or cocomplete), 
a circumstance that precludes application of the representable functor theorem and the 
general adjoint functor theorem (or their duals). However, there is still a certain amount 
of structure. For instance, consider HTOP. It has products and the double mapping 
track furnishes weak pullbacks. Therefore HTOP is weakly complete, i.e., every diagram 
A :I > HTOP has a weak limit (meaning: “existence without uniqueness”). HTOP is 


also weakly cocomplete. In fact, HTOP has coproducts, while weak pushouts are furnished 
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by the double mapping cylinder. Example: Let (X,f) be an object in FIL(HTOP)—then 
tel(X, f) is a weak colimit of (X, f). 
[Note: The discussion of HTOP, is analogous. Example: Let f : X — Y bea pointed 


continuous function, Cy its pointed mapping cone—then C’'y is a weak cokernel of [f].] 


EXAMPLE For each n, put Y;, = S? and let [yn]: Yn41 4 Yn be the homotopy class of maps 
of degree 2—then Y = lim Y, does not exist in HTOP. To see this, assume the contrary, thus V X, 
[X,Y] & lim[X, Y;], so, in particular, Y must be 3-connected. Form the adjunction space D® Us S?, where 
f : S? — S? is skeletal of degree 3. Since dim(D? Us S?) < 3, of necessity [D? Us S?,Y] = «. But according 
to the Hopf classification theorem, [D? Lir S?,S*] ~ H3(D* Uy S?;Z), which is Z/3Z, and in the limit, 
[D3 Uy S?, ¥] = Z/3Z. 


EXAMPLE Working in HTOP., let f : X — Y be a pointed Hurewicz fibration, where X and 
Y are path connected. Suppose that K = ker [f] exists, say [«]: K > X. If a is the projection Ey > X, 
then fom ~ 0, so there exists a pointed continuous function ¢: Ey — K such that «0 ¢ ~ m and, by 
construction, f o« ~ 0, so there exists a pointed continuous function ~ : K — Ey such that h ~ wo. 
Thus rodow~ Kk => 0% ~ idx, [kK] being a monomorphism in HTOP,. Take now X = SO(3), 
Y = SO(3)/SO(2), and let f : X — Y be the canonical map—then 7(Ey) ® Z, m1(K) & Z/2Z and 
Z/2Z is not a direct summand of Z. 


[Note: Similar examples show that cokernels do not exist in HTOP..] 


Let C be a category with products and weak pullbacks—then every diagram in C 
has a weak limit. Any functor F' : C + SET that preserves products and weak pullbacks 


necessarily preserves weak limits. 


PROPOSITION 27 Let C be a category with products and weak pullbacks. Assume: 
ObC contains a set U = {U} with the following properties. 

(U,) A morphism f : X — Y is an isomorphism provided that V U € U, the 
arrow Mor (Y,U) > Mor (X,U) is bijective. 

(U2) Each object (X, f) in TOW(C) has a weak limit X,, such that VU €U, 
the arrow colim Mor (X,,,U) > Mor (Xu, U) is bijective. 

Then a functor F : C > SET is representable iff it preserves products and weak 
pullbacks. 

[The condition is certainly necessary. As for the sufficiency, introduce the comma 
category |*, F|. Recall that an object of |*, F'| is a pair (x, X) (a € FX, X € ObC), while 
a morphism (2, X) > (y, Y) isan arrow f : X > Y such that (F'f)x = y. The assumptions 
imply that |x, F'| has products and weak pullbacks, hence is weakly complete, and F is 
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representable iff |x, F'| has an initial object. Let Up be the subset of Ob|x, F'| consisting of 
the pairs (u,U) (ue FU,U EU). 

Claim: V (x, X) € Ob|x, F| 4 (x, X) € Ob|x, F| and a morphism (%, X) > (x, X) such 
that V (u,U) € Up there is a unique morphism (%, X) > (u,U). 

[Define an object (X, f) in TOW(|x, F'|) by setting (xo, Xo) = (a, X) x [][(u, U) and 
inductively choose (#41, Xn41) > (@n, Xn) to equalize all pairs of morphisms (an, Xn) 


(u,U) ((u,U) € Ur). Any weak limit of (X, f) created via U2 is a candidate for (%, X).] 

The existence of an initial object in |x, F'| is then a consequence of observing that 
for all (x, X) & (y,Y): (i) Every morphism (%, X) — (9, Y) is an isomorphism (apply 
the claim and U,); (ii) There is at least one morphism (%,X) > (y,Y) (the composite 
(z, X) x (y,Y) > (%, X) x (y, Y)  (&, X) is an isomorphism); (iii) There is at most one 
morphism (%,X) — (y,Y) (form the equalizer (z,Z) of (Z,X)(y,Y) and consider the 
composite (Z, Z) > (z,Z) > (&, X)).] 

[Note: Proposition 27 can also be formulated in terms of a category C that has 
coproducts and weak pushouts together with a set U = {U} of objects satisfying the 
following conditions. 

(U,) A morphism f : X — Y is an isomorphism provided that V U € U, the 
arrow Mor (U, X) — Mor (U,Y) is bijective. 

(U2) Each object (X, f) in FIL(C) has a weak colimit X,, such that VU €U, 
the arrow colim Mor (U, X,,) > Mor (U, X..) is bijective. 

Under these hypotheses, the conclusion is that a cofunctor F : C + SET is repre- 


sentable iff it converts coproducts into products and weak pushouts into weak pullbacks.] 


EXAMPLE Let C bea category with coproducts and weak pushouts whose representable cofunc- 
tors are precisely those that convert coproducts into products and weak pushouts into weak pullbacks. 
Suppose that T = (T,m,«) is an idempotent triple in C and let S C MorC be the class consisting 
of those f such that Tf is an isomorphism—then (1) S admits a calculus of left fractions; (2) S' is 
saturated; (3) S satisfies the solution set condition; (4) S is coproduct closed, ie., 8; : X; 3 Yj in 
SVierIl=> [[s: : Lx: > Ly: in S. Conversely, any class S C MorC with properties (1)—(4) is 
generated by a sdiipatent ips thus S+ is the object class of a reflective subcategory of C. 

[The functor Ls : C + S—!C preserves coproducts and weak pushouts. So, for fixed Y € Ob S—!C, 
Mor (Lg—,Y) is a cofunctor C — SET which converts coproducts into products and weak pushouts into 
weak pullbacks, hence is representable: Mor (Lg X,Y) ~ Mor (X,Yg). Use the assignment Y + Yg to 
define a functor S~'C — C and take for T the composite C + S~!C > C. Let ex € Mor (X,TX) 


correspond to id, x under the bijection Mor (LgX,LgX) & Mor (X,TX)—then €: ida > T is a natural 
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transformation, «T = Te is a natural isomorphism, and Tf is an isomorphism iff f € S\] 


Notation: CONCW,, is the full subcategory of CW. whose objects are the pointed 
connected CW complexes and HCONCW,, is the associated homotopy category. 


LEMMA HCONCW, has coproducts and weak pushouts. 
[If X £2Z4Y is a 2-source in CONCW,,, then using the skeletal approximation 


theorem, one can always arrange that My, remains in CONCW,.| 


BROWN REPRESENTABILITY THEOREM A cofunctor F : HCONCW,, — SET 
is representable iff it converts coproducts into products and weak pushouts into weak pull- 
backs. 

[Take for U the set {(S", sn) : nm € N}—then Ul; holds since in CONCW,, a pointed 
continuous function f : X — Y isa pointed homotopy equivalence iff it is a weak homotopy 
equivalence (cf. p. 5-17) and WU, holds since one can take for a weak colimit of an object 
(X,f) in FIL(HCONCW.,) the pointed mapping telescope constructed using pointed 
skeletal maps (cf. p. 5—25).] 

[Note: Since F' converts coproducts into products, F takes an initial object to a 


terminal object: F* = * and X > * > «= Fx > FX, thus FX has a natural base point.] 


Spelled out, here are the conditions on F figuring in the Brown representability the- 


orem. 
(Wedge Condition) For any collection {X; : 7 € I} in CONCW,, F(\ X;) © 
[[ FXG. 
Ze SY 
(Mayer-Vietoris Condition) For any weak pushout square f | |n in 
xX ee rat 
FP —4 FY 
HCONCW,, Fé | | Fo is a weak pullback square in SET, so V “ : oS : 
FX —~ FZ 
Ff 


(Ff) =(Fg)y, i pe FP: { aes 


[Note: It is not necessary to make the verification for an arbitrary weak pushout 


square. In fact, it is sufficient to consider pointed double mapping cylinders calculated 


relative to skeletal maps, thus it is actually enough to consider diagrams of the form 
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Cc — B ji 
| | , where X is a pointed connected CW complex and i & C' are pointed 
A — X 


connected subcomplexes such that X = AU B,C = AN B.] 

Examples: (1) Fix a pointed path connected space (X,2%9)—then [—; X, x] is a 
cofunctor on HCONCW,, satisfying the wedge and Mayer-Vietoris conditions, hence 
there exists a pointed connected CW complex (K,ko) and a natural isomorphism = : 
[—; K, ko] > [5 X, xo], each f € EK x, ([idx]) being a weak homotopy equivalence K > 
X, thus the Brown representability theorem implies the resolution theorem; (2) Fix n € N 
and an abelian group s—then the cofunctor H”(—-; 7) (singular cohomology) satisfies the 
wedge and Mayer-Vietoris conditions, hence there exists a pointed connected CW com- 
plex (K(a,7), kg) and a natural isomorphism = : [—; K(7,n), kz] ~ H"(—; 7), thus 
the Brown representability theorem implies the existence of Eilenberg-MacLane spaces of 
type (a,n) (a abelian); (3) Fix a group —then the cofunctor that assigns to a pointed 
connected CW complex (K,ko) the set of homomorphisms 7,(K,ko) — 7m satisfies the 
wedge and Mayer-Vietoris conditions, hence there exists a pointed connected CW complex 
((m,1),k,1) and a natural isomorphism © : |—; K (2,1), kz1] ~ Hom(71—; 7), thus the 
Brown representability theorem implies the existence of Eilenberg-MacLane spaces of type 
(7,1) (a arbitrary). 

[Note: Both HCW, and HCW have coproducts and weak pushouts but Brown 
representability can fail. Indeed, Matveev? has given an example of a nonrepresentable 
cofunctor F : HCW, — SET which converts coproducts into products and weak pushouts 
into weak pullbacks and Heller? has given an example of a nonrepresentable cofunctor 
F.: HCW > SET which converts coproducts into products and weak pushouts into weak 
pullbacks. | 


EXAMPLE Let U: gr > SET be the forgetful functor. 
(HCW...) Suppose that F : HCW. — er is a cofunctor such that U o F converts coproducts 
into products and weak pushouts into weak pullbacks—then U o F is representable. 
[Represent the composite HCONCW. > HCW. > gr > SET by K. Put G = FS° and equip it 
with the discrete topology. 
Claim: For any X in CONCW.,, Uo F(X4) & [X4,K x Gl. 
[There is a split short exact sequence 1 > FX + FX4—> FS° + 1, hence Uo F(X+4) Uo F(X) x 


+ Math. Notes 39 (1986), 471-474. 
= J. London Math. Soc. 23 (1981), 551-562. 
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G & [X,K] x G or, reinstating the base points: U o F(X+) & [X,x0;K,ko] x G. And: [X,20;K,ko] & 
[X, K] > [X,a20; K,ko] x GX [X, K] x GS [X, K] x [X,G] & [X,K x G] & [X4,K x G].] 
Given (X,zx9) in CW., let Xip, 
then X = X;, V \/ Xi4, so Uo F(X) & Uo F(X,,) x [[U 0 F(Xis) © [Xig, K] x [ [Xin K x G] & 
i i 


4 


X; (i € I) be its set of path components, where r9 € Xig— 


[Xip, K x G] x Tllxi4, K x G] x [X,K x G].] 
(HCW) Suppose that F : HCW -— er is a cofunctor such that U o F' converts coproducts 
into products and weak pushouts into weak pullbacks—then U o F is representable. 
[Let F. be the composite HCONCW, — HCONCW > HCW - er > SET. 
Claim: If Fx = x, then Fy is representable. 
[The assumption on F implies that FA = « for any discrete topological space A. To check that 


F, satisfies the wedge condition, put X = Lx: and let A C X be the set made up of the base points 


a 
ay € X;—then F(X/A) & FX. But X/A = \/ X; > F.(\/ Xi) S Uo F(X) & [] Fe Xj. As Fx necessarily 
satisfies the Mayer-Vietoris condition, F is representable: [—, Ks] & Fx.] 
Claim: If Fx = +, then U o F is representable. 
[If X is in CW and if X = es is its decomposition into path components, then U o F(X) & 
i 
[[U co F(X) = [[ BX & [] Xi, Ke] = [[] Xi, Ke] © [X, Ks] .] 


a a a 


v 
Given X in CW, view 70(X) as a discrete topological space—then U o Fo mo is represented by 
Fx (discrete topology). On the other hand, F is the semidirect product of F o mo and the kernel Fo 
of F — Fo m9 induced by the embedding mo(X) > X. Moreover, Uo F % Uo Fy X Uo Fo mg and 


Fox = * > U o Fo is representable. |] 


Given a small, full subcategory Co of HCW., denote by Co the full subcategory of HCW. whose 
objects are those Y such that g : Y > Z is an isomorphism (= pointed homotopy equivalence) if gx : 


[Xo, Y] — [Xo, Z] is bijective for all Xo € ObCo. 


FACT Suppose that F : HCW. — SET is a cofunctor which converts coproducts into products 
and weak pushouts into weak pullbacks—then there exists an object Xp in HCW, and a natural trans- 


formation = : [—, Xr] > F such that V Xo € ObCo, Bx [Xo, Xr] > FXo is bijective. 


FACT Suppose that F : HCW. — SET is a cofunctor which converts coproducts into products 
and weak pushouts into weak pullbacks—then F is representable if for some Co, Xp € ObCo. 

[With = as above, put ep = Ex,([idx,]), so that VX € ODHCW., Ex([f]) = Flfler ([f] € 
[X,XF]). 

Surjectivity: Given X € ObDHCW.., call Cj the full subcategory of HCW. obtained by adding X 
and Xp to Co. Determine X}, and &’ : [—, X},] > F accordingly. In particular, ENE :[Xp,X,] 7 FXp 


is surjective, thus J [f] € [Xr,X},]: cr = F[f]x’,. From the definitions, V Xo € ObCo, fx : [Xo, Xr] 4 
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[Xo0,X},] is bijective. Therefore f is an isomorphism. Let x € FX and choose [g] € [X,X}] : By 
({g]) = 2—then Ex (Lf [gl) = FU 0 [ola = Flol(FLf Yer) = Fale’ = @. 

Injectivity: Given X € ODHCW.,., let u,v : X — Xp be a pair of morphisms: Ex ([u]) = Zx([v]J), 
i.c., Fluljar = F[vlar. Fix a weak coequalizer f : Xp > Z of u, v and choose z € FZ: F[f]z = ap. Since 
=z :([Z,Xrl] > FZ is surjective, J g : Z + Xp such that Ez([g]) = z, hence xp = Flgo flav. From the 
definitions, V Xo € ObCo, (go f)x : [Xo0, Xr] > [Xo0, XF] is bijective. Therefore go f is an isomorphism. 


Finally, four fovsgofourgofovsusy..] 


Application: Let Co be the full subcategory of HCW. consisting of the (S",sn) (n > 0), so 
Co = HCONCW.,.—then a cofunctor F : HCW. —> SET which converts coproducts into products and 
weak pushouts into weak pullbacks is representable provided that #(FS°) = 1. 

[In fact, mo(Xp) = [S°, Xr] = FS°, thus Xp is connected.] 


EXAMPLE Fix a nonempty topological space F. Given a CW complex B, let kp B be the set 
ObFIBz,r, where FIBs,F is the skeleton of FIB g, r (cf. p. 4-28)—then kp is a cofunctor HCW —> SET 
which converts coproducts into products and weak pushouts into weak pullbacks (cf. p. 4-19). However, 
kp is not automatically representable since Brown representability can fail in HCW. To get around this 
difficulty, one employs a subterfuge. Thus given a pointed CW complex (B, bo), let FIBg,r.. be the 
category whose objects are the pairs (p,z), where p: X — B is a Hurewicz fibration such that V b € B, 
Xy has the homotopy type of F andi: F > p—*(bo) is a homotopy equivalence, and whose morphisms 
(p,1) > (q,j) are the fiber homotopy classes [f] : X — Y and the homotopy classes [é] : F — F such 
that too ot ~ jog. As in the unpointed case, FIBg,r,. has a small skeleton and there is a cofunctor 
kp.» : HCW. — SET which converts coproducts into products and weak pushouts into weak pullbacks. 
Since #(kr,».S°) = 1, it follows from the above that kr;. is representable: [—; Br, br] S kr.«, (Br,br) a 
pointed connected CW complex. If now B is a CW complex, then the functor FIBg, r > FIBs, ,F;« that 
assigns to p: X > B the pair (pllc,idr) (c: F > *) induces a bijection ObFIB pr > ObFIBz, ,F;«; 
sokpB & kp,,By & [By,*;Br,bp] & [B, Br], ie., Br represents kp. Example: Take F = K(a,n) (a 
abelian)—then Br has the same pointed homotopy type as K(z,n+ 1; x7) (cf. p. 5-32) (K(a,n4+ 1; xx) 


is not necessarily a CW complex). 


Example: Consider the Hurewicz fibration pi; : OS" —+ S” (n > 2). Let i: OS" > OS” be 
the identity and 1: QS" — QS” the inversion—then the pairs (pi,7) and (p1,z) are not isomorphic in 


FIBgn ogn. «: 


Let G be a topological group—then in the notation of p. 4-60, the restriction kg|HCW is a cofunctor 
HCW - SET which converts coproducts into products and weak pushouts into weak pullbacks. To ensure 


that it is representable, one can introduce the pointed analog of BUNg,a, say BUNg,q,«, and proceed 
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as above. The upshot is that the classifying space Bg is now a CW complex but this need not be true 
XG —> XS 


of the universal space Xq. To clarify the situation, consider the pullback square | | . Since 


Bao —> Be 
for any CW complex B,[B, Bg] ¥ kgB & [B, BZ], the arrow Bg > B2 is a weak homotopy equivalence 


(cf. p. 5-15 ff.). Therefore the arrow Xqg > X@ is a weak homotopy equivalence, so Xq is homotopically 


trivial (X 2 being contractible). 


LEMMA <Xgq is contractible iff G is a CW space. 

[Necessity: For then Xq@ is a CW space and because the fibers of the Hurewicz fibration Xg > Be 
are homeomorphic to G, it follows that G is a CW space (cf. p. 6-25). 

Sufficiency: Due to §6, Proposition 11, Xqg is a CW space. But a homotopically trivial CW space is 


contractible. ] 


Moral: When G is a CW space, kg can be represented by a CW complex (cf. §4, Proposition 35). 
[Note: Under these conditions, Bg and Be have the same homotopy type (representing objects are 


isomorphic), thus B2? is a CW space (see p. 6-25 for another argument).] 


Notation: FCONCW,, is the full subcategory of CONCW,, whose objects are the 
pointed finite connected CW complexes and HFCONCW,, is the associated homotopy 
category. 

[Note: Any skeleton HFCONCW,, of HFCONCW, is countable (cf. p. 6—28).] 


A cofunctor F : HFCONCW, — SET is said to be representable in the large if 
there exists a pointed connected CW complex X and a natural isomorphism |[—, X] > F. 

[Note: In this context, [—,X] stands for the restriction to HFCONCW,, of the 
representable cofunctor determined by X. Observe that in general it is meaningless to 
consider F'X.] 

Example: The restriction to HEFCONCW.,,, of any cofunctor HCONCW, — SET 
satisfying the wedge and Mayer-Vietoris conditions is representable in the large. 

Let F : HCONCW,,. > SET be a cofunctor. 


Zs: ¥ 
(Finite Mayer-Vietoris Condition) For any weak pushout square f | [a 
xX ci tt 
FP 4 FY 
in HCONCW,, where Z is finite, 7é| |¥9 isa weak pullback square in SET, 


PX =. FZ 
Ff 
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cEeEPrX a (Pe\p= 2 

Vv :(Ff)x=(Fgo)y, i peFP: : 

seemy (Pa= (Foy, ape FP: Gee * 
(Limit Condition) For any pointed connected CW complex X and for any 
collection {X; : 7 € I} of pointed connected subcomplexes of X such that X = colim Xj, 
where I is directed and the X; are ordered by inclusion, the arrow FX — lim F'X; is 


bijective. 


SUBLEMMA Let F : HCONCW, — SET be a cofunctor satisfying the wedge and 
finite Mayer-Vietoris conditions. Fix an X in CONCW, and choose x € FX. Suppose 


that X EKAX is a pointed 2-source, where K is in FCONCW,, and are skeletal 


with (Ff) = (fg)a—then there is a Y in CONCW,, containing X as an embedded 
pointed subcomplex, say 7: X — Y, such that 10 f ~ iog anda y € FY such that 
(Fi)y =x. 
RV 2S: & 
[Consider the weak pushout square vx | | , where Y is the pointed 
K — Y 
double mapping cylinder of the folding map Vx and the wedge f V g. By construction, 
Y is a pointed weak coequalizer of ; and the existence of y € FY follows from the 


assumptions. | 


LEMMA Let F : HCONCW, — SET be a cofunctor satisfying the wedge, finite 
Mayer-Vietoris, and limit conditions. Fix an X in CONCW, and choose 7 € FX— 
then there is a Y in CONCW,, containing X as an embedded pointed subcomplex, say 
i: X — Y, such that io f ~ iog for any pointed 2-source ye KS x. where K is 
in FCONCW, and 4 are skeletal with (F'f)x = (Fg)x, and a y € FY such that 
(Enya. 

[Since it is enough to let K run over the objects in HFCONCW,, one need only deal 


with a set (ee 4, X : s € S} of pointed 2-sources. Given any T C S, proceed as in 


V(K, V Kt) — X 
t 
the proof of the sublemma and form the weak pushout square | ie ; 


V Kt —_> Yr 
t 


xX 
so for T’ Cc T” there is a commutative triangle oe a . Consider the set 7 
Yr j You 


of pairs (T, yr) (yr € FYr) : (Fir)yr = x. Order T by writing (T’, yr) < (T"~, yr) iff 
T’ CT" and (Fj)yrv = yr:—then the limit condition implies that every chain in 7 has an 
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upper bound, thus 7 has a maximal element (Jo, yr,) (Zorn). Thanks to the sublemma, 


Tp = S, therefore one can take Y = Ys, y = ys.| 


PROPOSITION 28 Let F : HCONCW, — SET be a cofunctor satisfying the 
wedge, finite Mayer-Vietoris, and limit conditions—then the restriction of F' to 
HFCONCW, is representable in the large. 


[Put X° = \/ K, where K runs over the objects in HFCONCW,, and for each K, 
K,k 


k runs over FK. Using the wedge condition, choose x° € FX° such that the associated 
natural transformation =° : [—,X°] — F has the property that =} : [K,X°] ~ FK 
is surjective for all K. Per the lemma, construct X° C X! & 2! € FX! and continue 
by induction to obtain an expanding sequence X° Cc X! C --- of topological spaces 
and elements 7° € FX°,x2! € FX!1,... such that Vn, X” is a pointed connected CW 
complex containing X"~! as a pointed subcomplex and x” — x"—! under X"~! 4 X™. 
Put X = X°—then X is a pointed connected CW complex containing X” as a pointed 
subcomplex (cf. p. 5-25). Let « € FX be the element corresponding to {x”} via the limit 
condition and let = : [—, X] > F be the associated natural transformation. That Ex is 
surjective for all K is automatic. But =x is also injective for all K : Ex([f]) = =x(([g]), ie., 
(Ff)x = (Fg)z (f,g skeletal) > (Ff)x” = (Fg)2" (Gn) siof ~iog (4: X" > X"*)] 


Given a cofunctor F : HFCONCW,. — SET, for X in CONCW,, let FX = 
lim F.X;, where Xz runs over the pointed finite connected subcomplexes of X ordered by 
inclusion—then F is the object function of a cofunctor HCONCW, — SET whose re- 
striction to HFCONCW, is (naturally isomorphic to) F. On the basis of the definitions, 
F satisfies the limit condition. Moreover, F satisfies the wedge condition provided that 
F converts finite coproducts into finite products so, in order to conclude that F is repre- 
sentable in the large, it need only be shown that F satisfies the finite Mayer-Vietoris con- 


dition (cf. Proposition 28). Assume, therefore, that F' converts weak pushouts into weak 


Cc — B 
pullbacks. Consider a diagram lt | , where X is a pointed connected CW complex 
A — X 


and { . & C are pointed connected subcomplexes such that X = AUB, C = ANB with 


FX — FB 
C finite. To prove that. | | is a weak pullback square, let e run over the 
FA —> FC ; 


pointed finite connected subcomplexes of { which contain C' and using obvious notation, 


B 
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let 4 2 cr : a|C = b|C—then the question is whether there exists  € FX : | 
be FB Z| 
FA=limFK; 
FB=limFL, 

a {a; } (a; € FK;) e, n one 

if by a (b; € FL;) and let S;; be the set of x4; © FX;; : 
Sj; is nonempty and lim S;; is a subset of lim FX;;, it suffices to prove that lim S;; is 


For this, note first that { and FX = lim FXj; (Xi = K;UL;). Represent 


nonempty as any % € lim S;; will work. However, this is a subtle point that has been 


resolved only by placing restrictions on the range of F. 


EXAMPLE Let U: CPTHAUS > SET be the forgetful functor. Suppose that F : HFCONCW, 
— CPTHAUS is a cofunctor such that U o F converts finite coproducts into finite products and weak 
pushouts into weak pullbacks—then U o F is representable in the large. In fact, if T;; is the subspace of 
FXj; such that UT;; = S;j, then T;; is closed and lim Tj; is calculated over a cofiltered category, hence 
lim T;; is a nonempty compact Hausdorff space. But U preserves limits, therefore lim 5;; = U(lim T;;) is 
also nonempty. 

[Note: More is true: Uo F satisfies the Mayer-Vietoris condition, hence is representable. Example: 
If Y is a pointed connected CW complex whose homotopy groups are finite, then for every pointed finite 
connected CW complex X, [X,Y] is finite (cf. p. 5-49), thus is a compact Hausdorff space (discrete 


topology) and so [—, Y] is representable. ] 


REPLICATION THEOREM Let f : K — L bea pointed skeletal map, where - 


are in FCONCW,,—then for any cofunctor F : HFCONCW, — SET which converts 
finite coproducts into finite products and weak pushouts into weak pullbacks, there is an 


exact sequence 
--- 3 FXL > FPXK > FCs — FLO FK 


in SET,,. 

[Note: F takes (abelian) cogroup objects to (abelian) group objects, so all the arrows 
to the left of FXK are homomorphisms of groups. In addition, FK operates to the left 
on FC; and the orbits are the fibers of the arrow FC > FL (cf. p. 3-33).] 


Application: There is an exact sequence 


in SET,,. 
[The pointed mapping cone of the arrow K,VL; — X;; has the same pointed homotopy 
type as NC’ 


5-88 


Let (J, <) be a nonempty directed set, I the associated filtered category. Suppose that 
A :I°P - SET is a diagram, where V i € ObI, A; 4 9 and V 6 € MorI, Ao is surjective. 


In I, write 1 ~ 7 iff there exists a bijective map f : A; — A; andak with . < k such 


Ax 
that the triangle Pa ae commutes. 
A 


7 f J 


LEMMA If #(J/~) < w, then lim A is nonempty. 


ADAMS REPRESENTABILITY THEOREM Let U: GR —-> SET be the forgetful 
functor. Suppose that F : HFCONCW, — GR is a cofunctor such that U o F' converts 
finite coproducts into finite products and weak pushouts into weak pullbacks—then U o F 


is representable in the large. 
KK, C Kj 


. This is because FC acts transi- 
L; G Lyi 


[The arrow Sj; + Sj; is surjective if { 
Si! 
tj 
can check that ij ~ i’j' iff FUK,; x FUL; — FC & FUK,y x FXL; > FXC have the 


same image, of which there are at most a countable number of possibilities. The lemma 


tively to the left on { and Sj; + 5;; is equivariant. Claim: #({ij}/~) < w. For one 


thus implies that lim S;; is nonempty. 


Working in CONCW,,, two pointed continuous functions f,g : X — Y are said 
to be prehomotopic if for any pointed finite connected CW complex K and any pointed 
continuous function 6: K > X, fod ~god. Homotopic maps are prehomotopic but 
the converse is false since, e.g., there are phantom maps that are not nullhomotopic (see 
below). 

Notation: PREHCONCW,, is the quotient category of CONCW,, defined by the 
congruence of prehomotopy, [X,Y ]pre being the set of morphisms from X to Y. 

If F : HFCONCW, —> SET is a cofunctor, then F can be viewed as a cofunctor 
PREHCONCW., > SET. Given X in CONCW,, there is a bijection Nat([—, X]pre, F’) 
—+ FX (Yoneda). On the other hand, there is a bijection Nat([—, X],F) — FX, viz. 
E— {Ex,([te])}, tn : X~ + X the inclusion. Example: Take F = [—,X], so [X, X] = 
lim[X;,, X], and put x = {[¢,]}—then idj;— xj ex. 


PROPOSITION 29 Let Y be in CONCW,. Assume: [—,Y] satisfies the finite 
Mayer-Vietoris condition—then for all X in CONCW,, the natural map [X,Y |pre — 
lim[.X;,, Y] is bijective. 
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[Injectivity is immediate. Turning to surjectivity, note that by definition lim[X;,, Y] = 


[X,Y]. Fix ao € [X,Y] and let yo = ty (€ [Y,Y]). Put Z = X VY and write z = 
(xo, yo) € [Zo. Y] & |X, Y]x[Y, Y]. Imitating the argument used in the proof of Proposition 
28, construct a Z in CONCW,, containing Zp) as an embedded pointed subcomplex and 
an element z € [Z, Y] which restricts to zp such that the associated natural transformation 
[k, Z| > [K, Y] is a bijection for all kK. Specialize and take K = 8” (n € N) to see that 
the inclusion 7 : Y > Z is a pointed homotopy equivalence (realization theorem) and then 
compose the inclusion 7: X — Z with a homotopy inverse for 7 to get a pointed continuous 


function fo : X — Y whose prehomotopy class is sent to 2o.] 


FACT If Y is a pointed connected CW complex whose homotopy groups are countable, then [LY] 
satisfies the finite Mayer-Vietoris condition. 

[Note: Under this assumption on Y, it follows that for all X in CONCW,,, the natural map [X, Y] > 
lim[X,%, Y] is surjective (and even bijective provided that the homotopy groups of Y are finite (cf. p. 5-50 
& p. 5-87)).] 


PROPOSITION 30 Suppose that F : HFCONCW,, — SET is a cofunctor which 
converts finite coproducts into finite products and weak pushouts into weak pullbacks. As- 
sume: F' satisfies the finite Mayer-Vietoris condition—then the cofunctor F 
PREHCONCW, — SET is representable. 

[By Proposition 28, there is an X in CONCW,, and a natural isomorphism © : 
[—, X] — F. Repeating the reasoning used in the proof of Proposition 29, one finds that 


the extension =: [—, X]pre > F is a natural isomorphism as well.] 


PROPOSITION 31 Suppose that F, F’ : HFCONCW, — SET are cofunctors 
which convert finite coproducts into finite products and weak pushouts into weak pullbacks. 
Assume: F and F- satisfy the finite Mayer-Vietoris condition. Fix natural isomorphisms = : 
[—, X] > F,&’:[—, X'] > F’, where X, X’ are pointed connected CW complexes. Let T' : 
F + F' bea natural transformation—then there is a pointed continuous function f : X > 

[Re SS Re 
X', unique up to prehomotopy, such that the diagram Bx | | 8% commutes 
FK id F'K 
for all K. 
[Note: If F = F’ and T is the identity, then f : X — X’ is a pointed homotopy 


equivalence. | 
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PROPOSITION 32 Any representing object in the Adams representability theorem 
is a group object in PREHCONCW,, and all such have the same pointed homotopy type. 


FACT Let fF: HEFCONCW. — SET be a cofunctor which converts finite coproducts into finite 
products and weak pushouts into weak pullbacks. Assume: V K, #(f'K) < w—then F is representable in 
the large. 

[Note: It is unknown whether the cardinality assumption can be dropped.] 


; : xX : : : 
Given pointed connected CW complexes { a pointed continuous function f : X > 


VY ? 
Y is said to be a phantom map if it is prehomotopic to 0. Let Ph(X, Y) be the set of pointed 


homotopy classes of phantom maps from X to Y—then there is an exact sequence 
* > Ph(X,Y) > [X, Y] > lim X;,, Y] 


in SET,.. Of course, [0] € Ph(X, Y) but #(Ph(X,Y)) > 1 is perfectly possible. Example: 
Take X = K(Q,3),Y = K(Z,4) (= [X,Y] ~ H*(Q,3) = Ext(Q, Z) ~ R), realize X as 
the pointed mapping telescope of the sequence Ss? > S° >.--, the kt map having degree 
k, and note that up to homotopy, every ¢: K —> X factors through S?(> Ph(X,Y) = 
[X, Y]). 


Is the arrow [X,Y] > lim[Xx, Y] always surjective? While the answer is “yes” under various assump- 
tions on X or Y, what happens in general has yet to be decided. 


[Note: By contrast, there is a bijection Ph(X, Y) > lim![©Xx, Y] of pointed sets (Gray-McGibbont ).] 


EXAMPLE Meier? has shown that Ph(K(Z,n),S"t+) = Ext(Q, Z) for all positive even n. Special 
case: Ph(P™(C),S°) = Ext(Q, Z). 

[Note: Suppose that G is an abelian group which is countable and torsion free—then 3 X & Y : 
Ph(X,Y) & Ext(G, Z) (Roitberg!!).] 


EXAMPLE (Universal Phantom Maps) Let X be a pointed connected CW complex. Assume: 
X has a finite number of cells in each dimension—then it is clear that f : X — Y is a phantom map iff 
Vn>0, f|X@ is nullhomotopic. Denote by telt X the pointed telescope of X which starts at X“) rather 


than X(). Recall that the projection p : telt X — X is a pointed homotopy equivalence (cf. p. 3-12). 


+ Topology 32 (1993), 371-394. 
t Quart. J. Math. 29 (1978), 469-481. 
ll Topology Appl. 59 (1994), 261-271. 
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Now collapse each integral joint of telt X to a point, i-e., mod out by V X(™), The resulting quotient can 
n>0 
be identified with \J =X(™ and the arrow ©: telt X + \/ =X) is a phantom map. It is universal 
n>0 n>0 
in the sense that if f : X — Y is a phantom map and if f = f op, then there is a pointed continuous 


function F : V ~X(™) -» Y such that f ~ Fo®. This is because the inclusion ¢ : V X() -, telt X 
n>0 n>O0 
is a closed cofibration, hence C; V DX) (cf. p. 3-24). Corollary: All phantom maps out of X are 


n>0 
nullhomotopic iff © is nullhomotopic. 


[Note: Here is an application. Suppose that are pointed connected CW complexes with a finite 
Y 


number of cells in each dimension. Claim: If f: X > Y and g: Y > Z are phantom maps, then go f: 


-1 
: : : : F 
X — Z is nullhomotopic. To see this, observe that the composite V Ex(™ Ay? telt Y = V sy (™) 
n>0 n>0 
is a phantom map. Accordingly, its restriction to each XX (”) is nullhomotopic, so actually Qop—!oF ~ 0. 


Therefore go f ~ (Gop !)o(fop—!) (Go @op-!)o(Fo@op-!) + Go(Oop-toF)oOop! +0] 
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86. ABSOLUTE NEIGHBORHOOD RETRACTS 


From the point of view of homotopy theory, the central result of this § is the CW-ANR 
theorem which says that a topological space has the homotopy type of a CW complex iff 
it has the homotopy type of an ANR. But absolute neighborhood retracts also have a life 
of their own. For example, their theory is an essential component of infinite dimensional 
topology. 

Consider a pair (X, A), i.e., a topological space X and a subspace A C X. Let Y be 
a topological space. Suppose given a continuous function f : A + Y—then the extension 
question is: Does there exist a continuous function F : X — Y such that F|A = f? While 
this is a complex multifaceted issue, there is an evident connection with the theory of 
retracts. For if we take Y = A, then the existence of a continuous extension r: X > A 
of the identity map id4 amounts to saying that A is a retract of X. Every retract of a 
Hausdorff space X is necessarily closed in X. On the other hand, if A is closed in X, then 
with no assumptions on X, a continuous function f : A + Y has a continuous extension 
F:X —+Y iff Y is a retract of the adjunction space X Us Y. The opposite end of the 
spectrum is when A is dense in X. In this case, one can be quite specific and we shall start 
with it. 

Let (X,A) be a pair with A dense in X. Write 7x and 7, for the corresponding 
topologies. Define a map Ex: T4 > Tx by Ex(O) = X — A—O, the bar denoting closure 


in X—then Ex(O)M A = O and Ex(O) = U{U :U € tx & UN A = O}. Obviously, 
(iG) 2 and V O,P € 14 : Bx(O0 P) = Ex(O) N Ex(P). Put Ex(O) = {Ex(0) 
CSO HOG 7a); 


PROPOSITION 1 Let A be a dense subspace of a topological space X; let Y be a regu- 
lar Hausdorff space—then a given f € C(A, Y) admits a continuous extension F € C(X, Y) 
iff X = UEx(f~1(V)) for every open covering V of Y. 

[The condition is clearly necessary. As for the sufficiency, suppose that X 4 @ and 


#(Y) > 1. Call 1 the topologies on X and Y. 
Y 
(F*) Define a map F* : ty > Tx by 
F*(V) =(J{Ex(f1(V’) :V’ ery & VC VY}. 
EOS): nav, Vy : F*(V, A Ve) = F*(YW)N F*(V2). L 

FY) =X an 1,¥2 € Ty : (Vin 2) = (Vi) (V2). et 
V;} C ry—then F*(UV;) > U F*(V;) and in fact equality prevails. To see this, write 

j 9 j 

j 7 


Note that 
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UV; = UY, where V is the set of all V € ty : V C V; (4 j). Take a V’ € ty : 
j 
V’ c UV;. Since Y = (Y — V’)U(UY), X = Ex(f7l(Y — V’)) U(UEx(f71(V))). But 


Q = Ex(f-1(V’)) NEx(f-l(Y — V’)) = Ex(f71(V’)) C UEx(f71(V)) c UF*(V;), from 


which it follows that F*(UV;) C UF*(V;). 
j j 
(F,.) Define a map Fy : Tx — Ty by 


FU) =|(J{V:V ery & F*(V) CU}. 


Note that VU € tx and VV € ty: VC F,(U) & F*(V) C U. Indeed, F* respects 
arbitrary unions. We claim now that Vr € X Jy € Y : F(X — fa}) = Y — {y}. 
Let F.(X — {2}) = Y — By. Case 1: B, = 0. Here, X = F*(Y) C X — {x}, an 
impossibility. Case 2: #(B,) > 1. Choose yi, y2 € Bz : yi # ye. Choose Vi, V2 € Ty : 


Vin, =0& {oS yf then Vin V2 C F(X — {x}) > F*(ViN V2) CX — {2}, ie., 
2 2 


F* (Vi) A F*(V2) CX — {a}, thus either F*(V) or F*(V2) is contained in X — {x} and so 
either V; or V2 is contained in F,(X — {x}) = Y — By, a contradiction. 
(F) Define a map F : X > Y by stipulating that F(x) = y iff F(X — {r}) = 
Be ot FAV) FV) 
Y — {y}. The definitions imply that co A= f-H(V) 
C(X,Y) and F|A = f.] 


(V € ty), therefore F € 


Retain the assumption that A is dense in X and Y is regular Hausdorff. Assign 
to each x € X the collection U/(x) of all its neighborhoods—then a continuous function 
f : A - Y has a continuous extension F : X — Y iff V x the filter base f(U(x) MN A) 
converges. The nontrivial part of this assertion is a simple consequence of the preceding 
result. For suppose that for some open covering VY of Y : X # UEx(f~1(V)). Choose 
céX:a ¢ UEx(f7l(V)), soVU € U(r) and VV EV: UNA GE f-1V) or still, 
f(UNA) ZV. But f(U(x)NA) converges to y € Y. Accordingly, there is (i) Vo € V: y € Vo 
and (ii) Up € U(x) : f(Uo MN A) C Vo. Contradiction. 

Here are two other applications. 

(C) Suppose that Y is compact Hausdorff—then a continuous function f : A > 
Y has a continuous extension F': X — Y iff for every finite open covering V of Y there 
exists a finite open covering U of X such that UN A is a refinement of f~'(V). 

In this statement, one can replace “compact” by “Lindelof” if “finite” is replaced by 
“countable”. More is true: It suffices to assume that Y is merely R-compact (recall that 


every Lindelof regular Hausdorff space is R-compact). 
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(R-C) Suppose that Y is R-compact—then a continuous function f : A > Y 
has a continuous extension F': X — Y iff for every countable open covering V of Y there 
exists a countable open covering U of X such that UN A is a refinement of f~'(V). 

[There is a closed embedding Y — [[R. Postcompose f with a generic projection 
[[R — R and extend it to X. Form the associated diagonal map F : X — [[R—then 
F is continuous and F'|A = f (viewed as a map A > []R). Conclude by remarking that 
F(X) = F(A) Cc F(A) CY =Y]] 

[Note: The R-compactness of Y is essential. Consider X = [0,Q], A = Y = [0,Q], 
and let f = id, (Y is not R-compact, being countably compact but not compact).| 


EXAMPLE The proposition can fail if the assumption “Y regular Hausdorff” is weakened to “Y 
Hausdorff”. Let X be the set of nonnegative real numbers. Put D = {1/n: n = 1,2,...} then the 
collection of all sets of the form UU(V — D), where U and V are open in the usual topology on X, is also 
a topology, call the resulting space Y. Observe that Y is Hausdorff but not regular. Let A = X — D and 
define f € C(A,Y) by f(x) = a. It is clear that there is no F € C(X,Y): F|A = f, yet for every open 
covering VY of Y, X = UEx(f71!(V)). 


FACT Let A be a dense subspace of a topological space X; let Y be a regular Hausdorff space—then 
a given f € C(A,Y) admits a continuous extension F € C(X,Y) iff Va € X —Ad fe € C(AU {a}, Y): 
fx|A = f. 


Let X and Y be topological spaces. 
(EP) A subspace A C X is said to have the extension property with respect to Y 
(EP wrt. Y)ifVfEeCcA, Y) AFec(X,Y): FA=f. 
(NEP) A subspace A C X is said to have the neighborhood extension property 


A 
te ie Y) (U open): F|A = f. 


[Note: In this terminology, A is a retract (neighborhood retract) of X iff A has the 
EP (NEP) w.r.t. Y for every Y.| 

Two related special cases of importance are when Y = Ror Y = (0, 1]. If A has the EP 
w.r.t. R, then A has the EP w.r.t. [0,1]. Reason: If f € C(A,[0, 1]) and if F € C(X,R) 


is a continuous extension of f, then min{1,max{0, F'}} is a continuous extension of f with 


with respect to Y (NEP w.r.t. Y) if V f © C(A,Y) J 


range a subset of [0,1]. The converse is trivially false. Example: Let X be CRH space— 
then X, as a subspace of 3X, has the EP w.r.t. [0,1] but X has the EP w.r.t. R iff X is 
pseudocompact (of course in general X, as a subspace of uX, has the EP w.r.t. R). Bear 


in mind that a CRH space is compact iff it is both R-compact and pseudocompact. 
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[Note: Suppose that X is Hausdorff—then X is normal iff every closed subspace has 
the EP w.r.t. R (or, equivalently, [0, 1]).] 


Suppose that X is a CRH space. Let A be a subspace of X. 
(G3) If A has the EP w.r.t. [0,1], then the closure of A in 8X is GA and conversely. 
(v) If A has the EP w.r.t. R, then the closure of A in vX is vA and conversely provided that 
X is in addition normal. 
[Note: The Niemytzki plane is a nonnormal hereditarily R-compact space, so the unconditional 


converse is false.] 


Two subsets A and B of a topological space X are said to be completely separated in 


X if 4 ¢ € C(X, (0, 1)): ee 


that A and B are contained in disjoint zero sets. Example: Suppose that X is a CRH 


. For this to be the case, it is necessary and sufficient, 


space—then any two disjoint closed subsets of X, one of which is compact, are completely 
separated in X (no compactness assumption being necessary if X is in addition normal). 
f|A <0 
{B21 
min{1, max{0, f}}. Moreover, 0 and 1 can be replaced by any real numbers r and s with 
r<s.| 


[Note: It is enough to find a function f € C(X) : { Reason: Take ¢ = 


PROPOSITION 2 Let A Cc X—then A has the EP w.r.t. [0, 1] iff any two completely 
separated subsets of A are completely separated in X. 

[Assume that A has the stated property. Fix an f € C(A,[0,1]). To construct an 
extension F € C(X,|0,1]) of f, we shall first define by recursion two sequences {f,,} and 
{gn} subject to: f, € BC(A) & ||fn|| < 3r, and g, € BC(X) & |lgn|| < rn, where r, = 


(1/2)(2/3)” (so or = 1). Set fi = f. Given fy, let we rare eee 


Since { ia are completely separated in A, they are, by hypothesis, completely separated 
nm 
in X. Choose g, € BC(X) : ee PS ie llOn|| <n. Push the recursion forward 
Gn|S7 = Tn 
CO 
by setting fn4i = fn —9n|A. The series 5° g, is uniformly convergent on X, thus its sum 
1 


G is a continuous function on X :G|A = f. Take F = max{0,G}.] 


Application: Suppose that X is a CRH space—then any compact subset of X has the 
EP w.r.t. [0,1] (cf. p. 2-14). 
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FACT Let A CX; let f € BC(A)—then 3 F € BC(X): F|A= f iff Va,b € R: a < b, the sets 
en 


' are completely separated in X. 
f~*([b, +00[) 


PROPOSITION 3 Let A C X—then A has the EP w.r.t. R iff A has the EP w.r.t. 
[0, 1] and is completely separated from any zero set in X disjoint from it. 

[Necessity: Let Z be a zero set in X disjoint from A: Z = Z(g), where g € C(X, [0, 1]). 
Put f = (1/g)|A. Choose h € C(X):h|A = f. Consider gh. 

Sufficiency: Fix an f € C(A). Because arctan of € C(A, |—7/2, 7/2]), it has an exten- 
sion G € O(X,[—7/2,7/2]). Let B = G~!(+n/2)—then B is a zero set in X disjoint from 


A, so there exists ¢ € C(X, [0, 1]) : ae _ : . Put F = tan(¢G): Fe C(X) & FIA=f.] 

Consequently, every zero set in X that has the EP w.r.t. [0,1] actually has the EP 
w.r.t. R. On the other hand, a zero set in X need not have the EP w.r.t. [0,1]. Examples: 
(1) Take for X the Isbell-Mréwka space ¥(N)—then A = S is a zero set in X but S does not 
have the EP w.r.t. [0,1]; (2) Take for X the Niemytzki plane—then A = {(z,y) : y = 0} 
is a zero set in X but A does not have the EP w.r.t. [0,1]. 


EXAMPLE (Katétov Space) As a subspace of R, N has the EP w.r.t. [0,1], so the closure of 
N in BR is BN. Let X = BR — (@N — N)—then BX = BR and X is a LCH space which is actually 
pseudocompact (an unbounded continuous function on X would be unbounded on a closed subset of R 
disjoint from N). However, X is not countably compact, thus is not normal (cf. §1, Proposition 5). As a 
subspace of X, N has the EP w.r.t. [0,1] but does not have the EP w.r.t. R. 


[Note: N is a closed G5 but is not a zero set in X.] 


A subspace A C X is said to be Z-embedded in X if every zero set in A is the intersection of A with 
a zero set in X. Example: Any cozero set in X is Z-embedded in X. If A has the EP w.r.t. [0,1], then 
A is Z-embedded in X (but not conversely), so, e.g., any retract of X is Z-embedded in X. Examples: 
Suppose that X is Hausdorff—then (1) Every subspace of a perfectly normal X is Z-embedded in X; 
(2) Every F-subspace of a normal X is Z-embedded in X; (3) Every Lindelof subspace of a completely 
regular X is Z-embedded in X. 


FACT Let A C X—then A has the EP w.r.t. R iff A is Z-embedded in X and is completely 
separated from any zero set in X disjoint from it. 
[Note: It is a corollary that if A is a zero set in X, then A has the EP w.r.t. R iff A is Z-embedded 


in X. Both the Isbell-Mréwka space and the Niemytzki plane contain zero sets that are not Z-embedded.] 
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Application: Suppose that X is a Hausdorff space—then X is normal iff every closed subset of X is 
Z-embedded in X. 


PROPOSITION 4 Let A Cc X—then A has the EP w.r.t. [0,1] (R) iff for every finite 
(countable) numerable open covering O of A there exists a finite (countable) numerable 
open covering U of X such that Un A is a refinement of O. 

[The proof of necessity is similar to but simpler than the proof of sufficiency so we 
shall deal just with it, assuming only that there exists a numerable open covering U of X 


such that Un A is a refinement of O, thereby omitting the cardinality assumption on U. 
/ 


Ss’ 
(0,1]) Let ¢ Sy 
oe Gee 4 
is” C Z" 7 
a neighborhood finite cozero set covering Y of X such that V is a star refinement of U/ (cf. 


,_ = ‘ = ! 
§1, Proposition 13). Put eu _ = = ie : oe a —then ne are disjoint 
Z' CW! 


zero sets in X : ZB" Cw: Therefore S’ and S” are completely separated in X, thus, 
by Proposition 2, A has the EP w.r.t. [0,1]. 

(R) Let Z be a zero set in X: ANZ =, say Z = Z(f), where f € C(X, (0, 1]). 
The collection O = {f~!(]1/n,1]) N A} is a countable cozero set covering of A, hence is 
numerable (cf. p. 1-25). Take YU per O and choose a neighborhood finite cozero set covering 
V={V;:7 € J} of X and a zero set covering Z = {Z; : 7 € J} of X such that V is a 
refinement of U with Z; C V; (Vj) (ef. p. 1-25). Given j, 3nj :ZjNAC fo*(1/nj, 1)NA. 
Put W =UZ,Nf7"((1/n;, 1])—then W is a zero set in X containing A and disjoint from 


be two completely separated subsets of A; let ea be two 


disjoint zero sets in A: { Let O= {A-Z', A—Z"}. Take U per O and choose 


j 

Z, so A and Z are completely separated in X. Since the first part of the proof implies 
that A necessarily has the EP w.r.t. [0,1], it follows from Proposition 3 that A has the 
EP w.r.t. R.] 


FACT Let A Cc X—then A is Z-embedded in X iff for every finite numerable open covering O of A 
there exists a cozero set U containing A and a finite numerable open covering U of U such that UN A is a 


refinement of O. 


LEMMA Let (X,d) be a metric space; let A be a nonempty closed proper subspace 
of X—then there exists a subset {a; : i € I} of A and a neighborhood finite open covering 
{U;:1€ I} of X — A such that Vi: a € U; => d(x, a;) < 2d(a, A). 

[Assign to each  € X — A the open ball B, of radius d(x, A)/4. The collection 
{B, : «2 € X — A} is an open covering of X — A, thus by paracompactness has a neighbor- 
hood finite open refinement {U; : i € I}. Each U; determines a point 7; € X-—A:U; C By,, 
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from which a point a; € A: d(aj,a;) < (5/4)d(a;, A). Obviously, V x € U; : d(x,ai) < 
(3/2)d(x;, A) and d(x;, A) < (4/3)d(a, A).] 


DUGUNDJI EXTENSION THEOREM Let (X,d) be a metric space; let A be a closed 


subspace of X. Let EF be a locally convex topological vector space. Equip { Ae | with 


the compact open topology—then there exists a linear embedding ext : C(A, E) — C(X, E) 
such that V f € C(A, E), ext(f)|A = f and the range of ext(f) is contained in the convex 
hull of the range of f. 

[Assume that A is nonempty, proper and, using the notation of the lemma, choose a 
partition of unity {«;: i © I} on X — A subordinate to {U; :i € I}. Given f € C(A,£), 


let 
ext(f)(2) = Erile)fla) (@eX—A). 


Then ext(f)|A = f and it is clear that ext(f)(X) is contained in the convex hull of 
f(A). The continuity of ext(f) is built in at the points of X — A. As for the points of 
A, fix a9 € A and let N be a balanced convex neighborhood of zero in FE. Choose a 
Gre X =A 
: < = : : 
6 > 0: d(a,a9) < 6 = f(a) — f(a) € N(a € A). Suppose that ae < 6/3 If 
ki(x) > 0, then, from the lemma, d(z,a;) < 2d(x, A), hence d(a;,ao) < 3d(x,a9) < 6. 


Consequently, 


ext(f)(w) — ext(f)(ao) = > wi(x)(F (az) — F(@0)) € J) wila)N CN. 

Therefore ext(f) € C(X, EF). By construction, ext is linear and one-to-one, so the only 
remaining issue is its continuity. Take a nonempty compact subset K of X and let 
O(K,N) = {F € C(X, E): F(K) CN}. Put Ka = KN AU {a, € A: KNU; 4 O}. Let 
O(Ka,N) = {f € C(A, FE): f(Ka) C N}. Plainly, f € O(K 4, N) => ext(f) € O(K,N). 
Claim: K, is compact. To see this, let {,,} be a sequence in K4. Since KA is compact, 
we can suppose that {z,} has no subsequence in KM A, thus without loss of generality, 
Ln = a;, for some in: KNU;, #0. Pick y, € KOU;, and assume that yn, > y € K. 
Case 1: ye KOA. Here, d(tn, y) = d(a;,, y) < 3d(yn, y) 3 0. Case 2: ye KN (X — A). 
There is a neighborhood of y that meets finitely many of the U; and once y,, is in this 
neighborhood, the index 7,, is constrained to a certain finite subset of J, which means that 
{tn} has a constant subsequence. ] 

[Note: Suppose that E is a normed linear space—then the image of ext |BC(A, EF) is 
contained in BC(X, FE) and, per the uniform topology, ext : BC(A, FE) > BC(X, EF) isa 
linear isometric embedding: V f € BC(A, E), ||f|| = ||ext(f)]|]. | 
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In passing, observe that if the a; are chosen from some given dense subset Ag C A, 
then the range of ext(f) is contained in the union of f(A) and the convex hull of f(Apo). 


The Dugundji extension theorem has many applications. To mention one, it is a key ingredient in 
the proof of a theorem of Milyutin to the effect that if X and Y are uncountable metrizable compact 
Hausdorff spaces, then C(X) and C(Y) are linearly homeomorphic (Petczyiskil). Extensions to the case 
of noncompact X and Y have been given by Etcheberry?. 

[Note: The Banach-Stone theorem states that if X and Y are compact Hausdorff spaces, then X 
and Y are homeomorphic provided that the Banach spaces C(X) and C(Y) are isometrically isomorphic 


(Behrends! ).] 


Is Dugundji’s extension theorem true for an arbitrary topological vector space E? In 
other words, can the “locally convex” supposition on & be dropped? The answer is “no”, 
even if F is a linear metric space (cf. p. 6-12). 

[Note: A topological vector space FE is said to be a linear metric space if it is metriz- 
able. Every linear metric space F admits a translation invariant metric (Kakutani) but E£ 


need not be normable.] 


Let X be a CRH space; let A be a nonempty closed subspace of X. Let E be a locally con- 
vex topological vector space (normed linear space)—then a linear operator T : C(A,E) > C(X,E) 
(T : BC(A,E) > BC(X,E)) continuous for the compact open topology (uniform topology) is said to 
be a linear extension operator if for all f in C(A,F) (BC(A,E)) : Tf|A = f. Write LEO(X, A; E) 
(LEO,(X, A; £)) for the set of linear extension operators associated with C(A, &) (BC(A, E)). Assum- 
ing that X is metrizable, the Dugundji extension theorem asserts: V A, C(A, E) (BC(A, E)) possesses a 
linear extension operator (and even more in that the “same” operator works for both). Question: What 


conditions on X or A serve to ensure that LEO(X, A; E) (LEO,(X, A; E£)) is not empty? 


EXAMPLE (The Michael Line) Take the set R and topologize it by isolating the points of P, 
leaving the points of Q with their usual neighborhoods. The resulting space X is Hausdorff and hereditarily 
paracompact but not locally compact. And A = Q is a closed subspace of X which, however, is not a 
Gs in X. Let E = C(P), P in its usual topology—then E is a locally convex topological vector space 
(compact open topology). Claim: LEO(X, A; E) is empty. For this, it suffices to exhibit an f € C(A, E) 


+ Dissertationes Math. 58 (1968), 1-92; see also Semadeni, Banach Spaces of Continuous Functions, 
PWN (1971), 379. 

= Studia Math. 53 (1975), 103-127; see also Hess, SLN 991 (1983), 103-110. 

ll SLN 736 (1979), 138-140. 
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that cannot be extended to an F € C(X,£E). If P has its usual topology, then the continuous function 
{ AxP OR 


(x,y) > 1/(y — 2) 
f € C(A, E) by f(x)(y) = 1/(y — 2), it follows that f has no extension F € C(X, E). 


has no continuous extension X x P — R (thus X x P is not normal). Defining 


A Hausdorff space X is said to be submetrizable if its topology contains a metrizable topology. 
Examples: (1) The Michael line is submetrizable and normal but not perfect; (2) The Niemytzki plane is 


submetrizable and perfect but not normal. 


FACT Let X be a submetrizable CRH space. Suppose that A is a nonempty closed subspace of X 
with a compact frontier—then V E, LEO(X, A; £) (LEO,(X, A; £)) is not empty. 


[Note: In view of the preceding example, the hypothesis on A is not superfluous. ] 


When EF = R, denote by LEO(X, A) (LEO,(X, A)) the set of linear extension operators for C(A) 
(BC(A)). 


EXAMPLE LEO,(X, A) can be empty, even if X is a compact Hausdorff space. For a case in 
point, take X = BN & A= 6BN-—N. Claim: LEO(X, A) (= LEO,(X,A)) is empty. Suppose not and 
let T : C(A) + C(X) be a linear extension operator. Fix an uncountable collection U = {U; : 7 € I} 


of nonempty pairwise disjoint open subsets of A. Pick an a; € U; and choose an f; € C(A,[0,1]): 


{ fila) =1 . Let O; = {x € X : Tfi(x) > 1/2}. Since X is separable, there exists an uncountable 
fi\(A — Ui) = 0 
subset Ig of J and a point xo € X : xo € [) Oj. Let n be some integer > ||T'||. Select distinct indices 
1€Ig 
2n 
ip (k= 1,...,2n) in Ip. Put f= s Fi,» 80 | f|| = 1. A contradiction then results by writing 
1 


n= nillfl| > IPF > P00) = YeP Fig (v0) > 2m 4 =n. 
[Note: Let X be a compact Hausdorff space; ig be a nonempty closed subspace of X. Set 
p(X, A) = inf{||T|| : 7 € LEO(X, A)} (where p(X, A) = 00 if LEO(X, A) is empty). Of course, p(X, A) > 1 
and Benyaminit has shown that Vr: 1 <r < oo, there exists a pair (X, A) : p(X, A) =r] 


The space X figuring in the preceding example is not perfect (no point of GN — N is a G5 in GN). 
Can one get a positive result if perfection is assumed? The answer is “no”. Indeed, van Douwen? has 
constructed an example of a CRH space X that is simultaneously perfect and paracompact, yet contains 


a nonempty closed subspace A for which LEO,(X, A) = @. 


+ Israel J. Math. 16 (1973), 258-262. 
= General Topology Appl. 5 (1975), 297-319. 
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The assumption that LEO,(X,A) is not empty V A has implications for the topology of X. To 
quantify the situation, given r : 1 < r < oo, let by be the condition: V A, {T € LEO,(X, A): ||T|| <r} 4 @. 
Claim: If by is in force, then for any discrete collection A = {A; :7€ I} of nonempty closed subsets of X 
there is a collection U = {U; : i € I} of open subsets of X such that (1) A; CU; Ki AJ SUN A; = 
and (2) ord(U) < [r]. Thus put A = UA, let x; : A — [0,1] be the characteristic function of A;, choose 
T € LEO,(X, A) : ||T|| < 7, and consider U = {U; : i € I}, where U; = {x € X : Txi(x) > r/[r] + 1}. 
Example: Suppose that X satisfies b, for some r < 2—then X is collectionwise normal. 

[Note: Let X be the Michael line—then one can show that X satisfies bi, yet LEO(X, A) = @ if 
A=Q] 


FACT Let X be a Moore space. Assume: X satisfies b; for some r—then X is normal and meta- 


compact. 


Let X be a nonempty topological space—then an equiconnecting structure on X is a 
A(z, y,0) = 2 
Ax,y,1)=y 
A(x, 2,t) =x. A subset A C X for which A(1 A?) C A is called A-convex. In order that X 


have an equiconnecting structure, it is necessary that X be both contractible and locally 


continuous function \ : 1X? — X such that V2, y € X andV¢t € [0,1]: { 


contractible but these conditions are not sufficient as can be seen by considering Borsuk’s 
cone (cf. p. 6-15). Example: Suppose that X is a contractible topological group. Let 
HT: IX + X be a homotopy contracting X to its unit element e—then the prescription 
A(x, y,t) = H(e,t)-'H(xy—!,t)y defines an equiconnecting structure on X. In particular, 
if X is a topological vector space, then H(x,t) = (1 — t)x will do. 

[Note: Let F be an infinite dimensional Banach space. Consider GL(F), the group 
of invertible bounded linear transformations T : EK > E. Equip GL(E) with the topology 
induced by the operator norm—then GL(£) is a topological group and, being an open 
subset of a Banach space, has the homotopy type of a CW complex (cf. §5, Proposition 
6). If E is actually a Hilbert space, then GL(£) is contractible (Kuiper') but this need not 
be true in general (even if F is reflexive), although it is the case of certain specific spaces, 
e.g., C(O, 1]) or L?([0, 1]) (1 < p < 00). See Mityagin? for proofs and other remarks. 


FACT A nonempty topological space X has an equiconnecting structure iff the diagonal Ax is a 
strong deformation retract of X x X. 


[Necessity: Given \, consider the homotopy H : 1X? > X? defined by H((x,y),t) = (A(a, y,t), y). 


+ Topology 3 (1965), 19-30. 
* Russian Math. Surveys 25 (1970), 59-103. 
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Sufficiency: Given H, consider the equiconnecting structure  : 1X? — X defined by 


Mz, y,t) = { pi(A (a, y), 2t)) (0<t< 1/2) 


p2(H((#,y),2—2t)) (1/2<t<1) | 


where pi and p2 are the projections onto the first and second factors. ] 


FACT Suppose that X is a nonempty topological space for which the inclusion Ax > X x X isa 


cofibration—then X has an equiconnecting structure iff X is contractible. 

A(xz,0)=2 
H(xz,1) = x0 
X? by A((a,y),t) = (H (x,t), H(y,t)) to see that Ax is a weak deformation retract of X x X.] 


[Choose a homotopy H : IX — X contracting X to x0: { and then define A: 1X? > 


A nonempty topological space X is said to be locally convex if it admits an equiconnecting structure 
A such that every x € X has a neighborhood basis comprised of A-convex sets. The convex subsets of a 
locally convex topological vector space are therefore locally convex, where A(z, y,t) = (1 —t)a + ty. On 


the other hand, the long ray Lt is not locally convex. 


EXAMPLE Let K = (V,») be a vertex scheme. Suppose that K is full, ie., if F C V is finite 
and nonempty, then F € %. Claim: |K| is locally convex. Thus fix a point « € V. Let ¢ € |K|—then 


b= Y= bo(d)xv + (1 — > bv ($))x«. Here, x» (x») is the characteristic function of {v} ({#*}). Define GB : 
v#* vp 
|K| x |K| > |K| by B(¢,%) = D7 B(b, d)oxe +(1— D7 BUG, Ww) x«, where 6(, p)v = min{by (p), bu (W)}- 


v#* vUp* 
The assignment 
1 — 2t 2t6B(¢, 0<t<1/2 
nowt ={ (1—24)b+248(6,0) (OS tS 1/2) 
(2 — 2t)8(¢,H) + (2t—-1)p (1/2 <t <1) 


is an equiconnecting structure on |K| relative to which |K| is locally convex. 


FACT Let A C X, where X is metrizable and A is closed—then A has the EP w.r.t. any locally 


convex topological space. 


PLACEMENT LEMMA Every metric space (X,d) can be isometrically embedded as 
a closed subspace of a normed linear space FE, where wt FE =wwt X. 


[Denote by © the collection of all nonempty finite subsets of X. Give © the discrete 
é ‘ : u-R 
topology. Fix a point x9 € X. Attach to each x € X a function fy, : { co dae) 
X > BC(%) 
x fe 
Note that f,, =0. Let EF be the linear span of 1(X) in BC(%). To see that 1(X) is closed 


in EB, takea 6 € E—1(X), say 6 = do rife, (ri real), put o = {x0,.-. ,%,} and choose 6 
0 


—then f, € BC(%) and the assignment 1 : { is an isometric embedding. 
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positive and less than (1/2) min||¢ — f,,||. Claim: No element of 1(X) can be within 6 of 
@. Suppose not, sod « € X : ||d— f,|| < 6. Since v is an isometry, 


d(x, 23) = lI Fee, eo Fe|| 2 |e — fe:| = | — fe|| >26-d= 6b, 


from which ||¢ — f,|| > |é(o) — fa(o)| = d(x,o0) > 6, a contradiction. There remains 
the assertion on the weights. For this, let D be a dense subset of 1(X) of cardinality 
<«: fz, € D—then the linear span of D is dense in F and contains a dense subset of 
cardinality < wk.] 

[Note: One can obviously arrange that EF is complete provided this is the case of 
(X,d) 


FACT Every CRH space X can be embedded as a closed subspace of a locally convex topological 


vector space E. 


Let Y be a nonempty metrizable space. 

(AR) Y is said to be an absolute retract (AR) if under any closed embedding 
Y — Z into a metrizable space Z, the image of Y is a retract of Z. 

(ANR) Y is said to be an absolute neighborhood retract (ANR) if under any 
closed embedding Y — Z into a metrizable space Z, the image of Y is a neighborhood 
retract of Z. 

[Note: There is no map from a nonempty set to the empty set, thus @ cannot be 
an AR, but there is a map from the empty set to the empty set, so we shall extend the 
terminology and agree that @ is an ANR.] 


PROPOSITION 5 Let Y be a nonempty metrizable space—then Y is an AR (ANR) 
iff for every pair (X, A), where X is metrizable and A C X is closed, A has the EP (NEP) 
w.r.t. Y. 

[The indirect assertion is obvious. Turning to the direct assertion, in view of the 
placement lemma, Y can be realized as a closed subspace of a normed linear space E. 
Assuming that Y is an AR, fix a retraction r: EF > Y. If now f: A—- Y is a continuous 
function, then by the Dugundji extension theorem, 4 F € C(X, £): F|A = f. Consider 
roF] 


EXAMPLE Cauty? has given an example of a linear metric space E which is not an absolute 


retract. So, for this EZ, the Dugundji extension theorem must fail. 


+ Fund. Math. 146 (1994), 85-99. 
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[Note: Therefore a metrizable space that has an equiconnecting structure need not be an AR.] 


A countable product of nonempty metrizable spaces is an AR iff all the factors are 
ARs. Example: [0, 1]",R”,[0,1]%, and R® are absolute retracts. A countable product of 
nonempty metrizable spaces is an ANR iff all the factors are ANRs and all but finitely 


many of the factors are ARs. Example: S” and T” are absolute neighborhood retracts 


Ss” x S"x--: ; 
but ar TT" yee (w factors) are not absolute neighborhood retracts. 
Every retract (neighborhood retract) of an AR (ANR) is an AR (ANR). An open 


subspace of an ANR is an ANR. 


EXAMPLE Let F be a normed linear space—then every nonempty convex subset of F is an AR 
and every open subset of E is an ANR. Assume in addition that EF is infinite dimensional. Let S be 
the unit sphere in E—then S' is an AR. To establish this, it need only be shown that S' is a retract of 
D, the closed unit ball in &. Fix a proper dense linear subspace Eo C FE (the kernel of a discontinuous 
linear functional on EF will do). In the notation of the Dugundji extension theorem, work with the pair 
(D, S), picking the points defining ext in SM Eo, and let f = idg—then there exists a continuous function 
ext(f) : D > E such that ext(f)|S = idg, with ext(f)(D) contained in SU(DMN Eo), a proper subset of 
D. Choose a point p in the interior of D: p ¢ ext(f)(D), let r: D — {p} > S be the corresponding radial 
retraction and consider ro ext(f). Corollary: Not every continuous function D + D has a fixed point. 

[Note: There is another way to argue. Kleet has shown that if E is an infinite dimensional normed 
linear space and if K C E is compact, then & and & — K are homeomorphic. In particular, E — {0} is 
homeomorphic to E, thus is an AR, and so S, being a retract of E — {0}, is an AR. Matters are trivial if 


E is an infinite dimensional Banach space, since then E is actually homeomorphic to S.] 


EXAMPLE Let Y be any set lying between ]0,1[" and [0,1]"—then Y is an AR. Thus let f 
be a closed embedding Y > Z of Y into a metrizable space Z. Call 7 the inclusion Y — [0,1], so 
jo f-! € C(f(Y),[0,1]"). Choose a g € C(Z,[0,1]”) : gl f(Y) = jo ft}. Fix a compatible metric d on 
Z and define a continuous function h : Z — [0,1] x [0,1] by sending z to (g(z), min{1, d(z, f(Y))}). The 
range of h is therefore a subset of igY U [0, 1]” x]J0, 1]. Let r : tg ¥Y U [0, 1]”x]0, 1] > ioY be the retraction 
determined by projecting from the point (1/2,... ,1/2,-1) € R”+? and let p: ig Y > Y be the canonical 


map. That f(Y) is a retract of Z is then seen by considering the composite foporoh. 


FACT Let Y be an AR; let B be a nonempty closed subspace of Y—then B is an AR iff B is a 


strong deformation retract of Y. 


+ Proc. Amer. Math. Soc. 7 (1956), 673-674. 
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[To see that the condition is necessary, fix a retraction r: Y — B and define a continuous function 
y (ye Y,t = 0) 
h:i9gY UIBUi1Y 4 Y by h(y,t) = 4 y (ye B,O< +t <1) . Since ign Y UIBUi1Y is a closed subspace of 


r(y) ye Y,t = 1) 
IY and since B is an AR, it follows from Proposition 5 that h has a continuous extension H : IY > Y |] 


Let Y be an AR—then Y is homeomorphic to its diagonal Ay which is therefore a strong deformation 
retract of Y x Y and this means that Y has an equiconnecting structure (cf. p. 6-10). 
[Note: A metrizable locally convex topological space is an AR (cf. p. 6-11 and Proposition 5) but 


not every AR is locally convex.] 


FACT Let Y be an ANR; let B be a closed subspace of Y—then B is an ANR iff the inclusion 
B-Y is a cofibration. 

[If B is an ANR, then so is ip ¥Y UIB (cf. p. 6-43 (NES4)), thus there exists a neighborhood O of 
ioY UIB in IY and a retraction r: O > io9Y UIB. Choose a neighborhood V of B in Y : IV C O and 


{ o|B=1 : { IY > ioY UIB 
fix 6 € C(Y,[0,1]): . Consider the map | 
oY -V=0 (y,t) > r(y, d(y)t) 


Let Y be an ANR—then Y is homeomorphic to its diagonal Ay, hence the inclusion Ay — Y x Y 
is a cofibration. Consequently, Y is uniformly locally contractible (cf. p. 3-14) and V yo € Y, (Y, yo) is 
wellpointed (cf. p. 3-15). 

[Note: It is unknown whether every metrizable uniformly locally contractible space is an ANR. Any 


counterexample would necessarily have infinite topological dimension (cf. infra).] 


Thanks to the placement lemma and the fact that a retract of a contractible (locally 
contractible) space is contractible (locally contractible), every AR (ANR) is contractible 
(locally contractible). Both the broom and the cone over the Cantor set are contractible 


but, failing to be locally contractible, neither is an ANR. 
LEMMA Suppose that Y is a contractible ANR—then Y is an AR. 


A locally path connected topological space X is said to be locally n-connected (n > 1) 
provided that for any x € X and any neighborhood U of x there exists a neighborhood 
V CU of & such that the arrow 1,(V,x) — m,(U,x) induced by the inclusion V > U 
is the trivial map (1 < q < n). If X is locally n-connected for all n, then X is called 
locally homotopically trivial. Example: A locally contractible space is locally homotopi- 


cally trivial. 


EXAMPLE Working in @?, let py = (rp(2k +1),0,...), where rg = 1/2k(k +1) (k = 1,2,...), 


and put po = lim Pp (= (0,0,...)). Denote by X;,(n) the set consisting of those points x = {x;}: 2; = 0 
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CO 
(i > n+ 1) and whose distance from pz is ry. The union {po}U LJ Xx(n +1) is locally n-connected but 
k=1 


CO 
not locally (n + 1)-connected, while the union {po} U U X4(k) is locally homotopically trivial but not 


k=) 
locally contractible. 


Let Y be a nonempty metrizable space. 
(LC”) Y is locally n-connected iff for every pair (X,A), where X is metrizable and A C X is 
closed with dim(X — A) <n+1, A has the NEP w.r.t. Y. 
(C” +LC”) Y is n-connected and locally n-connected iff for every pair (X,A), where X is 
metrizable and A C X is closed with dim(X — A) <n+1, A has the EP w.r.t. Y. 
Let Y be a nonempty metrizable space of topological dimension < n. 
(LC” + dim < n) Y is locally n-connected iff Y is locally contractible iff Y is an ANR. 
(C™ + LC” + dim < n) Y is n-connected and locally n-connected iff Y is contractible and 
locally contractible iff Y is an AR. 


The proofs of these results can be found in Dugundjit. 
[Note: It follows that a metrizable space of finite topological dimension is uniformly locally con- 


tractible iff it is an ANR and has an equiconnecting structure iff it is an AR.] 


EXAMPLE (Borsuk’s Cone) There exists a contractible, locally contractible compact metrizable 


CO 
space that is not an ANR. Choose a sequence: 0 = to < ti <--- < 1, limt, = 1. Inside the product [ [[o. 1], 
0 


CO CO 

forn = 1,2,... , form Yn = [tn—1, tn] x[0,1]" xO0x:---, put Yo = 1x] [[0, 1], and let Y = (U fr Yn )UYoo— 
1 1 

then Y is a compact connected metrizable space which we claim is locally contractible yet has nontrivial 


singular homology in every dimension, thus is not an ANR (cf. p. 6-20). Local contractibility at the points 
of Y — Yoo being obvious, let yoo = (1, y1,--.) € Yoo and fix a neighborhood U of yoo. There is no loss of 
generality in assuming that U is the intersection of Y with a set [ao, 1] x [a1, b1] x --- x [ax, bg] x [0,1] x---. 
Consider a neighborhood V of yoo that is the intersection of Y with a set [ag, 1] x [a1, 61] x +--+ x [ax, bg] Xx 
1 € [an+1,be+1] 


0 € [an+1, be41] 
are handled in a similar manner, suppose, e.g., that 1 ¢ [axn41, b¢41] and define a homotopy H: IV > U 


[ap41;6e41] X [0,1] x --- , where bg41 — a@g41 < 1. There are two cases: { . As both 


between the inclusion V + U and the constant map V > yoo by letting H(v,t) be consecutively 
(v0, U1... Uk, (1 — 3t)vp41, Veta, ---) 


(3t — 1+ (2— 3t)v0, v1,... , UK; 9, UR+2;---) 
(1, y1 — 3(1 — t)(y1 — v1), yo — 3(1 — t)(y2 — v2),...). 


+ Compositio Math. 13 (1958), 229-246; see also Kodama, Proc. Japan Acad. Sci. 33 (1957), 79-83. 
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0<t<1/3 
Here, v = (vo,v1,...) € V and ¢ 1/3 <t< 2/3. That Y is not an ANR is seen by remarking that fr Yp, 


2/3<t<1 
is a retract of Y, hence H,(fr Y;) & Z is isomorphic to a direct summand of H,(Y). The cone TY of Y 


is a contractible, locally contractible compact metrizable space. And Y, as a closed subspace of TY, is a 
neighborhood retract of TY. Therefore TY is not an ANR. Finally, Y is not uniformly locally contractible, 
so TY does not have an equiconnecting structure. 


[Note: Other, more subtle examples of this sort are known (Daverman-Walsh‘).] 


FACT Let Y C R”—then Y is a neighborhood retract of R” iff Y is locally compact and locally 


contractible. 


Haver? has shown that if a locally contractible metrizable space Y can be written as a countable 
union of compacta of finite topological dimension, then Y is an ANR. Example: Every metrizable CW 
complex X is an ANR. Indeed, for this one can assume that X is connected (cf. Proposition 12). But 
then X, being locally finite, is necessarily countable, hence can be written as a countable union of finite 


subcomplexes. 


Certain function spaces or automorphism groups that arise “in nature” turn out to 
be ARs or, equivalently, contractible ANRs. Example: Let FE be an infinite dimensional 
Hilbert space—then GL(£) is contractible (cf. p. 6-10). However, GL(F) is an open 
subset of a Banach space, thus is an ANR. Conclusion: GL(£) is an AR. 


EXAMPLE (Measurable Functions) Let Y be a nonempty metrizable space. Denote by My the 
set of equivalence classes of Borel measurable functions f : [0,1] + Y equipped with the topology of 
convergence in measure—then My is metrizable, a compatible metric being given by the assignment 
(f.9) > ff : d(f(«),g(x))dax, where d is a compatible metric on Y bounded by 1. Nhull has shown that 
My is an ANR. Claim: My is contractible. To see this, fix a point yo € Y and consider the homotopy 


A(f,t)(x) = { eee . Therefore My is an AR. 


yo (x <t) 
[Note: Take Y = R—then MR is a linear metric space. But its dual MR is trivial, hence Mp is not 


locally convex.] 


EXAMPLE (Measurable Transformations) Let I be the set of equivalence classes of measure 


+ Michigan Math. J. 30 (1983), 17-30. 
* Proc. Amer. Math. Soc. 40 (1973), 280-284. 
ll Fund. Math. 124 (1984), 243-254. 
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preserving Borel measurable bijections y : [0,1] — [0,1], i.e., let [T be the automorphism group of the 
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measure algebra A of the unit interval. Equip I with the topology of pointwise convergence on A—then a 
subbasis for the neighborhoods at a fixed yo € I is the collection of all sets of the form {y : |yAAyoA]| < e} 
(Ae A & «> 0), A being symmetric difference. With respect to this topology, T° is a first countable 
Hausdorff topological group, so I’ is metrizable. Nhut has shown that I’ is an ANR. Claim: I is contractible. 
To see this, let B be the complement of A in [0,1] and assign to each pair (A, y) its return partition, viz. the 
sequence {Q,}, where Qo = B, Q, = ANy7!A, and for n > 2, A, = ANY7!BN--- Ny M-VDBNY-*A. 


AxTro? . 
Define y4 € T by ya(a) = y" (a) (a € Qn), check that the map is continuous, and consider 


(A, Y) > YA 
the homotopy H(t,7) = y[#,1]. Therefore [ is an AR. 
[Note: Confining the discussion to the unit interval is not unduly restrictive since the Halmos-von 


Neumann theorem says that every separable, non atomic, normalized measure algebra is isomorphic to A.] 


Let X be a second countable topological manifold of euclidean dimension n. Denote by 
H(X) the set of all homeomorphisms X — X endowed with the compact open topology— 
then H(X) is a topological group (cf. p. 2-6). Moreover, H(X) is metrizable and one 
can ask: Is H(X) an ANR? If X is not compact, then the answer is “no” since there are 
examples where H(X) is not even locally contractible (Edwards-Kirby*). If X is compact, 
then H(X) is locally contractible (Cernavskii!) and there is some evidence to support a 
conjecture that H(X) might be an ANR. 

[Note: If X is not compact but is homeomorphic to the interior of a compact topo- 
logical manifold with boundary, then H(X) is locally contractible (Cernavskii(ibid.)). Ex- 
ample: H(R") is locally contractible.] 


EXAMPLE Take X = [0,1]—then H([0,1]) is homeomorphic to R” x {0,1} (thus is an ANR). 
In other words, the claim is that the identity component He({0,1]) of H([0,1]) is homeomorphic to R”. 


co 2” 

Form the product I] [[10. 1[n,; and define a homeomorphism between it and H-([0,1]) by assigning to 
n=0i=1 

a typical string (a»,;) an order preserving homeomorphism ¢ : [0,1] — [0,1] via the following procedure. 


Suppose that n is given and that there have been defined two sets of points 
An = {0 =a(n,0) < a(n,1) < +--+ < a(n, 2”) = 1} 
By = {0 = b(n, 0) < b(n, 1) <--- < b(n, 2”) = 1}, 


with d(a(n,i)) = b(n,i). To extend the definition of ¢ to an order preserving bijection An+1 7 Bn4i, 


An+1 D An rae +1 saa : : 
where and both have cardinality 2”** + 1, distinguish two cases. Case 1: n is odd. Let a; 
Bn4i =) Bn 


+ Proc. Amer. Math. Soc. 110 (1990), 515-522. 

= Ann. of Math. 98 (1971), 63-88. 

ll Math. Sbornik 8 (1969), 287-333; see also Rushing, Topological Embeddings, Academic Press (1973), 
270-293. 
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be the midpoint of [a(n,7— 1), a(n, 2)] and set 8; = d(a;) = &n,;(b(n, t) — b(n, i — 1)) + O(n, i — 1). Case 2: 


n is even. Let 8; be the midpoint of [b(n,i — 1), b(n, 2)] and set a; = 6—1(B;i) = an,i(a(n, i) — a(n, i — 1)) 


Anti SAU tage lyst 2” 
+a(n,i— 1). Define { ee nes : } , so that in obvious notation 
Bn41 = By U{Bp 60 Hynes 2" } 


An+1 = {0 = a(n + 1,0) <a(n+1,1) Bi ait < a(n +1,2"+1) = 1} 
Bn+i = {0 = b(n +1,0) < b(n + 1,1) Pere < b(n +1,2"+1) = 1}, 


A 
with d(a(n+1,z)) = b(n+1, 7). Ifnow , then { are dense in [0,1] and ¢: A — B is an order 
B 


preserving bijection, hence admits an extension to an order preserving homeomorphism ¢ : [0, 1] > [0,1]. 
[Note: H([0,1]) and H(]0,1[) are homeomorphic. In fact, the arrow of restriction H([0,1]) + H(]0,1[) 
is continuous and has for its inverse the arrow of extension H(]0, 1[) + H({0,1]), which is also continuous. 


Corollary: H(]0,1[) is an ANR. Corollary: H(R) is an ANR.] 


EXAMPLE Take X = S!—then H(S*) is homeomorphic to R“ x S! x {0,1} (thus is an ANR). To 
see this, it suffices to observe that H(S*) is homeomorphic to G x S!, where G is the subgroup of H(S*) 
consisting of those ¢ which fix (1,0). 


Therefore, if X is a compact 1-manifold, then H(X) is an ANR. The same conclusion obtains if X is 
a compact 2-manifold (Luke-Masont) but if n > 2, then it is unknown whether H(X) is an ANR. 


EXAMPLE Take X = [0,1]”, the Hilbert cube—then H(X) (compact open topology) is metriz- 
able and Ferry? has shown that H(X) is an ANR. 


LEMMA Let K = (V,%) be a vertex scheme—then ||, is an ANR. 
[There are three steps to the proof. 

(I) Fix a point * ¢ V and put V, =VU {x}. Let &, be the set of all nonempty 
finite subsets of V,. Call K, the associated vertex scheme. Claim: |K,.|, is an AR. Indeed, 
the inclusion |K,|, > £'(V,) is an isometric embedding with a convex range. 

(II) Let [, be the subspace of |K.,|, consisting of x., the characteristic function 
of {x}, and those ¢ 4 yx : 67'(]0,1]) NV € Y. Claim: T, is an AR. To establish this, it 
suffices to exhibit a retraction r : |K,|, > T,. Take a ¢ € |K,|p. Case 1: 6 = yx. There is 
no choice here: r(v«) = Yx. Case 2: 6 4 xx. Suppose that ¢—1(]0, 1]) —{*} = {vo,--- , Un}- 


+ Trans. Amer. Math. Soc. 164 (1972), 275-285. 
= Ann. of Math. 106 (1977), 101-119. 
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Order the vertexes v; so that $(vo) > --- > d(vn). Denote by k the maximal index: 
{vo,---, Ug} € & and define r(@) by the following formulas: 


r(d)(*) =1— d¢ r(g)(v) 
r(d)(v) =0 (ve V — {vo,.--, ve}) 


and 


One can check that r is welldefined and continuous. 


(III) Since I, — {x} is open in Ty, it is an ANR. Claim: |K'|, is a retract of 


I, — {vx}, hence is an ANR. To see this, consider the map ¢ > =n 


A topological space is said to be a (finite, countable) CW space if it has the homotopy 
type of a (finite, countable) CW complex. The following theorems characterize these classes 
in terms of ANRs. 


CW-ANR THEOREM Let X be a topological space—then X has the homotopy type 
of a CW complex iff X has the homotopy type of an ANR. 

[If X has the homotopy type of a CW complex, then there exists a vertex scheme K 
such that X has the homotopy type of |K| (cf. §5, Proposition 2) or still, the homotopy 
type of |K |, (cf. §5, Proposition 1) and, by the lemma, |K|, is an ANR. Conversely, if X 
has the homotopy type of an ANR Y, use the placement lemma to realize Y as a closed 
subspace of a normed linear space FE. Fix an open U C FE: U DY and a retraction 
r:U-—Y. Since U has the homotopy type of a CW complex (cf. §5, Proposition 6), the 


domination theorem implies that the same is true of Y.] 


COUNTABLE CW-ANR THEOREM Let X be a topological space—then X has the 
homotopy type of a countable CW complex iff X has the homotopy type of a second 
countable ANR. 

[If X has the homotopy type of a countable CW complex, then there exists a count- 
able locally finite vertex scheme K such that X has the homotopy type of |K| (cf. 5, 
Proposition 3 and p. 5-14). Therefore |K| = |K |p is Lindelof, hence second countable, 
and, by the lemma, |K’|, is an ANR. Conversely, if X has the homotopy type of a second 
countable ANR Y, then the “E” figuring in the preceding argument is second countable, 
therefore the “U” has the homotopy type of a countable CW complex (cf. §5, Proposition 


6) and the countable domination theorem can be applied.| 
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FINITE CW-ANR THEOREM Let X be a topological space—then X has the homo- 
topy type of a finite CW complex iff X has the homotopy type of a compact ANR. 

[One direction is easy: If X has the homotopy type of a finite CW complex, then there 
exists a finite vertex scheme K such that X has the homotopy type of |K| = |K|» (cf. 85, 
Proposition 3), which, by the lemma, is an ANR. The converse, however, is difficult: Its 


proof depends on an application of a number of theorems from infinite dimensional topology 
(West").] 


Application: The singular homology groups of a compact ANR are finitely generated 
and vanish beyond a certain point and the fundamental group of a compact connected 
ANR is finitely presented. 


According to the CW-ANR theorem, if Y is an ANR, then it and each of its open subsets has the 
homotopy type of a CW complex. On the other hand, it can be shown that every metrizable space with 
this property is an ANR (Cauty?). 


FACT Let Y be a nonempty metrizable space—then Y is an AR iff Y is a homotopically trivial 
ANR. 


[A connected CW complex is homotopically trivial iff it is contractible. Quote the CW-ANR theorem. ] 


Let X and Y be topological spaces. Let O = {O} be an open covering of Y—then two continuous 


7x3 Y 
functions f are said to be O-contiguous if Va € X JOE O: {f(x),g(x)} CO. 
g:X3Y ————<$--= 
LEMMA Suppose that Y is an ANR—then there exists an open covering O = {O} of Y such that 
: fEC(X,Y) ; 
for any topological space X : O-contiguous => f ~ g. 
gE C(X,Y) 


[Choose a normed linear space E containing Y as a closed subspace. Fix a neighborhood U of Y in 
E and a retraction r: U + Y. Let C = {C} be a covering of U by convex open sets. Put O =CNY. 
Take two O-contiguous functions f and g. Define h : IX — E by h(a,t) = (1 — t)f(x) + tg(x)—then 


hIX) CU, so H =rohis a homotopy 1X — Y between f and g.] 


Let X be a topological space, U = {U} an open covering of X. Let K = (V,™) be a vertex scheme— 
then a function f : |K()| + X is said to be confined by U ifVoE XU JU EU: f(lo|N|KO|) CU. 


+ Ann. of Math. 106 (1977), 1-18. 
= Fund. Math. 144 (1994), 11-22. 
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LEMMA Suppose that Y is an ANR. Let O = {O} be an open covering of Y—then there exists 
an open refinement P = {P} of O such that for every vertex scheme K = (V,™) and every function 
f :|K©|— Y confined by P there exists a continuous function F : |K| — Y such that F| |K©| = f and 
VoEX,VPEP: f(lolN|K|])cC PSIOCO: F(lol)UPCO. 

[Choose a normed linear space E containing Y as a closed subspace. Fix a neighborhood U of Y in 
E and aretraction r: U + Y. Let C = {C} be a refinement of r—!(Q) consisting of convex open sets. Put 
P =CNMY—then P is an open refinement of O which we claim has the properties in question. Thus let 
K =(V,=) be a vertex scheme. Take a function f : |K)| + Y confined by P. Given o € 5, write Cz for 
the convex hull of f(jo|N|K)]), itself a subset of some element C € C. Construct by induction continuous 
functions ®, : |K(™| > U subject to: 9 = f,On41| |K™ | = Sn, and Vo € YE, On(lo| N|K™|) C Co. 
Here the point is that if ®,, has been constructed and if o is an (n + 1)-simplex, then |o| — (a) C |K™|, 
therefore the restriction of ®, to |o| — (oc) can be continuously extended to |o|, Co being an AR. This 


done, define ® : |K| > U by | |K(™| = ©, Since each ©, is continuous, so is ®. Consider F = ro ©] 


These lemmas can be used to prove that if Y is an ANR of topological dimension < n, then Y is 
dominated in homotopy by |K|, where K is a vertex scheme: dim K <n, a result not directly implied 
by the CW-ANR theorem. In succession, let O be an open covering of Y per the first lemma, let P be 
an open refinement of O per the second lemma, and let Q be a neighborhood finite star refinement of P 
(cf. §1, Proposition 13)—then Q has a precise open refinement V of order < n+ 1 (cf. §19, Proposition 
6). Obviously, dim N(V) < n, N(V) the nerve of V. Fix a point yy in each V € N(V)©). Define 
f: |N(V)| > Y by f(vv) = yv- Claim: f is confined by P. For suppose that o = {Vj,..., Vg} is 
a simplex of N(V). Since Vi N---M Vy 4 @ and since V is a star refinement of P, there exists P € P: 
ViU-:-UVe CP = f(lol N|N(V)]) C P. Now take F : |N(V)| > Y as above and choose a V-map 
G:Y > |N(Y)| (cf. p. 5-3). One can check that Fo G and idy are O-contiguous, hence homotopic. 

[Note: By analogous arguments, if Y is a compact (connected) ANR of topological dimension < n, 
then Y is dominated in homotopy by |K]|, where K is a vertex scheme: dim K < n and |K| is compact 


(connected).] 


Application: Let Y be an ANR of topological dimension < n—then the singular homology groups of 


Y vanish in all dimensions > n. 


EXAMPLE Suppose that Y is a compact connected ANR: dim Y = 1 & 71(Y) 4 1—then 71(Y) is 


finitely generated and free. Consequently, Y has the homotopy type of a finite wedge of 1-spheres. 


There are two variants of the CW-ANR theorem. 
(Paired Version) A CW pair is a pair (X, A), where X is a CW complex and 
A Cc X is a subcomplex; an ANR pair is a pair (Y, B), where Y is an ANR and B CY is 
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closed and an ANR. Working then in the category of pairs of topological spaces, the result 
is that an arbitrary object in this category has the homotopy type of a CW pair iff it has 
the homotopy type of an ANR pair. 
(Pointed Version) A pointed CW complex is a pair (X,209), where X is a CW 
complex and x9 € X); a pointed ANR is a pair (Y, yo), where Y is an ANR and yo € Y. 
Working then in the category of pointed topological spaces, the result is that an arbitrary 
object in this category has the homotopy type of a pointed CW complex iff it has the 
homotopy type of a pointed ANR. 
[Note: There is also a CW-ANR theorem for the category of pointed pairs of topolog- 


ical spaces. | 


In HTOP?, the relevant reduction is that if (X,A) is a CW pair, then there exists a vertex scheme 
K and a subscheme L such that (X, A) & (|K|,|Z|), while in HTOP.,., the relevant reduction is that if 
(X,x0) is a pointed CW complex, then there exists a vertex scheme K and a vertex vg € V such that 


(X, 20) & (|K], vol) (cf. p. 5-12). 
Convention: The function spaces encountered below carry the compact open topology. 


LEMMA Let X,Y, and Z be topological spaces. 
(i) Let f € C(X,Y)—then the homotopy class of the precomposition arrow 
f* : C(Y, Z) — C(X, Z) depends only on the homotopy class of f. 
(ii) Let g € C(Y, Z)—then the homotopy class of the postcomposition arrow 
gx 1 C(X,Y) > C(X, Z) depends only on the homotopy class of g. 


Application: The homotopy type of C(X,Y) depends only on the homotopy types of 
X and Y. 

[Note: By the same token, in TOP? the homotopy type of (C(X, A;Y, B), C(X, B)) 
depends only on the homotopy types of (X, A) and (Y, B), whereas in TOP, the homotopy 
type of C(X, x0; Y, yo) depends only on the homotopy types of (X, xo) and (Y, yo).] 


PROPOSITION 6 Let K be a nonempty compact metrizable space; let Y be a metriz- 
able space—then C(k, Y) is an ANR iff Y is an ANR. 

[Necessity: Assuming that Y is nonempty, embed Y in C(K,Y) via the assignment 
y — j(y), where j(y) is the constant map K — y. Fix a point ko € K and denote by 
eg : C(K,Y) > Y the evaluation ¢ > (ko). Because j o eg is a retraction of C(K,Y) 
onto j(Y), it follows that if C(K,Y) is an ANR, then so is Y. 


6-24 


Sufficiency: Let (X,A) be a pair, where X is metrizable and A C X is closed. Let 
f:A—C(K,Y) be a continuous function. Define a continuous function ¢: A x kK > Y 
by setting ¢(a,k) = f(a)(k). Since Y is an ANR, there is a neighborhood O of A x K in 
X x K and a continuous function ® : O > Y with ®|A x K = ¢. Fix a neighborhood 
U of Ain X :Ux K CO. Define a continuous function F : U > C(K,Y) by setting 
F(u)(k) = ®(u,k). Obviously, F|A = f, thus C(K,Y) is an ANR (cf. Proposition 5).] 


Keeping to the above notation, the compactness of K implies that mo(C(K,Y)) = 
[K,Y]. Assume in addition that Y is separable—then C'(K, Y) is separable. But C(K, Y) 


is also an ANR, hence its path components are open. Conclusion: #[K,Y] < w. 


Here is another corollary. Suppose that X is a finite CW space—then, on the basis of 
the CW-ANR theorem, for any CW space Y, C(X,Y) has the homotopy type of an ANR, 
hence is again a CW space. 

[Note: Some assumption on X is necessary. Example: Give {0, 1} the discrete topology 
and consider {0, 1}%.] 


EXAMPLE Let X be a topological space—then the free loop space AX of X is defined by the 
AX — PX 
pullback square | | , where II is the Hurewicz fibration o > (o(0),0(1)) and X ~> XxX 
x — Xxx 
is the diagonal embedding. The arrow AX — X is a Hurewicz fibration and its fiber over ro is Q(X, 2x0), 
so if X is path connected, then the homotopy type of Q(X,x09) is independent of the choice of x9. Since 
AX can be identified with C(S!, X) (compact open topology), the free loop space of X is a CW space 
when X is a CW space. 
We — PX@ 
[Note: Given a topological group G, define W@° by the pullback square | |n : 
XExG => Xx XP 
where ®(x,9) = (x,“-g)—then W@°/G can be identified with ABZ and there is a weak homotopy equiv- 
alence AB? > (X@ x G)/G (the action of G on itself being by conjugation).] 


EXAMPLE Suppose that X and Y are path connected CW spaces for which there exists an n 
such that (i) X has the homotopy type of a locally finite CW complex with a finite n-skeleton and (ii) 
tq(Y) = 0 (V gq > n)—then C(X,Y) is a CW space. 

[Take X to be a locally finite CW complex with a finite n-skeleton X("). One can assume that n is 
> 0 because when n = 0, Y is contractible and the result is trivial. Consider the inclusion 7 : Duo ae 


then the precomposition arrow i* : C(X,Y) + C(X(™,Y) is a Hurewicz fibration (cf. §4, Proposition 6) 
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and, in view of the assumption on Y, its fibers are either empty or contractible. But C(X‘),Y) is a CW 
space, thus so is C(X,Y) (cf. Proposition 11).] 


PROPOSITION 7 Let K be a nonempty compact metrizable space, L C K a nonempty 
closed subspace; let Y be a metrizable space, Z C Y a closed subspace. Suppose that Y is 
an ANR—then C(K, ZL; Y, Z) is an ANR iff Z is an ANR. 

[Assuming that Z is nonempty, one may proceed as in the proof of Proposition 6 
and show that Z is homeomorphic to a retract of C(K, L; Y, Z), from which the necessity. 
Consider now a pair (X,A), where X is metrizable and A C X is closed. Let f : A > 
C(K, L;Y, Z) be a continuous function. Define a continuous function ¢: A x L > Z by 
setting o(a, 2) = f(a)(£). Since Z is an ANR, there is a neighborhood O of Ax Lin X x L 
and a continuous function ®@: O > Z with ®|A x L = ¢. Fix a neighborhood U of A 
in X :Ux LC O. Define a continuous function 7 : Ax KUU x L > Y by setting 


{ Ae _ ia . Since Y is an ANR, there is a neighborhood P of Ax K UU x L in 
Xx K and a continuous function UV : P > Y with V|Ax KUUxL =. Fix a neighborhood 
VofAinX:VxkKCP&VCU. Define a continuous function F : V > C(K, L;Y, Z) 
by setting F(v)(k) = U(v,k). Obviously, F|A = f, thus C(K,L;Y,Z) is an ANR (cf. 
Proposition 5).] 


Take, e.g., (K,L) = (S",8n) (sn = (1,0,...,0) € R"**,n > 1) and let yo € Y— 
then m,(Y, yo) = mo(C(S”, 5n; Y,yo)). Accordingly, if Y is separable, then 7,,(Y, yo) is 
countable. Example: The homotopy groups of a countable connected CW complex are 


countable. 


LOOP SPACE THEOREM Let (X, 29) be a pointed CW space—then the loop space 
Q(X, xo) is a pointed CW space. 

[Fix a pointed ANR (Y,yo) with the pointed homotopy type of (X,20) (cf. p. 6— 
22)—then Q(Y, yo) = C(S*, 1; Y, yo) is a pointed ANR (cf. Proposition 7), so Q(X, 209) = 
C(S', 51; X, 20) is a pointed CW space.] 


EXAMPLE Suppose that (X,2x9) is path connected and numerably contractible. Assume: Q.X is 
a CW space—then X is a CW space. Thus let f : K — X be a pointed CW resolution. Owing to the 
loop space theorem, QK is a CW space. But the arrow Qf :QK > QX is a weak homotopy equivalence 
and since (LX is a CW space, it follows from the realization theorem that Of is a homotopy equivalence. 
Therefore f is a homotopy equivalence (cf. p. 4-27). 

[Note: Let X be the Warsaw circle—then X is not a CW space. On the other hand, there exists a 


continuous bijection ¢ : [0, 1[— X which is a regular Hurewicz fibration. As this implies that ¢ is a pointed 
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Hurewicz fibration (cf. p. 4-14), OX has the same pointed homotopy type as 2[0,1[ (cf. p. 4-35), hence 


is a CW space, so X is not numerably contractible. ] 


EXAMPLE (Classifying Spaces) Let G be a topological group—then B@? is path connected and 
numerably contractible (inspect the Milnor construction). Moreover, according to §4, Proposition 36, G 
and 2.Be? have the same homotopy type. Taking into account the preceding example, it follows that if 
G is a CW space, then the same is true of B@?. Corollary: Any classifying space for G is a CW space 
provided that G itself is a CW space. 


LEMMA Let X5Z2£Y bea 2-sink. Assume: X,Y, and Z are ANRs—then Wy, 
is an ANR. 


PROPOSITION 8 Let X-5Z2£Y be a 2-sink. Assume: X,Y, and Z are CW 
spaces—then Wy, is a CW space. 


Xx! ; p:X'>X ‘= fod 
[Fix ANRs { yl? homotopy equivalences { Gea and put { gow then 
aS Ee 
there is a commutative diagram 4 | |v, thus the arrow Wy 9: > Wy.g is 


X —- ZF & YY 
f 9g 


a homotopy equivalence (cf. p. 4-25). Choose a homotopy equivalence ¢ : Z + Z’, where 
Z' is an ANR. There is an arrow Weg: > Weof!,cog’ and it too is a homotopy equivalence. 
But from the lemma, Weo cog! is an ANR.] 


For a case in point, let X and Y be CW spaces—then V f € C(X,Y), W¢ is a CW 
space, and V f € C(X, 20; Y, yo), Ey is a CW space. 


FACT Let p: X > B bea regular Hurewicz fibration. Assume: 4 bo € B such that Q(B, bo) and 


Xb, are CW spaces—then V xo € Xoo, Q(X, x9) is a CW space. 


0 
[By regularity, there is a lifting function Ag : Wp > PX with the property that Ao(z,7T) € j(X) 
whenever tT € j(B). Define f : Q(B,bo) + Xo, by f(r) = Ao(zo,7)(1), so f(j(bo)) = zo. The mapping 


fiber Ey of f has the same homotopy type as Q(X, x0).] 


PROPOSITION 9 Suppose that p: X — B is a Hurewicz fibration and let ®’ € 
C(B’', B). Assume: X,B, and B’ are CW spaces—then X’' = B’ xg X is a CW space. 


[In view of the preceding proposition, this follows from §4, Proposition 18.] 


Application: Let p : X — B be a Hurewicz fibration, where X and B are CW 
spaces—then V b € B, Xp is a CW space. 
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[Note: Let X be a CW space. Relative to a base point, work first with PX EX to 
see that OX is a CW space and then consider OX “4X to see that Q.X is a CW space, 


thereby obtaining an unpointed variant of the loop space theorem.] 


PROPOSITION 10 Suppose that p: X — B is a Hurewicz fibration and let O C B. 
Assume: X is an ANR, B is metrizable, and the inclusion O > B is a closed cofibration— 
then Xo is an ANR. 

[The inclusion Xo — X is a closed cofibration (cf. §4, Proposition 11), a condition 
which is characteristic (cf. p. 6-14).] 


Application: Let p: X — B bea Hurewicz fibration, where X and B are ANRs—then 
VYbEB, Xp is an ANR. 
[Given b € B, the inclusion {b} > B is a closed cofibration (cf. p. 6—-14).| 


EXAMPLE Let (Y,B,bo) be a pointed pair. Assume: Y and B are ANRs, with B C Y closed. 
Let ©(Y,B) be the subspace of OY consisting of those r such that 7(1) € B—then O(Y, B) is an ANR. 
oO(Y,B) — oY 
In fact, OY is an ANR and there is a pullback square | |?1. 


B —_ Y 


EXAMPLE Take Y = 8S” x 8S” x --- (w factors), yo = (8n,$n,-.-)—then Y is not an ANR. 
Nevertheless, for every pair (X, A), where X is metrizable and A C X is closed, A has the HEP w.r.t. Y 
(cf. p. 6-41). Therefore OY is an AR. Still, OY is not an ANR. Indeed, none of the fibers of the Hurewicz 
fibration pi : OY — Y is an ANR. 


PROPOSITION 11 Suppose that p: X > B is a Hurewicz fibration. Assume: B is 
a CW space and V b € B, Xz is a CW space—then X is a CW space. 

[Fix a CW resolution f : K — X. Consider the Hurewicz fibration q: Wr > X(f = 
qos). Since s: K — Wy is a homotopy equivalence, Wy is a CW space. Moreover, q is 
a weak homotopy equivalence and the composite p oq: Wy — B is a Hurewicz fibration. 
The fibers (po q)~'(b) = q~*(Xp) are therefore CW spaces. Comparison of the homotopy 
sequences of po q and p shows that the arrow q : q~!(X4) 4 Xp is a weak homotopy 
equivalence, hence a homotopy equivalence. Because B is numerably contractible (being 
a CW space), one can then apply §4, Proposition 20 to conclude that q¢: Wy > X isa 
homotopy equivalence. | 

[Note: If p: X > B is a Hurewicz fibration and if X and the Xp, are CW spaces, then 
it need not be true that B is a CW space (consider the Warsaw circle).| 
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Let p: X > B bea Hurewicz fibration, where X is metrizable and B and the X, are ANRs. Question: 
Is X an ANR? While the answer is unknown in general, the following lemma implies that the answer is 
“ves” provided that the topological dimension of X is finite (cf. p. 6-15). Infinite dimensional results can 


be found in Ferry?. 


LEMMA _ § Suppose that p: X > B is a Hurewicz fibration. Assume: B is an ANR and V DE B, 
Xz» is locally contractible—then X is locally contractible. 

[Fix xo € X, put bo = p(xo), and let U be any neighborhood of xo. Since p has the slicing structure 
property (cf. p. 4-14), it is an open map. Accordingly, one can assume at the outset that there is a 
continuous function ® : p(U) > PB such that { Bake i: & (bo) (t) = bo (0< t < 1). Using the local 
contractibility of Xp, , choose a neighborhood Oo CUnxs, ae in Xp, and a homotopy ¢ : [09 + UNXb, 


£,0) =a 
satisfying { en) (uo €U Xb). Fix a neighborhood Up of xo : Up C U and Op = Up N Xp. Let 


(a, 1) = uo 
Ao: Wp > PX be a lifting function with the property that Ag(x,7) € j(X) whenever 7 € j(B). Define 
F € C(U,PX) by F(x) = Ao(x, ®(p(x))). Because F(xo) = j(vo0) € {o € PX : o([0,1]) C Uo}, there is 


a neighborhood V C Uo of xo such that V x € V, F(x)(t) € Up (0 < t <1). If now H: IV > U is the 


homotopy H(x,t) = Wee, (0<¢< 1/2) { H(xz,0)=2 


; , l.e., the inclusion V > U 
$(F(x)(1),2- 1) (1/2<t<1) H(a,1) = uo 
is inessential.] 


Let Y be a metrizable space. Suppose that Y admits a covering V by pairwise disjoint 
open sets V, each of which is an ANR—then Y is an ANR. To see this, assume that Y 
is realized as a closed subspace of a metrizable space Z. Fix a compatible metric d on Z. 
Given a nonempty V € VY, put Oy = {z: d(z,V) < d(z, Y — V)}—then Oy is open in Z 
and Oy NY = V. Moreover, the Oy are pairwise disjoint. By hypothesis, there exists an 
open subset Uy of Oy containing V and a retraction ry : Uy ~ V. Form U = UUy, a 

V 


neighborhood of Y in Z, and define a retraction r: U > Y by r|Uy =ry. 
What is less apparent is that the same assertion is still true if the V are not pairwise 


disjoint. 


LEMMA Let Y be a metrizable space. Suppose that Y = Y; U Yo, where Y, and Y5 
are open and ANRs—then Y is an ANR. 
[This is proved in a more general context on p. 6-43 (cf. NESs).] 


PROPOSITION 12 Let Y be a metrizable space. Suppose that Y admits a covering 
Y by open sets V, each of which is an ANR—then Y is an ANR. 


+ Pacific J. Math. '75 (1978), 373-382. 
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[Use the domino principle (cf. p. 1-24).| 


Application: Every metrizable topological manifold is an ANR, hence by the CW- 
ANR theorem has the homotopy type of a CW complex. 


In particular, every compact topological manifold is an ANR, hence by the finite CW- 
ANR theorem has the homotopy type of a finite CW complex. If X and Y are finite CW 
complexes, then #|X,Y] < w (cf. p. 6-23). Specializing to the attaching process (and 
recalling that the inclusion S"~' + D” is a closed cofibration), it follows that the set of 
homotopy types of compact topological manifolds is countable. 

[Note: One can even prove that the set of homeomorphism types of compact topolog- 


ical manifolds is countable (Cheeger-Kister‘).| 


The use of the term “set” in the above is justified by remarking that the full subcategory of TOP 


whose objects are the compact topological manifolds has a small skeleton. 


EXAMPLE Let p: X —> B be a covering projection. Suppose that X is metrizable and B is an 
ANR—then X is an ANR. 


[Note: The assumption that X is metrizable is superfluous.] 


EXAMPLE Let p: X > B be a Hurewicz fibration. Assume: X is an ANR and B is a path 
connected, numerably contractible, paracompact Hausdorff space—then B is an ANR. For let O be an 
open subset of B with the property that the inclusion O — B is inessential, say homotopic to O —> b. 
Since Xo is fiber homotopy equivalent to O x X»y (cf. p. 4-24), seco(Xo) is nonempty (cf. §4, Proposition 
1), so O is homeomorphic to a retract of Xo, an ANR. Therefore B is locally an ANR, hence an ANR 


(recall that locally metrizable + paracompact = metrizable; cf. p. 1-19). 


EXAMPLE Let X be an aspherical compact topological manifold. Assume: x(X) 4 0—then the 
path component of the identity in C(X, X) is contractible. 

[Since C(X, X) is an ANR (cf. Proposition 6), the path component of the identity in C(X,X) is a 
K(Cen7,1) (cf. p. 5-30 ff.), where 7 = 71(X). On the other hand, the assumption .(X) 4 0 implies that 


Cen 7 is trivial.] 


Let X and Y be metrizable spaces. Let A be a closed subspace of X and let f : A > Y bea 


continuous function—then Borges? has shown that X LU 7 Y is metrizable iff every point of X Uz Y belongs 


+ Topology 9 (1970), 149-151. 
* Proc. Amer. Math. Soc. 24 (1970), 446-451. 
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to a compact subset of countable character, i.e., having a countable neighborhood basis in X. In particular, 
this condition is satisfied if X Uy Y is first countable or if A is compact. 


[Note: In any event, X Ly Y is a perfectly normal paracompact Hausdorff space (ADs (cf. p. 3-1)).] 


LEMMA Let B be a closed subspace of a metrizable space Y such that the inclusion B > Y is a 
cofibration. Suppose that B and Y — B are ANRs—then Y is an ANR. 
[Fix a Strom structure (w, V) on (Y,B) and put V = y—1((0,1[). Show that V is an ANR.] 


FACT Let X and Y be ANRs. Let A be a closed subspace of X and let f : A > Y be a continuous 
function. Suppose that A is an ANR—then X Liz Y is an ANR provided that it is metrizable. 


LEMMA Let B be a closed subspace of a metrizable space Y such that the inclusion B > Y is a 
cofibration. Suppose that B is an AR and Y — B is an ANR—then Y is an AR if B is a strong deformation 
retract of Y. 

[It follows from the previous lemma that Y is an ANR. But Y and B have the same homotopy type 


and B is contractible.] 


FACT Let X and Y be ARs. Let A be a closed subspace of X and let f : A > Y be a continuous 
function. Suppose that A is an AR—then X Uy Y is an AR provided that it is metrizable. 


EXAMPLE Take X = (0, 1]?, A = [1/4,3/4]x {1/2}, Y = [0, 1]? and let f : A + Y bea continuous 
surjective map—then X Ly Y is a compact AR of topological dimension 3, yet it is not homeomorphic to 


any CW complex. 


Let (X,A) be a CW pair. Is it true that A has the EP w.r.t. any locally convex topological vector 
space? A priori, this is not clear since CW complexes are not metrizable in general. There is, however, a 
class of topologically significant spaces, encompassing both the class of metrizable spaces and the class of 
CW complexes for which a satisfactory extension theory exists. 

Let X be a Hausdorff space; let 7 be the topology on X—then X is said to be stratifiable if there 
exists a function STx : N x rT + 7, termed a stratification, such that (a) VU € rT, STx(n,U) CU; (b) 
VU €7, USTx(n,U) =U; (c) VU,V Er: U CV = STx(n,U) C STx(n,V). A stratifiable space is 
perfectly noraial and every subspace of a stratifiable space is stratifiable. A finite or countable product of 
stratifiable spaces is stratifiable. A stratifiable space need not be compactly generated and a compactly 


generated space need not be stratifiable, even if it is regular and countable (Foged'). Example: Every 


+ Proc. Amer. Math. Soc. 81 (1981), 337-338; see also Proc. Amer. Math. Soc. 92 (1984), 470-472. 
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metrizable space is stratifiable. Example: The Sorgenfrey line, the Niemytzki plane, and the Michael line 
are not stratifiable. 


[Note: Junnilat has shown that every topological space is the open image of a stratifiable space.] 


FACT Let X be a topological space; let A = {Aj : 7 € J} be an absolute closure preserving closed 
covering of X. Suppose that each Aj; is stratifiable—then X is stratifiable. 

[X is necessarily a perfectly normal Hausdorff space (cf. p. 5-4). As for stratifiability, consider the 
set P of all pairs (1,5T,), where J C J and ST; is a stratification of X; = U A;. Order P by stipulating 


a 


that (I’,ST,) < 2", ST) iff I’ C I” and for each open subset U of X pr: 
ST(n, U)N Xp= ST(n, UN X71) & ST(n, U)N Xp= ST(n, UN X71). 
I I I I 
Every chain in P has an upper bound, so by Zorn, P has a maximal element (Jo,ST;,). Verify that 


Spa 


Application: Every CW complex is stratifiable. 

[The collection of finite subcomplexes of a CW complex X is an absolute closure preserving closed 
covering of X.] 

Application: Let FE be a vector space over R. Equip FE with the finite topology—then E is stratifiable. 

[Fix a basis {e; : 7 € I} for E. Assign to each finite subset of I the span of the corresponding e;. The 


resulting collection of linear subspaces is an absolute closure preserving closed covering of E.] 
FACT Suppose that X and Y are stratifiable—then the coarse join X *. Y is stratifiable. 


Application: Let G be a stratifiable topological group—then V n, X@ is stratifiable. 


CO 
LEMMA Let X = U Xn be a topological space, where Xn C Xn+1 and Xp, is stratifiable and a 


0 
zero set in X, say Xn = bn (0) (én € C(X,[0,1]). Suppose that there is a retraction rp, : bn (0, 1) > Xn 
such that V «© € Xp —Xn—1 (X_1 = 9), the sets r71(U)N¢;'([0,t[) form a neighborhood basis of x in X 
(U a neighborhood of x in Xy, and 0 < t < 1)—then X is stratifiable. 


[The assumptions imply that X is Hausdorff. To construct ST x, fix a stratification ST, of Xn : 
STx,,(k,U) C ST x, (k +1,U). Given an open subset U of X, denote by U(n,k) the interior of 


{2 € Xn ira (2) Non *((0,1/(k +11) CU} 
in X, and for N = 1,2,..., put 


STx(N,U) = U ra (ST xp(N,U(n, k))) 1 bp? (10,1/(k + 2)[)-] 
n,k<N 


+ Collog. Math. Soc. Jénos Bolyai 23 (1980), 689-703; see also Harris, Pacific J. Math. 91 (1980), 
95-104. 
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EXAMPLE (Classifying Spaces) Let G be a stratifiable topological group—then X@P and B@ 
are stratifiable. 

[Since the X@ are stratifiable, the lemma can be used to establish the stratifiability of X2?. As for 
Be, in the notation of the Milnor construction, X @|O; is homeomorphic to O; x G, thus O; is stratifiable 


and so B@? admits a neighborhood finite closed covering by stratifiable subspaces, hence is stratifiable. ] 


FACT Let X and Y be stratifiable. Let A be a closed subspace of X and let f: A > Y bea 


continuous function—then X LI 7 Y is stratifiable. 


Application: Suppose that (X, A) is a relative CW complex. Assume: A is stratifiable—then X is 
stratifiable. 


Let X be a topological space; let S and T be collections of subsets of X—then S is said to be cushioned 
in T if there exists a function Tr : S 4 T such that V Sp C S: U{S: S € So} C U{I(S) : S € So}. For 
example, if S is closure preserving, then S is cushioned in S. A collection S which is the union of a 
countable number of subcollection S,,, each of which is cushioned in 7, is said to be o-cushioned in 7. 

Michaelt has shown that a CRH space X is paracompact iff every open covering of X has a o- 
cushioned open refinement (cf. p. 1-3). This result can be used to prove that stratifiable spaces are para- 
compact. For suppose that U/ = {U} is an open covering of X. Put Un = {ST x(n,U):U €U}. Let Uo C 
U—then VU € Up, ST x(n,U) C ST x(n, UU) C ST x(n, Uo) C Uo, from which U{ST x(n, U) : U € Uo} 
C Ul, thus Uy, is cushioned in U and so U has a o-cushioned open refinement. Therefore X is paracom- 
pact. Example: A nonmetrizable Moore space is not stratifiable (Bing (cf. p. 1-18)). 

[Note: Another way to argue is to show that every stratifiable space is collectionwise normal and 


subparacompact (cf. §1, Proposition 10 and the ensuing remark).] 


Let X be a CRH space—then X is said to satisfy Arhangel’skii’s condition if there exists a sequence 
{Un} of collections of open subsets of @X such that each Up covers X and V a € X : ()st(a,Un) C X. 


n 
Example: Every topologically complete CRH space X satisfies Arhangel’skii’s condition. In fact X is a G5 
CO 
in BX, thus X = () Un (Un open in BX) and so we can take U, = {Un}. Example: Every Moore space 


1 
satisfies Arhangel’skii’s condition. 


FACT Let X be a CRH space. Suppose that X satisfies Arhangel’skii’s condition—then X is 


compactly generated. 


+ Proc. Amer. Math. Soc. 10 (1959), 309-314. 
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Let X be a CRH space—then Kullmant has shown that X is Moore iff X is submetacompact, has 
a Gs diagonal, and satisfies Arhangel’skii’s condition. Since a stratifiable space is paracompact and has a 
perfect square, it follows that every stratifiable space satisfying Arhangel’skii’s condition is metrizable (Bing 
(cf. p. 1-18)). Consequently, a nonmetrizable stratifiable space cannot be embedded in a topologically 


complete stratifiable space. Example: Every stratifiable LCH space is metrizable. 


A Hausdorff space X is said to satisfy Ceder’s condition if X has a o-closure preserving basis. Ex- 
ample: Suppose that X is metrizable—then X satisfies Ceder’s condition. Reason: The Nagata-Smirnov 
metrization theorem says that a regular Hausdorff space X is metrizable iff X has a o-neighborhood finite 
basis. On the other hand, every CW complex satisfies Ceder’s condition (cf. infra) and a CW complex is 


not in general metrizable. 


FACT Let X be a Hausdorff space. Suppose that X is the closed image of a metrizable space—then 


X satisfies Ceder’s condition. 


Any X that satisfies Ceder’s condition is stratifiable. Proof: Let O = U On be a o-closure preserving 


n 
basis for X, attach to each closed A C X : O(n, A) = X — LJ{o :O € On & ANO = O} and then define 
STx : Nx 7-7 by setting STx(n,U) = X — O(n, X — U). 


[Note: It is unknown whether the converse holds.] 


EXAMPLE (M complexes) A topological space is said to be an Mg space if it is metrizable and, 
recursively, a topological space is said to be an My+1 space if it is homeomorphic to an adjunction XU; Y, 
where X is an Mo space and Y is an My space. An Mo space is a topological space that is an Mn space 
for some n. 

A topological space X is said to be an M complex if there exists a sequence of closed Mao subspaces 
X =UA; 
Aj Cc Mae 

Example: Every CW complex is an M complex. Since an M complex is the quotient of a metrizable space, 


Aj: and the topology on X is the final topology determined by the inclusions A; > X. 


an M complex is necessarily compactly generated. Therefore a subspace of an M complex is an M complex 
iff it is compactly generated. Every M complex satisfies Ceder’s condition, hence is stratifiable. 


[Note: Not every CW complex is the closed image of a metrizable space.] 


DUGUNDJI EXTENSION THEOREM Let X be a stratifiable space; let A be a closed sub- 
A, E) 


? 


Cc 
space of X. Let E be a locally convex topological vector space. Equip { ( with the compact 


+ Proc. Amer. Math. Soc. 27 (1971), 154-160. 
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open topology—then there exists a linear embedding ext : C(A, FE) — C(X, E) such that V f € C(A, £), 


ext(f)|A = f and the range of ext(f) is contained in the convex hull of the range of f. 
STx(n,X) =X 
[Normalize ST x : & STx(n,U) CST x(n+1,U). Given x € U, let n(x, U) 
STx(1,X —{#}) =0 

be the smallest integer n : x € STx(n,U). Put U(x) = STx(n(az,U),U) — ST x(n(az,U), X — {x}), a 
neighborhood of zx. Plainly, U(r) N V(y) 4 @ & n(z,U) < n(y,V) > y € U. On the other hand, 
n(xz,X)=1 
X(x#) =X 
X—A:n(x) = max{n(a,O)(O € rT): a€ A & x € O(a)}—then n(x) < n(x, X — A). Since every subspace 


of X is stratifiable, X — A is, in particular, paracompact. Thus the open covering {(X — A)(x) : « € xX — A} 


=> {U:y € U(xz)} # @. Assuming that A is nonempty and proper, attach to each x € 


has a neighborhood finite open refinement {U; : i € I}. Each U; determines a point 7; € X —A:U; C 
(X — A)(x;), from which a point a; € A and a neighborhood O; of a; : 2; € O;(a;) & n(a;) = n(a;, O;). 
Choose a partition of unity {K;:7€ I} on X — A subordinate to {U; : i € I}. Given f € C(A, E), let 


f(x) (x € A) 


ext(f)(x) = Do ri(e) fai) (w € X — A). 


Referring back to the proof of the Dugundji extension theorem in the metrizable case and eschewing the 
obvious, it is apparent that there are two nontrivial claims. 

Claim 1: ext(f) is continuous at the points of A. 

[Let a € A; let N be a convex neighborhood of f(a) in E. By the continuity of f, there exists a 
neighborhood O of a in X : f(ANO) CN. Assertion: ext(f)(O(a)(a)) C N. Case 1: x € AN O(a)(a). 
Here, x € AN O and ext(f)(z) = f(a) € N. Case 2: x € (X — A) MN O(a)(a). Take any index 7: Ki (x) # 
O(=> x € U;)—then @ 4 U;N O(a)(a) C (X — A) (xj) N O(a) > 2; € O(a) > n(a,O) < n(aj) = n(ai,O;) > 
aj €EO=> f(ai) Ee N => ext(f)(x) € N.] 

Claim 2: ext € LEO(X, A; E). 


a) =a acA 
[Define a function ¢ : X — 24 by the rule { PR Na ( ) , Iz the set {i € 


d(x) = {az :i€ Iz} (cE X—A) 
I: x € spt «;}. Given a nonempty compact subset K of X, put K4 = U d(x). Assertion: K 4 is 
cekK 
compact. Since the ¢(x) are finite, hence compact, it will be enough to show that for every x € X and 


for every open subset V of A containing $(x) there exists an open subset U of X containing x such that 
Ud(U) C V. Case 1: « € X — A. Here one need only remark that there exists a neighborhood U of x 
inX—-A:yE€US dy) C d(x). Case 2: a € A. Let O be an open subset of X: ¢(a) = {a} C O. If 
xz € AN O(a){a), then ¢(x) = {x} C O, while if x € (X — A)N O(a)(a), then arguing as in the first claim, 
Yi € Iz,a; € O. Conclusion: Ud(O(a)(a)) C AN O.]] 

[Note: Suppose that E is a normed linear space—then the image of ext |BC(A, E) is contained in 
BC(X, E) and, per the uniform topology, ext : BC(A, FE) — BC(X, E) is a linear isometric embedding: 
V f € BOCA, E), | fll = llext(f)|I-] 


6-35 


FACT Let A C X, where X is stratifiable and A is closed—then A has the EP w.r.t. any locally 


convex topological space. 


Is it true that if kK is a compact Hausdorff space and X is stratifiable, then C(K, X) is stratifiable? 


The answer is “no” even if K = [0,1]. 


EXAMPLE Let X be the closed upper half plane in R?. Topologize X as follows: The basic 
neighborhoods of (x,y) (y > 0) are as usual but the basic neighborhoods of (x,0) are the “butterflies” 
N.(x) (€ > 0), where N-(x) is the point (x,0) together with all points in the open upper half plane having 


distance < € from (z,0) and lying beneath the union of the two rays emanating from (z,0) with slopes 


te. Thus topologized, X is stratifiable (and satisfies Ceder’s condition). Moreover, X is first countable 
and separable. But X is not second countable, so X is not metrizable. Therefore X carries no CW 
structure (since for a CW complex, metrizability is equivalent to first countability). Claim: C([0, 1], X) is 
not stratifiable. To see this, assign to each r € R an element f, € C((0,1],X) by putting f,(1/2) = (7,0) 
and then laying down [0,1] symmetrically around the circle of radius 1 centered at (r,1). The set {fr} 
is a closed discrete subspace of C([0,1], X) of cardinality 2”. Construct a closed separable subspace of 
C(({0, 1], X) containing {f,} and finish by quoting Jones’ lemma. 

[Note: X is compactly generated (being first countable). However, C'([0,1],X) is not compactly 


generated.| 


Cauty? has shown that if X is a CW complex, then for any compact Hausdorff space K, C(K,X) is 


stratifiable, hence is perfectly normal and paracompact. 


Let « be an infinite cardinal. A Hausdorff space X is said to be «-collectionwise normal 
if for every discrete collection { A; : i € I} of closed subsets of X with #(J) < « there exists 
a pairwise disjoint collection {U; : 7 € I} of open subsets of X such that Vi € I: A; Cc Uj. 
So: X is collectionwise normal iff X is K-collectionwise normal for every k. 

[Note: Recall that every paracompact Hausdorff space is collectionwise normal (cf. 
§1, Proposition 9).] 


EXAMPLE If X is normal, then X is w-collectionwise normal (cf. p. 1-14) and conversely. 
Let « be an infinite cardinal; let J be a set: #(1) = «. Assuming that 0 ¢ J, let 


V = {0} UT and put © = {{0}, fi}(i © D}U {{0,s}(i € D}—then K = (V,D) isa 


vertex scheme. Equipping J with the discrete topology, one may view |K| as the cone 


+ Arch. Math. (Basel) 27 (1976), 306-311; see also Guo, Tsukuba J. Math. 18 (1994), 505-517. 
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II. Therefore |K| is contractible, hence so is |K|, (cf. §5, Proposition 1), the latter being 
by definition the star space S(«) corresponding to «. It is clear that S(«) is completely 
metrizable of weight «. The elements of S(«) are equivalence classes [i,t] of pairs (¢,t), 
where (i’,t’) ~ (0",¢") iff t’ =O0=t" or =i" & t =¢t". There is a continuous map 


Ti S(x) > [0,1] and Vz € J there is an embedding e; : (0, 1] Oe 
[i,t] 3 ¢ t > |i, ¢] 


e;(0) is independent of i and will be denoted by 0,. 


. The point 


PROPOSITION 13 Let X be a Hausdorff space—then X is «-collectionwise normal 
iff every closed subspace A of X has the EP w.r.t. S(«). 

[Necessity: Fix an f € C(A,S(«)) and let & : X — [0,1] be a continuous extension 
of t,o f. Put A; = f~'({[é,¢] : 0 < t < 1}) : {Aj : 7 © T} is a discrete collection of 
closed subsets of ~1(]0,1}). Since ~1(]0,1}) is an F,, it too is K-collectionwise normal, 
thus there exists a pairwise disjoint collection {U; : 1 € I} of open subsets of X such 
that Vie I: A; C U;. Define a continuous function g : AU (X — UU;) > [0,1] by the 


g|A = 7,0 f 
conditions {abt —UU; =0 and extend it to a continuous function G : X — [0,1]. Set 


e, 0 G(x) (x € U;) 
hay = 0, (x € X —JU,) —then F € C(X, S(«)) and F|A = f. 
Sufficiency: Let {A; : 7 € I} be a discrete collection of closed subsets of X with #(1) = 
k. Put A = (J A;—then A is a closed subspace of X. Define f € C(A,S(k)) piecewise: 


f\|A;i = [t, 1]. Extend f to F € C(X,S(«)) and consider the collection {U; : i € I}, where 
Urea Poet elie Sy). 


Application: The star space S(«) is an AR. 


EXAMPLE Let « be an infinite cardinal—then there exists a «-collectionwise normal space X which 
is not «+-collectionwise normal, «+ the cardinal successor of «. For this, fix a set I+ of cardinality «+ 
and equip I+ with the discrete topology. There is an embedding I+ + [[S(«), the terms of the product 
being indexed by the elements of C(J+,S(«)). Let X be the result of retopologizing | | S(«) by isolating 
the points of [] S(«) — IT. 

Claim: X is «-collectionwise normal. 

[Let {A; : i € I} bea discrete collection of closed subsets of X with #(I) = kK. Since X —I* is discrete, 
there is no loss of generality in assuming that the A; are contained in I+. Define a continuous function 


f: UA: — S(«) by f|A; = [i,1] and then, using Proposition 13, extend f to an element F € C(It,S(k)), 


a 
determining a projection pr : [| S(«) > S(«) such that pr|J+ = F. Consider the collection {U; : i € I}, 
where U; = px(f{li,#] :1/2 <t < 1})1] 
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Claim: X is not «+-collectionwise normal. 

[If X were «+-collectionwise normal, then it would be possible to separate the points of I+ by a 
collection of nonempty pairwise disjoint open subsets of X of cardinality «+. Taking into account how 
X is manufactured from I] S(«), one arrives at a contradiction to an obvious corollary of the Hewitt- 
Pondiczery theorem. ] 


CO 
[Note: Give I+ x {0} UJ(X — I+) x {1/n} the topology induced by the product X x [0,1]—then 
1 
this space is perfectly normal and «-collectionwise normal but is not «+-collectionwise normal. And: It is 


not a LCH space (cf. p. 1-15).] 


KOWALSKY’S LEMMA Let « be an infinite cardinal. Let Y be an AR of weight 
&—then every metrizable space X of weight < « can be embedded in Y”. 

[Let U = UU, be a o-discrete basis for X : U, = {Un(t) : i € In}, where J = [[ J, 
and #(J) < ra Write UW, = UAmn;, Amn closed in X. Fix distinct points a, b anh 


m 
do not belong to I. Since wt Y = k, there exists in Y a collection of nonempty pairwise 
disjoint open sets V; (7 € JU {a,b}). Choose a point y; € V;. Given n, define a continuous 
function fp :UUn + Y by fnl|Un(i) = yi (i € In) and extend f, to a continuous function 
FF, : X — Y. Given mn, define a continuous function fmn : Amn U(X — U,) > Y 
by { Tan ans = Ya 


d extend t ti function Finn 1 X + Y. Let 
fal a! LU, = yp and exten Tin oa continuous function mn 


Onn : X + Y? be the diagonal of F, and Fyn. Let © be the diagonal of the ®,,,,, so 
®: X > (Y2)” =Y"—then @ is an embedding.] 

[Note: Suppose that Y is not compact—then every completely metrizable space X 
of weight < «& can be embedded in Y” as a closed subspace. For X, as a subspace of 
Y”, is a Gs (being completely metrizable), thus on elementary grounds is homeomorphic 
to a closed subspace of YY x R*”: Take a compatible metric d on Y“, represent the 
complement Y“ — X as a countable union |) B; of closed subsets B;, let dj : YY + R be 


j 
the function y — d(y, B;), and consider the graph of the diagonal of the d;. Claim: There 
is a closed embedding R > Y“. To see this, fix a closed discrete subset {yn : n € Z} 


S=U [en2n+]] 


in Y. Let ore and define continuous functions e : 2 by 
T = U[2n4+1,2n +2] a 
f|[2n, 2n +1] = yn f ; : F:R7A~Y 
{ (one Lone as Extend a to a continuous function G-RoOY and let 


H:R-Y? be the diagonal of F and G. If 6: R > Y“ is any embedding, then the 
diagonal of ® and H is a closed embedding R > YY x Y? = Y*] 
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Let «& be an infinite cardinal. Let X be a topological space—then a subspace A C X 
is said to have the extension property with respect to B(«) (EP w.r.t. B(«)) if it has the 
EP w.r.t. every Banach space of weight < «. Since every completely metrizable AR can 
be realized as a closed subspace of a Banach space (cf. p. 6-12), it is clear that A has the 
EP w.r.t. B(«) iff it has the EP w.r.t. every completely metrizable AR of weight < k. 


PROPOSITION 14 Fix a pair (X, A). Suppose that for some noncompact AR Y of 
weight «, A has the EP w.r.t. Y—then A has the EP w.r.t. B(x). 

[Let EF be a Banach space of weight < «. Owing to Kowalsky’s lemma, FE can be 
realized as a closed subspace of YY. Let f € C(A, FE). By hypothesis, f has a continuous 
extension F € C(X,Y”). Consider ro F', where r: Y” > E is a retraction.] 


One conclusion that can be drawn from this is that A has the EP w.r.t. R iff A 
has the EP w.r.t B(w). So: If X is a Hausdorff space, then X is normal iff every closed 
subspace A of X has the EP w.r.t. every separable Banach space. 

Another conclusion is that A has the EP w.r.t. S(«) iff A has the EP w.r.t. B(k). 
Consequently, if X is a Hausdorff space, then X is «-collectionwise normal iff every closed 
subspace A of X has the EP with respect to B(k«) (cf. Proposition 13). Corollary: A 
Hausdorff space X is collectionwise normal iff every closed subspace A of X has the EP 


w.r.t. every Banach space. 
FACT Let A C X—then A has the EP w.r.t. R iff [A C IX has the EP w.r.t. [0, 1]. 


Let X be a topological space. Let {U/,,} be a sequence of open coverings of X—then 
{U,,} is said to be a star sequence if V n, Un4i is a star refinement of U,. By means 
of a standard construction from metrization theory, one can associate with a given star 


Co 
sequence {U,,} a continuous pseudometric 6 on X such that d(x, y) = 0 iff y € (| st(z,U,), 
1 


a subset U C X being open in the topology generated by 6 iff Va €©U dn: st(x,U,) CU. 
Let X5 be the metric space obtained from X by identifying points at zero distance from 


one another and write p: X — Xz for the projection. 


PROPOSITION 15 Let A C X—then A has the EP w.r.t. B(«) iff for every numerable 
open covering O of A of cardinality < « there exists a numerable open covering U of X of 
cardinality < « such that UM A is a refinement of O. 
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[Necessity: Let O = {O; : i € I} be a numerable open covering of A with #(J) < k. 
Choose a partition of unity {«; : i © J} on A subordinate to O. Form the Banach space 


; A> #(1) 
1 cp : 1 _— : 
be) se) SL 1) ai. ||¢"|| 2 rs| < oo. The assignment . ea) defines a 
continuous function f whose range is contained in St = {r: ||r|| =1}A{r: Vi,r; > 0}, a 


closed convex subset of £1(I). Therefore f has a continuous extension F': X > St. Let p; 


1 
ue oe ; let 0; = pjoF—then o;|A = K; and So o;(x4) =1(VreE X). 


Put U; = 0;'(J0,1]) and apply NU (cf. p. 1-23) to see that the collection U = {U; : i € I} 


is a numerable open covering of X of cardinality < «. And by construction, UN A is a 


be the projection { 


refinement of O. 

Sufficiency: Let & be a Banach space of weight < «. Fix a dense subset Eo in EF 
of cardinality < « and let €, be the open covering of EF consisting of the open balls of 
radius 1/3” centered at the points of Eo. Suppose that f : A > F is continuous—then 
Vn, f~*(En) is a numerable open covering of A of cardinality < «, so there exists a star 
sequence {U,,} of open coverings of X of cardinality < « such that Vn, U,NA is a 
refinement of f—1(E,). Viewed as a map from A endowed with the topology induced by 
the pseudometric 6 associated with {U,,}, f is continuous, thus passes to the quotient to 
give a continuous function fs : As > E, where As = p(A). Because fs is actually uniformly 
continuous, there exists a continuous extension f;: As + E of fs to the closure Ag of A5 
in Xs. Choose Fs € C(X5, E): Fs5|As = fs and consider F = F; 0 p.] 


Examples: Let X be a CRH space—then V « (1) Every compact subspace of X has 
the EP w.r.t. B(«); (2) Every pseudocompact subspace of X which has the EP w.r.t. [0, 1] 
has the EP w.r.t. B(«); (3) Every Lindelof subspace of X which has the EP w.r.t. R has 
the EP w.r.t. B(x). 


Suppose that X is collectionwise normal. Let A be a closed subspace of X; let 
O = {O;:i € I} be a neighborhood finite open covering of A—then Proposition 15 im- 
plies that there exists a neighborhood finite open covering U = {U; : i € I} of X such 
that Vi € I, U;N A C O;. Question: Is it possible to arrange matters so that Vi € J, 
U; A = O;? The answer is “no” since Rudin’s Dowker space fails to admit this im- 
provement (Przymusitiski-Wage') but “yes” if X is in addition countably paracompact 
(Katétov?). 


+ Fund. Math. 109 (1980), 175-187. 
= Collog. Math. 6 (1958), 145-151. 
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Let (X,6) be a pseudometric space; let A be a closed subspace of X—then A has the EP w.r.t. 
every AR Y. Proof: Let X5 be the metric space obtained from X by identifying points at zero distance 
from one another, write p for the projection X — X5, and put As = p(A), a closed subspace of X65. 
Each f € C(A,Y) passes to the quotient to give an fs € C(A5,Y) for which there exists an extension 
Fs € C(X5,Y). Consider F = F5 op. 


The weight of a pseudometric is the weight of its associated topology. 


LEMMA Let A C X—then A has the EP w.r.t. B(«) iff every continuous pseudometric on A of 
weight < « can be extended to a continuous pseudometric on X. 

[Necessity: Let 6 be a continuous pseudometric on A of weight < «. Let As be the metric space 
obtained from A by identifying points at zero distance from one another. Embed As isometrically into a 
Banach space E of weight < «—then the projection A > As C E has a continuous extension ®: X > EF 


: XxxX—->R j . : 
and the assignment A : is a continuous extension of 6. 


(a’, 2") — ||®(2") — &(x")|| 
Sufficiency: Let E be a Banach space of weight < «; let f € C(A, E). Define a pseudometric 6 on A 
by 6(a’,a’’) = || f(a’) — f(a’’)||—then 6 is continuous of weight < «, hence admits a continuous extension 
A. Call X(A) the set X equipped with the topology determined by A. Let A(A) be the closure of A in 
X(A). Extend f continuously to a function f(A): A(A) > E and note that A(A) C X(A) has the EP 


wrt. E.] 


FACT Let A be a zero set in X. Suppose that A has the EP w.r.t. B(«)—then A has the EP w.r.t. 
every AR Y of weight < kK. 

[Choose a # € C(X,[0,1]) : A = ¢—1(0). Fix a compatible metric d on Y. Given f € C(A,Y), define 
a pseudometric 6 on A by 6(a’,a’’) = d(f(a’), f(a”)). Let A be a continuous extension of 6 to X and 
consider the sum of A(z’, x’) and |é(x’) — o(2”’)|.] 


Let X be a CRH space. Suppose that X is perfectly normal and collectionwise normal—then it 


follows that every closed subspace A of X has the EP w.r.t. every AR. 


FACT Let X be a submetrizable CRH space. Suppose that A C X has the EP with respect to every 
normed linear space—then A is a zero set in X. 

[Note: Take for X the Michael line and let A = Q—then X is a paracompact Hausdorff space, so 
A has the EP w.r.t. every Banach space. On the other hand, X is submetrizable but A is not a G5. 


Therefore A does not have the EP w.r.t. every normed linear space.] 


LEMMA Fix a pair (X,A). Suppose that A has the EP w.r.t. B(«)—then every 
continuous function ¢ : i¢X UIA > S(«) has a continuous extension ® : 1X — S(k). 
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[The restriction w of ¢ to IA determines a continuous function A > C0, 1], S(«)). 
But C((0,1],S(«)) is a completely metrizable AR (cf. the proof of Proposition 6), the 
weight of which is < «&, so our assumption on A guarantees that this function has a 
continuous extension X — C{([0,1],S(«)), leading thereby to a continuous function WV : 


IX — S(«) whose restriction to IA is 7. Choose an f € C(X,[0,1]) : f-1(0) = {a : 


(a, 0) = U(x,0)}. Let F be the function { are )" Because S(«) is contractible, 


xr U(r, f(x 
there is a homotopy H : 1X — S(«) such that { 


Vat) ¢2 fl 
H(a,t/f(@)) (< f(a 


PROPOSITION 16 Let A C X—then A has the EP w.r.t. B(k) iff ig9X UTA, asa 
subspace of IX, has the EP w.r.t. every completely metrizable ANR Y of weight < k. 


. Consider the function 


®: 1X — S(K) defined by ®(z,t) = { 


[Necessity: Let f : i9oX UIA — Y be continuous. Using Kowalsky’s lemma, realize 
Y as a closed subspace of S(«)* and let r: O > Y be a retraction (O open in S(k)”). 
Given a projection p : S(K)” > S(«), let ¢, = po f—then by what has been said above, 
¢» has a continuous extension ®, : 1X — S(K). Therefore f has a continuous extension 
6: 1X + S(k)”. Set P = ®-1(O). Since P is a cozero set in IX containing [A and 
since the projection 1X —> X takes zero sets to zero sets, there is a cozero set U in X 
such that A CU and JU C P. On the other hand, A has the EP w.r.t. R, so it follows 


from Proposition 3 that 4 ¢ € C(X,[0,1)]) : Nie oe Define F € C(1X,Y) by 


F(a,t) = r(®(az, ¢(x)t)) : F is a continuous extension of f. 
Sufficiency: Let O = {O; : i € I} be a neighborhood finite cozero set covering of A 
with #(J) < «. Put 


P = {O;x]1/3,1] 24 € I} U {ig X UA x (0, 2/3]}. 


Then P is a neighborhood finite cozero set covering of i9X UJA of cardinality < «, thus 
Proposition 15 implies that there exists a numerable open covering V of 1X of cardinality 
<« such that VN (io X USA) is a refinement of P. Let U = VN (i, X) :U is a numerable 
open covering of 7;X such that Un (i, A) is a refinement of PM (i; A) = 1,0. Finish by 
quoting Proposition 15.] 


EXAMPLE Suppose that the inclusion A + X is a cofibration—then i9X UJA is a retract of 1X 
(cf. §3, Proposition 1), so Proposition 16 implies that A has the EP w.r.t. every Banach space. 


[Note: This applies in particular to a relative CW complex (X, A).] 


Let X and Y be topological spaces. 
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(HEP) A subspace A C X is said to have the homotopy extension property with 


FP:X3Y 
ee ee, such that F'|A = 


h oig, there is a continuous function H : 1X — Y such that F = H oig and H\I[A=h. 
[Note: In this terminology, the inclusion A + X is a cofibration iff A has the HEP 
w.r.t. Y for every Y.] 


respect to Y (HEP w.r.t. Y) if given continuous functions { 


fEc(A,Y) 
gE C(A,Y) 
has a continuous extension F € C'(X, Y)—then g has a continuous extension G € C(X,Y) 


Suppose that A has the HEP w.r.t. Y. Let { be homotopic. Assume: f 


and F' ~ G. Therefore, under these circumstances, the extension question for continuous 
functions A — Y is a problem in the homotopy category. 

If A Cc X is closed and if 79 X UJA, as a subspace of 1X, has the EP w.r.t. Y, then 
it is clear that A has the HEP w.r.t. Y. Conditions ensuring that this is so are provided 
by Proposition 16. Here are two illustrations. 

(1) Every closed subspace A of a normal Hausdorff space X has the HEP w.r.t. 
every second countable completely metrizable ANR Y. 

(2) Every closed subspace A of a collectionwise normal Hausdorff space X has 
the HEP w.r.t. every completely metrizable ANR Y. 

[Note: Historically, these results were obtained by imposing in addition a countable 
paracompactness assumption on X. Reason: If X is a normal Hausdorff space, then the 
product JX is normal iff X is countably paracompact.| 


If A Cc X and if A has the EP w.r.t. B(«), then A has the HEP w.r.t. every completely 
F:X 3Y 


metrizable ANR Y of weight < «. Proof: Take a pair of continuous functions { bo pale VY 


such that F|A = ho ip and define ¢ : inX UIA 4 Y by ee aa . In view of 


Proposition 16, the only issue is the continuity of ¢. To see this, embed Y in a Banach 
space EF of weight < «. Since IA, as a subspace of JX, has the EP w.r.t. B(k), h has a 


continuous extension h : IA > E. Define ¢ : ipX UIA > E by Eee, —then 


¢ is a welldefined continuous function which agrees with ¢ on igo X UIA. 


EXAMPLE The product Y = 8S” x 8” x --- (w factors) is not an ANR. But if X is normal and 
AC X is closed, then A has the HEP w.r.t. Y. 


FACT Suppose that X is Hausdorff. Let A be a zero set in X. 
(1) If X is normal, then A has the HEP w.r.t. every second countable ANR Y. 


(2) If X is collectionwise normal, then A has the HEP w.r.t. every ANR Y. 
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FACT Let Y be a nonempty metrizable space. Suppose that Y is locally contractible—then Y is an 
ANR iff for every pair (X, A), where X is metrizable and A C X is closed, A has the HEP w.r.t. Y. 


Let X be a homeomorphism invariant class of normal Hausdorff spaces that is closed 
hereditary, i.e., if X € ¥ and if A C X is closed, then A € 2%. 


Let ¥ be the class consisting of the Hausdorff spaces satisfying Ceder’s condition—then it is unknown 


whether % is closed hereditary. 


A nonempty topological space Y is said to be an extension space for ¥ if every closed 
subspace of every element of 4 has the EP w.r.t. Y. Denote by ES(¥) the class of extension 
spaces for 4. Obviously, if V7’ C 4”, then ES(4V”) C ES(4’), so V X : ES(normal) C 
ES(4). 

(ES,) The class ES(¥) is closed under the formation of products. 
(ES2) Any retract of an extension space for ¥ is in ES(1). 


(ES3) Suppose that Y = Y; U Yo, where Y; and Y2 are open and ee € 
ES(¥V) & Yi, N Yo € ES(¥V)—then Y € ES(%). 

(ES,) Assume: The elements of ¥ are hereditarily normal. Suppose that 
Y =Y,UYo, where Y, and Y2 are closed and i € ES(X) & ¥; NY. € ES(¥)—then 
Y € ES(%). 

(ES;) Suppose that Y = Y, U Yo, where Y; and Y2 are closed—then Y € 
ES(4) & Y,NY2 € ES(X¥) > € ES(4). 
EXAMPLE A nonempty topological space Y is an extension space for the class of metrizable spaces 


iff it is an extension space for the class of M complexes. 


A nonempty topological space Y is said to be a neighborhood extension space for 
X if every closed subspace of every element of ¥ has the NEP w.r.t. Y. Denote by 
NES(4) the class of neighborhood extension spaces for 4. Obviously, if 4’ C 4”, then 
NES(4") Cc NES(4’), so V X : NES(normal) C NES(4’). Of course, ES(4’) C NES(4). 
In the other direction, every contractible element of NES(%) is in ES(1). 
[Note: It is convenient to agree that 0 € NES(4). So, if Y ¢ NES(4) and if V C Y 
is open, then V € NES(4).] 
(NES) The class NES(%) is closed under the formation of finite products. 
(NES2) Any neighborhood retract of a neighborhood extension space for 4 is in 
NES(*). 
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(NES3) Suppose that Y = Y, U Ya, where Y; and Y2 are open and ee € 


NES(’)—then Y € NES(4). = 
(NES,) Assume: The elements of 4 are hereditarily normal. Suppose that 
Y = Y,; UY2, where Y; and Y2 are closed and ee € NES(V) & Y:N Yo € NES(4’)—then 
Y € NES(2). 
(NES;) Suppose that Y = Y, U Y2, where Y; and Y2 are closed—then Y € 


NES(%) & Y¥, NY: € NES(X) > ie € NES(%). 
2 


[Note: There is a slight difference between the formulation of ES3, and NES3. Reason: 
An empty intersection is permitted in NES3 but not in ES3 (consider X = [0,1], A=Y = 


{0, 1}).] 


EXAMPLE (CW Complexes) Metrizable CW complexes are ANRs (cf. p. 6-16). 
(1) Every finite CW complex is in NES(normal). 
(2) Every CW complex is in NES(compact) (but it is not true that every CW complex is in 
NES(paracompact)). 
(3) Every CW complex is in NES(stratifiable). 

[First, if K is a full vertex scheme, then |K| is a locally convex topological space (cf. p. 6-11), so 
|K| € ES(stratifiable) (cf. p. 6-34). Second, if K is a vertex scheme and if L is a subscheme, then |L| is 
a neighborhood retract of |K|. Third, if X is a CW complex, then X is the retract of a polyhedron (cf. 
p. 5-12).] 


FACT Every CW complex has the homotopy type of an ANR which is in NES(paracompact). 


EXAMPLE Suppose that X = Y U Z is metrizable. Let K and L be finite CW complexes. 
Y K 

Assume: Every closed subspace of has the EP w.r.t. —then every closed subspace of X has the 
Z L 


EP w.r.t. K « L. 


The “ES” arguments are similar to but simpler than the “NES” arguments. Of 

the latter, the most difficult is the one for NES3, which runs as follows. Take an X 
in ¥ and let A C X be closed—then the claim is that V f € C(A,Y) there exists an 
open U > A and an F € C(U,Y) : F|A = f. Since X is covered by the open sets 

f-*(%1) U(X — A) eee. aren 

{ fo1(¥9) U(X — A) ad, ie 
X,c f-'(%) U(X — A) A,=XiNA 

cover X with | 3 CFG Y Tay Put Ag 2 AS 
depending on whether Y, NY. is empty or not. The second possibility is more involved than 


and since X is normal, there exist closed sets { 


There are now two cases, 
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the first so we shall look only at it. Because Y; N Yo € NES(%), the restriction f|A1M Ae 
has an extension fiz € C(O, Yi Y2), where O is some open subset of X,M X2 containing 
A, Ag. Choose an open subset P of X19 X_ : AyN Az C PC PC O. Observing 
that AN P = Ai Ag, define g € C(AUP,Y) by g(x) = { J) Me) Be- 


fie(z) (2% € P)° 
cause re : oa Gy € C(O1, Yi) 


Go € C(Oz, Y2) } 


, the restriction ee eS has an extension { 
it A,UP 
containing ‘a UP: Choose an open subset 


X1 
Xo 
oe ee eo. 


where vA is some open subset. of 
2 


and an open subset V C X: ACV & (Xi 
By = (Py,— X2NV)UP By cO, 
Bo = (P2- X1NV)UP° By C Og’ 
Bi Bz = P, so the prescription G(x) = ee ee : a 
f to Bi U Bz D> A. The set (P, — X2) U (Pp — X1) UP is open in X. Denote by U its 
intersection with V and let F = G|U. 

[Note: To reduce NES, to NES3, put instead { 


A; — AgM (Ap — Ai) = 
(A, — Az) NM Ag — Ai = 9 


Up CX: Ay — Ag C Up C U9 C X — (Az — Ai). Setting { 


Py of X_ ~ Ao UP C Py C Po C Op 


X2- P)NV = 4. Let { It is clear that { with 


is a continuous extension of 


Ai = f-1(Y) 
Ao = f~*(Y2) ° 


and since X is hereditarily normal, there exists an open set 


X, = U9 U(A1N Ag) 
X= (X —Up)U(A1N Ag)’ 


Since 


the argument then proceeds as before.| 


Why work with classes of normal Hausdorff spaces? Answer: If the class ¥ contains a space that is 


not normal, then every nonempty Hausdorff Y € NES(24’) is necessarily a singleton. 


FACT Suppose that Y is an AR (ANR). 
(1) Let ¥ be the class of perfectly normal paracompact Hausdorff spaces—then Y € ES(1) 
(NES(4%)). 
(2) Let ¥ be the class of perfectly normal Hausdorff spaces—then Y € ES() (NES(4)) iff Y 
is second countable. 
[For the necessity, remark that every collection of nonempty pairwise disjoint open subsets of Y 
is countable. Reason: The construction on p. 6-35 ff. furnishes a perfectly normal Hausdorff space X 
containing an uncountable closed discrete subspace A, the points of which cannot be separated by a 
collection of nonempty pairwise disjoint open subsets of X.] 
(3) Let XY be the class of paracompact Hausdorff spaces—then Y € ES(%”) (NES(%)) iff Y is 


completely metrizable. 
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[To establish the necessity, assume, e.g., that Y is an AR. Let X be the result of retopologizing BY 
by isolating the points of BY —Y. Every open covering of X has a o-discrete open refinement, hence X is a 
paracompact Hausdorff space. Since Y sits inside X as a closed subspace, there is a retraction r: X > Y. 
On the other hand, Y is metrizable, thus is Moore, so Y satisfies Arhangel’skii’s condition. Fix a sequence 


{Vn} of collections of open subsets of BY such that each V, covers Y and V y € Y: ()st(y, Vn) GY. 
Assign to a given V € VY, the open subset Py C V determined by intersecting V with the interior in BY 
of r-l(VNY). Put Py = U{Pv >VEVn}: PrDY&Y= () Pn, therefore Y is topologically complete 
or still, is completely metrizable.] 7 


(4) Let X be the class of normal Hausdorff spaces—then Y € ES(4’) (NES(%)) iff Y is second 


countable and completely metrizable. 


FACT Let % be the class consisting of the Hausdorff spaces that can be realized as a closed subspace 
of a product of a compact Hausdorff space and a metrizable space (the elements of ¥ are precisely those 
paracompact Hausdorff spaces satisfying Arhangel’skii’s condition)—then every AR (ANR) is in ES(%) 
(NES(¥)). 

[Suppose that X € 4% is closed in K x Z, where K is compact Hausdorff and Z is metrizable. The 
projection K x Z + Z is closed and has compact fibers, thus the same is true of its restriction p to 
X. Fix a closed subspace A C X. Take an AR Y of weight < « and let f € C(A,Y). Embed Y in 
S(«)“” and apply Proposition 13 to produce a continuous extension 6: X — S(«)” of f. Write ® for 
the diagonal of ¢ and p—then ®(A) is closed in S(«)” x p(X). Therefore the restriction to ®(A) of 
the projection w : S(k)” x p(X) > S(«)” has a continuous extension VW : S({k)” x p(x) > Y. Put 
F=WV06:FEC(X,Y)& FIA=f] 


Application: If K is a compact Hausdorff space and if Y is an ANR, then C(K,Y) is an ANR (so 
for any CW complex X, C(K,X) is a CW space). 


[Inspect the proof of Proposition 6, keeping in mind the preceding result.] 


Suppose that G is a stratifiable topological group—then X 2 and B2? are stratifiable (cf. p. 6-31) and 
Cauty? has shown that if G is also in NES(stratifiable), then the same holds for X@ and BZ. Example: 
If G is an ANR, then X@P and BZ are ANRs (cf. p. 4-65). 


LEMMA Let Y be a topological space. Suppose that Y admits a covering V by 


pairwise disjoint open sets V, each of which is in NES(collectionwise normal)—then Y is 


in NES(collectionwise normal). 


+ Arch. Math. (Basel) 28 (1977), 623-631. 
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[Let X be collectionwise normal, A C X closed, and let f € C(A,Y). Put Ay = 
f-l\(V), fv = f|Av—then there exists a neighborhood Oy of Ay in X and an Fy € 
C(Oy,V): Fy|Av = fy. Since {Av} is a discrete collection of closed subsets of X, there 
exists a pairwise disjoint collection {Uy} of open subsets of X such that VV: Ay C Uy. 
Set U = U(Ov 1 Uy) and define F : U — Y by F|Oy NUy = Fy|Oy n Uy to get a 

V 


continuous extension of f to U.] 


Let Y be a topological space. Suppose that Y admits a numerable covering V by 
open sets V, each of which is in NES(collectionwise normal)—then, from the proof of 


Proposition 12, it follows that Y is in NES(collectionwise normal). 


FACT Let Y be a topological space. Suppose that Y admits a covering V by open sets V, each of 
which is in NES(paracompact)—then Y is in NES(paracompact). 


Application: Every topological manifold is in NES(paracompact). 
[Note: This applies in particular to the Priifer manifold, which is not metrizable and contains a closed 


submanifold that is not a neighborhood retract.] 


Assume: IX Cc X. Let Y € NES(4’)—then for every pair (X, A), where X € ¥ and 
Ac X is closed, A has the HEP w.r.t. Y. Proof: 19 X U JA, as a closed subspace of 1X, 
has the EP w.r.t. Y. 


EXAMPLE (CW Complexes) If X is stratifiable and A C X is closed, then A has the HEP w.r.t. 


any CW complex. 


PROPOSITION 17 Assume: [VY C X. Let Y € NES(4) and suppose that Y is 
homotopy equivalent to a Z € ES(V)—then Y € ES(*). 

[Choose continuous functions 6: Y > Z, w: Z — Y such that Wod ~ idy, dow ~ idz. 
Take an X in ¥ and let A C X be closed. Given f € C(A,Y), IF € C(X, Z): Foi = dof, 
where i: A > X is the inclusion. But A has the HEP w.r.t. Y and wo Foi~ f, so f 


admits a continuous extension to X.] 


FACT Suppose that X is an ANR. Let Y be a topological space such that every closed subset 
AcCX has the EP w.r.t. Y. Fix a weak homotopy equivalence K — Y, where K is a CW complex—then 
every closed subset A C X has the EP w.r.t. K. 

[Owing to the CW-ANR theorem, the induced map [X, K] > [X,Y] is bijective (cf. p. 5-15). On 
the other hand, every closed subset A C X has the HEP w.r.t. K (metrizable => stratifiable).] 
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87. C-THEORY 


A classical technique in algebraic topology is to work modulo a Serre class of abelian 
groups. I shall review these matters here, supplying proofs of the less familiar facts. 


Let C C ObAB be a nonempty class of abelian groups—then C is said to be a 


Serre class provided that for any short exact sequence 0 > G’ > G > G” > 0 in 


/ 
AB, G €C iff i EC or, equivalently, for any exact sequence G’ — G > G” in AB, 
/ 
i EC>GEC. 


[Note: To show that a nonempty class C C ObAB is a Serre class, it is usually simplest 
to check that C is closed under subgroups, homomorphic images, and extensions.] 

Example: For any Serre class C, the subclass Cy, of torsion groups in C is a Serre 
class. 


[Note: A Serre class C is said to be torsion if C = Cior.] 


EXAMPLE (p-Primary Abelian Groups) An abelian p-group G is said to be p-primary. The 
rank r(G) of a p-primary G is the cardinality of a maximal independent system in G. If G[p] = {g : pg = 0}, 
then G[p] is a vector space over Fp and dim Gp] = r(G). The final rank r¢(G) of a p-primary G is the 
infimum of the r(p"G) (n € N). Every p-primary G can be written as G = G’ 6G”, where G’ is bounded 
and r(G”’) = r¢(G”) (Fuchs). Fix now a symbol oo, considered to be larger than all cardinals. Given a 
Serre class C of p-primary abelian groups, let ®(C) be the smallest cardinal number > r(G) V G € C if such 


a number exists, otherwise put &(C) = oo, and let U(C) be the smallest cardinal number > rs(G) V G € C 
®(C)=1 or @(C)>w 


Ww(C)=1 or U(C)>w , 
And: C is precisely the class of p-primary G for which r(G) < ®(C) & r#(G) < U(C). On the other 


®d @=1 or ®>w 
hand, suppose that are cardinal numbers or co with ® > W, . Let C be the 
Ww W=1 or VSw 


class of p-primary G for which r(G) < © & r¢(G) < Y—then C is a Serre class such that ®(C) = 6 & 


if such a number exists, otherwise put Y(C) = oo. Obviously, &(C) > V(C), 


W(C) = W. Thus the conclusion is that there is a one-to-one correspondence between the conglomerate of 
® 

Serre classes of p-primary abelian groups and the conglomerate of ordered pairs (®, V), where { are 
w 


@=1 or ®>w 


W=1 or Vow 
[Note: If C is a Serre class and if C(p) is the subclass of C consisting of the p-primary G in C, then 


cardinal numbers or co: ® > W, 


C(p) is a Serre class. ] 


Notation: Given a Serre class C, tf(C) is the subclass of C made up of the torsion free 


+ Infinite Abelian Groups, vol. I, Academic Press (1970), 152. 
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groups in C. 


PROPOSITION 1 Let C be a Serre class. Assume: tf(C) contains a group of infinite 
rank—then either tf(C) is the class of all torsion free abelian groups or tf(C) is the class of 
all torsion free abelian groups of cardinality < «, where & > w. 


[Any torsion free abelian group G of infinite rank contains a free abelian group of rank 


= #(G).] 


EXAMPLE Fix a cardinal number & > w. Let 7, be the class of torsion abelian groups of 
cardinality < «; let F, be the class of torsion free abelian groups of cardinality < «. Take any Serre 
class J of torsion abelian groups: 7 D 7,,—then the class C consisting of all abelian groups G which are 


extensions of a group in 7 by a group in F, is a Serre class such that Ctor = 7 and tf(C) = Fx. 


A characteristic is a sequence y = {xp : p © II}, where each yx, is a nonnegative 
/ 


integer or oo. Given characteristics ‘ , write x’ ~ x” iff #{p : x, # Xp} < w and 


Xp Co < x oo—then ~ is an equivalence relation on the set of characteristics, an 


/ 
equivalence class t being called a type. The sum t’+t” of types { a is the type containing 


the characteristic {x}, + x} : p € I} and t’ < t” provided that yj, < x} for almost all p, 
t”’ — t’ being the largest type t such that t +t’ < t”. 

(Rational Groups) <A nonzero abelian group G is said to be rational if it is 
isomorphic to a subgroup of Q or still, is torsion free of rank 1. Such groups can be 
classified. For assume that G is rational, say G C Q. Take g € G: g 4 0. Given 
p € II, consider the set S,(g) of nonnegative integers n such that the equation px = g 
has a solution in G. Put yp(g) = sup S,(g), the p-height of g—then x(g) = {xp(g) : 
p € II} is a characteristic. Moreover, distinct nonzero elements of G determine equivalent 
characteristics. Definition: The type t(G) of G is the type of the characteristic of any 


nonzero element of G. Every type t can be realized by a rational group, i.e., t = t(G) 
/ 


(4 G) and rational he are isomorphic iff t(G’) = t(G”) (in general, G’ is isomorphic to 

a subgroup of G” iff t(G’) < t(G@”)). 

Example: Suppose that ZC G C Q—then G/Z = @Z/p*?Z, {x,y : p © II} the 
P 


p 
characteristic of 1, and Hom(G, G) is isomorphic to the subring of Q generated by 1 and 
the p-! : pG =G. 


FACT IfG and K are rational, then G @ K is rational and t(G ® K) = t(G) + t(K). 
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FACT If Gand K are rational, then Hom(G, K) = 0 if t(G) < t(K), but is rational if t(G) < t(K) 
with t(Hom(G, K)) = t(K) — t(G@). 


Notation: T is a nonempty set of types such that (i) tj € T&t <to >t € T and 
(ii) t’,t” ¢ T >t’ +t” © T,T(AB) being the class of abelian groups G which admit 


n 
a monomorphism G — @G;, where the G; are rational (n depending on G) and the 
i 


FACT A torsion free abelian group G of finite rank is in T(AB) iff for each nonzero homomorphism 
o:G>Q, t(¢(G)) € T. 


PROPOSITON 2 Let C bea Serre class. Assume: tf(C) contains only groups of finite 
rank and at least one group of positive rank—then tf(C) = T(AB) for some T. 
[Let T be the set of types t such that a rational group of type t is in tf(C). If 
n 


G,,...,G, are rational and if t(G1),... ,t(G,) belong to T, then @G; € tf(C) and every 
1 
subgroup of @ G; is in tf(C). On the other hand, for any G # 0 in tf(C), there are rational 
1 


n 
G,,...,G, and a monomorphism G + @G;. Upon restricting to homomorphic images, 


1 
one can arrange that the G; € tf(C), so the t(G;) € T. Since C is closed under subgroups, 


/ 


/ 
T satisfies condition (i) above. As for condition (ii), let ie € T. Choose re :Z2C 


/ | ieee / / 
i CQk& a is represented by the characteristic e corresponding to 


/ 


1. Suppose first that V p, wi is finite. Let ZC G CQ: x(1) = xy/ +x”. Fix an 
p 

isomorphism ¢ : G'/Z > G/G" and let K be the subgroup of G’ @ G composed of the 

(9',9): O(g' + Z) = 9+ G"—then there is a short exact sequence 0 > G” > K > G’' > 0, 

hence K € C. But there is also an epimorphism K —> G, thus G € C and t’+ t” € T. 


’ X= xe t+ xt x’ 
Passing to the general case, write 4 “,, “5, “°° , where ¢ “/ take finite values and 
xX” = Xz# + X0,00 Xf 


/ / 
ee have values 0 or oo. Let ZC Gs CQ: x¢(1) = xp +x}; let ZC ioe CQ: 


0,00 0,00 


/ = / / 
ean i X0,00 . From the foregoing, Gy € C; in addition, vee is isomorphic to a 


0,00 


subgroup of , €C. Therefore Gr 8Gh BGO €C and Gz+Go.+G C Q has 
f 0,00 0,00 f 0,00 0,00 


type t’ + t”.] 


EXAMPLE Given T, let 7 be a Serre class of torsion abelian groups with the property that the 
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type determined by a characteristic x belongs to T iff B Z/pX*P Z € T—then the class C consisting of all 
Pp 
abelian groups G which are extensions of a group in JT by a group in T(AB) is a Serre class such that 


Ctor = T and t£(C) = T(AB). 


Every torsion abelian group G contains a basic subgroup B, i.e., B is a direct sum of 
B'cG' 
B" C Gu 
are basic, then G’ @ G” = B’ ®@ B". Corollary: The tensor product of two torsion abelian 


/ 
cyclic groups, B is pure in G, and G/B is divisible. If { i are torsion and if { 


groups is a direct sum of cyclic groups. 


LEMMA Let 0 > G’ +> G > G” > 0 be a short exact sequence of abelian groups. 


Suppose that the image of G’ in G is pure—then for any K, the sequence 0 + G’ @ K > 
G@K >~G" ®K — 0 is exact and the image of G’®@ K inG® K is pure. 

[Note: Under the same assumptions, the sequence 0 — Tor(G’, K) — Tor(G, Kk) > 
Tor(G”, K) — 0 is exact and the image of Tor(G’, kK) in Tor(G, Kk) is pure.] 


A Serre class C is said to be aring ifG,K €C >G@K €C, Tor(G,K) €C. 
[Note: C is a ring provided that VGEC:G@G EC, Tor(G,G) €C. This is because 
G,KECSG@KC(GEK)@(GO@RK), Tor(G, kK) C Tor(G@K,Ge@ K).] 


EXAMPLE Let C bearing. Fix a group G—then G/[G, G] € C iff V i, [*(G)/T*+!(G) €C. 
[The iterated commutator map @*+!(G/[G, G]) 3 I’(G)/T*t+1(G) is surjective.] 


EXAMPLE Let C be aring. Fix a group G such that Vn > 0, Hn(G) € C. Let M EC bea 
nilpotent G-module—then V n > 0, Hn(G;M) € C. 
[Since the (I[G])*- M/(I[G])**+1 - M €C, it suffices to look at the case when the action of G on M is 


trivial. ] 


FACT Let C be a Serre class. Suppose that G € C—then for any finitely generated K, G@® K and 
Tor(G, K) belong to C. 


PROPOSITION 3. Let C be a Serre class—then C is a ring iff Cyoy is a ring. 

[Setting aside the trivial case when C is the class of all abelian groups, let us assume 
that Cro # C is a ring. Fix G € C — Cy : Tor(G,G) © Tor(Gtor, Gor) © Ctor, Gtor the 
torsion subgroup of G. To deal with G @G, put tf(G) = G/Gtor and consider the exact 


sequences 
0> Gtor 9G - G@G > tf(G) e©G 0 
0 > Gtor ® Gtor > Gtor ® G  Gtor ® tf(G) > 0 
0 - tf(G) ® Gio - tf(G) ® G — tf(G) @ tf(@) - 0 
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Because Gtor ® Gor € Cror, it will be enough to prove that Gor ® tf(G) and tf(G) @ tf(G) 
are in C. 

(I) Suppose that tf(C) contains a group of infinite rank. Choose & > w as in 
Proposition 1 (so C contains all abelian groups of cardinality < «) : #(tf(G)) << K > 
#(tf(G) ® tf(G)) < Kk => tf(G) ® tf(G) € C. There is a free group F in C and an epi- 
morphism F' > tf(G) > 0, where rank F' < «. Let B be a basic subgroup of Go, and form 
the exact sequence 0 > B® F > Gior ® F > Gtor/B ® F > 0. Using the fact that B is 
a direct sum of cyclic groups, BO Fx BO B,: #(B.) <K > BEF EC. Analogously, 
by an application of the structure theorem for divisible abelian groups, Gtor/B ® F € C. 
Conclusion: Gtor ®@ F € C > Gior © tf(G) € C. 

(II) Suppose that tf(C) = T(AB) (cf. Proposition 2). Let F be the free 
abelian group generated by a maximal independent system in tf(G)—then there is an exact 
sequence 0 > F —> tf(G) > tf(G)/F > 0 and tf(G)/F € Cyr. Tensor this sequence with 
Gor to get another exact sequence F' ® Gior > tf(G) @ Gtor > tf(G)/F © Gor. Of course, 
tf(G)/F ® Gor € Ceor; moreover, F’ @ Gtor € C, which implies that tf(G) ® Gor itself is in 
C. Finally, the sequence 0 > F ® tf(G) > tf(G) ® tf(G@) — tf(G)/F © tf(G) — 0 is exact. 
Obviously, F' ® tf(G) € C and, repeating the preceding argument, tf(G)/F ® tf(G) € C, 
hence tf(G) @ tf(G) € C.] 


In what follows, a and ¥ are functions having cardinal numbers as values, the domain 
of a@ being II x N and the domain of ¥ being II. 

Examples: (1) Let G be a torsion abelian group. Assume: G is a direct sum of 
cyclic groups—then G & DO (p,n) - (Z/p"Z); (2) Let G be a torsion abelian group. 


Assume: G' is sible stnen Gn ~ © (p)-(Z/pZ); (3) Let G be a torsion abelian group. 
Assume: G is p-primary and satiaties the descending chain condition on subgroups—then 
G x Ba(p,n)-(Z/p"Z) ® y(p) - (Z/p’Z), where 5) a(p,n) < w and ¥(p) is finite. 

(Note: For use below, recall that Z/p°Z is a homonterphio image of QZ/p"Z (in 
fact, every countable p-primary G is a homomorphic image of @Q Z/p”Z).| 

Notation: Given a torsion Serre class C, a(C) = {a: ® Bay, n)-(Z/p"Z) € C} and 
(C) = (y: B (0) - (Z/p*Z) € C}. = 

Onsen any (i) ~ EC) &K¥<ywSyEYC) and (ii), y” EC) Sy7+7"E€ 


¥(C). 
Suppose that C is a torsion Serre class. Let G € C—then G ® @G(p), G(p) the 


p 
p-primary component of G. Denote by Co the subclass of C comprised of those G such that 
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each G(p) is bounded, so V p, 3 M(p) : p“®)G(p) = 0, and put ao(C) = a(Co) (meaningful, 
Co being Serre). 


CARDINAL LEMMA Let C be a torsion Serre class—then V a € a(C), 
& y € ¥(C) such that a(p,n) < ao(p,n) + y(p), where y(p) > w or (p) = 0. 


dao € ao(C) 


[Set o(p,n) = Sap, m) and choose M(p) such that o(p,n) = o(p,n+1) =--- 


m=n 


(n > M(p)). Define ap by ao(p,n) = a ") a : oy 


o(p, M(p)):a<ao+y and ap € ao(C), thus the issue is whether 7 € ¥(C). To see this, it 
need only be shown that V p, y(p)-(Z/p®Z) is a homomorphic image of QB a(p, n)-(Z/p"Z). 


and define 7 by y(p) = 


Case 1: y(p) = w. Here, #{n : a(p,n) 4 0} =w and there are epimorphisms @ a(p, n) - 
(Z/p"Z) > @Z/p"Z > y(p)-(Z/p~Z). Case 2: y(p) > w. Put No = {n:a(p,n) >w}: 
##(N.) = w and there are epimorphisms @ a(p,n)-(Z/p"Z) > GQ na(p,n)-(Z/p"Z) > 


n n€ Noo 


D a(p,n)-(Z/pZ@---® Z/p"Z) > y(p)- (Q\LZ/p"Z) > y(p) - (Z/p°Z).] 
nE€ Noo n 
Given a torsion Serre class C, let C* be the subclass of those G such that each G(p) 


satisfies the descending chain condition on subgroups. Note that C* is Serre. 


PROPOSITION 4 Let C be a torsion Serre class—then C is a ring iff C* is a ring. 

[Straightforward computations establish the necessity. As for the sufficiency, fix G € C 
and let B be a basic subgroup of G. Applying the cardinal lemma, one finds that B@B € C. 
ButG@Gr BOB, thus G@G €C. The verification that Tor(G,G) € C hinges on a 
preliminary remark. 

Claim: Suppose that C* is a ring—then V y € ¥(C), 77 € ¥(C). 

[Write y = y' +7", where V p, 7‘(p) is finite and y"(p) > w or 7"(p) = 0, so 
y? = (7')? +7". Since C* is a ring, (y')? € ¥(C), hence 7? € (C).] 


Consider the exact sequences 


0 > Tor(B, G) > Tor(G, G) > Tor(G/B,G) > 0 
0 > Tor(B, B) > Tor(G, B) > Tor(G/B, B) > 0 : 
0 > Tor(B, G/B) > Tor(G, G/B) > Tor(G/B, G/B) — 0 
Owing to the claim, Tor(G/B,G/B) € C. Proof: G/B ~ Q7(p) - (Z/p°Z) = Tor(G/B, 
P 
G/B) = @77(p) - (Z/p°Z). In addition, Tor(B, B) ~ B@ B €C. Therefore everything 
P 
comes down to showing that Tor(B,G/B) € C or still, that @y(p)- B(p) € C. Using 
P 
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the cardinal lemma, represent B by Bo © Bo with Bo(p) = Pao(p,n) - (Z/p"Z) and 
Boo(P) = D oo(p, 2) - (Z/p"Z), subject to (ao) V p, I M(p) :n > M(p) = ao(p,n) = 0 


and (Ao) 4 Yoo € Y(C) 2 V p,V 0, Aoo(p,m) < Yoo(p), where Yyoo(p) 2 W Or Yoo(p) = 0. 
From the definitions, @y(p) - Bo(p) © Bo @ (PB y(p) - (Z/pM™Z)) € C. Turning to Boo, 
P P 


for each p, there is a monomorphism y(p) - Boao(p) > (¥(P) + Yoo(p)) + (Z/p"Z). Because 
¥+ oo € ¥(C), it follows that PB y(p) - Bo(p) € C.] 
P 


Application: Let C be a Serre class. Assume: tf(C) contains a free group of infinite 


rank—then C is a ring. 


EXAMPLE Not every Serre class is a ring. For instance, let C be the class of all torsion abelian 
groups G such that V p, G(p) is finite, so G(p) & @a(p,n) - (Z/p"Z), where r(G(p)) = Y> a(p,n) < w 
(cf. p. 7-1). Enumerate II: pi < po < --:—then Pie subclass of C consisting of those Cm which the 
sequence {r(G(px))/k} is bounded is a Serre class but it is not a ring (consider G = @k - (Z/pzZ)). 

k 


[Note: C is a Serre class and it is a ring.] 
A Serre class C is said to be acyclic if V GEC, Hp(G) €C (n> 0). 
FACT Let C be a Serre class. Suppose that G € C is finitely generated—then Hn(G) € C (n > 0). 


If G is a torsion abelian group and if G = @ G(p) is its primary decomposition, then 
P 
Vn > 0, the H,,(G) are torsion and V p, H,(G)(p) ¥ Hy(G(p)) (=> An(G) » @ An (G(p))). 


p 
[Note: V n > 0, G(p) bounded > H,,(G(p)) bounded (in fact, p“)G(p) = 0 => 
pM) H,(G(p)) = 0). 
Example: Q/Z =~ @QZ/p°Z => H,(Q/Z) ~ QPA,(Z/pZ), where for n > 0, 
p 


Pp 


; Z/p°Z  (n odd) 
foe) = k = 
H,,(Z/p~Z) = colim H,,(Z/p"Z) = ‘i (even) 
FACT Fix a prime p. For k = 1,2,..., let Gy be a direct sum of k copies of Z/pZ—then by the 


Kinneth formula, Vn > 0, Hn(Gr) = Gacn,p), Where d(1,k) = kand d(n,k+1) = S> d(i,k)+(1-(-1)”)/2 
i=1 
(hence d(n,k) < k”). 
FACT Fix a prime p. For k = 1,2,..., let Gy be a direct sum of k copies of Z/p~ Z—then by the 


k+ 
Kiinneth formula, Vn > 0, Hn(Gk) = Gann), Where d(n,k) = 0 (n even) and d(n,k) = ( es Pe 


(n odd) (hence d(n,k) < k”). a 
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LEMMA Suppose that C is a Serre class. Let 0 — K > G > G/K — 0 be a short 
exact sequence in C—then for n > 0, H,,(G) € C provided that the H,(G/K; H,(K)) € C 
(p+q> 0). 

[Apply the LHS spectral sequence. | 

[Note: By the universal coefficient theorem, H,(G/K;H,(K)) + H,(G/K)®H,(K)® 
Tor(Hp-1(G/K), Hq(K)).] 


THEOREM OF BALCERZYK Let C be a Serre class—then C is acyclic iff C is a 
ring. 

[Suppose that C is acyclic. Since G torsion > H,,(G) torsion (n > 0), Cor is acyclic, 
thus one can assume that C is torsion (cf. Proposition 3) and then, taking into account 
Proposition 4, work with C* (which is acyclic). So let GEC*:Gx @OG(p) =>GeGr 


BG(p) @G(p) and HGP) @G()) < w + GD) @G() = Ho(GP))  Ha(G(p)) ©) + 
G@G sz @(A2(G(p)) @ H2(G(p)) @ G(p)) * Ho(G) © H2(G) ®G € C*. To check that 
Tor(G, G) c C*, it is obviously enough to look at the case when G =~ @7(p) - (Z/p’Z), 


where ¥ p, (p) <1. Thus: Ha(G) ~ ® Harty) -(Z/p*Z)) ~ @ (™™)*") - ayv=z) 


y+1 
2 
Suppose that C is a ring. Let G € C—then there is a short exact sequence 0 > G'tor > 


G > G/Gior > 0. Accordingly, in view of the lemma, to prove that H,(G) € C (n > 0), it 
suffices to prove that H,(G/Gtor; Hg(Gtor)) € C (p+q > 0). But Hy (G/Gtor; Hq(Gtor)) © 
A, (G/Gtor) ® Hq(Gtor) © Tor(Hy-1(G/Gor), Hq(Gtor)) and the verification that H,(G) € 


C (n > 0) reduces to when (i) G is torsion free or (ii) G is torsion. 


(cf. supra) and 2 Ge ) > y(p)? > 77 € ¥(C) = Tor(G, G) € C*. 


(Torsion Free) If tf(C) is the class of all torsion free abelian groups of cardinality 
<« (Kk >w) (cf. Proposition 1), then G € tf(C) => #(H,(G)) < kK > A,(G) €C (n> 0). 
The other possibility is that tf{(C) = T(AB) for some T (cf. Proposition 2). Under these 


circumstances, a given G € tf(C) contains a free subgroup F = r- Z of finite rank such 


that the sequence 0 — F + G > G/F — 0 is exact. Here, G/F x @T; is torsion 


1 
and the p-primary components of each T; are isomorphic to Z/p™Z or Z/p°Z. Therefore 


\) ~ JT (n odd) ‘ 
A, (T;) & n laeven) €C (n> 0) > A,(T) € C (n > 0) (Kiinneth). On the other 
")-Z (n<r) 
hand, H,(F) = n Pe EG (n > 0). The lemma now implies that H,(G) € C 
0 (n> Tr) 


(n > 0). 
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(Torsion) Let G € Cor. Choose a basic subgroup B of G:0 > B+ G—-> 
G/B — 0—then, thanks to the lemma, one need only consider H,(B) and H,(G/B) 
(n > 0). Using the cardinal lemma, represent B by Bb OB, OB with Bo(p) = Pao(p,n)- 
(Z/p"Z), B.(p) = BD au (p, n) ° (Z/p"Z), and Bxo(p) = BD A0(p, n) ; (Z/p"Z), subject to 
(a0) V p, Diao(p,n) < w, (au) Vp, I M(p) in > M(p) > au(p,n) = Ok Vn: 


Quy (p, 2) Se Of ay (p;7) = 0; and (ass) Ses € HC) eV BY ny Ges (Pin) S Yes(p), 
where Yoo(p) > W Or Yoo(p) = 0. That H,(B) € C (n > 0) results from the following 
observations (modulo Ktinneth): (Oo) V p, #(Bo(p)) < w, hence there is a monomorphism 
H,,(Bo(p)) 4 @"Bo(p); (Ow) Vp, Va > w, An(a-(Z/p*Z)) ~ a- (Z/p*Z); (Ooo) V p, 
#(Boo(p)) < Yoo(p), hence there is a monomorphism H,,(Boo(p)) 4 Yoo(p) - (Z/p%°Z). 
Finally, write G/B ~ @7(p) - (Z/p°Z) and fix n > 0. Case 1: n even > H,(G/B) = 


P 
0. Case 2: n odd. If y(p) > w, then H,(y(p) - (Z/p%°Z)) & y(p) - (Z/p°Z), while if 


(p) + = 
y(p) <w, then H,(y(p) - (Z/p®Z)) = — ZIpPIN(ee wupia) Howevee 
n—-1 2 
UO) 
ee | < (y(p))” and y" € ¥(C).] 
2 


EXAMPLE Let C be aring. Fix a nilpotent group G such that G/[G,G] € C—then V n > 0, 
Hy(G) EC. 


FACT Let C be a ring. Suppose that X is simply connected—then H,(X) € C V q > O iff 
Hy(QX) €CVq>0. 


Application: Let C be a ring. Fix * € C—then the Hg(m,n) € C (q > 0). 


If C is a Serre class, then a homomorphism f :G — K of abelian groups is said to be 
C-injective (C-surjective) if the kernel (cokernel) of f is in C, f being C-bijective provided 


that it is both C-injective and C-surjective. 


MOD C HUREWICZ THEOREM Let C be a Serre class. Assume: C is a ring. 
Suppose that X is abelian—then if n > 2, the condition m4(X) € C (1 < q < n) is 
equivalent to the condition H,(X) € C (1 < q < n) and either implies that the Hurewicz 
homomorphism 7,,(X ) + H,,(X) is C-bijective. 


EXAMPLE LetC bearing. Suppose that X is a pointed connected CW space which is nilpotent. 
Agreeing to write 71(X) € C if m1(X)/[m1(X), 71(X)] € C, fix n > 2—then the following conditions are 
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equivalent: (i) m(X) € C (1 < q <n); (ii) Hg(X) € C (1 < q < 1); (iii) m(X) EC & Hy(X) € C 
(1 <q <n). Furthermore, under (i), (ii), or (iii), the Hurewicz homomorphism 7,(X) > Hy(X) induces 
a C-bijection ™(X).,(x) > Hn{X). 

[To illustrate the line of argument, assume (iii) and consider the spectral sequence E? , % Hp(m1(X); 
H,(X)) => Hp+_(X) of the covering projection KES (cf. p. 5-62). Since 71(X) € C is nilpotent, 
EP o € C (p > 0) (cf. p. 7-9). In addition, the Hy(X) (q > 0) are nilpotent 71(X)-modules (cf. §5, 
Proposition 17), thus E? , € C (p > 0,1 <q <n) (cf. p. 7-4) = Hy(X) €C (1 < q < n) and there 
is a C-bijection HX) (X) — H,(X). Owing to the mod C Hurewicz theorem, 74(X) & Tq(X) EC 
(2 <q <n) and the Hurewicz homomorphism mm (X) > Hn(X) is C-bijective. But then the arrow 
t(X) a1 (x) 4 Hn(X)q4(x) is also C-bijective, m(X) and Hy(X) being nilpotent 71(X)-modules.] 


A Serre class C is said to be an ideal ifG €C>G@K €C, Tor(G,K) €C for all kK 
in AB. 


LEMMA Let C be a Serre class—then C is an ideal iff VG EC, @G; € C, where O 


is taken over any index set and V 1,G; =G. 


Example: Let C be an ideal. Suppose that G € [(sin X)°P, AB] is a coefficient system 
on X such that V 0, Go € C—then V n > 0, H,(X;G) €C. 


EXAMPLE The conglomerate of torsion Serre classes which are ideals is codable by a set. For in 
the set of subsets of F(N, Z>9U{oo}), write S ~ T iff each sequence in S is < a finite sum of sequences in T 
and each sequence in T is < a finite sum of sequences in S. Let E be the resulting set of equivalence classes. 
Claim: The conglomerate of torsion ideals is in a one-to-one correspondence with E. Thus given a torsion 
ideal C, assign to G € C the sequence {rn(G)} € F(N, Z>0 U {co}) by letting xzn(G) be the least upper 
bound of the exponents of the elements in G(pn), where V n, pn < pn4i. Put Se = {{an(G)}: GEC} 
and call [Se] € E the equivalence class corresponding to Sc. To go the other way, take an S and let Cg 
be the class of torsion abelian groups G with the property that there exists a finite number of sequences 
in S such that the n** term of their sum is an upper bound on the exponents of the elements in G(pn)— 
then Cg is an ideal and S ~ T = Cg = Cr, so Cig} makes sense. One has C + [Sc] > Cig.] = € and 
[5] + Cs} + [Se,q)] = [5]. 

[Note: It is sufficient to consider torsion ideals since any ideal containing a nonzero torsion free group 


is necessarily the class of all abelian groups.] 


MOD C WHITEHEAD THEOREM Let C be a Serre class. Assume: C is an ideal. 
Suppose that X and Y are abelian and f : X — Y is a continuous function—then if 
n > 2, the condition f, : tg(X) > m¢(Y) is C-bijective for 1 < g < n and C-surjective for 
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q = n is equivalent to the condition f, : H,(X) + H,(Y) is C-bijective for 1 < q < n and 


C-surjective for q = n. 


Hg(X ™q(X) 


xXx 
EXAMPLE Let be abelian. Assume: V gq, 
Y Tq(Y) 


) is finitely generated (> V q, { 


q 
is finitely generated). 


(char k = 0) Let f : X — Y be a continuous function. Fix a field k of characteristic 0 
and denote by F the class of finite abelian groups, 7 the class of torsion abelian groups—then if n > 2, 
the following conditions are equivalent: (1) fs : Hg(X) + Hq(Y) is F-bijective for 1 < q < n and F- 
surjective for g =n; (2) fe : Hg(X) > Hq(Y) is T-bijective for 1 <q <n and T-surjective for q = n; (3) 
fe : Hg(X;k) — Hq(Y;k) is bijective for 1 < q < n and surjective for g = n; (4) f* : H4(Y;k) — H4(X;k) 
is bijective for 1 < q < n and injective for q =n. 

(char k = p) Let f : X — Y be a continuous function. Fix a field k of characteristic p 
and denote by Fp the class of finite abelian groups with order prime to p, Jp the class of torsion abelian 
groups with trivial p-primary component—then if n > 2, the following conditions are equivalent: (1) 
fe : Hy(X) > Hq(Y) is Fp-bijective for 1 <q <n and Fy-surjective for gq = n; (2) fs : Hy(X) > Hq (Y) 
is Tp-bijective for 1 < q < n and Tp-surjective for gq = n; (3) fs : Hg(X;k) > Hq(Y;k) is bijective for 
1<q<nand surjective for g =n; (4) f* : H9(Y;k) — H4%(X;k) is bijective for 1 < q < n and injective 
for q=n. 

Example: If V n, fx induces an isomorphism Hy(X;Fp) > Hn(Y;Fp), then V n, fs induces an 


isomorphism m7(X)(p) > mn(Y)(p) of p-primary components. 


FACT Let X be a CW complex. Assume: X is finite and n-connected—then the Hurewicz homo- 


morphism mg(X) > H,(X) is C-bijective for g < 2n + 1, where C is the class of finite abelian groups. 
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88. LOCALIZATION OF GROUPS 


The algebra of this section is the point of departure for the developments in the next 
§. While the primary focus is on the “abelian-nilpotent” theory, part of the material is 
presented in a more general setting. I have also included some topological applications 
that will be of use in the sequel. 

The Serre classes in AB that are closed under the formation of coproducts (and hence 
colimits) are in a one-to-one correspondence with the Giraud subcategories of AB. Under 
this correspondence, the class of all abelian groups corresponds to the class of trivial groups. 
The remaining classes are necessarily torsion ideals and their determination is embedded 
in abelian localization theory. 

[Note: Not every torsion ideal is closed under the formation of coproducts (consider, 
e.g., the class of bounded abelian groups). 

Notation: P is a set of primes, P its complement in the set of all primes. 

Given P, put Sp = {1}U{n > 1:p € P= pJn}—then Zp = Sp'Z is the localization 
of Z at P and the inclusion Z — Zp is an epimorphism in RG. Zp is a principal ideal 
domain. Moreover, Zp is a subring of Q and every subring of Q is a Zp for a suitable P. 
The characteristic of 1 in Zp is e wee) => Zp/Z ~~ @ Z/p’Z. Examples: (1) 

oo (pe P) peP 
Take P= (: Zp = Q; (2) Take P=II: Zp = Z; (3) Take P=1~ {p} Zr = 2]; (4) 
Take P = II — {2,5}: Zp = all rationals whose decimal expansion is finite. ‘ 

[Note: Write Z, in place of Z;s,) : Zp is a local ring and its residue field is isomorphic 

to F,.] 


EXAMPLE Suppose that P 4 (—then as vector spaces over Q, Ext(Q, Zp) ~ R. 


Equip Sp with the structure of a directed set by stipulating that n’ < n” iff n’|n”. 
View (Sp,<) as a filtered category Sp and let Ap : Sp > AB be the diagram that 


ee es 
sends an object n to Z and a morphism n’ > n” to the multiplication — : Z > Z— 
/ 


then the homomorphism colim Ap — Zp is an isomorphism. Example: Zp ® Z/p"Z = 


. (p € P) 
Z/p"Z (pe P)- 


EXAMPLE Fix P ¢ II—then there is a short exact sequence 0 > lim! H!(Z; Q[Zp]) > 
H? (Zp; Q[Zp]) > lim H?(Z; Q[Zp]) > 0. Here, H?(Zp;Q[Zp]) # 0 (in fact, is uncountable (cf. p. 
5-47)). 
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LEMMA Let P’ and P” be two sets of primes—then (i) Zp:+Zpv = Zpiqpn and (ii) 


Zp Zp = Zprup, the sum and intersection being as subgroups of Q. Furthermore, the 
Zp: X Zpu > AZpiqpn é é : 

defines an isomorphism of rings: Zp: @Zpn & 
(2', 2") 3 z'2" Pp g Pp! @4p 


Zpinp (=> Zp ® Zp & Zp). 


biadditive function 


ql 


Zpiypu  —> Zp 
FACT There is a commutative diagram | | j’’ and a short exact sequence 
Zp —? Zpinpy 
0 > Zprypn LS; ®@ Zp eZ oie pil > 0 (uz) = (2), #"(2)) & v(z',2") = 7'(2') — j"(2")), thus the 


square is simultaneously a pullback and a pushout in AB. 


An abelian group G is said to be Sp-torsion if V g € G, in € Sp: ng = 0. Denote by 
Cp the class of Sp-torsion abelian groups—then Cp is a Serre class which is closed under 
the formation of coproducts and every torsion Serre class with this property is a Cp for 
some P. Examples: (1) Take P = (: Cp is the class of torsion abelian groups; (2) Take 
P =I: Cp is the class of trivial groups; (3) Take P = {p}: Cp is the class of torsion 
abelian groups with trivial p-primary component; (4) Take P = II — {p} : Cp is the class 
of abelian p-groups. 

[Note: G is Sp-torsion iff G is P-primary or still, iff Zp @ G = 0.] 

Let f : G > K bea homomorphism of abelian groups—then f is said to be P-injective 
(P-surjective) if the kernel (cokernel) of f is Sp-torsion, f being P-bijective provided that 
it is both P-injective and P-surjective. 


[Note: This is the terminology on p. 7-9, specialized to the case C = Cp.] 


FIVE LEMMA Let 


Gi ——? Go —_ G3 ==> G4 —7 Gs 


[fh | fe | fs | fa | fs 


Ky =? Ko — K3 — Ky —_ Ks 


be a commutative diagram of abelian groups with exact rows. 
(1) If fo and f, are P-surjective and fs is P-injective, then fz is P-surjective. 


(2) If fo and f, are P-injective and f; is P-surjective, then f3 is P-injective. 


The definition of “Sp-torsion” carries over without change to GR, as does the definition of “P- 
injective” but it is best to modify the definition of “P-surjective”. Thus let f : G— K be a homomorphism 
of groups—then f is said to be P-surjective if Vk € K, in € Sp: k” € imf (when G and K are 


nilpotent, this is equivalent to requiring that coker f be Sp-torsion). Assigning to the term “P-bijective” 
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the obvious interpretation, the five lemma retains its validity under the following additional assumptions: 
(1)4 im(Ke > K3) C Cen K3 or (2)4im(Gi — Gz) C CenGe2 (no extra conditions are needed in the 


nilpotent case). 


Given an abelian group G, the localization of G at P is the tensor product Gp = 
Zp@G. The functor Zp@— : AB + Zp-MOD preserves colimits and is exact. Examples: 


(1) Suppose that G is finitely generated, say G > OZ GO PB@a(p,n) - (Z/p"Z)—then 
1 pn 


Gp @Zroe @ @Pai(p,n) - (Z/p"Z); (2) Suppose that G is torsion, say G ~ GQ G(p)— 
1 peP n Pp 
then Gp & @ G(p). 
pEeP 
[Note: Ga = Q®@G is the rationalization of G. Example: Q@Z” 4 Q”. G, = Z,@G 


is the p-localization of G. Example: (Q/Z), = Z/p™°Z.] 


G = (Gs 
FACT Let G be an abelian group—then the commutative diagram | | is simultane- 


Gp — Ga 


Gp>Ge . P -bijection 
ously a pullback square and a pushout square in AB and the arrow is a 


Gz Ga P-bijection — 


G 
FACT Let G be an abelian group—then G is finitely generated iff { = are finitely generated 


P 
Z 
s -modules. 
Zp 
[Note: (®B Z/pZ)q is a finitely generated Zg-module for every prime q but B Z/pZ is not a finitely 


p p 
generated abelian group.] 


FACT Let G be an abelian group—then G = 0 iff V p, Gp = 0. 


G 
FACT Let { be finitely generated abelian groups. Assume: V p,Gp % Kp—then GH Kk. 
K 


[Note: To see the failure of this conclusion when one of G and K is not finitely generated, take G = Z 
and let K be the additive subgroup of Q consisting of those rationals of the form m/n, where n is square 
free—then V p,Gp X Ky, yet G # K. Replacing “square free” by “kth_power free”, it follows that there 
exist infinitely many mutually nonisomorphic abelian groups whose p-localization is isomorphic to Zp at 


every prime p.| 


FACT Let f: G— K bea homomorphism of abelian groups—then f is injective (surjective) iff 
Vp, fp: Gp + Kp is injective (surjective). 


[Localization is an exact functor, hence preserves kernels and cokernels. | 
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FACT Let f,g : G— K be homomorphisms of abelian groups. Assume: V p, fp = gp—then f = g. 


GS) ge 
g 


[The vertical arrows in the commutative diagram | | are one-to-one. | 


nf 
IG, z= I] %> 


LEMMA Let Gio, be the torsion subgroup of G—then (Gior)p is the torsion sub- 
group of Gp. 


EXAMPLE Take G = [[Z/pZ—then Gtor  QZ/pZ => (Gp)tor & Z/pZ, so V p, (Gp)tor is a 


p p 
direct summand of Gp, yet Gtor is not a direct summand of G. 


Let G be an abelian group—then one may attach to G a sink {rp : Gp > Gq} anda 


source {l, :G — G,}, where V . ela ola 


FRACTURE LEMMA Suppose that G is a finitely generated abelian group—then 
the source {l, :G— G,} is the multiple pullback of the sink {r, : G, ~ Ga}. 
[It suffices to look at two cases: (i) G = Z/p"Z and (ii) G = Z.] 


EXAMPLE Take G = @ Z/pZ—then Gp = Z/pZ and Ga = 0, the final object in AB. Accord- 


p 
ingly, the multiple pullback of the sink {Z/pZ — 0} is the source {] | Z/pZ > Z/pZ}. 
p 


An abelian group G is said to be P-local if the map oe is bijective V n € Sp. 


ABp is the full subcategory of AB whose objects are the P-local abelian groups. ABp 
AB > ABp 
Go Gp 

localization lp :G — Gp. Therefore G is P-local iff lp is an isomorphism. In general, the 


is a Giraud subcategory of AB with exact reflector Lp : { and arrow of 


kernel and cokernel of |p : G + Gp are Sp-torsion, i.e., /p is P-bijective. 

[Note: The objects of ABp are the uniquely P-divisible abelian groups. Changing 
the notation momentarily, let Sp C Mor AB be the class consisting of those s such that 
ker s € Cp and coker s € Cp—then the localization Sp'AB is equivalent to ABp and 
the endomorphism ring of Z, considered as an object in Sp‘ AB, is isomorphic to Zp. 
Moreover, a homomorphism f :G— K of abelian groups is P-bijective iff fp : Gp > Kp 


is bijective. | 


RECOGNITION PRINCIPLE Let G be an abelian group—then G is P-local iff it 


carries the structure of a Zp-module or satisfies one of the following equivalent conditions. 
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REC,) Zp/Z®G=0 & Tor(Zp/Z,G) = 0. 

REC2) Vneé Sp, Z/nZ®G=0 & Tor(Z/nZ,G) = 0. 
REC3) Hom(Zp/Z,G) = 0 & Ext(Zp/Z,G) = 0. 

REC,) Vn€ Sp, Hom(Z/nZ,G) =0 & Ext(Z/nZ, G) = 0. 
[Note: In REC2 or REC4, one can just as well work with the p € Pi 


( 
( 
( 
( 


FACT Let G be an abelian group. Suppose that G is isomorphic to a subgroup of a P-local abelian 


group and a quotient group of a P-local abelian group—then G is P-local. 


FACT Let 0 > G’ > G > G” > 0 be a short exact sequence of abelian groups. Assume: Two of 
the groups are P-local—then so is the third. 

[Note: ABp is closed with respect to the formation of five term exact sequences but this need not 
be true of three term exact sequences unless P is the set of all primes, this being the only case when ABp 


is a Serre class.] 


EXAMPLE The homology groups attached to a chain complex of P-local abelian groups are 
P-local. 


x 
EXAMPLE Let f:X —Y be either a Dold fibration or a Serre fibration. Assume: { and the 
Y 


71(X 

Xy are path connected and { ey and the m1(Xy) are abelian. Fix yo € Y & wo € Xy )—then there 
TA 

is an exact sequence --- > Tn+41(Y,yo) 4 Tn(Xyq,20) 4 Tn(X, £0) 4 tn(Y, yo) > --- and if any two of 


tn(Xy,,00)}, {tn(X,20)$, {an(Y, yo)} are P-local, so is the third. 
yO 
LEMMA Lp: AB - ABp preserves finite limits. 


EXAMPLE [Lp need not preserve arbitrary limits. For instance, take P = II — {2} and define G 
Gn41 = Gn 


in TOW(AB) by G, = ZV n and 
1-2 


1 
—then lim G = 0 but lim Gp = 2| =]: 


Let f :G — K bea homomorphism of abelian groups—then f is said to be P-localizing 
if J an isomorphism ¢: Gp — K such that f = dolp (cf. p. 0-30). 


LEMMA Let f : G > K be a homomorphism of abelian groups—then f is P- 
localizing iff f is P-bijective and K is P-local. 


Example: Let i be path connected topological spaces, f : X — Y a continuous 


¥ 
function—then by the universal coefficient theorem, f, : Hp(X) > Hn(Y) is P-localizing 
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Vn>1 iff f, : Hn(X;Zp) — H,(Y; Zp) is an isomorphism V n > 1 and H,,(Y) is P-local 
Vn>1. 

Example: Let X be a path connected topological space—then by the universal coef- 
ficient theorem, H,,(X) is P-local Vn > 1 iff Vp € P, Hy(X;Z/pZ) =0V n> 1. 


FACT Let 
Gi — Go — G3 — G4 — Gs 


{fh | fe | fs | f | fs 
Ki — Ko — K3 — Kya — Ks 
be a commutative diagram of abelian groups with exact rows. Assume: f1, fo, f4, fs are P-localizing—then 


fg is P-localizing. 


G 
EXAMPLE Let be abelian groups—then (G® K)px® Gp®K XG®KpxGp® Kp and 
K 


Tor(G, K) p ~ Tor(Gp, K) ~ Tor(G, Kp) ~ Tor(Gp, Kp). 


EXAMPLE Let . be abelian groups. 
(R) Assume: G is finitely generated—then Hom(G, K)p ~ Hom(G, Kp) and Ext(G,K)p & 
Ext(G, Kp). 
(L) Assume: K is P-local—then Hom(Gp, K) © Hom(G, K) and Ext(Gp, K) © Ext(G, K). 


[An injective Zp-module is also injective as an abelian group.] 


FACT Let G be an abelian group—then V n > 1, Hn(lp) : Hn(G) — Hn(Gp) is P-localizing. In 
particular: G P-local > Hn(G) P-local (V n > 1) and conversely. 

[There are three steps: (1) G = Z/p”Z or G = Z (direct verification); (2) G finitely generated 
(Kunneth); (3) G arbitrary (take colimits).] 

[Note: It is a corollary that for any abelian group G, Hn(G;Zp) * Hn(Gp; Zp) (n > 1). This is also 
true if G is nilpotent (cf. Proposition 8) but is false in general. Example: Take G = S3, P = {3}—then 
H3(G; Zp) #0 & Hs(Gp;Zp) = 0.] 


PROPOSITION 1 Let f: X — Y be either a Dold fibration or a Serre fibration such 
that V p € P, f is Z/pZ-orientable—then any two of the following conditions imply the 
third: (1) Vk > 1, Hz, (Y) is P-local; (2) VI > 1, Hi(X,y,) is P-local; (3) Vn > 1, An(X) 
is P-local. 

[In the notation of p. 4-44, take A = Z/pZ. By what has been said there, H, hi 


0 for any two of Y, X,,, and X entails H,(—;A) = 0 for the third.] 


yo? 


Application: Let a be a P-local abelian group—then V q > 1, Hg(a,n) is P-local. 
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[As recorded above, this is true when n = 1. To treat the general case, proceed 
by induction, bearing in mind that the mapping fiber of the projection OK(z,n +1) > 
K(a,n+1) isa K(z,n).] 

[Note: If 7 is any abelian group, then the arrow of localization lp : 7 —+ mp induces a 
map lp: K(a,n) > K(ap,n) and V q > 1, Ag(lp) : Hg(t,n) > Hy(ap,n) is P-localizing. 
In fact, Ha(lp) is P-bijective (modCp Whitehead theorem) and H,(mp,n) is P-local.] 


FACT Let X be a pointed connected CW space. Assume: X is simply connected—then V n > 1, 
T(X) is P-local iff Vn > 1, Hy(X) is P-local. 
[Pass from homotopy to homology via the Postnikov tower of X and pass from homology to homotopy 


via the Whitehead tower of X.] 


x 
FACT Let { be pointed connected CW spaces, f : X — Y a pointed continuous function. 
Y 
Assume: X & Y are simply connected—then V n > 1, fs : tn(X) > mmn(Y) is P-localizing iff V n > 1, 
fx : Hn(X) > An (Y) is P-localizing. 


[Taking into account the preceding fact, this follows from the mod Cp Whitehead theorem. ] 


IfG and K are P-local abelian groups, then Hom(G, kK’), Ext(G, K), G® K, Tor(G, Kk) 


are P-local and Zp-isomorphic to their Zp-counterparts, hence can be identified with them. 


LEMMA Suppose that P 4 @ and let G be P-local. Assume: Hom(G, Zp) = 0 & 
Ext(G, Zp) = 0—then G = 0. 

[To begin with, Hom(Tor(Q, G), Zp) @ Ext(Q ® G,Zp) ~ Hom(Q, Ext(G, Zp)) @ 
Ext(Q, Hom(G, Zp)) > Ext(Q ® G, Zp) = 0. On the other hand, the condition Ext(G, Zp) 
= 0 implies that G is torsion free, so if G € 0, then Q ®G is a nontrivial vector space 
over Q:Q@GxI-Q (#(I) > 1) > Ext(Q @G, Zp) © Ext(Q, Zp)! = R! (cf. p. 8-1). 


Contradiction. | 


PROPOSITION 2 Let ie be path connected topological spaces, f : X — Y 


a continuous function—then f, : H,(X;Zp) > H,(Y;Zp) is an isomorphism iff f* : 
H*(Y;Zp) — H*(X; Zp) is an isomorphism. 


[There is an exact sequence 
.-- > H,(X;Zp) > H,(Y;Zp) 9 An(Cy; Zp) 9 Hn—1(X; Zp) 9 Hn—1(Y; Zp) 9 --- 
in homology and there is an exact sequence 


---— H"-(Y; Zp) 3 H"-'(X; Zp) 3 H"(Cs; Zp) 3 H"(Y;Zp) > H"(X;Zp) >: 
f 
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in cohomology. Accordingly, it need only be shown that H, (Cy; Zp) = 0 iff i (Cy; Zp) = 

0. Case 1: P = 0. Here, A" (Cy;Q) & Hom(H (C'z;Q), Q) and the assertion is obvious. 

Case 2: P £ 0. Since H"(Cy; Zp) & Hom(Hn (Cy; Zp), Zp) © Ext(H. n-1(Cy; Zp), Zp), 

it is clear that H,(C;y;Zp) = 0 > H* (Cy:Zp) = 0, while if H*(Cy;Zp) = 0, then 

Vn, Hom(H. n(C;Zp),Zp) = 0 & Ext(H,(Cy; Zp), Zp) = 0, thus from the lemma, 
i,(Cy:Zp) = 01 


Y 
a continuous function—then f, : H,(X;Zp) > H,(Y;Zp) is an isomorphism iff f, : 


H,,(X;Q) > H,.(Y;Q) is an isomorphism and V p € P, f, : H.(X;Z/pZ) > H.(Y; Z/pZ) 


is an isomorphism. 


xX : 
PROPOSITION 3_ Let { be path connected topological spaces, f : X — Y 


[Introducing again the mapping cone, it suffices to prove that H, (Cy;Zp) = 0 iff 
H,(Cy;Q) = OandV p € P, H,(Cs;Z/pZ) = 0. If first H,(Cy; Zp) = 0, then H.(Cy; Q) = 
Q ® H,(Cy) ~Q © (Zp ® H,(Cs)) ~) Q: @ (Cy; Zp) = = 0 and _because peP= 
Zp ® Z/pZ = Z/pZ, Vn, Hy (Cy; Z/pZ) © H,(Cy) ® Z/pZ & Tor(H. n—-1(Cf), Z/pZ) & 
H, (Cs) ® (Zp ® Z/pZ) eee n-1(Cf), Zp @ Z/pZ) © (Hn(C) @ Zp) @ Z/pZe 
Tor(Zp @ Hy-1(Cs), Z/pZ) © Hy, (Cy; Zp) ® ) Z/pZ © Tor(H. = (C55 Zp), Z/pZ) =0. As 
for the implication in the opposite direction, H, (Cy; Zp) = 0 iff H, (Cy) i is Sp-torsion, so 
H(Cy; Q) =0=> A, (Cy) is torsion and V n, Hy, (Cy; Z/pZ) =0=> Tor(H n(C'z), Z/pZ) = 
0=> Hy, (Cy) (p )=0 (pe P), ie., H.(Cy) is Sp-torsion.| 


sa shalt xX : : 
Application: Let { be path connected topological spaces, f : X — Y a continuous 


¥ 

function—then f, : H,(X) > H,(Y) is P-localizing Vn > 1 iff f, : Hn(X;Q) > AHn(Y; Q) 

is an isomorphism V n > 1 and V p € P, fx : Hy(X;Z/pZ) - H,(Y;Z/pZ) is an 
isomorphism V n > 1 and V p € P, H,(Y;Z/pZ) =0V n> 1. 

[Note: When P = II, “P-localizing” = “homology equivalence” and the last condition 


is vacuous. | 


xX 
FACT Let { be path connected topological spaces, f : X — Y a continuous function. Assume: 
Y 


Ay (xX 
n, A) is finitely generated—then for P #0, fx : Hs«(X;Zp) > H.«(Y;Zp) is an isomorphism iff 
n 


VpeEP, fx : Hs(X;Z/pZ) + H.(Y;Z/pZ) is an isomorphism. 


The theory set forth below has been developed by a number of mathematicians and 


can be approached in a variety of ways. What follows is an account of the bare essentials. 
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A group G is said to be P-local if the map | ae is bijective V n € Sp. GRp is 


> g” 
the full subcategory of GR whose objects are the P-local groups. On general grounds (cf. 


GR — GRp aig 


p. 0-23), GRp is a reflective subcategory of GR with reflector Lp: ae 
P 


arrow of localization lp :G— Gp. 
[Note: If G is abelian, then the restriction of Lp to AB “is” the Lp introduced earlier.] 


Example: Fix P 4 II—then no nontrivial free group is P-local. 


EXAMPLE Let X bea pointed connected CW space—then 71(X ) and the mg(X) ™ 71(X) (q > 2) 


; QX SOX . : : 
are P-local iff V n € Sip, the arrow is a pointed homotopy equivalence. 
ao” 


[For [S¢—1, 2X] (no base points) is isomorphic to mg(X) ™ 71(X) (q > 2).] 


The kernel of lp : G — Gp contains the set of Sp-torsion elements of G but is 


ordinarily much larger. Definition: An element g € G is said to be of type Sp ifia,beEG 

and n € Sp: g =ab-! & a” = b”. The subset of G consisting of the elements of type Sp 

is closed under inversion and conjugation and is annihilated by /p. Proceeding recursively, 

construct a sequence {1} = Ap C Ai C --- of normal subgroups of G by letting Az4i/Ax be 

the subgroup of G/A, generated by the elements of type Sp. Put Ap(G) =U A, : Ap(G) 
k 


is a normal subgroup of G and it is clear that if f : G — K is a homomorphism of 
groups, then f(Ap(G)) C Ap(K). On the other hand, G P-local > Ap(G) = {1}, so 
kerlp D Ap(G). The containment can be proper since there are examples where A p(G) 
is trivial but ker/p is not trivial (Berrick-Casacuberta'). However, for certain G, ker Ip is 


always trivial, e.g., when G is locally free (cf. p. 10-6). 


Observation: Ap(G) = {1} iff Vn € Sp, the map of ee 


ae is injective. 


EXAMPLE = (Generically Trivial Groups) A group G is said to be generically trivial provided 
that V p, Gp = 1. Example: The infinite alternating group is generically trivial. The homomorphic 
image of a generically trivial group is generically trivial, so generically trivial groups are perfect (but not 
conversely as there exist perfect groups which are locally free (cf. p. 5-64)). Since a perfect nilpotent 
group is trivial, the only generically trivial nilpotent group is the trivial group and since a finite p-group 
is nilpotent, a perfect finite group is generically trivial. Example: Let A be a ring with unit—then ST(A) 
is generically trivial (Berrick-Miller?), hence E(A) is too (> GL(PA) = E(T'A) is acyclic and generically 
trivial (cf. p. 5-75 ff.)). 


+ SLN 1509 (1992), 20-29. 
* Math. Proc. Cambridge Philos. Soc. 111 (1992), 219-229. 
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[Note: In the same paper it is shown that if {Gp :n > 2} is a sequence of abelian groups, then there 


exists a generically trivial group G such that Hy,(G) & Gn (n > 2).] 


EXAMPLE (Separable Groups) A group G is said to be separable provided that the arrow 


Go Gp is injective. The class of separable groups is closed under the formation of products and 
Pp & 


p 
subgroups, thus is the object class of an epireflective subcategory of GR (cf. p. 0-21). Every nilpotent 


group is separable as is every locally free group. 


FACT A group G is generically trivial iff every homomorphism f : G — K, where K is separable, 


is trivial. 


EXAMPLE Let X bea pointed connected CW space. Assume: X is acyclic and 71(X) is generi- 
cally trivial—then for every pointed connected CW space Y such that 71(Y) is separable, C(X, x0; Y, yo) 
is homotopically trivial (cf. p. 5-68). 


LEMMA Suppose that G is torsion—then G is P-local iff G is S5-torsion. 


[Necessity: Given g € G, It: gt =e. Write t = nn (n € Sp, € Ss): (g™)"=e> 
g” =e. Therefore G is Sz -torsion. 


Sufficiency: Fix n € Sp. For each n € Sp, choose k,l : kn + Im = 1, hence (i) 


Given 9 € G, IN € So: g™ =e Sg = gh?t™ = (g*)” and (ii) Given gi, g2 € G, 
In€ Spi g? =e = 98, so gf =9? > 91 = G7)* (97)! = (G2) * GD)! = 92] 


LEMMA _ Suppose that G is torsion—then lp : G > Gp is surjective and kerlp is 
generated by the Sp-torsion elements of G. 

[Let A be the subgroup of G generated by the Sp-torsion elements of G. Since G is 
torsion, G'/A is Sz-torsion, thus P-local. In addition, for every homomorphism f :G — K, 
where K is P-local, f(A) = {1}.] 


FACT Let 1 > G’ > G > G” > 1 be a short exact sequence of groups. Assume: G’ is P-local 


and G” is Sz -torsion—then G is P-local. 


EXAMPLE let X bea pointed connected CW space. Assume: 71(X) is S=-torsion and V q > 2, 
OX > OX . 
1q(X) is P-local—then V n € S'p, the arrow sitet is a pointed homotopy equivalence. 
oo 


FACT Let 1 + G’ > G— G” — 1 bea short exact sequence of groups. Assume: G” is S>- 


torsion—then the sequence 1 + G4, > Gp > G4 — 1 is exact. 
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EXAMPLE Let az be the fundamental group of the Klein bottle—then there is a short exact 
sequence 1 > Z @ Z 4 1 > Z/2Z — 1 so if 2 € P, there is a short exact sequence 1 > Zp @ Zp > 


Tp +> Z/2Z 41 and lp: x — wp is injective (but this is false if 2 ¢ P). 


EXAMPLE (Finite Groups) Let G be a finite group—then lp : G + Gp is surjective and 
kerlp is the subgroup of G generated by the Sylow p-subgroups (p € P), so, e.g., if G is a p-group, 
G (pe P) . 
Gp= — . Therefore G is P-local iff #(G) € Sp. 
1 (pe P) 
FACT Let G be a finite group—then G is P-local iff Vn > 1, Hn(G) is P-local. 
[Given a nontrivial subgroup K C G, the homomorphism Hy(K) > Hn(G) is nonzero for infinitely 


many n (Swant). Since Hn(G) = €~ Hn(G)(p), it follows that V p|#(G), Hn(G)(p) 4 0 for infinitely 


pl#(G) 
many n.] 


FACT Let G be a finite group—then Hi (lp) : Hi(G; Zp) — Hi(Gp; Zp) is bijective and Ho(Ip) : 
H2(G; Zp) + H2(Gp; Zp) is surjective. 

[The short exact sequence 1 — ker lp ~ G —+ Gp — 1 leads to an exact sequence H2(G; Zp) > 
H2(Gp;Zp) > Zp ® kerlp/[G,kerlp] — Hi(G;Zp) — Hi(Gp;Zp) > 0 in which the middle term is 


zero. | 


FACT Let G be a finite group—then V n > 1, Hn(lp): Hn(G) > Hn(Gp) is P-localizing iff ker 1p 


is S'p-torsion. 


Application: Let G be a finite group. Suppose that Vp & Vn > 1, An(lp) : Hn(G) > Hn(G,) is 
p-localizing—then G is nilpotent. 


[The Sylow subgroups of G are normal.] 


A subgroup K of a group G is said to be P-isolated if Vg € G, Vn € Sp: g” € 
kK =>g€K. The intersection of a collection of P-isolated subgroups of G is P-isolated. 
Therefore every nonempty subset X C G is contained in a unique minimal P-isolated 
subgroup of G, the P-isolator of X, written Ip(G, X). To describe Ip(G, X), let X, = X, 
I, = (Xi), and define Xj41, [;41 inductively by setting Xj41 = {g: 9" € 1; (Ane Sp)}, 
Tia. = (Xj41)—then Ip(G, X) = UJ. Corollary: X conjugation invariant > Ip(G, X) 


normal. 


[Note: A P-isolated subgroup of a P-local group is P-local.] 


+ Proc. Amer. Math. Soc. 11 (1960), 885-887. 
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Example: For any G, Gp = Ip(Gp,lp(G)). 
[Note: More generally, if f : G — K is a homomorphism of groups, then fp(Gp) = 
Ip(Kp,lp(f(G))). Corollary: f surjective > fp surjective.] 


EXAMPLE Fix a prime p—then Z/p™Z is isomorphic to 15(Q, Z)/Z. 


EXAMPLE let F be a free group on n > 1 generators—then F/[F,F] % n-Z. By contrast, 
Baumslagt has shown that Fp/Ip(Fp, [Fp, Fp]) iw n-Zp, while Fp/|Fp, Fp] iw n-Zp icy) B w(Z/p~Z).] 
peP 
[Note: Since @ w-: (Z/p®Z) is Sp-torsion, Hi(Fp) is not P-local if P # II. This example also 
pEeP 
shows that in GR, the operations G > G/[G,G] > (G/[G,G])p, G > Gp > Gp/[Gp, Gp] need not 


coincide. ] 


FACT If G is a nilpotent group and if K is a subgroup of G, then {g: g" € K (An€ Sp)} isa 
subgroup of G, hence equals Ip(G, K). 

[Assuming that G is generated by the g such that for some n € Sp, g” € K, one can argue inductively 
on d = nilG > 1 and suppose that Vg € G, In € Sp &h ET4-1(G), k € K : g” = hk. On the other 
hand, @4([G, G]- K/[G, G]) > @4(G/[G, G]) 3 T4-1(G), so Im € Sp: h™ € K. But h is central, thus 
g?™ =h"k™ € K,] 


[Note: In particular, the set of Sp-torsion elements in a nilpotent group is a subgroup (cf. p. 5-54).] 


COMMUTATOR FORMULA Suppose that Ap(G) = {1}. Let eo 


L 
of G—then [K, L] = {1} => [Ip(G, K), Ip(G, L)] = {1}. 
[Given { ; pe in , the claim is that ryx—! = y. This is trivial if { : 
P\Y; 
LE Ti41(G, K) wick re I,(G, Kk) 
y € Ti41(G, L) y” € I,(G, Kk) 
Sp) then “ay? Sy 2 aa Say ap aS ays aa SS ae 


t= y,] 


be subgroups 


INE 


so argue by induction on 2, assuming that { 


y” > Lyx 


Application: Suppose that Ap(G) = {1}. Let gi,g2 be elements of G such that 


ny 


[91,95] = 1, where ny, nz € Sp—then [g1, ga] = 1. 


LEMMA Suppose that Ap(G) = {1}. Let K be a P-isolated central subgroup of 
G—then Ap(G/K) = {1}. 


+ Acta Math. 104 (1960), 217-303 (cf. 253-254 & 291-293). 


8-13 


[Consider an element of type Sp in G/K, say gK = (aK)(b-'K) & a"K = 0"K 
ne Sp). Sova? = Pre kek) |a2b"|=1=> lab) = 1S Gb") e k= ab- te 
Ip(G, K) = K > aK =bK]] 


TRANSMISSION OF NILPOTENCY Suppose that Ap(G) = {1}. Let K be a nilpo- 
tent subgroup of G—then Ip(G, K) is nilpotent with nillp(G, K) = nil K. 

[The assertion is obvious if K consists of the identity alone. Assume next that K is 
abelian and nontrivial: [K, K] = {1} = [Ip(G, kK), Ip(G, K)| = {1} = Ip(G, K) is abelian 
and nontrivial. Induction hypothesis: The assertion is true whenever L is a nilpotent 
subgroup of H provided that Ap(H) = {1} and nilZL < d—1, where d= nilKk > 1. Let 
Z be the center of kK—then [K, Z] = {1} = [Jp(G, Kk), Ip(G, Z)] = {1}, thus Ip(G, Z) is 
a P-isolated central subgroup of Ip(G, K), so by the lemma, Ap(Ip(G, K)/Ip(G, Z)) = 
{1}. Now put X = Kk -Ip(G,Z) : I, = X, is a group (X; = X) and I; /Ip(G,Z) 
K/K OIp(G,Z) = K/Z. Since nil k/Z = nil K — 1, it follows that J; is nilpotent with 
nil, = d. Write, as above, Ip(G, X) = J J;. Assume that J; is nilpotent with nilZ; = d 
Vi < igo. Fix a well ordering of the siemens of X;,41 : {tg :0< B < a}. Let W, be 
the subgroup of G generated by J;, and {xg : 0 < 6 < y}-—then J,,41 = UW, and the 


claim is that V y, W, is nilpotent with nilW, = d, hence that J;,41 is nilpotent with 
nill;,41 = d. Consider W, : I;,/Ip(G, Z) is a nilpotent subgroup of W1/Ip(G, Z) with 
nilI;,/Ip(G, Z) = d— 1. Therefore the induction hypothesis implies that W/Ip(G, Z) = 
Ip(W,/Ip(G, Z), 1;,/Ip(G, Z)) is nilpotent with nilW,/Ip(G, Z) = d—1. This means 
that W, is nilpotent with nilW, = d, which sets the stage for an evident transfinite 
recursion. Conclusion: V i, J; is nilpotent with nilJ; = d, i.e., Ip(G, X) is nilpotent with 
nilIp(G, X) =d or still, Ip(G, K) is nilpotent with nil Ip(G, K) = d.] 


PROPOSITION 4 Let G be a nilpotent group—then Gp is nilpotent and nilGp < 
nilG. 

[In fact, Gp = Ip(Gp,lp(G)) and transmission of nilpotency ensures that Gp is 
nilpotent with nilGp = nillp(G) < nilG’] 


Notation: NIL is the category of nilpotent groups and NIL! is the category of nilpo- 
tent groups with degree of nilpotency < d. 

Thanks to Proposition 4, Lp respects NIL : G nilpotent > Gp nilpotent, thus NILp, 
the full subcategory of NIL whose objects are the P-local nilpotent groups, is a reflective 


subcategory of NIL. More is true: Lp respects NIL? and there is a commutative diagram 
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NIL¢+! 4%, NIL! 


T y (obvious notation). 
NIL? —>+ NIL% 
Ip 


FACT Let G be a group. Assume: G is locally nilpotent—then Gp is locally nilpotent. 


Note: A group if said to be locally nilpotent if its finitely generated subgroups are nilpotent. 
& focally nilpotent 


FACT Let G be a group. Assume: G is virtually nilpotent—then Gp is virtually nilpotent. 


Note: A group is said to be virtually nilpotent if it contains a nilpotent subgroup of finite index. 
g virtually nilpotent 


Given a set of primes P, a group G is said to be residually finite P ifV g # e inG there 
is a finite Sp-torsion group X, and an epimorphism ¢, : G — X, such that ¢,(g) # e. 

[Note: When P = II, the term is residually finite. Example: Q is not residually finite 
but Zp (P # 9) is residually finite p V p € P.] 

Examples: (1) (Iwasawa) Every free group is residually finite p for all primes p; (2) 
(Hirsch) Every polycyclic group is residually finite (= every finitely generated nilpotent 
group is residually finite); (3) (Gruenberg) Every finitely generated torsion free nilpo- 
tent group is residually finite p for all primes p; (4) (Hall) Every finitely generated 
abelian-by-nilpotent group is residually finite. 


[Note: Proofs of these results can be found in Robinson'.] 


LEMMA Let G be a finitely generated nilpotent group. Assume: All the torsion in 
G is Sp-torsion, where P 4 0—then G is residually finite P. 

[Fix g Ae in G. Case 1: g ¢ Gtor. According to Gruenberg, V p, G/Gtor is residually 
finite p, so a fortiori G/Gtor is residually finite P. Case 2: g € Gtor. According to 
Hirsch, there is a finite nilpotent group X, and an epimorphism ¢, :G— X, such that 
bg(g) Ae. Write X, = [] X,(p), Xg(p) the Sylow p-subgroup of XJ. Let mp be the 
projection X, > [|] X, (p) atid consider the composite mp o ¢4.| 

pEP 

PROPOSITION 5 Let G be a nilpotent group—then Ip : G > Gp is P-bijective. 

[Since Gp is nilpotent, {gp : 9% € lp(G) (dn € Sp)} equals Ip(Gp,lp(G)) (cf. p. 
8-12) or still, Gp, thus lp is P-surjective. To verify that lp is P-injective, suppose first 


that P is nonempty. Because the kernel of /p contains the S'p-torsion, one can assume that 


+ Finiteness Conditions and Generalized Soluble Groups, vol. II, Springer Verlag (1972); see also 
Magnus, Bull. Amer. Math. Soc. 75 (1969), 305-316. 
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all the torsion in G is Sp-torsion. The claim in this situation is that Ip is injective. If to 
begin with G is finitely generated, then on the basis of the lemma, there is an embedding 


G-> lI X,, where each X, is a finite Sp-torsion group, hence P-local (cf. p. 8-10). 
g#e 
Therefore [[ X, is P-local, so lp is necessarily injective. To see that Ip is injective in 
g#e 
general, express G as the colimit of its finitely generated subgroups G; and compute the 


kernel of G + Gp as the colimit of the kernels of the G; — G;,p. There remains the 
possibility that P is empty. To finesse this, choose P: PA @ & P 4 and note that the 
arrow (Gp)P > Gg (= Gq) is an isomorphism which implies that Gtor = ker /q.] 


Application: Every torsion free nilpotent group embeds in its rationalization. 
LEMMA Let f : G — K be a homomorphism of nilpotent groups. Assume: f is 


injective (surjective)—then fp: Gp — Kp is injective (surjective). 


[It will be enough to establish injectivity (see p. 8-12 for surjectivity). Suppose that 


fr(gp) = e (gp € Gp). Since Ip is P-surjective, 4g © G& n€ Sp: Ilp(g) = gh => 
Ip(f(g)) =e=> Ime Sp: fig)™ =e> g™ =e > 9 €kerlp > g3 =e > gp =e, Gp 
being P-local.] 


PROPOSITION 6 Lp: NIL > NILp is exact, ie., if 1 ~ G’ >G>G" > lisa 


short exact sequence in NIL, then 1 > G4, ~ Gp > G4 — 1 is a short exact sequence in 
NILp. 
[It is straightforward to check that im(G‘) > Gp) = ker(Gp > G‘%).] 


LEMMA Let G be a nilpotent group. Suppose that K is a central subgroup of 
G—then Kp is a central subgroup of Gp. 

[In fact, [G, kK] = {1} => [lp(G),lp(K)] = {1}, so by the commutator formula, 
[Ip (Gp, lp(G)), Ip(Gp,lp(K))] = {1} = (Gp, Kp] = {1}.] 


PROPOSITION 7 Lp: NIL — NILp preserves central extensions. 


LEMMA Let Gy > Go > G3 > G4 > Gs be an exact sequence of nilpotent groups. 


Assume: eee are P-local—then G3 is P-local. 
Ga, Gs 


Application: Let 1 + G’ — G > G” > 1 be a short exact sequence of nilpotent 


groups. Assume: Two of the groups are P-local—then so is the third. 
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EXAMPLE Let X bea pointed connected CW space. Assume: X is nilpotent and V q > 1, mq(X) 


: OX SOX . . . 
is P-local—then V n € Sp, the arrow is a pointed homotopy equivalence. 
ao” 


[There is a split short exact sequence 1 + m4(X) > mq(X) ™ m1(X) > m1(X) > 1, where mq(X) ™ 
m1(X) (q > 2) is nilpotent (cf. p. 5-56), hence P-local.] 


If f,g : G > K are homomorphisms of nilpotent groups such that V p, fp = gp, then f = g. In 
other words, morphisms in NIL (as in AB) are determined by their localizations. For finitely generated 
objects, the situation is different. Definition: Given a finitely generated nilpotent group G, the genus gen 
G of G is the conglomerate of isomorphism classes of finitely generated nilpotent groups K such that V p, 
Gp = Kp. By contrast to what obtains in AB, it can happen that #(gen G) > 1 although always #(gen 
G) < w (Pickelt). 

[Note: If G is a finitely generated abelian group and if K is a finitely generated nilpotent group such 
that V p, Gp & Ky, then GR K(=> gen G = {[G]}). 


FACT Let G be a nilpotent group—then two elements of G are conjugate iff their images in every 


Gp are conjugate. 


Let G be a nilpotent group—then one may attach to G a sink {r, :G, > Ga} anda 


source {l, :G— G,}, where V ‘i Me red ee ered he 


LEMMA Let 1 > G’ ~ G > G” = 1 be a short exact sequence of nilpotent 

{ig G > G,} 

{lp : G" —> Go} 

= / / 

{ i ; Oy = oo} —then the source {l, : G — Gp} is the multiple pullback of the sink 
ee 

Ty : Gy =e GQ}. 


[The verification is a diagram chase, using the exactness of 1 > G, > G, > G) — 1. 


groups. Assume: The source { is the multiple pullback of the sink 


Precisely: Given elements g, € G, & gq € Ga: VP, T(J) = 9Q, A 9E€ G: Vp, 
ln(9) = 9p-] 


FRACTURE LEMMA _ Suppose that G is a finitely generated nilpotent group—then 
the source {l, :G— G,} is the multiple pullback of the sink {rp : Gp, > Ga}. 

[Proceed by induction on nilG. The assertion is true if nilG < 1 (cf. p. 8-4). 
Assume therefore that nilG > 1 and consider the short exact sequence 1 > T1(G) — G > 


+ Trans. Amer. Math. Soc. 160 (1971), 327-341; see also Mislin, SEN 418 (1974), 103-120 and 
Warfield, J. Pure Appl. Algebra 6 (1975), 125-132. 
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G/T'(G) — 1 of nilpotent groups. Since G is finitely generated, [1(G) is finitely generated 
(cf. p. 5-54), as is G/[4(G). Furthermore, nilf!'(G) < nilG and nilG/T'(G) = 1, thus 


the lemma is applicable. | 


Let f : G — K be a homomorphism of nilpotent groups—then f is said to be 
P-localizing if J an isomorphism ¢: Gp — K such that f = dolp (cf. p. 0-30). 


LEMMA Let f : G —> K bea homomorphism of nilpotent groups—then f is P- 
localizing iff f is P-bijective and K is P-local. 

[Note: A homomorphism f : G —> K of nilpotent groups is P-bijective iff fp : Gp > 
Kp is bijective (cf. Proposition 5).] 


FACT Let 
G1 — Go — G3; — Gs — Gs 


fn [fe [fs [fa | fs 
ky —, Ko — > Kz; — > Kye — Ks 
be a commutative diagram of nilpotent groups with exact rows. Assume: /1, fo, fa, fs are P-localizing— 


then f3 is P-localizing. 


PROPOSITION 8 Let G be a nilpotent group—then V n > 1, H, (lp) : Hn(G) > 
H,,(Gp) is P-localizing. 
[This is true if nilG < 1, so argue by induction on nilG > 1. There is a commutative 


diagram 
1— CennG —- G—~> G/CnG — 1 


l l 
1 — (CenG)p — Gp — (G/CenG)p — 1 
of central extensions (cf. Proposition 7) and a morphism {E? , * H,(G/Cen G; H,(CenG))} 
+ {E? , = H,((G/CenG) p; H,((CenG) p))} of LHS spectral sequences. Since nil CenG < 
1 and nilG/CenG < nilG — 1, it follows from the induction hypothesis and the universal 
coefficient theorem that the arrow Ee > [Dae is P-localizing (p + q > 0). However, the 
homology groups attached to a chain complex of P-local abelian groups are P-local (cf. p. 
8-5), thus this conclusion persists through the spectral sequence and in the end, it is seen 
that the arrow E%®, + E°, is P-localizing (p+ q > 0). Fix now an n > 1. Consider the 


commutative diagram 


Oo  Hyeteet > digg — 2. — 0 
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where p+ q = n—then the obvious recursion argument allows one to say that the arrow 


Hyq — Hy,q is P-localizing, therefore H,, (lp) : H,(G) > H,(Gp) is P-localizing.| 


Pd 


Application: Let G be a nilpotent group—then V n > 1, Hp, (G)p & An(Gp). 


FACT Suppose that G and K are finitely generated nilpotent groups. Assume: gen G = gen K— 
then Vn > 1, Hy(G) & A,(K). 
[The point here is that Hn(G) and Hn(K) are finitely generated (cf. p. 5-54).] 


PROPOSITION 9 Let G be a nilpotent group. Assume: Vn > 1, H,(G) is P-local— 
then G is P-local. 

[According to Proposition 8, H,(lp) : Hn(G) > H,(Gp) is P-localizing or still, is an 
isomorphism, H,,(G) being P-local. But this means that lp : G > Gp is an isomorphism 
(cf. p. 5-55).] 


PROPOSITION 10 Let f : G— K bea homomorphism of nilpotent groups—then 
f is P-localizing iff Vn > 1, H,(f) : Hn(G@) - H,(K) is P-localizing. 

(Necessity: By definition, J an isomorphism ¢ : Gp — K such that f = dolp, so 
H,(f) = Hn(¢) o An(lp), where H,,(¢) is an isomorphism and H,,(lp) is P-localizing (cf. 
Proposition 8). 

Sufficiency: Since V n > 1, H,,(K) is P-local, Proposition 9 implies that K is P-local, 
hence by universality, J a homomorphism ¢: Gp — K such that f = dolp. Claim: ¢ is an 
isomorphism. In fact, Hn(f) = Hn(¢)oHn(lp), where H,,(f) and H, (lp) are P-localizing, 
thus V n > 1, H,,(¢) is an isomorphism, from which the claim (cf. p. 5—55).] 

[Note: Similar considerations show that if f : G— K is a homomorphism of nilpotent 
groups, then f is P-bijective iff Vn > 1, An(f) : An(G; Zp) > H,(K; Zp) is bijective.] 


PROPOSITION 11 Let f : G— K bea homomorphism of nilpotent groups. Assume: 
f is P-localizing—then V i > 0, [*(f) : T’*(G) + I*(K) is P-localizing. 


[On the basis of the commutative diagram 
1—> Gi oGg—s are 1 


i i [4 


1—> (kK) > kK — K/T(kK) — 1 


it need only be shown that V 7, the induced map f; is P-localizing. This can be done by 
induction on 7. Indeed, the assertion is trivial if i = 0 and a consequence of Proposition 10 
if i = 1, so to pass from i to i+ 1, it suffices to remark that the arrow I'*(G)/T**1(G) 3 
I*(K)/T'+!(K) is P-localizing (inspect the proof of Proposition 14 in §5).] 
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@:G>o>k 


y:Hok 
H + Gp Xx, Hp is P-localizing. 


LEMMA Let be homomorphisms of nilpotent groups—then f :G xx 


[For f is clearly P-injective, being the restriction to Gx x H of the P-bijection Ip xIp : 


G x H — Gp x Hp. To show that f is P-surjective, take (gp,hp) € Gp xx, Hp, so 


2 g eG m . J 9p = '!r(9) oe 
bela) = Ye(he). Choose J4E% &{™ © Sp {MERI > ipo ota") = 


op olp(g") = dp(gp”) = Yr(hp”) = vp olp(h™) = lp og(h™) = o(g") = o(h™)k (k € 
ker lp). Choose t € Sp: kt =e. Fix d: nilK < d—then 4(g”)" = ((h™k)™ = o(h™) 
(cf. p. 5-54) => (g”*", h™") © G xx H => (gp, hp)™™ = f(g?" h™") > (gp, hp)™r™ € 
im f, i.e., f is P-surjective. Since Gp xx, Hp is necessarily P-local, it follows that f is 


P-localizing.] 


@:G>o>kK 
y:Gok 
— eq(¢p, wp) is P-localizing. 


LEMMA Let be homomorphisms of nilpotent groups—then f : eq(¢, ~) 


[Imitate the argument used in the preceding proof. ] 


PROPOSITION 12 Lp: NIL —- NILp preserves finite limits. 


[Combine the foregoing lemmas.] 
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G 
EXAMPLE Let G be anilpotent group; let { ” be subgroups of G—then (G/NG”) p & G4,NG. 
G 


FACT Let G be a nilpotent group, {g, } a subset of G. Fix n € N. Assume: (1) The set {g,[G, G]} 


G—->G 
generates G/[G, G]; (2) Each g,, is a product of n*® powers—then the map { is surjective. 
gg” 


[l?(G)/T*+1(G) has n*® roots (consider the arrow @'+!(G/[G,G]) > T*(G)/T’+1(Q)), thus G/ 
T’+1(G) has n*” roots (consider the central extension 1 > I'?(G)/T'+!(G) > G/T’+1(G) = G/T*(G) > 


1)] 


EXAMPLE Let G bea nilpotent group; let K be a subgroup of G. Write norgK for the normal 


closure of K in G, norg, Kp for the normal closure of Kp in Gp—then (norgK)p & norg, Kp. 
P P 


/ 


G 
EXAMPLE Let G be a nilpotent group; let 1 be subgroups of G. Write (G’,G”) for the 


subgroup of G generated by G’ UG”, (G‘,, Gf) for the subgroup of Gp generated by G4, U G’4—then 
(G',G")p & (Gp, GB). 
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Gut ’ 
G' x G" is the cartesian subgroup of G’ « G’’. It is freely generated by {[g’',g”]: 9' #e 


Notation: Given groups { the kernel car(G’, G’’) of the epimorphism G’ « G” > 


/ 
& g" #e}. If fe are subgroups of G, then Vae(car(G’,G”)) = [G’,G”], where Ve : 
G*«G — G is the folding map. 
/ 
Suppose that { o are in NIL’. Put G’*qG” = G!«G"/T4(G' *G@”)—then G! *4G" 


is the coproduct in NIL?. Call carg(G’,G”) the kernel of the epimorphism G’ «4 G” > 
G' x G", so carg(G’, G") = car(G’, G”) /T4(G' « G"). 


FACT NIL‘ is a reflective subcategory of GR, hence is complete and cocomplete. 


[Note: NIL is finitely complete but not finitely cocomplete.] 


Go SRG 
FACT Let G be a nilpotent group—then the commutative diagram | | is simulta- 
Gp — Gea 
Gp>G@ . are 
isa 


neously a pullback square and a pushout square in NIL and the arrow 


P-bijection | 


PROPOSITION 13 Let G be a nilpotent group; let be subgroups of G—then 


Gl 

GU 

lp: G— Gp restricts to an arrow f : [G’,G”] > [G‘,, G4] which is P-localizing. 
[Trivially, f is P-injective. To check that f is P-surjective, look first at the commu- 


tative diagram 


i ess cea GL GN. m8 oGhagGt = GI GE, a 


i i l . 


=, caer) -—s Chae). => CLG <3 4 


it being assumed that nilG < d. Since Lp preserves colimits, (G’ *qG") p & (Gp *a Gp) p. 
Therefore the arrow G’ «4 G” > Gp *q Gf is P-bijective, thus the same is true of the ar- 
row carg(G’,G”) > carg(G>,G). Consequently, upon forming the commutative square 
carg(G’,G"”) — [G',G”] 

| \f in which the horizontal arrows are the epimorphisms in- 
cara( p, Gp) — [Gp, Gp] 
duced by the folding maps, it is seen that f is P-surjective. Turning to the verification 
that [G>,GZ] is P-local, there is no Sp-torsion and V n € Sp, Gb *4 G6 has n* roots 
(consider generators (cf. p. 8-19)), so V n € Sp, carg(Gp,Gs) has n™ roots and this 


suffices. | 
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/ 


Application: Let G be a nilpotent group; let { S be subgroups of G—then [G’, G""|p © 


G" 
IGp, Gp). 


Let G and z be groups. Suppose that G operates on 7, i.e., suppose given a homo- 
morphism y : G — Auta—then x determines a homomorphism xp :G > Autap, thus G 


operates on 7p. 


FACT If G operates on z and if z is nilpotent, then Be (m)pe& ee (wp) (here the notation is that 
of p. 5-55). In particular: a y-nilpotent = mp y p-nilpotent. 


[Use induction and Proposition 13, so that [7,1 (x)]p © [mp,T) (x) p] & [np, Pes (mp)]-] 


Given groups G and 7, let Homnii(G, Aut 7) be the subset of Hom(G, Aut 7) consisting 
of those x such that 7 is y-nilpotent. 
[Note: In order that Homi (G, Aut 7) be nonempty, it is necessary that 7 be nilpotent 
(cf. p. 5-55).] 
Suppose that G and 7 are nilpotent. 
(nil,) The arrow Hom(G, Auta) — Hom(G, Autzp) restricts to an arrow 
Hompi(G, Aut 7) + Homyi(G, Aut mp). 
[For, as noted above, a y-nilpotent > mp yp-nilpotent.| 
(nilg) There is an arrow Hompi(G, Aut 7) > Hompii(Gp, Aut mp) that sends 
x to Xp, where X¥p olp = yp. 
[The semidirect product II = a x, G is nilpotent (cf. p. 5-56). Localize the split 


short exact sequence 1 > a > II ~ G > 1 and consider the associated action of Gp on 
mp :IIp = 1p x, Gp.| 
(nils) The arrow Hom(G'p, Autap) — Hom(G, Aut zp) restricts to an arrow 
Homni(Gp, Aut tp) > Hompi(G, Aut tp) which is bijective. If h is its inverse, then V y, 
h(xp) = Xp- 
[Implicit in the construction of h is the relation TY,,(™p) TS, (p)-] 


FACT Suppose that G operates nilpotently on 7 and a is abelian—then for any half exact functor 
F : AB > AB, G operates nilpotently on Fz. 


EXAMPLE Fix a path connected topological space X and let a be a nilpotent G-module—then 
VYn> 0, Hn(X;7) is a nilpotent G-module. 


PROPOSITION 14 Let G be a nilpotent group, M a nilpotent G-module—then 
Vn > 0, the arrow H,,(G;M) > H,,(Gp; Mp) is P-localizing. 
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[From the definitions, Ho(G;M) = M/T\(M) and Ho(Gp;Mp) & Mp/TS,,(Mp). 
Accordingly, since Lp is exact, (M/I\(M))p ~ Mp/T\(M)p = Mp/T),(Mp) & 
Mp/Ts, (Mp), thereby dispensing with the case n = 0. Assume henceforth that n > 1. 
Matters are plain when nil, M = 0. Ifnil, M = 1, ie., if G operates trivially on M, then Gp 
operates trivially on Mp and one can apply the universal coefficient theorem, in conjunc- 
tion with Proposition 10, to derive the desired conclusion. Arguing inductively, suppose 
that nil, M < d (d> 1) and that the assertion holds for operations having degree of nilpo- 
tency < d—1. Consider the short exact sequence 0 + [\(M) > M > M/T(M) — 0. 
The degree of nilpotency of the induced action of G on Re (M) is < d—1, while that of G on 
M/T}(M) is < 1. Comparison of the long exact sequence --- > Ay41(G;M/T\(M)) > 
H,(G;T,(M)) > Hp(G;M) > Hn(G;M/TY(M)) > An-1(G;TX(M)) > --+ with its 


local companion terminates the proof.] 


Application: Let G be a nilpotent group, M a nilpotent G-module—then V n > 0, 
H,,(G; M)p y H, (Gp: Mp). 


Given a group G, G-ACT is the category whose objects are the groups on which G 
operates to the left and whose morphisms are the equivariant homomorphisms. An object 
nm in G-ACT is really a pair (x,7), where y : G > Autz. One says that a is P-local 
or that G operates P-locally on 7 if Vn € Sp & V g € G, the map a > 7a that sends 
a to a(x(g)a)---(x(g"~")a) is bijective, so m is necessarily a P-local group. Denote by 
G-ACT>p the full subcategory of G-ACT whose objects are the P-local s—then G-ACT p 
is a reflective subcategory of G-ACT with reflector Lg p. This can be seen by applying 
the reflective subcategory theorem. Thus let Fg be the free G-group on one generator +, 
ie., the free group on the symbols g- * (g € G) with the obvious left action. Write Sg p 
lg > Fe 
* — pa (*) 
through the definitions, one finds that Ob G-ACTp = SG.p- 

Example: 7 x, G is a P-local group iff G operates P-locally on 7 and G is a P-local 
group. 

[Note: It is a corollary that if G is Sp-torsion, then every P-local group in G-ACT is 


for the set of G-maps { (n € Sp), where p?(*) = *(g-*)---(g"~*-*). Working 


actually in G-ACTp. Proof: Consider the short exact sequence 1 + 7 4 17x,G >4>G—1 
and quote the generality on p. 8-10.] 


FACT Let f:G— K be a homomorphism of groups—then the functor f* : K-ACT > G-ACT 
has a left adjoint f. :G-ACT >— K-ACT. 
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TG . m*xG 
[Let be the normal closure of 7 in . There are pushout squares | | ; 
TK T*«K 
x —> G 
tT > wei 
| | , short exact sequences 1 —> 7a GO T*#GOGo1,177%K Or*K OK 51, 
* — K 
mxG — G 

and a commutative diagram idxs | le Let my,q@ be the normal closure in 7 * G of the words 


txK —> K 
gag *(x(g)a)~*, f(my,q) the normal closure in 7 * K of the words id « f(gag~*(x(g)a)~1)—then my,G 


is a normal subgroup of 7@, the quotient Tg/my,q is equivariantly isomorphic to 7, and f(my,q) C TK. 
Definition: f(a) = 7K/f(ty,G), the action of K being conjugation. Note that the arrow 7 > f* fs (a) is 


equivariant. ] 


EXAMPLE For any homomorphism f :G— K of groups, the composite Lx, p o fx is a functor 
G-ACT > K-ACT > K-ACTp. Specialize and take K = Gp, f = Ip. Given z in G-ACT, form 
ma Xy G—then its localization (* X, G)p is isomorphic to a semidirect product ? X Gp, and ? can be 


identified with Lg ,,p olp,«(7). 


Given a group G, a P-local G-module is a G-module on which G operates P-locally. 
Every P-local G-module is a P-local abelian group. 

[Note: If (Z[G])5, is the localization of Z[G] at the multiplicative closure of the 
l+g+---+g"1 (n € Sp), then the P-local G-modules are the (Z[G])s,-modules. When 
G is trivial, (Z[G])s5, reduces to Zp.| 


PROPOSITION 15 Suppose that G is Sp-torsion—then every P-local G-module is 
trivial. 
[In Z[G], consider the identity g’ —1=(g—-1) (1+g9+---+g"7?).] 


FACT Let 0 > M’ > M > M"” - 0 bea short exact sequence of G-modules. Assume: Two of 


the modules are P-local—then so is the third. 


EXAMPLE Suppose that M is a P-local G-module and N is a nilpotent G-module—then M®N, 
Tor(M, N), Hom(N, M), Ext(.N, M) are P-local G-modules. 


FACT Let G > az be a homomorphism of groups—then every P-local 7-module is a P-local G- 


module. 
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EXAMPLE Suppose that 1 > G’ — G > G” > 1 is a central extension of groups. Let M be a 
P-local G-module—then V n > 0, the action of G’’ on Hy(G’; M) and H"(G’; M) is P-local. 


Given a group G, a P[G|-module is a P-local Gp-module. Every P[G]-module is a 
P-local G-module via lp : G > Gp. 

[Note: A Gp-module M is a P[G]|-module iff the corresponding semidirect product 
M ™x Gp isa P-local group (cf. p. 8-22).| 

Example: Suppose that G is nilpotent. Let M be a nilpotent Gp-module which is 
P-local as an abelian group—then M is a P|G]-module. 


FACT Let M be a P[G]-module—then H°(Gp; M) = H°(G; M), i.e., the Gp-invariants in M are 
equal to the G-invariants in M. 

[Let m € M®. Define homomorphisms ¢,7) : Gp — M ™ Gp by the rules ¢(g) = (g-m—m,q), 
w(g) = (0,9): ¢olp=yolp>¢=y,M X Gp being P-local, ie., m € M@P] 


PROPOSITION 16 Let G be a nilpotent group, M a P[G]-module—then V n > 0, 
H,(G;M) =~ Hp(Gp;M). 

[It suffices to treat the case of an abelian G. There are short exact sequences 0 > 
kerlp > G > imlp > 0, 0 > imlp > Gp — cokerlp — 0 and associated LHS 
spectral sequences. Since ker/p is Sp-torsion, H,(kerlp) € Cp (q > 0). But the action 
of ker/p on M is by definition trivial, and as an abelian group, M is P-local, thus the 
universal coefficient theorem implies that H (ker/p;M) = 0 (q > 0). So, Vn > 0, 
H,,(G; M) + H,,(imlp; M). On the other hand, from the above, the action of coker/p on 
the H,(imlp; M) is P-local, hence trivial (cf. Proposition 15). Appealing once again to 
the universal coefficient theorem, it follows that H,(coker/lp; H,(imlp;M)) = 0 (p > 0). 
So, V n> 0, A, (imlp; M) = H,(Gp; M).] 


FACT Let G be a nilpotent group, M a P[G]-module—then V n > 0, H"(Gp;M) = H"(G; M). 


EXAMPLE The preceding result can fail if M is not a P[G]-module. Thus fix P # II and take 
G = Z: H?(Z;Q[Zp]) = 0 (since Z has cohomological dimension one) but H?(Zp; Q[Zp]) # 0 (cf. p. 
8-1). 


FACT Let G be a finite group—then kerlp is Sp-torsion iff Vn > 0, Hn(G;M) ® Hn(Gp;M), 
where M is any P[G]-module. 


There is another reflective subcategory of GR that one can attach to a given P CI 
whose definition is homological in character. The associated reflector agrees with Dp on 
NIL but differs from Lp on GR. 


8-25 


COLIMIT LEMMA Let C be a cocomplete category with the property that there 
exists a set Sg C ObC such that each object in C is a filtered colimit of objects in So. 
Let F : C > SET,, be a functor which preserves filtered colimits—then there exists a set 
Ko C ker F such that each X € ker F is a filtered colimit of objects in Ko. 

[Note: As the notation suggests, ker F = {X : FX = «}.] 


Let A be an abelian group—then a homomorphism f : G — K of groups is said to 
be an H A-homomorphism if f, : Hi(G; A) — H,(K; A) is bijective and f, : H2(G; A) > 
H2(K; A) is surjective. Example: An HZ-homomorphism of nilpotent groups is an iso- 
morphism (cf. p. 5-55). 

(H A-Localization) Let Sz4 C MorGR be the class of H A~-homomorphisms— 


then Sia is the object class of a reflective subcategory GR, of GR. The reflector 


Lya: CR Gils is called H_A-localization and the objects in GR z¥ are called the 
G-> GHA 


HA-local groups. 

[In order to apply the reflective subcategory theorem, it suffices to exhibit a set So C 
Sua: So = S#,. For this purpose, put C = GR(—) (= [2,GR]) and let F : C > SET, 
be the functor that sends f : G > K to ker; @ coker; @ cokerg, where ker, is the kernel 
of f. : Hi(G;A) — Hi(K;A) and coker; is the cokernel of f, : Hj(G;A) — H;(K; A) 
(¢ = 1,2). Owing to the colimit lemma, there exists a set So C Sa such that each 
element of Sja is a filtered colimit of elements in So, so St = S#4-] 

[Note: In general, the containment Sy4 C S#% is strict (see below).] 


When A = Zp, the “Z” is dropped from the notation, thus one writes Syp for the 
GR - GRuap 
Go Grp 

objects in GRyp then being referred to as the HP-local groups. Example: Every abelian 


class of H P-homomorphisms and Lyp : for the associated reflector, the 


P-local group is H P-local. 


[Note: In the two extreme cases, viz. P = § or P = II, HP is replaced by HQ or 
AZ.) 


PROPOSITION 17 Every HP-local group is P-local. 


[The homomorphisms { ve 
Las a 


SuB = ObGRuap C ObGRp = Ss: 


(n € Sp) are H P-homomorphisms, thus Sp C Syp > 


Consequently, there is a natural transformation Lp > Lyp. 

[Note: For any G, the arrow of localization lp : G > Gp is an HP-homomorphism 
(cf. p. 9-22). As regards lyp : G > Gyp, it too is an HP-homomorphism (cf. p. 9-23 
ff.), although a priori it can only be said that lyp € SHp.] 
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PROPOSITION 18 Let f : G— K be an HP-homomorphism—then V 7 > 0, the 
induced map (G/T'(G))p > (K/T'(K))p is an isomorphism. 

[Taking into account Propositions 6 and 8, one has only to repeat the proof of Propo- 
sition 14 in §5.] 


LEMMA Let 1 > G’ >G—> G" > 1 be a central extension of groups. Assume: G’ 


k — G 
is P-local—then in any commutative diagram fl | of groups, where f: K > L 
LT — G" 
kK — G 
is an HP-homomorphism, there is a unique lifting f| Be | rendering the triangles 
LT — G"' 


commutative. 


p 


[Suppose that ib are liftings and A: L > G’ is a homomorphism such that ¢(l) = 


w()A() ( € L). Since Ao f is trivial and Zp ® (K/|K, K]) © Zp ® (L/[L, L]), it follows 
that A is trivial, hence ¢ = w, which settles uniqueness. Existence can be established by 


passing to Eilenberg-MacLane spaces and using obstruction theory (cf. p. 8-38).] 


PROPOSITION 19 Let 1 > G’ —>G > G" +1 be a central extension of groups. 
Assume: G’ is P-local and G” is H P-local—then G is H P-local. 

[The claim is that f 1 G for every HP-homomorphism f : K — L. This, however, is 
obviously implied by the lemma.] 


[Note: Changing the assumption to G” is P-local changes the conclusion to G is 


P-local (but, of course, the proof is different).] 


Application: If G is nilpotent, then Gp © Gyp and Lp|NIL = Lyp|NIL. 

[Note: It is not necessary to use Proposition 19 to make this deduction. Thus 
let G be a nilpotent P-local group with nilG < d—then for any HP-homomorphism 
K + L, Hom(L, G) » Hom(K,G). Proof: NIL? is a reflective subcategory of GR, hence 
Hom(L,G) © Hom(L/T4(L),G), Hom(K,G) ~ Hom(K/T4(K),G) and NIL4 is a re- 
flective subcategory of NIL’, hence Hom(L/I'4(L), G) + Hom((L/P'4(L))p, G), Hom(K/ 
[4(K),G) ~ Hom((K/T4(K))p,G@). And: (K/T4(K))p ~ (L/T4(L))p (cf. Proposition 
18).] 


FACT Suppose that G is a group such that for some i, [*(G)/T'*+1(G) is Sp-torsion—then Gy p © 
(G/T*(G)) p. 

[The short exact sequence 1 + I'*(G) + G > G/T*(G) > 1 leads to an exact sequence H2(G; Zp) > 
H2(G/T*(G); Zp) > Zp@(l*(G)/T**!(G)) > Hi(G; Zp) > Hi(G/T*(G); Zp) > 0. Therefore the arrow 
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G + G/T*(G) is an HP-homomorphism > Gy p © (G/T*(G)) zp or still, Gap © (G/T*(G)) p, G/T*(G) 
being nilpotent.] 


EXAMPLE The HP-localization of every finite group is nilpotent. 


EXAMPLE The HP-localization of every perfect group is trivial. So, if G is perfect and if 


H2(G; Zp) # 0, then the arrow * > G is in Sire but is not in Syp. 


FACT The class of H P-homomorphisms admits a calculus of left fractions. 


x 
KAN? FACTORIZATION THEOREM Let be pointed connected CW spaces, f : X > 
Y 


Y a pointed continuous function. Assume: fs : Hg(X;Zp) > Hg(Y;Zp) is bijective for 1 <q <n 
and surjective for q = n—then there exists a pointed connected CW space Xf and pointed continuous 
functions df: X > X-, pp: X¢ 2 Y with f = py ody such that AH. (hy) : Hx(X; Zp) + Hx ( Xz; Zp) is 
an isomorphism and wy: Xf 4 Y is an n-equivalence. 

[The case when n = 1 is handled by appropriately attaching 1-cells and 2-cells. In general, one 
iterates the following statement (which can be established by appropriately attaching (n + 1)-cells and 
(n + 2)-cells). 

(STn) Let ‘ be pointed connected CW spaces, f : X — Y a pointed continuous function. 
Assume: f is an n-equivalence and fs : Hg(X;Zp) > Hq(Y; Zp) is bijective for 1 < q < n and surjective 
for gq = n + 1—then there exists a pointed connected CW space X+ and pointed continuous functions 
bp 2 X + Xp, ve : Xf O Y with f = yf o dy such that H.(dy) : He(X;Zp) > Hx(Xz; Zp) is an 


isomorphism and yy : X¢ — Y is an (n + 1)-equivalence.] 


Application: Let f : G— K be a homomorphism of groups. Assume: fs : Hi(G;Zp) — Hi(K;Zp) 
¢ 
is surjective—then there exists a factorization G ek Gy — K of f with ¢¢ an HP-homomorphism and w+ 
surjective. 


[Recall that for any pointed path connected space X, there is a surjection H2(X;Zp) > Ho(m1(X); 
Zp) (cf. p. 5-35).] 


EXAMPLE Let f : G—- K bea homomorphism of HP-local groups—then f is surjective iff 
fx : H1(G; Zp) > H1(K; Zp) is surjective. 


+ In: Algebra, Topology, and Category Theory, A. Heller and M. Tierney (ed.), Academic Press (1976), 
95-99. 
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G = G 
[To check sufficiency, note that the commutative diagram ?f | | has a filler Gf ~ G 


rendering the triangles commutative. ] 
FACT Let f: G— K be a homomorphism of H P-local groups—then im f is H P-local. 


Let A be aring with unit. Fix a right A-module R—then a homomorphism f : M— N 

of left A-modules is said to be an H R-homomorphism provided that R®@4 M—> R@®, N 
is an isomorphism and Tor}!(R, M) > Tor} (R, .N) is an epimorphism. 

(HR-Localization) Let Syr C MorA-MOD be the class of HR-homomor- 


phisms—then Sp is the object class of a reflective subcategory A-AMOD yr of A-MOD. 
A-MOD —> A-MOD:R 
M- Murr 

in AAMOD zp are called the HR-local (left) A-modules. 


[Each object in A-MOD is «-definite for some x. Accordingly, due to the reflective 


The reflector Lyr : is called H R-localization and the objects 


subcategory theorem, one has only to find a set Sp C Sur: St = sae: which can be done 


by using the colimit lemma.] 
PROPOSITION 20 LyrR: A-MOD > A-MOD pp is an additive functor. 


Let G be a group, A = Z[G] and write G-MOD in place of Z[G|]-MOD. Take 
R = Z (trivial G-action)—then a homomorphism f : M — N of G-modules is an HZ- 
homomorphism iff f, : Ho(G;.M) > Ho(G; N) is bijective and f, : Hi(G;M) > Hi(G; N) 
G-MOD > G-MOD 77z 
M-> Maz 
and the objects in G-MODyz are called the HZ-local (left) G-modules. Example: Every 


trivial G-module is HZ-local. 


is surjective. The reflector Lyz : is called HZ-localization 


[Note: The arrow of localization luz: M — Muyz is an HZ-homomorphism (cf. p. 
9-23 ff.), Le., laz € Suz C SHz-] 


PROPOSITION 21 The HZ localization of any M in G-MOD which is P-local as 
an abelian group is again P-local: M = Zp ® M => Myz = Zp ® Muz. 


[This is because Lyz, is an additive functor (cf. Proposition 20).] 


M— N 
SUBLEMMA _ Suppose that fl |g is a pushout square in G-MOD. As- 
Pp —> 


sume: f is an HZ-homomorphism—then g is an HZ-homomorphism. 
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M—™*> M—> WN 
[There is a commutative diagram ‘K\ i {9 , where 7 is surjective and 


P —> 


the square is simultaneously a pullback and a pushout in G-MOD. Observing that the 
arrow M - P is an HZ-homomorphism, consider the long exact sequence Hi(G;M) > 
H,(G; N) ® Hi(G; P) + Hi(G;Q) > Ho(G; M) > Ho(G; N) © Ho(G; P) > Ho(G; Q) > 
0.] 


LEMMA Let 0 — M’ > M > M” — 0 be a short exact sequence of G-modules. 


P—_ M 
Assume: M’ is HZ-local—then in any commutative diagram tl | of G-modules, 
Q — M" 
P —>+ M 
where f : P + Q is an HZ-homomorphism, there is a unique lifting f| ee i 
Q _—> MM" 


rendering the triangles commutative. 


[Uniqueness is elementary, so we shall deal only with the existence. Define N by the 


P—- M 
pushout square fal | and display the data in a commutative diagram 
Q— N 
Po eM = MM No -—> N 
f| | | . Put N’ = ker a, define N by the pushout square | | ; 
Q — N — M" Nyz — N 


0 —-> M —+ M —+ M”" —+ 0 


l l | 


0 > N —+ N —> M" —> 0. 


| l ! 


0 — Nig — N —> M" —+ 0 


According to the sublemma, the arrows M — N, N > N are HZ-homomorphisms, thus 
the composite M’' + N’ + Ni,z is an HZ-homomorphism, hence is an isomorphism (since 


M' and Niyz are HZ-local). Therefore the composite M — N — N is an isomorphism. 


M=— M 

Precompose its inverse with the arrow N > N to get a lifting | ween | , which may 
N —= M" 
P — M 


then be precomposed with the arrow Q —> N to get a lifting fl ie | , as desired.] 
Q = % M" 
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PROPOSITION 22 Let 0 —~ M’ ~ M + M” — 0 be a short exact sequence of 
G-modules. Assume: M’ and M" are HZ-local—then M is HZ-local. 


Application: Every nilpotent G-module is HZ-local. 

[Note: More generally, if M isa G-module such that for some i, (I[G])*-M = (I[G])**1- 
M, then Maz ~ M/(I[G])'- M. Proof: It follows from the exact sequence Hi(G;M) > 
Hy (G; M/(I[G))*-M) + (1[G))-M/(I[G)1-M = Ho(G;M) > Ho(G; M/(1[G))*-M) 3 
0 that the arrow M > M/([G])'- M is an HZ-homomorphism. On the other hand, 
M/(I[G})'- M is a nilpotent G-module. As for the realizability of the condition, recall that 
G/[G,G] = I[G]/I[G}?, hence G perfect > I[G] = I[G]? and G/[G, G] divisible + torsion 
=> I/G? = I[GPe =---.] 


FACT The class of HZ-homomorphisms admits a calculus of left fractions. 


LEMMA Let f : M — N be a homomorphism of G-modules. Assume: f, : 
Ho(G; M) > Ho(G; N) is surjective—then there exists a factorization M Aas Mr 4 N of i 
with df an HZ-homomorphism and wy surjective. 

[Choose a free G-module P and a surjection 1: M@P — N such that u|M = f. Since 
the composite Ho(G; ker 4) + Ho(G;M @ P) > Ho(G;P) is surjective and Ho(G; P) is 
free abelian, one can find a free G-module Q and a homomorphism v : Q —> ker yz such 
that Ho(G;Q) © Ho(G; P) through Qker p 3 M@P —> P. Factor f as M %4(M @ 
P)/v(Q) #8 N, where ¢f is induced by the inclusion M — M @ P and wy is induced by 
i] 


PROPOSITION 23 Let f : M— N bea homomorphism of HZ-local G-modules— 
then f is surjective iff f, : Ho(G;M) + Ho(G; N) is surjective. 


M -==. -M 
[To check sufficiency, note that the commutative diagram or | [F has a filler 


My — M rendering the triangles commutative.] 


PROPOSITION 24 Let f: M—  N bea homomorphism of HZ-local G-modules— 
then im f is HZ-local. 
[Let N D> f(M) be the largest G-submodule of N for which the induced map Ho(G; 


M 
f(M)) > Ho(G;N) is surjective. There is a commutative triangle al Bos and 
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oF Mt oe 
a factorization M —> M;—> N of f with oF an HZ-homomorphism and UF surjective. 
Consider any lifting Mz + M ofjo UF to see that N = f(M). But N is HZ-local.] 


PROPOSITION 25 Let f : M— N be a homomorphism of HZ-local G-modules— 
then coker f is HZ-local. 
[Since im f is HZ-local (cf. Proposition 24), one can assume that f is injective, the 


claim thus being that N/M is HZ-local. There is a commutative diagram 


0 — M-—- N —- N/M — 0 


! 


0 —> K — N — (N/M)yz — 0 


of short exact sequences, where the kernel K is HZ-local. The arrow M — K is obvi- 
ously injective. That it is also surjective can be seen by comparing the exact sequence 
H,(G; N) > Hi(G; N/M) — Ho(G;M) > Ho(G; N) - Ho(G; N/M) from the first row 
with its analog from the second row and applying the five lemma: Ho(G; M) > Ho(G; K) 
surjective = M —> K surjective (cf. Proposition 23). Conclusion: N/M ~ (N/M) az.] 
[Note: A priori, cokernels in G-MODzz are calculated first in G-MOD and then 
reflected back into G-MODyz. The point of the proposition is that the second step is 


not needed. | 


Application: G-MOD yz is an abelian category and the reflector Lyz : G-MOD > 
G-MOD wz is right exact. 


EXAMPLE Let M be an HZ-local G-module—then V n, Z/nZ ® M is HZ-local. 


EXAMPLE Let M be a tower in G-MOD,y7z—then lim M and lim!M are HZ-local (cf. p. 
5-45). 


FACT Let M be a tower in G-MOD zz. Assume: G is finitely generated—then lim! M = 0 iff 
lim! Ho(G;M) = 0. 
[Here, Ho(G;M) stands for the tower determined by the arrows Ho(G;Mn+1) > Ho(G;Mn). Use 
Proposition 23 and the fact that G finitely generated > Ho(G;[[ Mn) © [| Ho(G: Mn) (Brown? ).] 
n n 
PROPOSITION 26 Let G —> a be a homomorphism of groups—then every H Z-local 


m-module is an HZ-local G-module. 


+ Comment. Math. Helv. 50 (1975), 129-135; see also Strebel, Math. Zeit. 151 (1976), 263-275. 
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[The forgetful functor 7- MOD — G-MOD has a left adjoint G-MOD > z-MOD 
that sends M to Z[n] @zjq] M. Thanks to the change of rings spectral sequence, the 
homomorphism H;(G;M) + H;,(x; Z[7] @ziq) M) is bijective for i = 0 and surjective for 
t= 1. Therefore an HZ-homomorphism of G-modules goes over to an HZ-homomorphism 
of z-modules. Suppose now that P is an HZ-local 7-module. Let M — N be an HZ- 
homomorphism of G-modules—then the bijectivity of the arrow Hom(V, P) ~ Hom(M, P) 
follows from the bijectivity of the arrow Hom(Z[m] @zjqj N, P) + Hom(Z[r] @zjq] M, P).] 


EXAMPLE Let M be an HZ-local Gy p-module—then M is an HZ-local G-module. 


Although one can consider H A-localization for an arbitrary abelian group A, apart 
from A = Zp the other case of topological significance is when A = F,. The general 


aspects of the HF,-theory are similar to those of the H P-theory. For instance, the analog 


of Proposition 19 says that if 1 — G’ —= G > G” > 1 is a central extension of groups with 
G’ an F,,-module and G” HF,-local, then G is HF,,-local. 

[Note: An abelian group is a Zp-module iff it is P-local iff it is H P-local. To perfect 
the analogy, one can relax the assumption on G’ and suppose only that G’ is HF,-local 
(cf. Proposition 33).] 


PROPOSITION 27 Every HF,-local group is p-local. 
EXAMPLE [Let G be a finite group—then GuFy X Gp. 


The Kan factorization theorem remains valid if Zp is replaced by Fy. Therefore a homomorphism 


f:G— K of HF,-local groups is surjective iff f. : H1(G;F,) > Hi(K; Fp) is surjective. 


The class of HF,-local abelian groups turns out to be the same as the class of p- 
cotorsion abelian groups (cf. Proposition 30). It will therefore be convenient to review the 
theory of the latter starting with the global situation. 

An abelian group G is said to be cotorsion if Hom(Q, G) = 0 & Ext(Q, G) = 0. Taking 
into account the exact sequence Hom(Q, G) — Hom(Z, G) > Ext(Q/Z,G) > Ext(Q, G) 
and making the identification G + Hom(Z,G), it follows that G is cotorsion iff the arrow 
G —> Ext(Q/Z,G) is an isomorphism. 

[Note: One motivation for the terminology is that if 0 ~ A — B—C — 0 isa short 


exact sequence of abelian groups, then the sequence 0 + Hom(K, A) — Hom(k, B) > 
Hom(K,C) — 0 is exact for all torsion groups K iff the sequence 0 + Hom(C,L) > 
Hom(B, L) + Hom(A, L) > 0 is exact for all cotorsion groups L.] 
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Let 0 > A> B>C- 0 be a short exact sequence of abelian groups—then 0 > Hom(K, A) > 
Hom(K, B) + Hom(K,C) — 0 is exact V torsion K iff 0 ~ Hom(K, A) — Hom(K, B) > Hom(K,C) > 0 
is exact V finite cyclic K iff0 — A — B— C — 0 is pure short exact iff 0 — Hom(C, L) — Hom(B, L) > 
Hom(A, L) > 0 is exact V finite cyclic L iff 0 > Hom(C, L) + Hom(B,L) > Hom(A, L) > 0 is exact V 


cotorsion L. 


LEMMA For any abelian group G, Ext(Q/Z,G) is cotorsion. 
[Given A, B,C in AB, there are isomorphisms 


Ext(A, Ext(B,C)) » Ext(Tor(A, B),C), 
Ext(A, Hom(B, C’)) 6 Hom(A, Ext(B,C)) & Ext(A ® B, C) 6 Hom(Tor(A, B), C).| 


LEMMA For any abelian group G, Ext(Q/Z, Ext(Q/Z,G)) + Ext(Q/Z, G). 


Consequently, the full subcategory of AB whose objects are the cotorsion groups is a 
reflective subcategory of AB, the arrow of reflection being G > Ext(Q/Z,G). 
[Note: By comparison, the full subcategory of AB whose objects are the torsion groups 


is a coreflective subcategory of AB, the arrow of coreflection being Tor(Q/Z,G) > G.] 
EXAMPLE Z/nZ is cotorsion but Z is not cotorsion. 


A cotorsion group G is said to be adjusted if G has no torsion free direct summand 


or, equivalently, if G/Gtor is divisible. 


COTORSION STRUCTURE LEMMA Suppose that G is cotorsion—then there is a 
split short exact sequence 0 > K > G > L > 0, where K & Ext(Q/Z, Gor) is adjusted 


cotorsion and L = Ext(Q/Z,G/Gior) is torsion free cotorsion. 


[Note: In the opposite direction, recall that every abelian group is split by its maximal 


divisible subgroup and the associated quotient is reduced.] 


HARRISON’St FIRST THEOREM Let C be the full subcategory of AB whose ob- 
jects are the torsion free cotorsion groups; let D be the full subcategory of AB whose 
objects are the divisible torsion groups. Define ® : C > D by ®G = Q/Z®G; define 
wv: D—>C by UG = Hom(Q/Z, G)—then the pair (®, V) is an adjoint equivalence of 


categories. 


+ Ann. of Math. 69 (1959), 366-391. 
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HARRISON’S! SECOND THEOREM Let C be the full subcategory of AB whose 
objects are the adjusted cotorsion groups; let D be the full subcategory of AB whose 
objects are the reduced torsion groups. Define ® : C > D by ®G = Tor(Q/Z, G); define 
vw: D—C by UG = Ext(Q/Z,G)—then the pair (®,W) is an adjoint equivalence of 
categories. 


1 1 
An abelian group G is said to be p-cotorsion if Hom(Z] "| G)=0& pxt(2 G) = 0. 
7 => eae Pp Pp 
1 
Taking into account the exact sequence Hom(Z - ,G) > Hom(Z, G) > Ext(Z/p™Z, G) 
Pp 


1 

— Ext(Z | ,G) and making the identification G ~ Hom(Z,G), it follows that G is p- 
Pp 

cotorsion iff the arrow G —> Ext(Z/p°Z,G) is an isomorphism. Example: V n, Z/p"Z is 


p-cotorsion. 
[Note: The full subcategory of AB whose objects are the p-cotorsion groups is a 
reflective subcategory of AB with arrow of reflection G > Ext(Z/p°Z,G) and there are 


evident variants of Harrison’s first and second theorems. ] 


n~ 


EXAMPLE If G = Zp, the p-adic integers, then Zp, ~ Ext(Z/pZ, Zp), hence Zp is p-cotorsion. 


[Note: A subgroup of Zs is p-cotorsion iff it is an ideal.] 


n~ 


EXAMPLE The following abelian groups are not p-cotorsion: Z/p~Z, B Z/p"Z, Zp ® Zp. 
n 


1 
EXAMPLE For any abelian group G, Hom(Z/p~Z,G) is p-cotorsion. In fact, Hom(Z =|. 
Dp 


1 1 
Hom(Z/p°Z,G)) = Hom(Z.|=| ®@ Z/p~°Z,G) x Hom(0,G) = 0 and Ext(Z |=]. Hom(Z/p™Z, G)) & 
Pp Pp 


Ext(Tor(Z =| ,Z/p°Z),@) & Ext(0,G) =0. 


FACT Let G bea group and let M bea G-module. Assume: M is HZ-local—then Ext(Z/p™ Z, M) 
is HZ-local. 

[The arrow Ext(Z/p°Z,M) — lim Ext(Z/p"Z,M) is surjective and its kernel can be identified 
with lim! Hom(Z/p"Z,M) (Weibelt), i.e., there is a short exact sequence 0 > lim! Hom(Z/p"Z,M) > 
Ext(Z/p°Z,M) —> lim Ext(Z/p"Z, M). Since Ext(Z/p"Z,M) % M/p"M and M/p"M is HZ-local (cf. 
Proposition 25), lim Ext(Z/p"Z, M) must be HZ-local too (G-MOD yz is limit closed). Similar remarks 
imply that lim! Hom(Z/p"Z, M) is HZ-local (it is a cokernel (cf. p. 5-45)). Now quote Proposition 22.] 


+ An Introduction to Homological Algebra, Cambridge University Press (1994), 85; see also Jensen, 
SLN 254 (1972), 35-37. 
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FACT For any abelian group G, the arrow of reflection G > Ext(Z/p~ Z, G) induces an isomor- 
phism F, ® G > Fy ® Ext(Z/p~Z, G) and an epimorphism Tor(F,, G) > Tor(Fp, Ext(Z/p™ Z, G)). 

[To check the first assertion, observe that Fp, ® G » Ext(Fp,G) & Ext(Tor(F,, Z/p~Z), G) 
Ext(Fp, Ext(Z/p° Z, G)) » Fy @ Ext(Z/p©™ Z, G).] 


2 


Notation: Given an abelian group G, divG is the maximal divisible subgroup of G 
and div, G is the maximal p-divisible subgroup of G. 
[Note: The kernel of the arrow of reflection G > Ext(Z/p™Z, G) is div, G.] 


PROPOSITION 28 Suppose that G is cotorsion—then G = [[G,, where G, = 
p 


() div, G is the maximal p-cotorsion subgroup of G. 
q#p 
[The point here is that Ext(Q/Z,G) = |] Ext(Z/p™Z, G).] 
p 
[Note: This result is the analog for a cotorsion group of the primary decomposition of 


a torsion group.| 


LEMMA If A and G are abelian groups with G p-cotorsion, then (i) A® F, =0=> 
Hom(A, G) = 0 and (ii) Tor(A, F,) = 0 > Ext(A,G) = 0. 

[To check the second assertion, observe that Ext(A,G) ~ Ext(A, Ext(Z/p~Z, G)) 
Ext(Tor(A, Z/p~Z), G) = Ext(0,G) = 0.] 


1 
a continuous function—then f, : H,(X;F,) — H.(Y;F,) is an isomorphism iff f* : 


xX : 
PROPOSITION 29 Let { be path connected topological spaces, f : X — Y 


H*(Y;G) > H*(X;G) is an isomorphism for all p-cotorsion abelian groups G. 

[By passing to the mapping cylinder, one can assume that f is an inclusion. IfV n> 1, 
H,,(Y, X;F,) = 0, then Vn > 1, H,(Y, X) @F, =0 and Tor(H,,(Y, X), F,) = 0. So, from 
the lemma, for any p-cotorsion G, Hom(H,,(Y, X),G) = 0 and Ext(H,,(Y, X),G) =0Vn> 
1, thus H"(Y, X;G) =0V n> 1. To reverse the argument, specialize and take G = F,.] 


In the context of HR-localization, take A = Z and R = F,—then the object class 
of the corresponding reflective subcategory of Z-MOD ~ AB is the class of p-cotorsion 


groups. 


PROPOSITION 30 Let G be an abelian group—then G is HF,-local iff G is p- 
cotorsion. 

[Let S; C MorAB be the class of homomorphisms f : A —+ B such that A ®F, > 
B®F, is an isomorphism and Tor(A, F,) > Tor(B, F,) is an epimorphism (thus Sj is the 
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class of p-cotorsion groups) and let Sz C MorAB be the class of homomorphisms f : A > B 
such that f, : Hi(A;F,) > Hi(B;F,) is bijective and f, : H2(A;F,) ~ H2(B;F,) is 
surjective (thus Sz is the class of abelian HF,-local groups) (cf. infra). Claim: $1; = So. 
For, in either case, A/pA ~ B/pB. This said, consider the commutative diagram 

0 — #HA(A)®F, — A#A2(A;F,) — Tor(A,F,) — 0 


0 —> H(B)@F, —> HA2(B;F,) —> Tor(B,F,) — 0 


H(A) @ F, & A*(A/pA) 
H2(B) ® F, & A?(B/pB) 
plies that if Tor(A, F,) — Tor(B,F,,) is an epimorphism, then f,, : H2(A;F,) > H2(B;F,) 


is surjective. The converse is trivial.] 


of short exact sequences. Since (Brown"), the five lemma im- 


The reflective subcategory theorem is applicable to AB, so one can define the notion “abelian HF p- 
local group” internally. That this is the same as “abelian +HFp-local” is a consequence of the following 


lemma. 


LEMMA An HF,-homomorphism G — K of groups induces an HF p-homomorphism G/[G,G] > 
K/[K, K] of abelian groups. 


Given a group G, let pp : GY — G” be the function defined by p,(go, 91,---) = 


(9091 "19192 "5---): 


PROPOSITION 31 Suppose that G is abelian—then p, is a homomorphism and 
1 1 
ker pp © limG, ~ Hom(Z = ,G), coker py © lim’ G, ~ Ext(Z = ,G), where G, is the 
p Pp 
tower --- GEG =. ‘ 
[Representing z= as a colimit --- > Z4Z—> --- gives limG, ~ Hom(Z A ,G) 
Pp Pp 


1 
and, from the short exact sequence 0 > lim! Hom(Z, G) > Ext(Z - ,G) > lim Ext(Z, G) 
Pp 


1 
— 0 (Weibel*), one has lim’ G, © Ext(Z | ,G).] 
Pp 


Application: An abelian group G is p-cotorsion (= HF,-local) iff limG, = 0 & 


lim’ G, = 0, i.e., iff p, is bijective. 


+ Cohomology of Groups, Springer Verlag (1982), 126. 
= An Introduction to Homological Algebra, Cambridge University Press (1994), 85; see also Jensen, 
SLN 254 (1972), 35-37. 
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Let G be a group—then G is said to be p-cotorsion provided that pp, is bijective. 
Claim: The full subcategory of GR whose objects are the p-cotorsion groups is a reflective 
subcategory of GR. To see this, let F,, be the free group on generators %9,%1,..., define 
a homomorphism f : fF, + F, by f(#i) = 242, and consider f+ (reflective subcategory 


theorem). 
FACT Suppose that G is p-cotorsion—then CenG is p-cotorsion. 


PROPOSITION 32 Every HF,-local group is p-cotorsion. 

[It is enough to prove that f : F,, > F, is an HF,-homomorphism. But f, : 
Ay (Fy; Fp) > Ai (Fi; Fp) is the identity w-F, > w-F, and Ho(F,;F,) + Ho(F,) @ Fp ® 
Tor( Hj (F.,), Fp) vanishes. ] 


The abelian p-cotorsion theory has been extended to NIL by Huber-Warfield*. Thus 
the full subcategory of NIL whose objects are the p-cotorsion groups is a reflective subcat- 
egory of NIL. It is traditional to denote the arrow of reflection by G > Ext(Z/p°Z, G) 


even though the “Ext” has no a priori connection with extensions of G by Z/p°Z. One 


reason for this is that each short exact sequence 1 > G’ > G > G"” — 1 of nilpo- 
tent groups gives rise to an exact sequence 0 + Hom(Z/p™Z, G’) — Hom(Z/p°Z,G) > 
Hom(Z/p* Z, G”) > Ext(Z/p°Z, G’) > Ext(Z/p©Z, G) > Ext(Z/p°Z, G") — 0. 

[Note: It is reasonable to conjecture that the p-cotorsion reflector in GR extends the 
p-cotorsion reflector in NIL but I know of no proof.] 

The p-cotorsion reflector in NIL respects NIL? : nil Ext(Z/p~Z,G) < nilG, hence 
its restriction to AB “is” the p-cotorsion reflector in AB. 

Notation: Given a nilpotent group G, divG is the maximal divisible subgroup of G 
and div, G is the maximal p-divisible subgroup of G. 

[Note: The kernel of the arrow of reflection G > Ext(Z/p™Z, G) is div, G.| 


LEMMA For any nilpotent group G, Hom(Z/p®Z,G) is a torsion free p-cotorsion 
abelian group. 

[Let Gtor(p) be the maximal p-torsion subgroup of G—then div Gor(p) is abelian and 
the range of every homomorphism f : Z/p°Z — G is contained in div Gtor(p).| 

[Note: Therefore G p-cotorsion = Hom(Z/p°Z, G) = 0.] 


FACT Let G be a nilpotent group—then the arrow g > g? is bijective iff Hom(Z/pZ, G) = 0 & 
Ext(Z/p°Z, G) = 0 or still, iff Vn > 0, Hn(G; Fp) = 0. 


+ J. Algebra 74 (1982), 402-442. 
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EXAMPLE There is a short exact sequence 0 > Z > Zp > Zp/Z — 0 and Zp/Z is uniquely 
p-divisible, hence H.(Z;Fp) © Hx(Zp:F p) (cf. p. 4-44). 


FACT Let 1 > G’ > G—- G" > 1 be a short exact sequence of nilpotent groups. Assume: Two 


of the groups are p-cotorsion—then so is the third. 


EXAMPLE Suppose that G is nilpotent and p-cotorsion—then G/Cen G is p-cotorsion. 


[Cen G is necessarily p-cotorsion (cf. p. 8-37).] 


LEMMA Let 1 > G’ +> G > G” + 1 be a central extension of groups. Assume: 


k — G 
G’ is HF,-local—then in any commutative diagram f | | of groups, where f : 
TC — G" 
kK — G 
k — Lis an HF,-homomorphism, there is a unique lifting f| as i rendering the 
L — > G" 


triangles commutative. 


X =K(K1 
Pi ey 


X — K(G,1) 
and consider the diagram fl ed ) . Supposing, as 
Y — K(G",1) 
we may, that f is an inclusion, the obstruction to lifting lies in H?(Y,X;G’). Claim: 
H?(Y, X;G') =0. To verify this, look at the short exact sequence 0 + Ext(Hi(Y, X),G’) > 
H?(Y, X;G’) + Hom(H2(Y, X),G’) > 0. Since f, : Hi(X;F,) > Hi(Y;F,) is bijective 
and f, : H2(X;F,) > Ho(Y;F,) is surjective, H2(Y, X)@F, = 0 and Tor(Hi(Y, X), F,) = 
0. But G’ is HF ,,-local or still, p-cotorsion (cf. Proposition 30), thus Hom(H2(Y, X),G’) = 
0 and Ext(Mi(Y,X),G’) = 0 (see the lemma preceding Proposition 29). Therefore 
H*(Y, X;G’) = 0 and the lifting exists. As for its uniqueness, of necessity H(Y, X;F,) = 
0, ie., Hy(Y, X) @F, =0, thus H1(Y, X;G") ~ Hom(Hy(Y, X),G’) = 0] 


PROPOSITION 33 Let 1— G’ —~> G > G” > 1 be a central extension of groups. 
Assume: G’ is HF,-local and G” is HF,,-local—then G is HF,,-local. 
[The proof is the same as that of Proposition 19.] 


Application: If G is nilpotent and p-cotorsion, then G is HF,,-local. 


[In fact, CenG and G/CenG are p-cotorsion, so one can proceed by induction.] 


PROPOSITION 34 Let G be a p-cotorsion nilpotent group—then there exists a cen- 
tral series G = C°(G) > C1(G) D --- having the same length as the descending central 
series of G such that V i, C’(G)/C*t!(G) is a p-cotorsion abelian group. 
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[Define C*(G) to be the kernel of the composite G > G/I*(G) > Ext(Z/p©Z, 
G/t"(G)), 

[Note: Here is a variant. Let G be a group. Let M be a nilpotent G-module, x : 
G — Aut M the associated homomorphism. Assume: M is p-cotorsion—then there exists 
a finite filtration M = C)(M) D> CY(M) dD --- > CZ(M) = {0} of M by G-submodules 
Ci(M) such that V i,G operates trivially on C)(M)/Cit*(M) and Ci(M)/Cit*(M) is 


p-cotorsion. | 


9-1 
89. HOMOTOPICAL LOCALIZATION 


Localization at a set of primes is a powerful tool in commutative algebra and group 
theory, thus it should come as no surprise that the transcription of this process to algebraic 
topology is of fundamental importance. More generally, one can interpret “localization” 


as the search for and construction of reflective subcategories in a homotopy category. 


EXAMPLE HCW is not a reflective subcategory of HTOP. Reason: HCW is not isomorphism 
closed. HCWSP is not a reflective subcategory of HTOP. Reason: HCWSP is not limit closed (e.g., the 


CO 

product I] S” is not a CW space). On the other hand, HCWSP is a coreflective subcategory of HTOP, 
1 

the coreflector being the functor that assigns to each topological space X the geometric realization of 


its singular set (the arrow of adjunction |sinX| + X is a weak homotopy equivalence (Giever-Milnor 


theorem)). In particular: HCWSP has products, viz. the product of {X;} in HCWSP is |sin | ] X4I, 
i 
where | | X; is the product in HTOP (or still, the product in TOP). 


a 
[Note: Analogous remarks apply in the pointed setting. So, e.g., the nt? homotopy group of [x 
i 
(taken in HCWSP,.,) is isomorphic to | | m(X;).] 
i 


Notation: CONCWSP, is the full subcategory of CWSP,, whose objects are the 
pointed connected CW spaces and HCONCWSP,, is the associated homotopy category. 


EXAMPLE Write HCONCWSP,|[n] for the full subcategory of HCONCWSP.. whose objects 
have trivial homotopy groups in dimension > n (n > 0)—then HCONCWSP, [n] is a reflective sub- 
category of HCONCWSP.., the reflector being the functor that assigns to each X its n** Postnikov 
approximate X[n]. Example: The fundamental group functor X — 71(X) sets up an equivalence between 
HCONCWSP. [1] and GR. 

[Note: The data generates an orthogonal pair (S,D). Here, [f]: X > Y isin S iff f, : mg(X) > mq(Y) 


is bijective for g < n.] 


EXAMPLE Write HSCONCWSP., for the full subcategory of HCONCWSP. whose objects 
are simply connected—then HSCONCWSP.,. is not a reflective subcategory of HCONCWSP... For 
suppose it were and, to get a contradiction, take X = P?(R). Consider, in the notation of p. 0-22, 
ex : X + TX. By definition, ex l K(Z,2) > H?(TX) = H?(X) & Z/2Z. But Hi(TX) =0 => 
H?(TX) & Hom(H2(TX), Z), which is torsion free. 

[Note: Let f :S' > *—then f+ is the object class of HSCONCWSP...| 


Given a set of primes P, a pointed connected CW space X is said to be P-local in 
homotopy if Vn > 1, m,(X) is P-local. 
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EXAMPLE Fix P 4 M—then the full subcategory of HCONCWSP.. whose objects are P-local 
in homotopy is not the object class of a reflective subcategory of HCONCWSP.. To see this, suppose 
the opposite and consider S!. Calling its localization Spy for any P-local group G, the universal ar- 
row Ip : S' + S}, necessarily induces a bijection [SB, K(G,1)] ~ [S', K(G,1)] + Hom(m1(S}),G) & 
Hom(71(S1),G). Since 71(S}) is by definition P-local, it follows that m1(Sp) ~ Zp. Form now 
K(Q(Zp],2;x), where x : Zp > Aut Q[Zp] is the homomorphism corresponding to the action of Zp 
on Q[Zp]. Since K(Q[Zp],2;x) is P-local, the bijection [SL, K(Q[Zp], 2;x)] ~ [S', K(Q[Zp], 2; x)] re- 
stricts to an isomorphism H?(S}; Q[Zp]) & H?(S1; Q[Zp]) (cf. p. 5-34) (locally constant coefficients), 
thus H?(S%;Q[Zp]) = 0. But H?(m1(S%);Q[Zp]) embeds in H?(S};Q[Zp]) (consider the spectral 
sequence ED:t ~ HP (m1(S4); H4(S4; Q[Zp])) => H?+4(St;Q[Zp])), which contradicts the fact that 
H? (Zp; Q[Zp)) # 0 (cf. p. 8-1). 

[Note: Let pZ : S? > S% (q > 1) be a map of degree n (n € Sp). Working in HCONCWSP.., put 
So = {[p#]}—then S¢ is the class of objects in HCONCWSP. which are P-local in homotopy.] 


Given integers k,n > 1, let k : S"-' — S"~! be a map of degree k—then the 
adjunction space P"(k) = D” Ly, S"~! is a Moore space of type (Z/kZ,n — 1) and 
=P" (k) = P*t1(k). 

Given a pointed connected CW space X, the n**modk homotopy group of X is 
[P"(k), X], the set of pointed homotopy classes of pointed continuous functions P"(k) > 
X. Notation: 7,(X;Z/kZ). Here, the language is slightly deceptive. While it is true that 
Tn(X;Z/kZ) is a group if n > 2 (which is abelian if n > 3), mo(X;Z/kZ) is merely a 
pointed set (but there is a left action m2(X) x m9(X; Z/kZ) > m2(X; Z/kZ)). In the event 
that 71(X) is abelian, put 71(X;Z/kZ) = 11(X) © Z/kZ. 

[Note: When X is an H space, m2(X;Z/kZ) is a group (and 7,(X;Z/kZ) is abelian 
ifn > 2).| 

A pointed continuous function f : X — Y between pointed connected CW spaces 
induces a map fy, : 1(X;Z/kZ) > a,(Y;Z/kZ). It is a homomorphism if n > 2 and 


respects the action of 72 if n = 2. 


UNIVERSAL COEFFICIENT THEOREM For each n > 1, there is a functorial exact 
sequence 0 > 1,(X) ® Z/kZ > 1p(X; Z/kZ) > Tor(tn_1(X), Z/kZ) — 0. 

[The arrows S"~* Bight girl es P"(k) > 8”, 8” AGt generate a functorial exact 
sequence 7,(X ) ¥, ty (X) > Mn(X;Z/kZ) > mh_-1(X) Se (X):| 

[Note: If n = 2, interpret exactness in SET, and if 71(X) is not abelian, interpret 
Tor(m1(X), Z/kZ) as the kernel of 7(X) fai (X).] 


Example: Let X be a pointed connected CW space—then X is P-local in homotopy 
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iff 71(X) is P-local and V p € P, t(X;Z/pZ) =0V n> 1. 
[Apply REC, of the recognition principle (cf. p. 8-4 ff.).] 


Neisendorfert has established a mod k analog of the Hurewicz theorem. 


MOD k HUREWICZ THEOREM Suppose that X is a pointed abelian CW space—then if 
n > 2, the condition mg(X;Z/kZ) = 0 (1 < q < n) is equivalent to the condition Hy(X;Z/kZ) = 0 
(1 <q<_n) and either implies that the Hurewicz map tmn(X;Z/kZ) > Hn(X;Z/kZ) is bijective. 

[Note: The arrow P"(k) > S” induces an isomorphism H,(P”"(k); Z/kZ) > Hp(S"; Z/kZ), so there 
is a generator of Hn(P"(k);Z/kZ) that is sent to the canonical generator of H,(S”";Z/kZ), from which 
the Hurewicz map 7,(X;Z/kZ) > Hyn(X;Z/kZ) (it is a homomorphism if n > 2).] 


The mod k analog of the Whitehead theorem is also true (consult Suslin? for a variant with applica- 


tions to algebraic K-theory). 


Given a set of primes P, a pointed connected CW space X is said to be P-local in 
homology if Vn > 1, Hp(X) is P-local. 
[Note: X is P-local in homology iff V p € P, H,(X;Z/pZ) =0V n> 1 (cf. p. 8-6).] 


EXAMPLE Fix P # II—then there exists a pointed connected CW space X such that V n > 2, 
tm({X) 2 Zand Vn>1, An(X) & Zp (cf. p. 5-77), so P-local in homology need not imply P-local in 
homotopy. 

[Note: In the other direction, P-local in homotopy need not imply P-local in homology. Reason: 
There exists a P-local group G such that G/[G, G] (© Hi(G)) has an Sp-torsion direct summand (cf. p. 
8-12), eg.,G = (ZZ) p.| 


xX : ; : 
PROPOSITION 1 Let Y be pointed nilpotent CW spaces, f : X — Y a pointed 


continuous function. Assume: Vn > 1, fx : an(X) > an(Y) is P-localizing—then V n > 1, 
fx : Hn(X) > An(Y) is P-localizing. 


De Se. oe 
[There is a commutative diagram f | | f and a morphism {E? © Ay(m(X); 
Y =) -¥ 7 
H,(X))} — {F2 Hy(m1(Y);H,(Y))} of fibration spectral sequences. Since i? are 


+ Memoirs Amer. Math. Soc. 232 (1980), 1-67. 
= J. Pure Appl. Algebra 34 (1984), 301-318. 
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simply connected, V q > 1, - : H,(X) > H,(Y) is P-localizing (cf. p. 8-7). In addition, 


Vq>1, operates nilpotently on ~ . (cf. §5, Proposition 17), thus V g > 1, 
q> { mv), OP p y H,(¥) (cf. § P ) q 


the arrow EP. — Bee is P-localizing (cf. §8, Proposition 14). Recalling that V p > 1, 
the arrow H,(m1(X)) > H,(m1(Y)) is P-localizing (cf. §8, Proposition 10), one can pass 
through the spectral sequence to see that V q > 1, f, : Hy(X) — H,(Y) is P-localizing. | 


Application: Let X be a pointed nilpotent CW space. Assume: X is P-local in 
homotopy—then X is P-local in homology. 
[Note: The converse is also true (cf. p. 9-6).] 


xX : ; : 
PROPOSITION 2 Let Y be pointed nilpotent CW spaces, f : X — Y a pointed 


continuous function. Assume: Vn > 1, fx : H,(X) + Hy(Y) is P-localizing—then for any 
pointed nilpotent CW space Z which is P-local in homotopy, the precomposition arrow 
f* : [Y, Z] > [X, Z] is bijective. 

- are pointed nilpotent CW com- 
plexes with X a pointed subcomplex of Y (take f skeletal and replace Y by the pointed 


[There is no loss of generality in supposing that 


mapping cylinder of f). Because the inclusion X — Y is a cofibration, this reduction 
converts the problem into one that can be treated by obstruction theory. Thus given a 
pointed continuous function ¢ : X — Z, the obstructions to extending ¢ to a pointed 
continuous function @ : Y — Z and the obstructions to any two such being homo- 
topic rel X (hence pointed homotopic) lie in the H?(Y,X;T%,(mq(Z))/P\t*(mq(Z))) for 
certain p and q (nilpotent obstruction theorem). The claim is that these groups are triv- 
ial. But, by hypothesis, Vn > 1, f, : Hn(X;Zp) — Hy(Y; Zp) is an isomorphism, 
hence Vn > 1, H,,(Y,X;Zp) = 0. Since Zp is a principal ideal domain and since the 
Ty, (tq(Z))/T3t*(mq(Z)) are Zp-modules (cf. p. 8-21), the universal coefficient theorem 
implies that the obstructions to existence and uniqueness do indeed vanish.| 

[Note: Otherwise said, under the stated conditions, [f] . 7 for any pointed nilpotent 
CW space Z which is P-local in homotopy.] 


Notation: NILCWSP,, is the full subcategory of CWSP.,. whose objects are the 
pointed nilpotent CW spaces and HNILCWSP, is the associated homotopy category, 
while NILCWSP,, p is the full subcategory of NILCWSP., whose objects are the pointed 
nilpotent CW spaces which are P-local in homotopy and HNILCWSP,, p is the associated 
homotopy category. 
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NILPOTENT P-LOCALIZATION THEOREM HNILCWSP,. p is a reflective sub- 
category of HNILCWSP,,. 

[On general grounds, it is a question of assigning to each X in HNILCWSP, an 
object Xp in HNILCWSP,,. p and a pointed homotopy class [lp] : X — Xp with the 
property that for any pointed homotopy class [f]: X — Y, where Y isin HNILCWSP,, p, 
there exists a unique pointed homotopy class [¢] : Xp — Y such that [f] = [¢]o[lp]. In view 
of Propositions 1 and 2, it will be enough to construct a pair (Xp,lp):V q> 1,7¢(lp) : 
Tq(X) 4 mq(Xp) is P-localizing. For this, we shall work first with the n*® Postnikov 
approximate X|n] of X and produce (X|n]p,lp) inductively. Matters being plain ifn = 0 
(X [0] is contractible), take n > 0. Consider a principal refinement of order n of the arrow 
X(n| > X|[n—1], ie., a factorization X|n] A Wi We Seo Wy SWS X([n— 1], 


where A is a pointed homotopy equivalence and each gq; : W; — W,_ 1 is a pointed 


Hurewicz fibration for which there is an abelian group 7; and a pointed continuous function 
0,1: Wi-1 > K(a;,n+1) such that the diagram a | i is a pull- 
W;-1 a= K(m,n +1) 
a—1 
back square. To exhibit pairs (W;,p,/p) (and hence produce (X[n]p,lp)), one can proceed 
via recursion on i > 0, the existence of (Wo,p,lp) being secured by the induction hypothe- 
W; 1 = K(m,n+1) 
sis. Choose a filler ®;_1,p : Wi-1,p > K(ai,p,n+1) for | | and 
Wi-ap ---> K(m,p,n+ 1) 

Wip — OK (mi,p,n+ 1) 
define W;,p by the pullback square | ) . Since the composite 

W;-1,P ars K(m,p,n+1) 


1—1,P 


W, - Wi-1 - Wi-1,p > K(am,p,n+ 1) is nullhomotopic, there is a filler lp : W; > W,,p 
Ww > Wi 


for | | . From the definitions, { be is a pointed connected CW space 
i i,P 
Wip — Wi-1,P 
homeomorphic to { ®i-1 (parameter reversal). Moreover, { ‘is nilpotent (cf. 
@;_1,P Wip 


§5, Proposition 15) and by comparing the homotopy sequences of ee one finds that 
i,P 

Vq>1, m(lp) : t¢(Wi) - 14(Wi,p) is P-localizing. Recall now that V n, there is a pointed 

homotopy equivalence X[n] > P,,X and a pointed Hurewicz fibration P, X > P,-1X (cf. 

p. 5-41). Passing to mapping tracks and changing /p within its pointed homotopy class, 


one can always arrange that V n, the arrow (P,X)p — (P,_-1X)p is a pointed Hurewicz 
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P,X — Py-1X 
fibration and the diagram | | commutes. So, lim Ip: lim P,X > 


(P,X)p — (Pr-1X )p 
lim(P,, X) p exists and V q > 1, m(lim /p) : m,(lim P,X) > mg (lim(P,,X) p) is P-localizing 


(cf. p. 5-50). Fix a CW resolution Xp — lim(P,,X)p and let lp : X > Xp be a filler 
X — IlmP,X 
for | | (cf. §5, Proposition 4). Because the arrow X — lim P,X is 


+ 


Xp —_ lim(P,,X) p 
a weak homotopy equivalence (cf. §5, Proposition 13), it follows that V q > 1, m(lp) : 


Tq(X) > Tq(XP) is P-localizing.] 


The reflector Lp figuring in the nilpotent P-localization theorem sends X to Xp 


(special cases: X@Q,X, (p € IL)) with arrow of localization [lp]: X — Xp. Brackets are 


often omitted, e.g., given f : X — Y, there is a diagram | 
Xp 


| , commutative up 


x +5 y 
— Yp 


to pointed homotopy. 7 

[Note: Lp respects the “abelian subcategory” and the “simply connected subcate- 
gory”. 

Let [f] : X — Y be a morphism in HNILCWSP,.—then [f] (or f) is said to be 
P-localizing if J an isomorphism [¢]: Xp — Y such that [f] = [@] © [lp] (cf. p. 0-30). 


PROPOSITION 3_ Let . be pointed nilpotent CW spaces, f : X — Y a pointed 


continuous function—then f is P-localizing iff Vn > 1, fx : ta(X) 4 m(Y) is P-localizing. 


[This is implicit in the proof of the nilpotent P-localization theorem.| 


Example: For any nilpotent group G, K(G,1)p » K(Gp, 1). 


A 
continuous function—then f is P-localizing iff Vn > 1, f, : Hy(X) - HAy(Y) is P- 


localizing. 
[The point behind the sufficiency is that Vn > 1, H,(Y) is P-local, therefore Dror’s 
Whitehead theorem implies that |p : Y — Yp is a pointed homotopy equivalence, thus Y 


X ' ; : 
PROPOSITION 4 Let { be pointed nilpotent CW spaces, f : X — Y a pointed 


is P-local in homotopy.| 


Application: Let X be a pointed nilpotent CW space. Assume: X is P-local in 
homology—then X is P-local in homotopy. 
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[Note: The converse is also true (cf. p. 9-4).] 


FACT Let P’ and P” be two sets of primes—then for any pointed nilpotent CW space X, 
(X pr) pu & (X pi) pr. 


The left hand side computes X pr, py and the right hand side computes X pi, pr. 
P'NP P!AP 


The nilpotent P-localization theorem has been relativized by Llerena‘. In fact, sup- 


Y & Z are pointed connected CW spaces. Let f : X — Y be a pointed 


Hurewicz fibration with Ey nilpotent—then there exists a pointed connected CW space 
X(P), a pointed Hurewicz fibration f(P) : X(P) + Y with Ep) nilpotent and P-local 
in homotopy, and a pointed continuous function [(P) : X — X(P) over Y such that the 


pose that Ee 


induced map Ey — Ey py is P-localizing: (Ey)p ~ Eyp). In addition, for any pointed 
Hurewicz fibration g : Z + Y with E, nilpotent and P-local in homotopy, [f(P), 9] © [f, 9] 
¢ 


X —— ZF 


in the sense of pointed fiber homotopy, i.e., given a commutative triangle K oe ; 


a 


Z 
there is a commutative triangle Pe, WA :[¢] = [@(P)]o[l(P)], d(P) being unique 
Mg 
up to pointed fiber homotopy. 


_ EXAMPLE let X be a_ pointed connected CW _  space—then the diagram 
x — x — K(m(X),1) 


ip| | | commutes in HCONCWSP.. (cf. p. 5-62). Here, m1(X) & 


Xp. = RIP) = (KGa) 1) 
m1(X(P)) and V n > 2, the arrow tn(X) > mn(X(P)) is P-localizing. 


Nilpotent P-localization is compatible with homotopy and homology in that Vn > 1, 
Tr(X)p & (Xp) and H,(X)p » H,(Xp) but this is false for cohomology. Example: 
Take X = 8": 8" = M(Zp,n) > H"+1(S%) ~ Ext(Zp, Z) #0 (P41. 

[Note: By contrast, taking coefficients in Zp, Vn > 1, H"(Xp;Zp) ~ H"(X; Zp) 
(cf. §8, Proposition 2).] 

Let [f] : X — Y be a morphism in HNILCWSP,—then [f] (or f) is said to be a 
P-equivalence if fp : Xp — Yp is a pointed homotopy equivalence. With regard to the 
underlying orthogonal pair (5, D), | f] is a P-equivalence iff [f] € S, so [f] is P-localizing 
iff [f] ¢ S & Y € D (cf. p. 0-30). 


+ Math. Zeit. 188 (1985), 397-410. 
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[Note: When P = 0), the term is rational equivalence. Examples: (1) There is a 
rational equivalence S? > K(Z,3) but there is no rational equivalence K(Z,3) > S°; 
(2) There are rational equivalences S? v S° > S® Vv K(Z,5),S® V K(Z,5) — K(Z,3) Vv 
K(Z,5),S° vS° > K(Z,3) Vv S°, K(Z,3) VS° > K(Z,3) V K(Z,5) but there are no 
rational equivalences S* V K(Z,5) — K(Z,3)V S°, K(Z,3) VS° > S® v K(Z,5).] 


PROPOSITION 5_ Let ‘s be pointed nilpotent CW spaces, f : X — Y a pointed 


continuous function—then f is a P-equivalence iff f, : H,(X;Zp) > H,(Y;Zp) is an 
isomorphism. 

[Note: This holds iff f, : H.(X;Q) — H.(Y;Q) is an isomorphism and V p € P, 
f. : H,(X; Z/pZ) > H,(Y;Z/pZ) is an isomorphism (cf. $8, Proposition 3).] 


Example: Fix a positive integer d. Let Py be the set of primes that do not divide 
d—then 8S" 48" isa Py-equivalence. 


EXAMPLE (Local Spheres) Given P, let p1 < po <--- be an enumeration of the elements of 
P and put dz = pk-- -pk (k = 1,2,...)—then a model for S% is the pointed mapping telescope of the 
sequence S” + S” — .--, the k*® map having degree d;. Since Q is P-local, H*(S%;Q) = H*(S";Q). 
Accordingly, S% cannot be an H space if n is even (Hopf). As for what happens when n is odd, Adamst 


has shown that if 2 ¢ P, then S% is an H space while if 2 € P, then S% is an H space iff n = 1,3, or 7. 


EXAMPLE (Rational Spheres) If n is odd, then SG = K(Q,n) but if n is even, then SG = 
Ey, where f : K(Q,n) + K(Q,2n) corresponds to t? € H?"(Q,n;Q) (A*(Q,n;Q) = Q[E], |e] = 7). 


=n 
Consequently, if n is odd, then Q ® 7,4(S”) = a (q ) but if n is even, then Q @ 7,(8”) = 


0 (q#n) 
cf. p. 5-44). 
i 2a er 


PROPOSITION 6_ Let ‘e be pointed nilpotent CW spaces, f : X — Y a pointed 


Y 
continuous function. Suppose that f is a P-equivalence—then for any P’ C P, f isa 


P'-equivalence. 


Y 
continuous function. Suppose that f is a P’-equivalence and a P’’-equivalence—then f is 


xX : . ! 
PROPOSITION 7 Let { be pointed nilpotent CW spaces, f : X — Y a pointed 
a (P’ U P”)-equivalence. 


+ Quart. J. Math. 12 (1961), 52-60. 


9-9 


FACT Let X be a pointed nilpotent CW space. Fix P—then for any P’ C P, the canonical arrow 


Xp — X pr is a (P! U P)-equivalence. 


xX 
EXAMPLE Let { be pointed nilpotent CW spaces. Assume: J a pointed homotopy equiva- 
Y 


LZprxXp 


lence ¢: XQ — Yqu-then there is a pointed nilpotent CW space Z such that { 
pe YS 
[Choose rp : Xp + XQ A aR Yo :lq ~ rpolp (la 1X —+ XQ) & la & rp ols 
= 
(lq: Y > Yq). The double mapping track Z of the pointed 2-sink Xp dat Ya re YS is a pointed CW 
space (cf. §6, Proposition 8). To check that Z is path connected (hence nilpotent (cf. p. 5-59)), fix 
7 € 71(Yq). Since do rp is a P-equivalence and rp is a P-equivalence, I m € Sp: 7 = (dorp)« (a) 
(a€ m(Xp)) & Ane Sp: 7” = (rz)« (B) (8 € m1(¥p)). But m and n are relatively prime, so 4 k and 
l:km+n=1>7=(dorp)« (a*)- (rp) (6'), which means that Z is path connected (cf. p. 4-37). 


Z—>Xp . P-equivalence 
And: is a ] 


Z>Y5 P-equivalence 


xX ‘ ; : 
PROPOSITION 8 _ Let Y be pointed nilpotent CW spaces, f : X — Y a pointed 


continuous function—then f is a pointed homotopy equivalence provided that V p, fp : 
X, — Y> is a pointed homotopy equivalence. 

[In fact, V p, Hx(f)p : Hs(X)p - H.(Y)p is an isomorphism. Therefore f is a 
homology equivalence (cf. p. 8-3) and Dror’s Whitehead theorem is applicable. | 


In the simply connected situation, there is another approach to P-localization which 
depends on Proposition 2 but not on Proposition 1. Thus let X be a pointed simply 
connected CW space—then it will be enough to construct a pair (Xp,lp) :V q > 1, 
H, (lp): Hy(X) > H,(Xp) is P-localizing and for this one can assume that X is a pointed 
simply connected CW complex. 


Observation: A model for Xp, where X = \/S" (n > 1), is a Moore space of type 
I 
(1 -Zp,n) : Xp = \V M(Zp,n). 
I 
(dimX < co) If dimX = 2, then X has the pointed homotopy type of a 
wedge \/ Ss’, hence (Xp,lp) exists in this case. Proceeding by induction on the dimension, 


I 
suppose that (Xp,lp) has been constructed for all X with dim X < n(n > 2) and consider 
an X with dim X =n+1. Up to pointed homotopy type, X is the pointed mapping cone 
C; of a pointed continuous function f : VS" > X™ (#(1) = #(En41)) and the pointed 
I 


cofibration 7 : X() — Cy is a cofibration (cf. §3, Proposition 19). Choose a filler fp : 
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I 

V Sp = a for | | . Since the composite ve a4 OD RS + Cfp 
Vsp > xi 
I 


is nullhomotopic, there is a filler [p : Cr — Cf, for . Assembling the data 


xy —- Crs 
leads to a commutative diagram 


S2 = ae) 


of abelian groups with exact rows, where both vertical arrows on either side of the arrow 
H,(C;) > Aj(C xs) are P-localizing. But this means that H,(Cy) > H,(Cyp) is P- 
localizing as well (cf. p. 8-6). 


(dim X = oo) One can arrange matters in such a way that V n, the diagram 
Xm) ~y, X(n+1) 
| i is commutative and the arrow x”) > 5 Ae is a cofibration. Put 
+1) 


xO) ss 


Xp =colim a) (cf. §5, Proposition 8) and define lp : X — Xp in the obvious fashion. 


Y 
FACT Let X & { be pointed simply connected CW spaces with finitely generated homotopy 
Z 


groups. Suppose that g: Y > Z is a rational equivalence—then g induces a bijection [Xq,Y] > [Xq, Z]. 
[Assuming that X is a pointed simply connected CW complex, construct X@ as above, and show by 


induction that Vn, [X§?,Y] = [Xg”, Z].] 


EXAMPLE (Phantom Maps) The notion of phantom map, as defined on p. 5-90 for pointed 
x 
connected CW complexes, extends to pointed connected CW spaces { : Ph(X,Y). This said, let 
Y 


be pointed simply connected CW spaces with finitely generated homotopy groups—then Ph(X,Y) = 
lalXqQ,Y] C [X,Y] (cf. p. 11-6). For instance, take X = OSs?, Y = S°. To compute [QS%,S%], note 
first that DOS? ~ NOUS? x D( V 82") & V S?"+! (cf. §4, Proposition 28 and subsequent discussion) 
n>1 n>1 
and S° & QBS (cf. p. 4-65), hence [OS?S?] 2 [QS°, OBS] fe [Z08°, B23] x[V gett Bes me 
n>1 
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[[ [s*"**, B33] = [| [S°”, 8°]. By the same token, [(QS*)q, 8°] © [2(SQ), 8°] * [] [Sq’.$*] or still, 

n>1 n>1 n>1 

~ |] [Sq K(Z,3)], the arrow S? > K(Z,3) being a rational equivalence. Conclusion: Ph(QS%, S$) = 0. 
n>1 


x 
LEMMA Let be pointed connected CW spaces, f : X — Y a pointed Hurewicz fibra- 
Y 


tion with mo(Xy,) = *—then there is an exact sequence --- > tn41(Y;Z/kZ) > tn(Xyq;Z/kZ) > 
tn(X;Z/kZ) 4 tn(¥3Z/kZ) > +++ > m2o(V;Z/kZ). 


xX 
EXAMPLE Let { be pointed simply connected CW spaces with finitely generated homo- 
Y 


topy groups, f : X — Y a pointed continuous function—then f is a p-equivalence iff V n > 2, fx : 
Tn(X;Z/pZ) > tn(Y; Z/pZ) is bijective. 


(Products) Let { ts be pointed nilpotent CW spaces—then (X x Y)p & Xp x 
Yp: 


EXAMPLE (H Spaces) Suppose that X is a path connected H space—then Xp is a path con- 


nected H space and the arrow of localization lp : X — Xp is an H map. 


(Mapping Fibers) Let e be pointed nilpotent CW spaces, f : X > Ya 


pointed continuous function. Assume: Ey is nilpotent—then (E')p © Egy. 

[Since m9 (E'¢) = *, the arrow 7(X) — 71(Y) is surjective, thus the same is true of the 
arrow 71(X)p — 71(Y)p or still, of the arrow 7(Xp) > 11(Yp). Therefore mo(Ey,,) = * 
and Ey, is nilpotent (cf. p. 5-58). Compare the long exact sequences in homotopy.| 


Application: Let (K,ko) be a pointed finite connected CW complex. Suppose that 
f : X — Y is P-localizing—then for any pointed continuous function ¢: K > X, the 
arrow C'(K, ko; X, 20 : 6) — C(K, kos Y, yo: f od) is P-localizing. 

[Note: C(---: ¢), C(---: fo@) stand for the path component to which ¢, f o¢ belong 
(cf. p. 5-58 ff.).] 

Example: Given a pointed nilpotent CW space X, (Qo X)p ¥ Qo(Xp), where Qo? is 


the path component of Q? containing the constant loop. 


EXAMPLE Let X be a pointed nilpotent CW space. Denote by Cz, the mapping cone of the 
pointed Hurewicz fibration mp : E;, —+ X—then the projection Crp — Xp is a pointed homotopy 


equivalence iff X is P-local or Xp is simply connected (cf. p. 5-67). 
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FACT Let K be a finite CW complex; let X be a pointed nilpotent CW space. Fix a continuous 
function ¢ : K > X. Denote by C(K, X : 6), C(K, X p : lpod) the path component of C(K, X), C(K, Xp) 
containing ¢, |p o¢é—then C(K,X : @) is nilpotent (cf. p. 5-61) and C(K,X :¢)p = C(K,Xp:lpo@). 


[Reduce to when K is connected and work with the Postnikov tower of X.] 


EXAMPLE Let X = S?™ x S?"+! (m,n > 0)—then C(X,X :idx)qg~ [] K(Q%,i)x 
2n+1 


[| K(#?"+!-5(X;Q),j), where d; = dima H*™—1~"(X;Q) — dima H?™—1—*(X;Q) (cf. p. 5-30). 
j=l 


(Mapping Cones) Let e be pointed nilpotent CW spaces, f: X 7 Ya 
pointed continuous function. Assume: C’y is nilpotent—then (Cy) p © Cfp. 
[Crp is path connected and by Van Kampen, 71(Cy,) © (71(Cy))p . But why is Cz, 


nilpotent? For this, it is necessary to use the result of Rao mentioned on p. 5-59 (and 


transferred to the pointed setting). Take, e.g., the third possibility: 4 a prime p such that 
m(Cf) is a finite p-group and V q > 0, H,(X) is a p-group of finite exponent. Case 1: 
p¢P. Here, (m1(C))p = 1 (cf. p. 8-11) and Cy, is simply connected. Case 2: p € P. 
X is then P-local in homology, hence is P-local in homotopy (cf. p. 9-6), i.e., X ~ Xp, 
and 11(C) & m1(Cy,). Therefore Cs, is nilpotent. Comparing the long exact sequences 
in homology finishes the proof.| 

Example: Given a pointed nilpotent CW space X, (UX)p © UXp. 


xX 
EXAMPLE Let { be pointed simply connected CW spaces—then (X#Y)p © Xp#Yp. 
Y 


[Observing that (X VY)p & Xp V Yp, identify X#Y with the pointed mapping cone X#Y of the 
inclusion X VY + X x Y (cf. §3, Proposition 23).] 


Every nilpotent group G is separable, i.e., the arrow G — [[G, is injective. The 
p 


following result is its homotopy theoretic analog. 


PROPOSITION 9 Let X be a pointed nilpotent CW space—then for any pointed 
finite connected CW complex K, the arrow [K, X] — [][K, X>] is injective. 
p 


[The assertion is certainly true if K is a finite wedge of circles. Arguing induc- 
git 28 oT 

tively, consider the pushout square i] | (n > 2) and suppose that the arrow 
D” -> K 
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gn-l f L 
[L, X] > [[[L, Xp] is injective. Taking f skeletal, there is a factorization i| a : 
D 
Ms 


where L = My and K & Cy & Cj, so one can assume that f is a closed cofibration. 
Restoring the base points, the corresponding arrow of restriction f* : C(L,lo; X, 20) > 
C(S"~", 8,1; X, 20) is then a Hurewicz fibration (cf. p. 4-9) and the fiber of f* over 
0 is homeomorphic to C(L/S"~*, ¥gn—1; X, 29), *gn-1 the image of S"~' in L/S"7?. 
But the projection Cy — L/S"~* is a pointed homotopy equivalence (cf. p. 3-24), 
thus C(K, ko; X,20) % C(L/S"", *gn-1; X, 20) (cf. p. 6-22). This said, given ¢ € 


. = (C,o) =C(K,k ;X,29: ) [K, X]¢ 
C(K,ko;X,20), put ~ = @|L, let vo = CU, eae ) and call eer the 


pointed set { fee with { ‘ as the base point. Noting that 71(C(S"~", sn_1; X, 20), 0) & 
T(X), a portion of the homotopy sequence of our fibration reads: 71(C,w) > m,(X) > 
[K, X]q — [L, X]y. Here, 7,(X) operates on [K, X]g and the orbit of ¢ consists of those 
maps which are pointed homotopic to ~ when restricted to L, the stabilizer of ¢ being 
precisely im (C,~). Collect the data and display it in a commutative diagram 
m1(C, w) — T,(X) — [K, X]¢ — [L, X]y 
i i { i 


[aC new) = meg: TK ST i 
p p p p 


The components of the first and second vertical arrows are p-localizing and by hypothesis, 

the fourth vertical arrow is injective. As for the third vertical arrow, its injectivity amounts 

to showing that if 6’: K > X and if V p,l,o¢’ ~ 1,0 ¢, then @ ~ ¢. To begin, 

Vp, lop ~loy => y' ~ y, hence ¢’ lies on the 7,,(X)-orbit of ¢, ie., Sa! a € 

T(X)/imm(C, wy) : [d'] = a-[¢]. Claim: a is trivial. In fact, V p, l,(a@) is trivial in 

T(Xp)/imm (Cy, 1,0) and the arrow m,(X)/immi(C, w) > [](an(Xp)/im m1 (Cp, lp oW)) 
p 


is one-to-one. | 


Application: Let K be a pointed finite nilpotent CW complex; let X be a pointed 
nilpotent CW complex. Suppose that f,g : K — X are pointed continuous functions. 
Assume: V p, fp © Gp—then f ~ g. 


sry gnygn 
P 
EXAMPLE Suppose that P 40 & P # @. Define K by the pushout square | | 
pet -—> K 


(n > 2), where f = (1,1) € m(S%V S2) ~ZpOZy. Leto: K > S"+! be the collapsing map—then 
Vp, lp of ~ O but [¢] 4 [0]. Therefore, even when X is a sphere, Proposition 9 can fail if K is not finite 
(but Proposition 9 does imply that ¢ € Ph(K,S”"*?)). 
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FACT Let X bea pointed nilpotent CW space—then for any pointed finite connected CW complex 
K, the commutative diagram | | is a pullback square in SET... 
[K,Xp] —> [K,XQ] 


[Note: X “is” the double mapping track of the pointed 2-sink Xp > XQ + xe 


EXAMPLE The assumption on K plays a role in the preceding result. Thus suppose that P # @ 
[P~(C), 89] —> [P%(C), 8%] 


& P ~ then the commutative diagram | | is not a pullback square in 


[P@(C),Sp). => [PCy] 
SET... 


[Show that the arrow lim’[ZP"(C), S?] > lim'[2P”"(C), $3] @ lim![ZP”(C), S=] is not one-to-one 
(cf. p. 5-49).] 


FACT Let X be a pointed nilpotent CW space—then for any finite CW complex K, the arrow 
K,X|—- K, Xp| is injective. 
p 
Pp 
[Note: In this context, the brackets refer to homotopy classes of maps, not to pointed homotopy 


classes of pointed maps.] 


Let X be a pointed nilpotent CW space—then one may attach to X a sink {r, : X, > 
Xq} and a source {l, : X + X,}, where V : fp O ly Ete Oly, 


PROPOSITION 10 Let X be a pointed nilpotent CW space with finitely generated 
homotopy groups. Suppose given a pointed finite connected CW complex K and pointed 


continuous functions ¢(p) : K — X, such that V e Tp 0 O(p) & rq ° O(g)—then there is 


a pointed continuous function ¢: K — X such that V p,l,o¢ ~ ¢(p). 
[The fracture lemma on p. 8-16 implies that the result holds if K is a finite wedge of 
Ste) ek 
circles. Proceeding via induction, consider the pushout square lh i) (n > 2) and 
D” —- K 
assume that there is a pointed continuous function 7 : L + X such that V p, lho ~ w(p), 
where w(p) = $(p)|L. Since V p, (p)o f ~ 0, from Proposition 9, wo f ~ 0, so 4 a pointed 
continuous function ¢’ : kK — X which restricts to ~. Taking f to be a closed cofibration 


and following the proof of Proposition 9, form the commutative diagram 
m(C,~)  —> m(X) —> [K,X]p —  [L,X]y 


| i i 


mi( Cy, by oy) — Tn(Xp) —_- [K, X]1,0¢' —>- [L, Xplt,ow 
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Because ¢(p)|L ~ I, o ¢'|L, 6(p) must be on the 7,,(X>_)-orbit of I, o ¢’, ie., SI! a(p) € 
Tn(Xp)/im7m (Cy, lp ow) : [b(p)] = a(p) - [lp o ¢’]. However, the a(p) all rationalize to the 
same element of (7,,(X )/im71(C, ~))q, thus J! a € m,(X)/imm(C, ) : V p,lp(a) = a(p). 
Put d=a-¢':lodxzl,o(a-¢’) ~1,(a)- (po ¢’) ~ a(p)- (lp od’) & O(p).] 


FACT Let X be a pointed nilpotent CW space with finitely generated homotopy groups. Suppose 
Dp 

given a finite CW complex K and continuous functions ¢(p) : K — Xp such that { Tp 0 b(p) & 
q 


rq ° d(q)—then there is a continuous function ¢: K > X such that V p, lp o¢ ~ A(p). 


HASSE PRINCIPLE Let X be a pointed nilpotent CW space with finitely gener- 
ated homotopy groups—then for any pointed finite connected CW complex K, the source 
{[K, X] > [K, X,]} is the multiple pullback of the sink {[|A, X,] > [K, Xq]}. 


[This is a consequence of Propositions 9 and 10.] 


Given a pointed nilpotent CW space X with finitely generated homotopy groups, the genus gen X 
of X is the conglomerate of pointed homotopy types [Y], where Y is a pointed nilpotent CW space with 
finitely generated homotopy groups such that V p, Xp & Yp. The members of gen X have isomorphic higher 
homotopy groups (but their fundamental groups are not necessarily isomorphic) and isomorphic integral 
singular homology groups (but their integral singular cohomology rings are not necessarily isomorphic). 

Examples: (1) genS” = {[S”]}; (2) gen K(z,n) = {[K(z,n)]}, 7 a finitely generated abelian group; 
(3) gen M(x, n) = {[M(r,n)]}, 7 a finitely generated abelian group (n > 2). 


EXAMPLE Fix a generator a € 76(S?) © Z/12Z. Put X = D’ U, 8°, Y = D@ Us, S3—then 


Vp, Xp & Yp but X and Y do not have the same pointed homotopy type. 


EXAMPLE It has been shown by Wilkerson! that if X is a pointed finite simply connected CW 
complex, then #(gen X) < w but this can fail when X is not finite. For instance, take X = P®(H)—then 


gen.X is in a one-to-one correspondence with the set of all functions Il + {+1} (Rector?), hence has 
cardinality 2”. 

[Note: It is unknown whether #(gen X) < w for an arbitrary pointed finite nilpotent CW complex 
X.] 


xX 
EXAMPLE Let { be pointed nilpotent CW spaces—then X and Y are said to be clones if (i) 
Y 


Vn, X[n] © Y[n] and (ii) Vp, Xp & Yp. While neither (i) nor (ii) alone suffices to imply that X ~ Y, one 


+ Topology 15 (1976), 111-130. 
= SLN 249 (1971), 99-105. 
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can ask whether this is the case of their conjunction. In other words, if X and Y are clones, does it follow 
that X and Y have the same pointed homotopy type? The answer is “no”. Take X = 8° x K(Z,3)—then, 


up to pointed homotopy type, the number of distinct clones of X is uncountable (McGibbont). 


Given a set of primes P, a pointed connected CW space X is said to be P-local if 
OX > OX 
a—o” 

[Note: X is P-local iff 7;(X) and the m,(X) ¥71(X) (q > 2) are P-local groups (cf. p. 
8-9) or still, iff 71(X) is a P-local group and the 74(X) (q > 2) are P-local 7 (X)-modules 
(cf. p. 8-22). Therefore a P-local space is P-local in homotopy (but not conversely (cf. 
p. 9-2)).] 

Example: For any P-local group G, K(G,1) is a P-local space. 


Vn € Sp, the arrow { is a pointed homotopy equivalence. 


[Note: Accordingly, a P-local space is not necessarily P-local in homology (cf. p. 
9-3).] 

Notation: CONCWSP,, p is the full subcategory of CONCWSP.,, whose objects 
are the pointed connected CW spaces which are P-local and HCONCWSP,, p is the 
associated homotopy category. 

[Note: This notation is a consistent extension of that introduced on p. 9-4 for the 
nilpotent category, i.e., a pointed nilpotent CW space which is P-local in homotopy is 
P-local (cf. p. 8-16).] 

Observation: Set S4, = S' (q = 1), S4 = (S7' I *)#S' (q > 2) and let pZ = pn 
(q=1), pt = id#pn (q > 2), where pp : S' > S" is a map of degree n (n € Sp). Working 
in HCONCWSP,, put So = {[p%]}—then Sj is the object class of HCONCWSP,, p. 

[In fact, [Sp,X] © m1 (X), [S4,X] & mq(X) x m1(X) (¢ > 2) and (p4)* : [S4, X] > 
[S%., X] is the n*® power map V q > 1.] 

Let |[f] : X — Y be a morphism in HCONCWSP,,—then [f] (or f) is said to be a 
P-equivalence if [f] is orthogonal to every P-local pointed connected CW space. 

[Note: This terminology does not conflict with that used earlier in the nilpotent 
category (cf. Proposition 12).] 

Convention: Given a pointed connected CW space X, a P[|X]-module is a P[m1(X)]- 
module. 


[Note: If c are pointed connected CW spaces and if f : X — Y is a pointed 


¥ 
continuous function, then every P[Y]-module can be construed as a P|X]-module (cf. p. 


8-23).] 


+ Comment. Math. Helv. 68 (1993), 263-277. 
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xX : : 
PROPOSITION 11 Let { Y be pointed connected CW spaces, f : X > Y a pointed 


continuous function—then f is a P-equivalence iff 71(f)p : 71(X)p — 7™(Y )p is bijective 
and for every locally constant coefficient system G on Y arising from a P[Y]-module, 
A"(Y;G) = A(X; f*G) Vn. 

[Necessity: Given a P-local group G, [f] L K(G,1) => [Y, K(G,1)] = [X, K(G, 1)] => 
Hom(71(Y),G) » Hom(m1(X),G) > m(f) | G => m(f)p: m1(X)p © m1(Y)p. To check 
the cohomological assertion, fix a right P[Y]-module z and let y : 71(Y)p — Aut be the 
associated homomorphism. Denote by G : ITY > AB the cofunctor corresponding to the 
composite x olp, where lp : 71(Y) > 7(Y)p. Since for positive n, K(2,n;x) is P-local, 
Uf) L K(n,nix) > 1%, K(m,n5x)] © [X, Kn, nsx)] > HV) & HX f°) (cf. . 
5-34), n > 0. There remains the claim that H°(Y;G) ~ H°(X; f*G), ie., that the 7(Y)- 


invariants in m equal the 7,(X)-invariants in 7. To see this, consider the commutative 
Ty (X) — T1 (Y) 


diagram . From what has been said above, the arrow 71(X )p > 
g 


™1(X)p —_ m™1(Y)p 
m1(Y)p is an isomorphism. The claim thus follows from the fact that the 71(Y) p-invariants 


in m are equal to the 7(Y)-invariants in a (cf. p. 8-24). 


Sufficiency: In order to apply the machinery of full blown obstruction theory (lo- 


s to be pointed connected CW complexes 
with X a pointed subcomplex of Y, so f is the inclusion X — Y. Fix a pointed con- 
tinuous function ¢ : X — Z, where Z is P-local—then m(f) L m(Z) > A! 6 € 


Hom(m1(Y), 71(Z)) : 71(¢) = 607(f). By restriction of scalars, i.e., using the filler 


cally constant coefficients (Olum')), take 


m(Y) —* > 1(Z) 
for | Lae , the m,(Z) (n > 2) become P[Y]|-modules and there is a long 


THY )p 
exact sequence H!(Y;7,(Z)) + H1(X;m,(Z)) — H?(Y, X;m(Z)) 3 H?(Y;1)(Z)) 7 
H?(X3m(Z)) > ---. 

(Existence) One can find a pointed continuous function wp : (Y,X)°) > Z such 
that o|X = ¢ and m(w) = 6 ((Y,X)@ =Y@ UX and m((Y, X)@) = m(Y)). On the 
other hand, the higher order obstructions to the existence of a pointed continuous function 
6: Y > Z such that ®|X = ¢(> 7(®) = 8) lie in the H"*1(Y, X;7(Z)) (n > 2). As 
these groups necessarily vanish, the precomposition arrow f* : [Y, Z] > [X, Z] is surjective. 


(Uniqueness) Suppose that ®’, 6”: Y > Z are pointed continuous functions 


+ Ann. of Math. 52 (1950), 1-50; see also Baues, Obstruction Theory, Springer Verlag (1977). 
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/ _ 
with ae — ; —then the claim is that ®’ and ®” are pointed homotopic. Indeed, 


m1(®') = 6 = m1(®") > O'|(Y, X)M ~ O"(Y, X)M rel X and since the H"(Y, X;m,(Z)) 
(n > 2) are trivial, ®’ and 6” are homotopic rel X.] 


xX : ' ; 
LEMMA Let Y be pointed connected CW spaces, f : X — Y a pointed contin- 


uous function. Fix a group G and a ring A with unit. Suppose given a homomorphism 
™(Y) > G and a homomorphism Z[G] > A. Let A be the locally constant coefficient 
system on Y corresponding to A. Assume: V n > 0, H,(X; f*A) © An(Y;A)—then for 


right 
left A-module 


every locally constant coefficient system M on Y corresponding to a 
u one x Hy(Y;M) 
7 | A'(Y;M) = A"(X; f*M) 
[It suffices to work with pointed connected CW complexes X and Y, where X is a 
pointed subcomplex of Y (f becoming the inclusion). Put m= 71(Y) and let C,(Y,X) be 
the associated relative skeletal chain complex (Whitehead'), so each C,(Y, X) is a free left 
Z|r]-module and V n > 0, An(Y, X;A) = An(A @zjx] Cx (Y, X)). Here, however, V n > 0, 
H,(Y, X;A) = 0, and this means that A @zjzj Cx (Y, X) is a free resolution of 0 as an A- 
module. Therefore, for any right A-module M, H,(Y,X;M) * An(M @zjq) Cs (Y; X)) my 
H,(M @a A @gpj Cx(Y, X)) © Tor4(M,0) = 0 V n > 0 and for any left A-module M, 
H"(Y,X;M) » H"(Homgyp(C,(Y, X), M)) © H"(Homgy_)(C.(Y, X), Hom4(A, M))) & 
H” (Homa(A @zjpj C.(Y, X), M)) © Ext (0, M) =0Vn>0.] 
[Note: Recall that when dealing with modules over a group ring, there is no essential 
distinction between “left” and “right”. In particular: The C;,(Y,X) are both left and right 


free Z|7|-modules. |] 


Vn>0. 


It is a corollary that f is a P-equivalence provided that 7(f)p : 71(X)p > m1(Y)p 
is bijective and for every locally constant coefficient system G on Y arising from a P[Y]- 
module, H,(X; f*G) * Hn(Y;G) V n> 0. In fact, to pass from homology to cohomology, 
one may apply the lemma, taking G = 71(Y)p and A = (Z[G])g, (cf. p. 8-23). 


EXAMPLE Let X be a pointed connected CW space. Suppose that N is a perfect normal sub- 
group of 71(X) which is contained in the kernel of the arrow of localization 71(X) — 721(X)p—then 


fh 1x > XS is a P-equivalence. 


+ Elements of Homotopy Theory, Springer Verlag (1978), 287-288. 
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[The assumption on N guarantees that 71(X)p & 71 (hp: But i. is acyclic, so for every locally 
constant coefficient system G on BG A(X; (f7)*9) x Ay (xt; G) (cf. §5, Proposition 22) and the lemma 
can be quoted.] 

[Note: It is not really necessary to use the lemma. This is because acyclic maps can equally well be 


characterized in terms of cohomology with locally constant coefficients. ] 


a 
continuous function. Assume: f, : H,(X;Zp) > H,(Y; Zp) is an isomorphism—then for 


xX : ; ; 
PROPOSITION 12 Let { be pointed nilpotent CW spaces, f : X — Y a pointed 


every locally constant coefficient system G on Y arising from a P[Y|-module, H,,(X; f*G) © 
Ay(Y;G) V n> 0. 

[According to Proposition 5, fp : Xp — Yp is a pointed homotopy equivalence, so 
there is no loss of generality in supposing that Y = Xp, f = Ip. Consider the diagram 
X ") X —> K(m(X),1) 

f | | | . It commutes up to pointed homotopy and because 
Y = Y — K(m(¥),1) 


i? are simply connected, Hy,(X;p* f*G) ~ H,,(X; f*q*G) es) Hy (X;G), Hy (V3 ¢°G) ~ 


H,(Y; G), G the underlying P-local 71(Y)-module. Bearing in mind that G is, in par- 
ticular, a Zp-module, the fact that H,(X;Zp) =) H,(Y;Zp), in conjunction with the 
universal coefficient theorem, then gives H,(X;G) ~ H,(Y;G). Pass now to the mor- 
phism {E? , ~ H,(m(X); Ha(X;G))} > {E2., & Hp(m(Y); Hq(¥;G))} of fibration spec- 
tral sequences. Since the action of 7(Y) on the H,(Y) is nilpotent (cf. §5, Proposi- 
tion 17), each H,(Y;G) is a P-local 7(Y)-module (cf. p. 8-23), i-e., is a P[X]-module 
(m(X)p = m(Y)). Therefore, V p & V q, Hp(m1(X); Ha(X;G)) © Hp(m(Y); H,(Y;G)) 
(cf. §8, Proposition 16), which serves to complete the proof (cf. p. 5-69).] 

[Note: In the nilpotent category, the term “P-equivalence” has two possible interpre- 


tations. The point of the proposition is that they coincide (cf. §8, Proposition 2).] 


If S is the class of P-equivalences and if D is the class of P-local spaces, then (S, D) 


is an orthogonal pair. Proof: S = D+ (by definition) and St =D => Sj+=S=> D= 
gitt 


= S+. Consequently, S has the closure properties (1)—(3) formulated on p. 0-22. It 
will also be necessary to know the interplay between P-equivalences, wedges, and certain 
weak colimits. 


(Wedges) Let { . 
V i, fi : X; > Y; is a P-equivalence—then \/ f; : \V X; — \Y; is a P-equivalence. 


a a a 


‘ (¢ € I) be pointed connected CW spaces. Suppose that 
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[By assumption, V i, (71(X;) > 7(Y;)) L ObGRp, hence (#11 (Xi) > * 11 (Yi)) Ae 
ObGRp, ie., (m(V Xi) > m(V¥i)) 1 ObGRp. Let G be a locally constant coeffi- 
cient system on VY, arising On a PIV Y;|-module. Employing the notation used in 
the proof of Pspeeition 11, IV Vk Ga & Ti, K(x, n3x)] © [][Xi, K(x, n; x)] © 
V Xi, K(x, m5 3)] = HY YG) = ~ HY Xi (V f)°9 CE a 5-30); nS Oe Binal the 
T AV Y;)-invariants in 7 aa al qti(Yi) ne the m(VX: )-invariants in 7 equal ( qe(Xs), 


Aud Via, mm) = gm(Xe) | 
(Double Mapping Cylinders) Let XEZAY bea pointed 2-source, where 


Y 
double mapping cylinder My, of f,g—then the arrow Y —+ My,, is a P-equivalence. 


ee & Z are pointed connected CW spaces and f is a P-equivalence. Form the pointed 


[Assuming that ie & Z are pointed connected CW complexes and e are skele- 


bg 
Vig a; Z — M, 
tal, pass from f | | to | |5 (cf. p. 3-23), noting that 
X —> Mf, My =e Mfg 


the arrow Z — My is a P-equivalence. Thanks to Van Kampen, the commutative di- 
m(Z) —> 71(M,) 

agram | | is a pushout square in GR, so (m(Z) > m(Mf)) 1 
mi(My) —> m™(My,q) 

ObGRp => (m(M,) > m(Myz,,)) - ObGRp. Let G be a locally constant coeffi- 

cient system on My, arising from a P[My,g|-module. On general grounds (excision), 

H"(My4,Mg:G) = H"(My,Z;G | My) Vn > 0, thus H"(My,,M,;G) =O0Vn>0=> 

A" (My 9:9) » H"(M,;G | M,)V n> 0. That the arrow M, — My,, is a P-equivalence 

is therefore implied by Proposition 11.] 


(Mapping Telescopes) Let {Xx, f,} be a sequence, where Xz is a pointed con- 
nected CW space and f, : Xp  Xx41 is a P-equivalence. Form the pointed mapping 
telescope tel(X, f) of (X, f)—then the arrow Xo — tel(X, f) is a P-equivalence. 


[Assuming that the X; are pointed connected CW complexes and the fy are skeletal, 
tel,(X,f) —>  telkii(X, f) 
there is a commutative diagram | | in which the vertical arrows 
Xf, — X41 
are pointed homotopy equivalences (cf. p. 3-21). By hypothesis, V k, (m1(telo(X, f)) > 


m1 (tel,(X, f))) L ObGRp, so (7 (telo(X, f)) > colim 7; (tel, (X, f))) L ObGRp => (m1 (telo(X, f)) > 


m1(tel(X, f))) L ObGRp. Let G be a locally constant coefficient system on tel(X, f) arising 
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2 


from a P[tel(X, f)|-module and put G, = G | tel,(X, f)—then V n > 0, H"(telx(X, f); Gx) 
AH” (telo(X, f);Go) = lim H”" (tel, (X, f);G,) ~ H"(telo(X, f);Go). Since 7 1(tel(X, f)) 
colim 71 (tel, (X, f)), H°(tel(X, f);G) ~ lim H°(tel;,(X, f)). Moreover, Vn > 1, there is an 
exact sequence 0 — lim’ H"—!(tel;,(X, f); G,.) + H”(tel(X, f);G) + lim H" (tel, (X, f); Gx) > 

0 of abelian groups (Whitehead'). But here the lim’ terms vanish, so Vn > 1, H"(tel(X, f);G) & 
lim H” (tel, (X, f); Gx)-] 


2 


HOMOTOPICAL P-LOCALIZATION THEOREM HCONCWSP,, p is a reflective 
subcategory of HCONCWSP,,. 

[The theorem will follow provided that one can show that it is possible to assign to 
each pointed connected CW space X a P-local pointed connected CW space Xp and a 
P-equivalence Ip : X — Xp. Let M¥% be the pointed double mapping cylinder of the 

q 
St St 
qd qd 
pointed 2-source $4, @ $4 “% §4—then the diagram 4 | [5% is pointed homo- 
Si —> Mj 


tn 


ja 
topy commutative and { - are P-equivalences. Choose pointed continuous functions 
Jj 
(dgoig 
ot : M4 + S74, such that 1 9 59 = id. We shall now construct a sequence {Xx, fx} 
n n 


such that Xo = X and fz : Xz, 4 Xpx41 1s a P-equivalence. Thus, arguing by recursion, 
assume that X;, has been constructed. Consider the set of morphisms [f] € [S4, X%] which 
cannot be factored through p% (failure of surjectivity of (p%)*) and the set of morphisms 
[9] € [M2, X;] which cannot be factored through ¢% (failure of injectivity of (p%)*). If V q 


& Vn, these two sets are empty, then X; is P-local, so one can let Xp = Xx and take for 


Ip: X + Xp the composite Xo 4 X1 > --- > Xx. Otherwise, form the pointed 2-source 
Vv h 
XH VV 84h) v (VY Md) 3 VV SH v (V8) 
qn f g qn  f g 


and call X;,41 the pointed double mapping cylinder of V,h. Since h is a P-equivalence 
(being a wedge of P-equivalences), the same is true of the arrow Xz — X41, thereby 
completing the transition from k to k+ 1. Definition: Xp = tel(X,f). Accordingly, 
Ip : X + Xp isa P-equivalence. To prove that Xp is pe it suffices to show that. 


NS) 
Xp is orthogonal to the pZ. Due to the compactness of ee 


n 


, matters may be arranged 


+ Elements of Homotopy Theory, Springer Verlag (1978), 273-274. 
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Sia xX 


in such a way that any continuous function { factors through some Xx (cf. p. 


Mi — Xp 
si st, 
1-29), hence the very construction of Xp guarantees that every triangle —, | 
Xp 
has a unique filler $4, Xp.] 


The reflector Lp produced by the homotopical P-localization theorem, when restricted 
to HNILCWSP,, “is” the Lp produced by the nilpotent P-localization theorem. There- 
fore the idempotent triple corresponding to P-localization in HCONCWSP,, is an ex- 
tension of the idempotent triple corresponding to P-localization in HNILCWSP., (cf. p. 
0-30) (however it is not the only such extension (cf. p. 9-27)). 

Remarks: (1) V X, m1(X)p & m(Xp); (2) V X & Vn > 1, the arrow H,(X) > 
H,,(Xp) is P-bijective but H,,(Xp) need not be P-local (unless X is nilpotent); (3) VX 
& Vn> 1, tm(Xp) is P-local but the arrow 7,(X) > m,(Xp) need not be P-bijective 
(unless X is nilpotent). 


EXAMPLE Let G be a group—then K(G,1)p x K(Gp,1) if G is nilpotent (cf. p. 9-6) but 
this is false in general (K(G,1)p will ordinarily have nontrivial higher homotopy groups). To illustrate, 
suppose that G is finite. Claim: K(G,1)p ~ K(Gp,1) iff kerlp is Sp-torsion, lp : G > Gp the arrow of 
localization. In fact, K(Gp,1) is P-local, so the question is whether the arrow K(G,1) > K(Gp,1) isa 


P-equivalence, which is the case iff kerlp is Sp-torsion (cf. p. 8-24). 


[Note: K(S3,1)3 is simply connected but 73(K(S3,1)3) & Z/3Z).] 


FACT For any G, the arrow of localization lp : G > Gp is an H P-homomorphism. 
K(G, 1) —. K(G, 1)p 
[The triangle | commutes in HCONCWSP.. In addition, H.(K(G,1); 


K(Gp,1) 
Zp) ~ H,(K(G,1)p; Zp) and m1(K(G,1)p) ~ Gp.] 


The methods used in the proof of the homotopical P-localization theorem are of a general character 
and can easily be abstracted. What follows isolates the essentials. 

Fix a category C with coproducts. Let S C MorC be a class of morphisms containing the isomor- 
phisms of C which is closed under composition and cancellable. Problem: Find additional conditions on 
S that will ensure that St is the object class of a reflective subcategory of C. For this, assume that 


S is closed under coproducts and that for every 2-source BLA — A’, where f € S, there is a weak 
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A — A’ 
pushout square t| | f where f’ € S. Suppose further that there is a set So C S: Se = gt 
B— B 


and a regular cardinal « such that V limit ordinal A < k«, every diagram A : [0,A[—> C in which the 
Ao > Aa (a < X) are in S admits a weak colimit A) such that Ag > A) is in S and when A = x, for 
A ae Sa Re 


each f : A> B in So (i) V ¢ € Mor(A,A,), Ja < 6 & da € Mor (A, Ag) : éa| wee commutes 
Aa 
ap! 
B— A, 


and (ii) V wh’, wb” € Mor(B,A,):Wof=w"of,da<Kn & yh, 4 € Mor(B,Aa):¥4| 


yl! Aa 
B—m—— A, 


val se commute & plo f= lof. 
Aa 

Conclusion: S = S++ and S+ is the object class of a reflective subcategory of C. 

[The verification proceeds by transfinite recursion, the only new wrinkle being that at a limit ordinal 
A < #6, X is taken to be the weak colimit of the {Xq : a < A} (as predicated per the hypotheses). 
Therefore, in the usual notation, TX = X,. It is automatic that the arrow ex : X — TX is in S. 
Since TX € Su = S+, what remains to be shown is that S = S++. Thus let f : A > B be orthogo- 
nal to S+. Sincee, : A> TAisin S and TB € St, there is a unique filler Tf : TA > TB for the diagram 


A aes B 
cal [cx. On the other hand, €g 0 f is orthogonal to TA, so one can find an arrow TB > TA 
TA ---> TB 


inverting Tf. It follows that Tf is an isomorphism, hence Tf € S>epofEeS> fe S, S being 
cancellable.] 

[Note: If C is cocomplete, then the statement simplifies. Example: The reflective subcategory 
theorem is a special case of these considerations (Addmek-Rosicky'). Applied to GR, one sees, e.g., that 


the P-localization of a countable group is countable. ] 


There are situations where the preceding remarks are not applicable since the assumption of cancella- 
bility on S may not be satisfied. The point is that cancellable means right cancellable and left cancellable, 
ie, gofES&fESSgEeSandgofEeS&gES>feES. Let us drop the supposition that S$ 
is left cancellable (but retain everything else, including right cancellable)—then the argument above still 


implies that it is possible to assign to each object X € ObC another object TX € ObC and a morphism 


+ Locally Presentable and Accessible Categories, Cambridge University Press (1994), 30-35; see also 
Borceux, Handbook of Categorical Algebra 1, Cambridge University Press (1994), 193-209. 


9-24 


ex :X > TX in S. Again, TX € S+ = S+, thus S+ is the object class of a reflective subcategory of C 


but now the containment S C S++ can be strict (left cancellable is used to get S = S++). 


EXAMPLE Let C be a cocomplete category, each object of which is «-definite for some «. Let 


S Cc MorC be a class of morphisms containing the isomorphisms of C which is closed under composition 


A — A’ 
and right cancellable. Assume that if tl \F is a pushout square, then f € S => f’ € S and if 
B— B 


(1) 


€ Nat(A, A’), where A, A’: I > C, then =; € S (Vi) > colimEe € S. Finally, suppose that there is 


set So CS: $4 = $+. Accordingly, S+ is the object class of a reflective subcategory of C and V X, 
0 


» 


the arrow ex : X > TX is in S. Examples: (1) Take C = GR—then the class of H P-homomorphisms 
satisfies these conditions, hence V G, the arrow of localization lyp : G —+ Gyp is in Syp (cf. p. 8-25); 
(2) Take C = G-MOD—then the class of HZ-homomorphisms satisfies these conditions, hence V M, the 


arrow of localization lyz :M —> Myz is in Syz (cf. p. 8-28). 


The role played in the theory by “closure” properties can be pinned down. 

Given a category C, let S C MorC be a class of morphisms containing the isomorphisms of C and 
closed under composition with them. Definition: S is said to be a localization class provided that it is 
possible to assign to each object X € ObC another object TX € ObC and a morphism ex : X > TX in 
S with the following universal property: For every f : A > B in S and for every g: A > X there is a 
unique t: B > TX such that «x og =to f. So, for any arrow X — Y, there is a commutative diagram 


SOs py 


| | , thus T defines a functor C > C and €: idg — T is a natural transformation. Here, 
Y — TY 


ey 
eT = Te is not necessarily a natural isomorphism (it is if S is closed under composition). 


THEOREM OF KOROSTENSKI-THOLEN! Let S be a localization class in a category C— 
then S = S++ iff S is closed under composition and left cancellable. In addition, the assignment S > S+ 
sets up a one-to-one correspondence between those localization classes S such that S = S++ and the 


conglomerate of reflective subcategories of C. 


Let [f]: X > Y be a morphism in HCONCWSP,.—then [f] (or f) is said to be an 
H P-equivalence if V n > 0, f, : Hn(X;Zp) > H,(Y; Zp) is an isomorphism. 

[Note: In the two extreme cases, viz. P = § or P = II, HP is replaced by HQ or 
HZ] 


+ Comm. Algebra 14 (1986), 741-766. 


9-25 


(Wedges) Let ce (i € I) be pointed connected CW spaces. Suppose that 
V 4, fi: X; + Y; is an H P-equivalence—then \ f; : \V X; — \Y; is an H P-equivalence. 


a 


[This is because Vn > 1, An(V Xi3Ze) * QA,(Xi; Zr) and Ay(V Yi; Zp) 
© An (Vis Zp).] 


(Pushouts) Suppose that - are pointed connected CW spaces, A C X a 


y 
pointed connected CW subspace, and f : A — Y a pointed continuous function. Assume: 


The inclusion A — X is a closed cofibration and an H P-equivalence—then the arrow 
Y + XU; Y is an HP-equivalence. 

[The adjunction space X Uy Y is a pointed connected CW space (cf. §5, Proposition 
7) and it has the same pointed homotopy type as the pointed double mapping cylinder of 
the pointed 2-source X «+ A — Y (cf. §3, Proposition 18).] 


PROPOSITION 13 Every P-equivalence f : X — Y is an H P-equivalence. 

[Specializing Proposition 11, one can say that Vn > 0, f*: H"(Y;Zp) > H"(X; Zp) 
is an isomorphism, hence V n > 0, fx : Hn(X;Zp) > Hy(Y; Zp) is an isomorphism (cf. 
§8, Proposition 2).] 

[Note: An H P-equivalence need not be a P-equivalence. For instance, take P = II— 
then H P-equivalence = homology equivalence and P-equivalence = pointed homotopy 


equivalence. | 


Given a set of primes P, a pointed connected CW space X is said to be HP-local 
provided that [f] L X for every H P-equivalence f. 


SUBLEMMA Let K bea pointed connected CW complex, L Cc K (L 4 K) a pointed 
connected subcomplex such that H,(K, LZ; Zp) = 0—then there exists a pointed countable 
connected subcomplex A C K such that A Z¢ L and H,(A, AN L; Zp) = 0. 

[We shall construct an expanding sequence of pointed countable connected subcom- 
plexes Aj, Ao,... of K such that Vn, A, ¢ LD and the arrow Hy(Apn, An OL; Zp) > 
Ay(An4yi, Angi OL; Zp) is the zero map. Thus fix A; : Ai ¢ L. Given Ay, for each 
element x € H,(An, An 1 L; Zp) choose a pointed finite connected subcomplex K, C K 
such that x goes to zero in H,(A, U Kz, (An U Kz) OL; Zp). Let Anyi be the union of 
the A, and the K, and put A =U An.] 


[Note: AM L is necessarily connected.] 


LEMMA Let Z be a pointed connected CW space. Suppose that for any CW pair 
(K, L), where K is a pointed countable connected CW complex and L Cc Kk (L#4 K) isa 


9-26 


pointed connected subcomplex such that H,(K, L;Zp) = 0, the arrow [K, Z] > [L, Z] is 
surjective—then Z is H P-local. 

[The claim is that for every HP-equivalence f : X — Y, the precomposition arrow 
f* : [Y, Z] > [X, Z] is bijective. Since it is clear that the class of H P-equivalences admits 
a calculus of left fractions (cf. p. 0-31), it need only be shown that f* : [Y, Z] > [X, Z] 


; saat : : xX 
is surjective. For this purpose, one can make the usual adjustments and take Y to be 


pointed connected CW complexes and f : X — Y the inclusion, with X # Y. Build 
now a transfinite sequence of pointed connected subcomplexes Xq, of Y via the following 
procedure. Set Xo = X. Owing to the sublemma, there exists a pointed countable 
connected subcomplex Ag C Y such that Ag Z Xo and H,(Ao, Ao N Xo; Zp) = 0. Set 
X1 = AgU Xp. Case 1: X, = Y. In this situation, the arrow [Y, Z] > [X, Z] is surjective. 
For let 6: X > Z be a pointed continuous function. Since the inclusion AgM Xo — Ao is a 
cofibration, our assumptions imply that the restriction of ¢ to AgN Xo extends to a pointed 
continuous function Aj > Z, thus ¢ extends to a pointed continuous function ®: Y +> Z. 
Case 2: X, # Y. Utilizing excision, H,(X1, Xo; Zp) = 0, so from the exact sequence of 
the triple (Y, X1, Xo), H.(Y, X1; Zp) = 0. Therefore the sublemma is applicable to the 
pair (Y, X1), hence there exists a pointed countable connected subcomplex A; C Y such 
that Ay ¢ X, and H,(A1,A1 9 X1; Zp) = 0. Set X2g = A; U Xj. Continue on out toa 


sufficiently large regular cardinal « (if necessary), taking X, = U Xq at a limit ordinal 
a<r 
A < « (observe that H,(Y,X);Zp) =0), where X,, = Y.] 


Notation: CONCWSP,, 7p is the full subcategory of CONCWSP,, whose objects 
are the pointed connected CW spaces which are H P-local and HCONCWSP,, 7p is the 


associated homotopy category. 


HOMOTOPICAL HP-LOCALIZATION THEOREM HCONCWSP,, yp is a reflec- 
tive subcategory of HCONCWSP,,. 

[The theorem will follow provided that one can show that it is possible to assign to 
each pointed connected CW space X an H P-local pointed connected CW space X zp and 
an H P-equivalence lyp : X — Xyp. The full subcategory of HCW, whose objects are 
the pointed countable connected CW complexes has a small skeleton. One can therefore 
choose a set of CW pairs (K;, L;), where K; is a pointed countable connected CW complex 
and L;, C K; (LZ; 4 K;) is a pointed connected subcomplex such that H,.(K;, L;; Zp) = 0, 
which contains up to isomorphism all such CW pairs with these properties. Assuming 
that X is a pointed connected CW complex, construct an expanding transfinite sequence 
X= Xo CX, C++ C Xa C Xaqi C+: C Xe of pointed connected CW complexes by 
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setting X, = U Xa at a limit ordinal A < 2 and defining X41 by the pushout square 


a<r 
af 
| | . Here, f runs over a set of skeletal representatives in [L;,Xq| and 
V V K; —> Tega 


a f 
the arrow Xy > Xq41 is an HP-equivalence. Put Xyp = Xq—then V i, [K;, Xyp] > 


[L;, X#p| is surjective, thus by the lemma, Xyp is HP-local. That the inclusion X —> 


Xp is an H P-equivalence is automatic.| 


The reflector Lyp produced by the homotopical H P-localization theorem, when re- 
stricted to HNILCWSP,,, “is” the Lp produced by the nilpotent P-localization theorem. 
Proof: If X is nilpotent and P-local, then X is HP-local, as can be seen by appealing 
to the preceding lemma and using the nilpotent obstruction theorem (cf. Proposition 2). 
Therefore the idempotent triple corresponding to H P-localization in HCONCWSP,, is 
an extension of the idempotent triple corresponding to localization in HNILCWSP., (cf. 
p. 0-30). On the other hand, Proposition 13 implies that every H P-local space is P-local, 


so there is a natural transformation Lp > Lyp. 


PROPOSITION 14 Let [f] : X — Y be a morphism in HCONCWSP,.. Assume: 
[f] is orthogonal to every HP-local pointed connected CW space—then [f] is an H P- 
equivalence. 

[By hypothesis, for every HP-local Z, [Y,Z]  [X, Z]. Specialize and substitute in 
Z = K(Zp,n) (which is HP-local) to get H"(Y;Zp) » H"(X;Zp) Vn > 1 or still, 
H,(X;Zp) + H,(Y;Zp) Vn > 1 (cf. §8, Proposition 2).] 

[Note: Thus, in the homotopy category, the class of H P-equivalences is “saturated” 


but the group theoretic analog of this is false (cf. p. 8-27).] 


In the P-local situation, one starts with an intrinsic definition of the P-local objects 
and defines the P-equivalences via orthogonality, while in the H P-local situation, one 
starts with an intrinsic definition of the H P-equivalences and defines the H P-local objects 
via orthogonality. The P-equivalences are characterized in Proposition 11, so to complete 
the picture, it is necessary to characterize the H P-local objects. 

A pointed connected CW space X is said to satisfy Bousfield’s condition if V n > 1, 
T,(X) is an HP-local group and V n > 2, m,(X) is an HZ-local 71(X )-module. 

[Note: Recall that an abelian group is P-local iff it is H P-local.| 


LEMMA B_ Let X bea pointed connected CW space. Fix n > 1 and suppose that ¢ : 
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T(X) > M is a homomorphism of 71(X )-modules—then ¢p : t,(X)p > Mp is an HZ- 
homomorphism iff there exists a pointed connected CW space Y and a pointed continuous 
function f : X — Y such that H,(f) : H.(X;Zp) © H.(Y;Zp), tq(f) : tq(X) & mY) 
(q <n), and m,(f) © ¢ in m,(X)\m1(X)-MOD. 

[To establish the sufficiency, compare the exact sequence Hy,42(P,-1X;Zp) 
Has, 4X pyY SS Hig Pp) = He Pk Dy EP aX ep) 
— Hy,(P,X;Zp) > Hy(Pn-1X;Zp) > 0 on p. 5-41 with its analog for Y, noting that 
Ay (Pp-1X3Tn(X)p) & Ai(mi(X); tmn(X)pP), Ho(Pn-1X3 an(X) pe) © Ho(m(X); mn(X)p). 
Indeed, there are bijections Hy(P,X;Zp) ~ Hg(PnY;Zp) (q < n) and a surjection 
Hy4i(PyX;Zp) > Hy4i(PaY;Zp) (cf. p. 5-51). 

To establish the necessity, attach certain n-cells and (n+1)-cells to X so as to produce a 
relative CW complex (X, X) and an isomorphism 7,(X) — M such that X[n—1] » X[n— 


T(X) 
1] and the triangle we A commutes. The composite X > X[n] > X[n] 
In(X) —————— M 
induces an arrow H,(X;Zp) — H,(X[n]; Zp) which is bijective for q < n and surjective 
for g=n+1. Apply the Kan factorization theorem.| 


PROPOSITION 15 Let. ee be pointed connected CW spaces, f : X > Y a 


Y 
HA P-equivalence—then f is a pointed homotopy equivalence. 


[Obviously, Zp @ m(X)/[m1(X),m(X)] © Zp @ m(VY)/[m(Y), m1(¥)]- Furthermore, 
H2(X;Zp) — H2(m7(X); Zp) 
the horizontal arrows in the commutative diagram | | are 


A2(Y; Zp) =—? H2(m(Y); Zp) 
surjective (cf. p. 5-35) and H2(X;Zp) + H2(Y;Zp). Therefore f, : 7(X) > 71(Y) is an 


pointed continuous function. Assume: { satisfy Bousfield’s condition and f is an 


HP-homomorphism. But this means that f, is an isomorphism, { 7X) being H P-local. 


m™(Y) 
m(X) >  m(Y) 
Next, consider the commutative diagram | | . The vertical arrows 
To(X)p — 12(Y)p 
(fx )P 


are isomorphisms and (f,)p is an HZ-homomorphism (cf. Lemma B). Consequently, 
fx 2 12(X) > m2(Y) is an HZ-homomorphism between HZ-local 71 (X )-modules, hence is 


an isomorphism. That f is a weak homotopy equivalence then follows by iteration.| 


LEMMA For any pointed connected CW space X, there exists a pointed connected 
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CW space Xg which satisfies Bousfield’s condition and an H P-equivalence |p : X > Xp, 
where 71(X)a#p © 77(Xp). 

[Fix a pointed continuous function ¢: X > K(m1(X)#p, 1) such that ¢, = lap, where 
lap :11(X) > 71(X)#p is the arrow of localization. Since lp is an H P-homomorphism, 
the Kan factorization theorem implies that there exists a pointed connected CW space 
X, and pointed continuous functions f; : X > Xq, v1: X1 > K(m(X)#p,1) with 
@ = 10 fi such that f; is an HP-equivalence and (1) : 7™(X1) > ™1(X)a#p is 
an isomorphism. Continuing, construct a pointed connected CW space X92, a pointed 
continuous functino fg : X; — Xe, and an isomorphism m2(X2) > (72(X1i)P)Hz such 
that fa is an H P-equivalence, 71(f2) : 71(X1) — m(X2) is an isomorphism, and the 
composite 72(X1) > m2(X2) > (m2(X1)p) az equals the composite 72(X1) > m2(X1i)p > 
(72(X1)p)az (cf. Lemma B and 88, Proposition 21). This gives X + X; + X2. Proceed 
from here inductively and let Xg be the pointed mapping telescope of the sequence thereby 
obtained. | 

[Note: It is apparent from the construction of Xg that if 7g(X) is an HP-local group 
for 1 < q < n and if mg(X) is an HZ-local 71(X)-module for 2 < q < n, then V q < n, 
Tq(X) © 1q(XB).] 


PROPOSITION 16 Let X be a pointed connected CW space—then X is H P-local 
iff X satisfies Bousfield’s condition. 

[Suppose that X satisfies Bousfield’s condition. Bearing in mind that the class of 
HA P-equivalences admits a calculus of left fractions, to prove that X is HP-local, it suf- 
fices to show that every H P-equivalence f : X — Y has a left inverse g : Y > X in 
HCONCWSP,,, i.e., gof ~ idx. For this purpose, apply the lemma to get lp : Y — Yp— 
then the composite lg o f : X — Yg is a pointed homotopy equivalence (cf. Proposition 
15), sol h: Ygp > X such that holgof ~ idx and we can take g = holg. Con- 
versely, suppose that X is HP-local. By what has just been said, Xp is HP-local, thus 


lp: X + XB is a pointed homotopy equivalence. | 
Application: V X, m1(X)yp & m1 (Xyp). 
EXAMPLE Take X = 8! VS! : 71(X)p is countable but 71(X)p is uncountable if 2 € P. 


EXAMPLE When P is the set of all primes, every space is P-local. However, not every space 
is HZ-local and in fact the effect of HZ-localization on the higher homotopy groups can be drastic even 
if the fundamental group is nilpotent. Thus let X be a pointed connected CW space and for q > 1, 
put %q(X) = lim mg(X)/(I[m1(X)])? - tq(X). Note that 7(X) is an HZ-local 11(X)-module, being the 
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limit of nilpotent 71(X)-modules (cf. p. 8-29). Assume now that 71(X) is a finitely generated nilpotent 
group. Suppose further that (i) tg(X) is a nilpotent 71(X)-module (1 < g <n) and (ii) mq(X) is a finitely 
generated 71(X)-module (n < q < 2n) (n > 1)—then Dror-Dwyert have shown that (i) q(X yz) © Tq(X) 
(1 <q <n) and (ii) mq(XuHz) © mq(X) (n < q < 2n) (n > 1). In this situation, the first conclusion is 
actually automatic, so the impact lies in the second. Example: Take X = P?(R) and n = 1 to see that 


mwa(X az) & Zs the 2-adic integers. 


HP WHITEHEAD THEOREM Suppose that X and Y are H P-local and let f : X > 
Y be a pointed continuous function. Assume: f, : Hy(X;Zp) — H,(Y; Zp) is bijective 
for 1 <q <n and surjective for gq = n—then f is an n-equivalence. 

[If n = 1, the claim is that f, : Hi(m(X);Zp) > Hi(m1(Y); Zp) surjective > f, : 
m™1(X) > 11(Y) surjective, which is true (cf. p. 8-27). Ifn > 1, use the Kan factorization 
theorem to write f = pr ody, where df : X + Xz is an HP-equivalence and wy : Xz > 
Y is an n-equivalence. Since X is HP-local, X ~ (Xy)yp and since Y is HP-local, 
Mg(Xp) & (YY) (1 <q < n) => mQ(Xf) & Te((Xp) wp) (1 < q <n). Therefore the 
arrow 1,(X) — m4(Y) is bijective for 1 < q < n and surjective for g = n, ie., f is an 
n-equivalence.] 


[Note: Taking Zp = Z and nilpotent leads to a refinement of Dror’s Whitehead 


xX 
hf 
theorem (which, of course, can also be derived directly).] 

EXAMPLE Let X be a pointed connected CW space. Assume: Hy (X;Zp) = 0, i., X is Zp- 


acyclic—then X yp is contractible. 


Given an abelian group G, one can introduce the notion of “HG-equivalence” and play 
the tape again. So, employing obvious notation, the upshot is that HCONCWSP, xa is 
a reflective subcategory of HCONCWSP.,, with reflector Lag which sends X to X#@. 

[Note: The CW pairs (K,L) that intervene when testing for “HG-local” have the 
property that the cardinality of the set of cells in K is < #(G) if #(G) is infinite and < w 
if #(G) is finite.] 

While the number of distinct homological localizations appears to be large, the re- 
ality is that all the possibilities can be described in a simple way. Definition: Dyq and 
Luan have the same acyclic spaces if H, (X;G’!) =0<6 H, (X;G") = 0 or still, if the 
HG'-equivalences are the same as the HG”’-equivalences, hence that Lyq and Lyq are 


naturally isomorphic. 


+ Illinois J. Math. 21 (1977), 675-684. 
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Given an abelian group G, call S(G) the class of abelian groups A such that A@G = 
0 = Tor(A,G). 


PROPOSITION 17 Let Acyg be the class of G-acyclic spaces—then S(G) = {Hp(X): 
n>0& X € Acyg}. 


[This follows from the universal coefficient theorem and the existence of Moore spaces. | 
Application: S(G’) = S(G"”) iff Acyg, = Acygn. 


Given an abelian group G, let Pg be the set of primes p such that G is not uniquely 
@D Z/pZ if Q@G=0 

divisible by p and put Sg = ¢ pé€Pa —then S(G) = S(Sg@) (cf. p. 5- 
Z Po ifQeGF0 

66 ff.). Corollary: Lug ~ Lyg,. Therefore, besides the Lyp, the only other homological 


localizations that need be considered are those corresponding to @ Z/pZ for some P. 
peP 


FACT Let X bea pointed connected CW space—then He (Xx; B Z/pZ) = 0 iff H*(X; I] Z/pZ) = 
pEeP peEP 


The “Z/pZ-theory” (=“F,-theory” ), in its general aspects, runs parallel to the “Zp- 
theory” but there are some differences in detail. 

A pointed connected CW space X is said to satisfy Bousfield’s condition mod p if 
Vn>1, t(X) is an HF,-local group and V n > 2, 7,(X) is an HZ-local 1 (X)-module. 

[Note: Recall that an abelian group is HF,-local iff it is p-cotorsion.] 


LEMMA B mod p_ Let X be a pointed connected CW space. Fix n > 1 and suppose 
that ¢ : m(X) — M is a homomorphism of 7,(X)-modules. Consider the following 


conditions. 
(Ci) id@¢:F, @m,(X) > F, ® M is an HZ-homomorphism. 
(C2) ox : Ho(m1(X); Tor(Fy, m(X))) > Ho(m(X); Tor(F,, M)) is surjective. 
(C3) id ®¢:F, @a,(X) > F, ®M is an isomorphism. 
Then Cy + Co => 
(E) There exists a pointed connected CW space Y and a pointed continuous 
function f : X > Y such that H,(f) : H.(X;Fp) © Hu(Y;Fp), to(f) + tq(X) © TY) 
(q <n), and m,(f) © ¢ in m(X)\m1(X)-MOD. 
Conversely, # > C, and E+ C3 > Co. 
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be pointed connected CW spaces, f : X > Y a pointed 


XxX 
PROPOSITION 18 Let Y 


Y 
equivalence—then f is a pointed homotopy equivalence. 


: : xX : 1s ; 
continuous function. Assume: { satisfy Bousfield’s condition mod p and f is an HF,- 


[Arguing as in the proof of Proposition 15, one finds that f, : m(X) > m(Y) is 
an isomorphism. To discuss f, : t2(X) — m2(Y), define M, N in 7,(X)-MOD by the 
exact sequence 0 > M > 12(X) > m2(Y) ~ N —> 0. The claim is that M=0=N, 
hence that f, : t2(X) — m2(Y) is an isomorphism. For this, it need only be shown that 
F,®M=0=F,®8N (both M and N are HF,-local). Since f is an HF,-equivalence, 


id@f, : Fp @mo(X) > F,@72(Y) isan HZ-homomorphism (£ = C;). But Fp @ma\X) 
F, @ 72(Y) 
are HZ-local (cf. p. 8-31), so Fp ® m2(X) & F, ® 72(Y), from which F, ® N = 0. Using 
now the exact sequence Tor(F,, 72(X)) > Tor(Fy, 72(Y)) ~> F, ®M > 0, E+ C3 > Cy 
gives Ho(71(X);F, ® M) = 0. However, M is HZ-local (being a kernel), thus F, ® M is 
HZ-local (cf. p. 8-31). And: F, ® M = I[m1(X)]- (Fp ® M) = (F, ® M)uz = 0 (cf. p. 
8-30) = F, ® M =0. That f is a weak homotopy equivalence then follows by iteration.] 


LEMMA For any pointed connected CW space X, there exists a pointed connected 
CW space Xg which satisfies Bousfield’s condition mod p and an HF,-equivalence Ip : 
X — Xp, where ™(X) yr, © 71(Xp).- 

[Construct f; : X — Xj, as before (the Kan factorization theorem holds mod p (cf. 
p. 8-32)). Continuing, construct a pointed connected CW space Xj}, a pointed continuous 
function f{ : X; + Xj, and an isomorphism 72(X1) > m2(X1)#z such that f{ is an HZ- 
equivalence, 71(f{) : 71(X1) — 71(X{) is an isomorphism, and the composite 72(X1) > 
T2(X}) 4 m2(X1) az is the arrow 72(X1) > 72(X1) wz (cf. Lemma B (P = II)). This gives 
X > X; > Xj. Next, construct a pointed connected CW space Xo, a pointed continuous 
function fi! : X{ + Xe, and an isomorphism 72(X2) > Ext(Z/p°Z, m2(X{)) such that f{/ 
is an HF,-equivalence, 7 (f{/) : 71(X{) — 7 (X2) is an isomorphism, and the composite 
T2(X4) > 12(X2) — Ext(Z/p°Z, m2(X;)) is the arrow mo(X}) > Ext(Z/p°Z, m2(X}4)) 
(cf. Lemma B mod p and p. 8-34). To justify the application of C1; + Cg > E, note 
that the arrow F, © m2(X{) — F, ® Ext(Z/p°Z, m2(X{)) is bijective and the arrow 
Tor(F,, 2(X1{)) > Tor(F,, Ext(Z/p°Z, 72(X{)) is surjective (cf. p. 8-34). This gives 
X > X; > X} > Xo. Proceed from here inductively and let Xg be the pointed mapping 


telescope of the sequence thereby obtained.] 
[Note: It is apparent from the construction of Xg that if 7g(X) isan HF,-local group 
for 1 < q < n and if mg(X) is an HZ-local 71(X)-module for 2 < q < n, then V q < n, 
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Tq(X) © 1q(XB).] 


PROPOSITION 19 Let X be a pointed connected CW space—then X is HF,-local 
iff X satisfies Bousfield’s condition mod p. 
[The proof is the same as that of Proposition 16.] 


Application: V X, 7 (X) HF, Ty (Xur,)- 


EXAMPLE Let X be a pointed connected CW space. Assume: The homotopy groups of X are 
finite—then V n> 1, tn (XHF,) is a finite p-group, thus Xq7F, is nilpotent. 
[For here 71(X) yr, © 71(X)p (cf. p. 8-32), which is a finite p-group (cf. p. 8-11).] 


EXAMPLE Every HF,-local space is p-local (cf. Proposition 13 and §8, Proposition 3), so there 
is a natural transformation Lp + Lyr,. If G is a finite group, then K(G,1)p & K(G, LHF, but if G is 


infinite, this is false (consider G = Z). 


EXAMPLE Suppose that X is a pointed nilpotent CW space—then XHF, is nilpotent and V n > 
1, there is a split short exact sequence 0 > Ext(Z/p°Z,mn(X)) > tm(XuF,) > Hom(Z/p*Z, m-—1(X)) 


— 0 (see below). Therefore, even in the nilpotent case, it need not be true that mn, (X) HF, is” Tn (XHF,) 


when n> 1. 


HF» WHITEHEAD THEOREM Suppose that X and Y are HF,-local and let f : 
X — Y be a pointed continuous function. Assume: f, : Hy(X;F,) -~ H,(Y;F,) is 
bijective for 1 <q <n and surjective for gq = n—then f is an n-equivalence. 

[The proof is the same as that of the HP Whitehead theorem. | 


EXAMPLE Let X be a pointed connected CW space. Assume: H,(X;Fp) = 0, ie, X is Fy- 
acyclic—then X HFp is contractible. 

[Note: A pointed nilpotent CW space X is Fp-acyclic iff Vn > 1, Hom(Z/p°Z,mn(X)) = 0 & 
Ext(Z/p° Z, mm (X)) =0 (cf. p. 8-37).] 


PROPOSITION 20 Let Z be a pointed nilpotent CW space—then 7 is HF,-local 
iff Vn > 1, m,(Z) is p-cotorsion. 

[Necessity: Since Z satisfies Bousfield’s condition mod p (cf. Proposition 19), the 
T(Z) are HF,-local, hence are p-cotorsion (cf. §8, Proposition 32). 

Sufficiency: The claim is that for every HF,-equivalence f : X — Y, the precom- 


position arrow f* : [Y,Z] — [X, Z] is bijective. For this, one can assume that e 
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are pointed connected CW complexes with X a pointed subcomplex of Y and argue 
as in the proof of Proposition 2. However, it is no longer possible to work with the 
Py, (t@q(Z))/T3t*(mq(Z)) (since they need not be p-cotorsion). Instead, one uses the 
Ch, (tq(Z))/C* (a1q(Z)) (which are p-cotorsion) (cf. §8, Proposition 34). Thus now, 
Vn > 1, Ba(¥X;F,) =0= FY Xe C* Aa ACA CM (x q(Z))) = 9 (cf. §8, Proposition 


29) and the obvious modification of the nilpotent obstruction theorem is applicable.] 


EXAMPLE Fix a prime p—then every HF y-local pointed nilpotent CW space is Fg-acyclic for 
all primes q F p. 


[A p-cotorsion nilpotent group is uniquely q-divisible for all primes g # p (cf. p. 8-37).] 


LEMMA Let F be a free abelian group—then the arrow K(F,n) > K(F,, n) is an 
HF ,,-equivalence. 

[Since F,/F is uniquely p-divisible, K(F,/F, n) is F,-acyclic. On the other hand, 
K(F,n) is the mapping fiber of the arrow K(F,,n) > K(F,/F, n), so Hy (Fin; Fp) © 
H,(F,,n:F,) (cf. p. 4-44).] 

[Note: F, is the p-adic completion of F’. Since F is torsion free, Ext(Z/p°Z, F) © F, 
(cf. p. 10-2).] 


Let G be an abelian group. Fix a presentation 0 ~> R > F + G — 0 of G, 


i.e., a short exact sequence with R and F free abelian—then there is an exact sequence 
0 — Hom(Z/p°Z,G) > Ext(Z/p°Z,R) — Ext(Z/p°Z,F) — Ext(Z/p°Z,G) > 0 
or still, an exact sequence 0 + Hom(Z/p°Z,G) > R, > F, > Ext(Z/p°Z,G) > 0. 


Consider the following diagram 


K(F,n) — K(G,n) — K(R,n+1) — K(F,n+1) 


| ! | ae 


K(F,,n) —> K(G,n)ur, —> K(R,,n+1) — K(#,n+1) 

where by definition K(G, n) yr, is the mapping fiber of the arrow K(Rp, n+1)—> K(F,, n+ 
1). To justify the notation, first note that AK (G,) yr, has two nontrivial homotopy groups, 
namely 7,(K(G,n)yF,) © Ext(Z/p°Z,G) and m4i(K(G,n)yr,) ~ Hom(Z/p°Z, G). 
Since both of these groups are p-cotorsion, Proposition 20 implies that AK(G,n)yF,, is 
HF,,-local. Taking into account the lemma, standard spectral sequence generalities allow 
one to infer that the filler K(G,n) ---> K(G,n)yp, is an HF,-equivalence. Therefore 
K(G,n)yr, is the HF,-localization of K(G,n). Example: K(Q,n)yHrF, © *. 
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Let X be a pointed nilpotent CW space. Thanks to the preceding considerations, one 
can copy the proof of the nilpotent P-localization theorem to see that X yr, is nilpotent. 
In so doing, one finds that there is a short exact sequence 0 > Ext(Z/p°Z,1m(X)) > 
Tn(XuF,) - Hom(Z/p°Z,7-1(X)) — 0 which necessarily splits (Ext(torsion free, p- 

Tn(X) — Ext(Z/p™Z, t(X)) 
cotorsion)= 0 (cf. p. 8-35)). Moreover, the triangle | com- 
Tn(X uF, ) a 
mutes. When the homotopy groups of X are finitely generated, it is common to write X, 
in place of Xyr, and to refer to Xe as the p-adic completion of X, the rationale being 
that in this case, V n, tn(Xp) % 1(X)% (cf. p. 10-2). 

Observation: Let X be a pointed nilpotent CW space—then V p € P, (Xp)yr, © 

Xur, and V p ¢ P, (Xp)ur, ® *. 


EXAMPLE Given n > 1, [S",8"] = [S",S"] © m(S") © Zp, the p-adic integers. This corre- 
spondence is an isomorphism of rings, thus a pointed homotopy equivalence sn > sn determines a p-adic 
unit (i.e., in the notation of p. 10-10, an element of Up) and vice versa. 


[Note: S" = M(Zp,n) but S® # M(Zp,n).] 


LEMMA Let G be a finite group whose order is prime to p. Suppose that X is a path connected 
free right G-space—then H*(X/G;F,) & H*(X;F >). 


EXAMPLE (Sullivan’s Loop Space) Assume that p is odd and that n divides p—1—then st 
has the pointed homotopy type of a loop space. This is seen as follows. Since U; x Z/(p-1)Z6 Zp 
(cf. p. 10-10), Z/nZ (C Z/(p — 1)Z) operates on Zs (but the action is not nilpotent). Realize K (Zp, 2) 
per p. 5-31 and form K (Zp, 2:x) — (K(Z/nZ,1) x K (Zp, 2))/(Z/nZ), where x : Z/nZ > Aut Zp 
(thus 71(K (Zp,2:x)) © Z/nZ and m2(K(Zp,2:x)) & Zp). Since H*(Zp,2:Fp) & Fplé] (lt| = 2), the 
lemma implies that H* (Zp, 2; x;Fp) © F>[t] (|t| = 2n). Fix a pointed continuous function f : P?(n) > 
K(Zp, 2; x) which induces an isomorphism of fundamental groups (P?(n) = M(Z/nZ,1) (cf. p. 9-2))— 
then Cf is simply connected (Van Kampen) and the arrow (OW 2;x) + Cy is an HF p-equivalence, hence 
K(Zp,2:x) HF, © (Ch) uF, = B. 

Claim: B is (2n — 1)-connected. 

[H4(B; Fp) =0 (1 <q < 2n) > H,(B) @ Fp = 0 (1 <q < 2n) & m1 (B) = * S 72(B) & Ho(B) 
(Hurewicz) => 72(B) = 0 (m2(B) is p-cotorsion and p-divisible), so by iteration, 74(B) = 0 (1 <q < 2n).] 

The cohomology algebra H*(QB;F,) is an exterior algebra on one generator of degree 2n — 1 and 


there is an HF,-equivalence S?”—! — QB. Accordingly, ge) = OB, OB being HF y-local (cf. p. 9-37). 
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EXAMPLE [Let A be aring with unit—then BGL(A)? is nilpotent (in fact, abelian (cf. p. 5-74 
ff.)). Supposing that the K7, (A) are finitely generated, Vn > 1, T™m(BGL(A) Fp.) x Ext(Z/p©Z, K,(A)) & 
Zp © Kn(A). 

[Note: This assumption is in force whenever A is a finite field (Quillent) or the ring of integers in an 


algebraic number field (Quillen? ).] 


FACT Suppose that X is a pointed simply connected CW space which is HF p-local—then 
A" (XxX; Zn) is a finite p-group V n > 1 iff mn(X) is a finite p-group V n > 1. 

[Since XqQ is Fp-acyclic, the projection Eig — X is an HF,-equivalence, so (Eig )HFp ~ X. In 
addition, the homotopy groups of X are p-cotorsion, thus are uniquely q-divisible for all primes q F p. 
Therefore the ™n(Eig) are p-primary. The mod C Hurewicz theorem then implies that Vn > 1, Hn (Eig) 
is p-primary (Eig is abelian). Finally, if the homotopy groups of either Eig or X are finite p-groups, then 


FE; x X.] 


Q 


PROPOSITION 21 Let [f] : X — Y be a morphism in HCONCWSP,. Assume: 
[f] is orthogonal to every HF,,-local pointed connected CW space—then [f] is an HF,- 
equivalence. 

[This is the HF, version of Proposition 14 and is proved in the same way (cf. §8, 


Proposition 29).] 


Given a set of primes P, put Fp = © F,. 
pEeP 
PROPOSITION 22 Let X be a pointed nilpotent CW space—then V P, XyF, is 


nilpotent and Xyr, ~ [| XuHF,- 
peEeP 
[Extending the algebra of p-cotorsion abelian or nilpotent groups to a P-cotorsion 


theory is a formality. The other point is that the product may be infinite, hence has to be 
interpreted as on p. 9-1.] 


EXAMPLE (Arithmetic Square) Suppose that X is a pointed nilpotent CW space—then for any 


P, the diagram | | is pointed homotopy commutative and Xp “is” the double 


(XP)Q —* (XuFp)aq 
mapping track of the pointed 2-sink (Xp)Qq > (XuFp)Q —XHFp (Dror-Dwyer-Kan!). 


+ Ann. of Math. 96 (1972), 552-586. 
t SLN 341 (1973), 179-198. 
ll Illinois J. Math. 21 (1977), 242-254. 
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[Note: When P = II, the result asserts that X “is” the double mapping track of the pointed 2-sink 
XQ- (I XHF»)Q com [|] Xar,- Replacing the XyF, by the Xp, it can also be shown that X “is” the 
Pp p 


double mapping track of the pointed 2-sink XQ > ([] Xp)q@ + [| Xp (Hilton-Mislin’ ).] 
p p 


PROPOSITION 23 Let G be an abelian group. Suppose that { : are HG-equivalen- 


ces—then so is f x g. 


Application: Let { - be pointed connected CW spaces—then (X x Y)ug * Xue Xx 
Yuc. 


[Note: The product Xyq x Yuya is, a priori, HG-local.] 


PROPOSITION 24 Let G be an abelian group. Suppose that X En ZEYisa pointed 
2-sink, where { & Z are HG-local pointed connected CW spaces—then the path com- 


ponent Wo of Wy,, which contains the base point (70, yo, j(Zo)) is HG-local. 

[It suffices to prove that if K is a pointed connected CW complex and L C K (L# K) 
is a pointed connected subcomplex such that H(A, L;G) = 0, then any pointed continuous 
function ¢ : L — Wo admits a pointed continuous extension ® : K — Wo. Thus write 


& = (€%,Y¢,Tp) and view Tg as a pointed homotopy I(L,lo) + Z between f o xg and 

: : : é j LH: KaAxX 
g°y¢ (note that d(lo) = (xo, yo, j(Z0))). Fix pointed continuous functions { VeRO 
y are HG-local). 


Since the inclusion ip KUI(L, lo)Ui1.K — I(K, ko) isan HG-equivalence and Z is HG-local, 
H can be extended to ta : I(K,ko) — Z. Therefore one can take ® = (x4, ya, To).] 


extending a and define H : ig kK UI(L, lo) UizK — Z accordingly ({ me 
¢ 


Application: For any HG-local pointed connected CW space X, the path component 
QoX of QX which contains the constant loop is HG-local. 


sees to 
kC(X,Y), where C(X,Y) carries the compact open topology (cf. p. 1-32). 


Notation: Given compactly generated Hausdorff spaces 


Note: If (X, x0) are pointed compactly generated Hausdorff spaces, then map, (X, Y 
(Y, Yo) 


is the closed subspace of map(X,Y) consisting of the base point preserving continuous 


functions. | 


+ Comment. Math. Helv. 50 (1975), 477-491. 
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Let { roa be pointed connected CW spaces. Consider CX, 20; Y, yo) (compact 
» YO 


open topology)—then the pointed homotopy type of C(X, x0; Y, yo) depends only on the 
pointed homotopy types of (X, 29) and (Y, yo) (cf. p. 6-22). Therefore, when dealing with 
questions involving the pointed homotopy type of C(X, 20; Y, yo), one can always assume 
that (X, zo) and (Y, yo) are pointed connected CW complexes, hence are wellpointed com- 
pactly generated Hausdorff spaces. Of course, the homotopy type of map, (X,Y) is not 
necessarily that of C(X,20; Y, yo) but the arrow map, (X,Y) > C(X, 20; Y, yo) is at least 
a weak homotopy equivalence (cf. p. 1-32). 

[Note: The evaluation f + f(xo) defines a CG fibration map(X,Y) — Y whose fiber 
over yo is map, (X, Y).] 

Observation: If 7,(map,(X,Y)) is computed on the path component containing the 
constant map, then 7,(map,(X,Y)) © [X7X, Y]. 

Examples: (1) V HP-local X, 7q(map, (Sip, X)) © tn+q(X) (UIStp & Ste); (2) 
V HF,-local X, mq(map,(Sup,,X)) © tm+q(X) (OS, aE, © Sie): 


Let (X,x9) be a pointed connected CW space—then (X,2x9) is nondegenerate (cf. p. 5-22), thus 
satisfies Puppe’s condition (cf. §3, Proposition 20). On the other hand, the identity map kX > X is a 
homotopy equivalence (cf. p. 5-22). Moreover, (kX, xo) satisfies Puppe’s condition. Therefore (kX, x0) is 
nondegenerate (cf. §3, Proposition 20) and the identity map kX — X is a pointed homotopy equivalence 


(cf. p. 3-35). 


(X, Xo) 


, Yo) 
CW spaces, f : X — Y a pointed continuous function. Assume: f is an HG-equivalence— 


PROPOSITION 25 Fix an abelian group G. Let { be pointed connected 


then for any HG-local pointed connected CW space (Z, 29), the precomposition arrow 
f* : C(Y, yo; Z, 20) > C(X, £0; Z, 20) is a weak homotopy equivalence. 
[Make the transition spelled out above and consider instead f* : map,(Y,Z) > 


map, (X,Z), there being no loss of generality in supposing that f is an inclusion. Since 
map(Y,Z) > Z 
map(X,Z) > Z 
map,(Y,Z) — map(Y¥,Z) — Z 


are CG fibrations, thus are Serre, and since the diagram 


| || commutes, it need only be shown that f* : 
map,(X,Z) — map(X,Z) — Z 
map(Y, Z) > map(X, Z) is a weak homotopy equivalence (cf. p. 4-41 ff.). Claim: V finite 
in map(Y, Z) 
connected CW pair (K,L), the diagram | |r admits a 
Kk ra map(X, Z) 
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filler 6 : kK — map(Y,Z) such that ®|L = ¢ and f*o@ = yw. For this, convert to 
Kx XULxY—+-+KxY 
{ . Because i is a cofibration (cf. §3, Proposition 7) and an 
Z 
HG-equivalence (Mayer-Vietoris), there exists an arrow K x Y + Z rendering the triangle 
strictly commutative. Now quote the WHE criterion.| 
[Note: The fact that Z is HG-local gives [Y,Z] = [X,Z], i-e., mo(map,(Y,Z)) & 
mo(map,(X,Z)), so f* automatically induces a bijection of path components.] 
Application: Fi beli Let { 2) inted ted CW 
pplication: Fix an abelian group G. Le (Y, yo) e pointed connecte spaces. 


’ 


Assume: X is HG-acyclic and Y is HG-local—then C(X, 29; Y, yo) is homotopically trivial. 


[The constant map X — po is an HG-equivalence.| 


Y 
f is a weak homotopy equivalence—then for any CW complex Z, the postcomposition 


xX : : ‘ 
LEMMA Let { be topological spaces, f : X — Y a continuous function. Assume: 


arrow f, : C(Z,X) > C(Z,Y) is a weak homotopy equivalence. 
[Given a finite CW pair (K, L), convert 


L ——-+C(Z, X) Lx Z——> X 
Lowen le to Ih auerer ole 
k —C(Z,Y) K x Z ——— Y 


are CW complexes, hence are compactly generated Hausdorff 
C(L x Z,X) > C(L, C(Z, X)) 
C(K x Z,Y) > C(K,C(Z,Y)) 
(compact open topology) (Engelking").| 


[Note: Let 


Phte ie LxZ 
This is permissible: { KxZ 


spaces. Accordingly, the arrows are homeomorphisms 


xX : 
Y be compactly generated Hausdorff spaces, f : X — Y a continu- 
ous function. Assume: f is a weak homotopy equivalence—then for any CW complex 
Z, the postcomposition arrow f, : map(Z,X) + map(Z,Y) is a weak homotopy equiva- 
map,(Z,X) — 


lence (same argument). When { & f are pointed, consideration of | 


Y 
map,(Z,Y) — 
map(Z,X) — XxX 
| | implies that f, : map,(Z,X) > map,(Z, Y) is also a weak homo- 
map(Z,Y) — Y 
topy equivalence (cf. p. 4—41 ff.).] 


+ General Topology, Heldermann Verlag (1989), 160. 
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EXAMPLE Fix a prime p. Let K be a pointed connected CW complex; let X be a pointed 
1 
Dp 
lor, : X + XyF, induces a weak homotopy equivalence map, (K,X) > map, (K, XHF»).- 


~ 1 
nilpotent CW complex. Assume: K is z| -acyclic, ie., H.(K; Z =| ) = 0—then the arrow of localization 
Dp 


[Every pointed nilpotent CW complex Z which is either rational or HF g-local (q # p) is necessarily 


1 
x2) -| -local. Therefore map, (K,Z) is homotopically trivial. This said, work in the compactly gener- 
Dp 
x —, OL 
ated category and consider the arithmetic square | i , where L = XyFy (P =I). Since X 


XQ — Le 
can be identified with the double mapping track of the pointed 2-sink Xq ~ La «+ L, map,(K,X) is 
the double mapping track of the pointed 2-sink map,(K,Xq@) > map, (K,Lq) « map,(K,L). Because 
map,(K,Xq) and map,(K,LqQ) are both homotopically trivial, the arrow map, (K,X) > map, (K,L) 
is a weak homotopy equivalence (cf. p. 4-50). However, by definition, there is a weak homotopy equiv- 


alence L + XyF, Xk I] XpF,, 80 from the above, the arrow map,(K,L) > map,(K, XHF,) Xk 
a#P 
I] map, (K, XHF,) is a weak homotopy equivalence. But I] map, (K, XHF,) is homotopically trivial, 


q#P aq#P 
thus the projection map, (K,L) > map, (K, XHF,) is a weak homotopy equivalence. | 


1 


EXAMPLE Let G be a finite p-group—then BG(= K(G,1) (cf. p. 5-72)) is z| 
Pp 


(Brownt). So, for any pointed nilpotent CW space X, [BG, X] = [BG, XuF,]- 


| -acyclic 


[Note: If X is a simply connected CW space and if the homotopy groups of X are finite p-groups, 


1 
then X is 2| ~] -acyctic. Proof: Vn > 0, Hn(X) is a finite p-group (modC Hurewicz), hence V n > 0, 
Dp 
1 1 
Hy(X:2|=]) = 2| -| ®@ Hn(X) =01] 
p Dp 
EXAMPLE Fix a prime p. Let X be a pointed nilpotent CW complex—then the arrow of local- 
ization I, : X — Xp induces a weak homotopy equivalence map, (BZ/pZ, X) — map, (BZ/pZ, Xp). 


[The point is that Xyp, can be identified with (Xp) HF,-] 


If ‘ are pointed connected CW complexes and if p : A —> B is a pointed con- 


tinuous function, then pt need not be the object class of a reflective subcategory of 
HCONCWSP, (cf. p. 9-1). Of course, Z € p+ iff p* : 79(C(B, bo; Z, 20)) 4 to(C(A, ao; 
Z, 20)) is bijective and it is a fundamental point of principle that the class of Z for which 
p* : C(B, bo; Z, 20) > C(A, a0; Z, 20) is a weak homotopy equivalence is the object class 
of a reflective subcategory of HCONCWSP,, (cf. p. 9-46). This means that the “or- 
thogonal subcategory problem” in HCONCWSP,, has a positive solution if the notion of 


+ Cohomology of Groups, Springer Verlag (1982), 84. 
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“orthogonality” is strengthened so as to include not just 7 but all the 7, (n > 0) as well 
(cf. Proposition 25 (and its proof)). 
The formalities are best handled by working in CGH,. In fact, it is actually more 


convenient to work in CGH. Thus let . be CW complexes, p : A > B a continuous 


function—then an object Z in CGH is said to be p-local if p* : map(B, Z) > map(A, Z) 


is a weak homotopy equivalence. 
map(B,Z) — map(A, Z) 


[Note: Since the diagram | | commutes and the vertical 


C(B,Z) — CA,Z) 
arrows are weak homotopy equivalences, Z is p-local iff p* : C(B, Z) > C(A, Z) is a weak 


homotopy equivalence. | 


Notation: p-loc is the full subcategory of CGH whose objects are p-local. 
[Note: If . are homotopic, then the same holds for a (cf. p. 6-22). Therefore 
2 


Z is in py-loc iff Z is in p2-loc.| 
p-loc is closed under the formation of products in CGH and is invariant under ho- 


motopy equivalence. 


LEMMA Let . be pointed CW complexes, p : A — B a pointed continuous 


function. Suppose that Z is a pointed compactly generated Hausdorff space—then p* : 
map, (B,Z) > map, (A, Z) is a weak homotopy equivalence if Z is p-local and conversely 
if TO (Z) = %*. 


EXAMPLE Take oe , where W is path connected, and let p : W — *—then the p-local 
objects are said to be Wnt So, Z is W-null iff the arrow Z —+ map(W,Z) is a weak homotopy 
equivalence. On the other hand, relative to some choice of a base point in W, a pointed path connected 
Z is W-null iff the arrow « > map,(W,Z) is a weak homotopy equivalence or still, iff map,(W, Z) is 
homotopically trivial, i.e., iff Vg > 0, [5¢W, Z] = 0. Example: When W = S”t+! (n > 0), a pointed path 
connected Z is W-null iff 7g(Z) = 0 (q > n). 


FACT Let f: X > Y bea CG fibration, where Y is path connected. Fix yo € Y and assume that 
Xyp & Y are W-null—then X is W-null. 


[Observing that the arrow map(W, X) > map(W,Y) is a CG fibration, consider the commutative 
Ris — 5 — Y 


diagram i | | | 


map(W,Xy,) —> map(W,xX) —> map(W,Y) 
[Note: By the same token, X & Y W-null > X,. W-null.] 
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A : : 
PROPOSITION 26 Let ~ be CW complexes, p: A > B a continuous function. 


Suppose that Z is p-local—then V Y in CW, map(Y, Z) is p-local. 

[The arrow map(B, map(Y, Z)) > map(A, map(Y, Z)) is a weak homotopy equivalence 
iff the arrow map(B x; Y,Z) > map(A x, Y, Z) is a weak homotopy equivalence, i.e., iff 
the arrow map(Y, map(B, Z)) > map(Y, map(A, Z)) is a weak homotopy equivalence. | 


LEMMA Given X in CGH, eo in CGH,, map(X, map, (Y, Z)) is homeomorphic 
to map, (Y, map(X, Z)). 

[map(X,map,(Y,Z)) + map,(X+,map,(Y,Z)) © map,(X;#.Y,Z) © map,(Y, 
map, (X,, Z)) ¥ map, (¥, map(X, Z)) 


A : é 
PROPOSITION 27 Let \e be pointed CW complexes, p : A — B a pointed con- 


tinuous function. Suppose that Z is pointed and p-local—then V Y in CW,,, map, (Y, Z) 
is p-local. 

[The arrow map(B, map, (Y, Z)) > map(A, map, (Y, Z)) is a weak homotopy equiva- 
lence iff the arrow map,(Y, map(B, Z)) > map, (Y, map(A, Z)) is a weak homotopy equiv- 
alence.] 


Given a pointed compactly generated Hausdorff space X, put 5,X = X #, St, 0,X = map, (S!, X) 
—then the assignments X > 4,X, X > 0X define functors CGH, — CGH, and (Xz, 2%) is an adjoint 


pair. 


A 
EXAMPLE Let { be pointed CW complexes, p : A — B a pointed continuous function. 

B 
Suppose that Z is pointed and p-local—then 0,Z is p-local. Therefore the arrow map, (B,Q,Z) 7 
map, (A,0,%Z) is a weak homotopy equivalence, i.e., the arrow map, (4,B,Z) > map,.(4,;A, Z) is a weak 


homotopy equivalence, so Z is Uzp-local provided that Z is path connected. 


PROPOSITION 28 Let : be CW complexes, p: A > B a continuous function. 
Suppose that X > Z < Y is a 2-sink of compactly generated Hausdorff spaces. Assume: 
{ - & Z are p-local—then the compactly generated double mapping track W is p-local. 


map(B,X) —> map(B,Z) <— 


[The vertical arrows in the commutative diagram | | 
map(A,X) —> map(A,Z) <— 
map(B, Y) 
| are weak homotopy equivalences, thus the arrow map(B,W) — map(A, W) is 


map(A, Y) 
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a weak homotopy equivalence (cf. p. 4—-48).] 


A : : 
PROPOSITION 29 Let B be CW complexes, p: A — B a continuous function. 


Suppose that W is a retract of Z, where Z is p-local—then W is p-local. 
map(B,W) —> map(B,Z) — map(B,W) 
[There is a commutative diagram | | | 


map(A,W) —> map(A,Z) — map(A4,W) 
in which the composite of the horizontal arrows across the top and the bottom is the 


respective identity map, i.e., the arrow map(B,W) — map(A, W) is a retract of the arrow 
map(B, Z) > map(A, Z) (cf. p. 12-1). But the retract of a weak homotopy equivalence 
is a weak homotopy equivalence. 


EXAMPLE If Z is p-local and a CW space, then any nonempty union of its path components is 
again p-local. 


[Z is the coproduct of its path components (cf p. 5—19).] 


((A,.B) Construction) Let . be CW complexes, p : A — B a continuous 


function. Because the objects in p-loc depend only on [p], there is no loss of generality in 
taking p skeletal. The mapping cylinder M, of p is then a CW complex and it is clear that 
the p-local spaces are the same as the 7-local spaces, 7: A — M, the embedding. One can 
therefore assume that A is a subcomplex of B and p: A — B the inclusion (which is a 
closed cofibration). Let (K, L) be (D",S"~') (n > 0). Given an X in CGH, put Xo = X 
and with f running over map(K x AU L x B, Xo), define X1 by the pushout square 


I] []K x AULxB — Xo 


(K,L) f 
| | 


Wiese 0G 
(KL) f 


Since K x AULx BK x Bisa closed cofibration (cf. §3, Proposition 7), X9 > Xj is 
a closed cofibration and X; is in CGH (cf. p. 3-8). Proceeding, construct an expanding 


transfinite sequence X = Xp C X1 C--- C Xa C Xaqi C+: C X, of compactly 
generated Hausdorff spaces by setting X, = LU Xq at a limit ordinal A < « and defining 
a<r 


Xq+41 by the pushout square 
I] [] Xx AULxB — X, 


(K,L) f 
| io 


[Value e “seas 
(KL) f 
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where f runs over map(K x AUL x B,Xq). Here, it is understood that each X has 
the final topology per the X_ — X) (a < A). Transfinite induction then implies that 
all the X_ (a < &) are in CGH and every embedding X, — Xg (a < 6B < k) isa 


closed cofibration. As for «, choose it to be a regular cardinal > sup #(K x AUL x B) 
(K,L) 

(thus « is independent of X). Now fix a pair (K,L). Claim: The arrow of restriction 

map(K x B, X,,) > map(K x AULx B, X,,) is surjective. To see this, let f: Kx AULxB 


+ X,. Givenzxe Kx AULX Byda, <«&: f(r) € Xa, > a =supa, < k, so f factors 


through Xq, hence the claim. Consequently, p* : map(B, X,) > map(A, X,,) is a weak 
homotopy equivalence (cf. p. 5-16) (the arrow map(B,X,) — map(A,X,) is a CG 
fibration (cf. §4, Proposition 6)), i.e., X, is p-local. 

Definition: Given an X in CGH, put L,X = X,,—then this assignment defines a 
functor L, : CGH — CGH and there is a natural transformation id + Lp. 

[Note: The very construction of L, guarantees that the embedding |, : X > L,X is 


a closed cofibration.] 


Remarks: (1) { . & X path connected = L,X path connected; (2) X in CWSP => 
L,X in CWSP. 


A : : 
PROPOSITION 30 _ Let B be CW complexes, p: A — B a continuous function. 


Suppose that Z is p-local—then V X, the arrow map(L,X,Z) — map(X, Z) is a weak 
homotopy equivalence. 

[By definition, L,X = colim Xq, hence map(L,X, Z) & Tim map(Xq, Z) (homeomor- 
phism of compactly generated Hausdorff spaces) (limit in CGH). On the other hand, 
the arrows in the “long” tower map(Xo, 7) < map(X1,Z) < --- © map(Xq,Z) <— 
map(Xa41,Z) << -:: are CG fibrations and at a limit ordinal A, map(X),Z) *& 
lim map(Xq, Z), so it will be enough to prove that V a, map(Xq41, Z) > map(Xq, Z) is 


a weak homotopy equivalence. But the commutative diagram 


map(Xq+41,2) —> map( [| [|] K x B, Z) 


| (K,L) f lp 


map(Xy,Z) —> map( [| [[ K x AULx B,Z) 
(K,L) f 


is a pullback square in CGH and p is a CG fibration, thus one has only to show that p 
is a weak homotopy equivalence (cf. p. 5-16). To this end, fix a pair (K, L) and consider 
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the triangle 
map(K x B,Z) — map(Kk x AUL x B,Z) 


| 


map(K x A, Z) 


According to Proposition 26, the oblique arrow is a weak homotopy equivalence. In addi- 


tion, the commutative diagram 


map(K x AUL x B,Z) — map(L x B, Z) 


| | 


map(K x A, Z) —+ map(L x A, Z) 


is a pullback square in CGH and another appeal to Proposition 26 says that the CG 
fibration map(L x B,Z) > map(L x A, Z) is a weak homotopy equivalence. Therefore 
the arrow map(K x AUL x B,Z) > map(K x A, Z) is a weak homotopy equivalence (cf. 
p. 5-16). Finally, then, the arrow map(K x B,Z) > map(K x AUL x B, Z) is a weak 


homotopy equivalence and our assertion follows.] 


x 225-7 
Application: Suppose that Z is p-local—then every diagram tp | has a 


LyX 
filler ® : L,X — Z in the homotopy category: ¢ ~ ®ol,. And: ©® is unique up to 


homotopy. 


Because Lp, is a functor CGH — CGH, given f,g € map(X, Y), there are commuta- 
.. dhe ay Vie aA ye 
tive diagrams | | : | | . If further f ~ g, then Lyf ~ Log, 
Lx a LpY LyX aes Ly 


p 
ie., L, respects the homotopy congruence. 


A 
B be CW complexes, p : 
A — B a continuous function. Let C be either the homotopy category of compactly gen- 


HOMOTOPICAL p-LOCALIZATION THEOREM Let 


erated Hausdorff spaces or the homotopy category of compactly generated CW Hausdorff 
spaces—then the full subcategory of C whose objects are p-local is reflective. 


[Note: Analogous conclusions can be drawn in the path connected situation provided 


that . themselves are path connected.| 
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Let f € map(X,Y)—then f is said to be a p-equivalence if L,f : L,X — L,Y 
is a homotopy equivalence. On general grounds, f is a p-equivalence iff V p-local Z, 
f* : [Y,Z] — [X, Z] is bijective. More is true: f is a p-equivalence iff V p-local Z, 


f* : map(Y,Z) — map(X,Z) is a weak homotopy equivalence. Proof: Consider the 
map(L,Y,Z) —> map(L,X,Z) 


commutative diagram | | 
map(Y,Z) —  map(Xx, Z) 


In the special case when p : W — *, where W is path connected, homotopical p-localization is referred 
to as W-nullification and one writes lw : X — LyX in place of lp : X > LypX, the p-equivalences being 


termed W-equivalences. 


PROPOSITION 31. Let iy be compactly generated CW Hausdorff spaces—then 
LAX XEY ) Se LgX Xp -LgY- 

[The product L,X x, L,Y is necessarily p-local, thus it suffices to prove that the 
arrow X xz Y + L,X xz L,Y is a p-equivalence. To see this, let Z be p-local. Thanks 
to Proposition 26, map(L,Y,Z) and map(X,Z) are p-local. Consider the composite 
map(L,X x, L,Y, Z) > map(L,X, map(L,Y, Z)) + map(X, map(L,Y, Z)) > map(X x, 
L,Y, Z) > map(L,Y, map(X, Z)) > map(Y, map(X, Z)) > map(X x, Y, Z).| 


Note: LZ, need not preserve arbitrary products. 
p 


As it stands, base points play no role in the homotopical p-localization theorem but 


they can be incorporated. 


Let ; be pointed CW complexes, p: A > B a pointed continuous function. Since 


l,: X + L,X isa closed cofibration, X wellpointed > L,X wellpointed. Accordingly, for 
any p-local, wellpointed Z, the arrow map, (L,X,Z) — map,(X, Z) is a weak homotopy 
equivalence. Therefore if C is either the homotopy category of wellpointed compactly 
generated Hausdorff spaces or the homotopy category of wellpointed compactly generated 
CW Hausdorff spaces, then the full subcategory of C whose objects are p-local is reflective. 

[Note: While the data is pointed, p-local is defined in terms of map, not map, (but 


one can use map, for path connected objects (cf. p. 9-41)).] 
Let e be pointed connected CW complexes, p : A — B a pointed continuous 
function—then an object Z in CONCWSP,, is said to be p-local if p* : C(B, bo; Z, 20) > 


C(A, ao; Z, 20) is a weak homotopy equivalence. 


LOCALIZATION THEOREM OF DROR FARJOUN The p-local Z constitute the 
object class of a reflective subcategory of HCONCWSP,. 
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[It is a question of assigning to each X a p-local object L,X and an arrow |, : X > 
L,X such that V p-local Z, V% induces a bijection [L,X,Z] > [X,Z]. Fix a pointed 
CW complex (X,%o) and a pointed homotopy equivalence (X,2%o) > (X,%o). Definition: 
bX LX, l,: X + L,X being the composite X — Xx> LyX. 

Claim: L,X is p-local. 

[Setting Y = L,X, by construction, the arrow map(B,Y) — map(A,Y) is a weak 
homotopy equivalence. Therefore the arrow map,(B,Y) — map,(A,Y) is a weak homo- 

map,(B,Y) —  map,(A,Y) 
topy equivalence, so inspection of | il shows that L,X 
C(B, bo; Y,yo) —> C(A,a0;Y, yo) 
is p-local.| 
Given a p-local Z, choose a pointed CW complex (Z, Zo) and a pointed homotopy 
C(B, bo; 2,20) —> CA, a0; Z, Zo) 
equivalence (Z, 29) + (Z, Zo). Consideration of | | and 
_ = C(B, bo; Z, 20) —> C(A, ao; Z, Zo) 
map,(B,Z) —  map,(A,Z) 
| | allows one to infer that the arrow map,(B,Z) > 
C(B, bo; Z, 20) —>+ C(A, a; Z, Zo) = 
map, (A, Z) isa weak homotopy equivalence. In turn, this means that the arrow map(B, Z) 
— map(A, Z) is a weak homotopy equivalence (79(Z) = *). Take now any ¢: X + Z and 
i: | Es F, 


chase the diagram to see that up to pointed homotopy, there exists a 


ae 
L,X 
unique ®: L,X — Z such that ¢ ~ ®o[,.] 


[Note: If { . are n-connected, then mq(lp) : ™q(X) > mq(L,X ) is an isomorphism for 


B 
q <n (cf. p. 9-49).] 


EXAMPLE Consider Legn+1i, the nullification functor corresponding to grtl _. x (n > O)— 
then, in this situation, one recovers the fact that HCONCWSP,|[n] is a reflective subcategory of 
HCONCWSP. (cf. p. 9-1), where VX, Lgn4iX & X[n]. 


EXAMPLE Fix a set of primes P. Given a pointed connected CW space X, its loop space QX is 


; QX + OX ; : 
a pointed CW space (loop space theorem), thus the arrow (n € Sp) is a pointed homotopy 
ao” 


equivalence iff it is a weak homotopy equivalence. To interpret this, put p = V pn, where pn :S' > S! 


n 
is a map of degree n (n € Sp)—then the p-local objects in CONCWSP.,. are precisely the objects of 
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CONCWSP.. p and the homotopical P-localization theorem is seen to be a special case of the localization 
theorem of Dror Farjoun. 

[Note: The full subcategory of HCONCWSP.. whose objects are P-local in homotopy is not the 
object class of a reflective subcategory of HCONCWSP.,,. (cf. p. 9-2). However, the full subcategory 
of HCONCWSP.. whose objects are P-local in “higher homotopy” is the object class of a reflective 
subcategory of HCONCWSP... Proof: Consider the pointed suspension of p. Therefore Ly, induces an 


isomorphism of fundamental groups and P-localizes the higher homotopy groups.] 


EXAMPLE Fix an abelian group G. Choose a set of CW pairs (K;, L;), where K; is a pointed con- 
nected CW complex and L; C K; (L; 4 K;) is a pointed connected subcomplex such that H.(K;, L;;G) = 
0 subject to the restriction that the cardinality of the set of cells in K; is < #(G) if #(G) is infinite and 
< w if #(G) is finite, which contains up to isomorphism all such CW pairs with these properties. Let 
p: V Li > \/V K;—then a pointed connected CW space is HG-local iff it is p-local, proving once again 
that HCONCWSP,. 1c is a reflective subcategory of HCONCWSP.. 

[Note: Take G = Z and let W be the pointed mapping cone of p—then the nullification functor Ly 


assigns to each X its plus construction X7.] 


EXAMPLE Fix a prime p. Let W = M(Z/pZ,1) be the “standard” Moore space of type 
(Z/pZ,1)—then a simply connected Z is W-null iff V n > 2, mn(Z) is p-local. 


1 
EXAMPLE Fix a prime p. Let W = mz =| ,1) be the “standard” Moore space of type 
p 


(2 = ,1)—then a simply connected Z is W-null iff V n > 2, mn(Z) is p-cotorsion. 

EXAMPLE Fix a prime p. Put W = BZ/pZ—then a nilpotent Z is W-null iff Zp) is W-null iff 
Zar, is W-null (cf. p. 9-40). In general, a W-null Z is W,-null, where W;, = BZ/p*Z (1 < k < ow) 
(consider the short exact sequence 0 + Z/pZ > Z/p*t!Z — Z/p*Z > 0, show that the pointed mapping 
cone of BZ/pZ > BZ/p**"Z is BZ/p*Z, and use induction (replication theorem)), hence Z is Woo-null, 
where Wa = BZ/pZ. 

[Note: The arrow W — x is a p-equivalence, so every p-local space is W-null. Example: K(Z = | ,1) 
is W-null.] : 


A 
LEMMA Let { be pointed connected CW complexes, p: A > B a pointed continuous function. 
B 


Assume: 71(p) : 71(A) — 71(B) is surjective—then for any p-local Z, its universal covering space Z is 
p-local. 


[Note: Therefore 71(Z) = * > m1(LpZ) = *.] 
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EXAMPLE Fix a prime p. Put W = BZ/pZ—then Z W-null > Z W-mull. Suppose now that 
X is a simply connected CW space. Assume: The homotopy groups of XHF, are finite p-groups. Claim: 
LwXHF, is contractible if (LwX)uF,y is contractible. For let Z be W-null. Since XHF» is simply 
connected and Z is W-null, one need only show that [XuF,. ZI = *. But XyF, is 2|-| -acyclic (cf. p. 
9-40) and Zp, is W-null (cf. supra), hence [Xyr,, Z] © [Xur,,ZuF,] © [X, Zur,] © [LwX, Zune] © 


[(LwX) ar, ZHF,] © [*, ZHF,] = *- 


LEMMA Let z be a group—then for any pointed connected CW space X, the path components 
of C(X, #0; K(2,1),kx,1) are homotopically trivial. 


A 
EXAMPLE Let { be pointed connected CW complexes, p : A — B a pointed continuous 
B 


function—then the precomposition arrow Hom(71(B), 7) - Hom(m1(A), 7) determined by 71(p) is bijec- 


tive iff K(m,1) is p-local. 


EXAMPLE Fix a prime p. Put W = BZ/pZ—then K(az,1) is W-null iff 7 has no p-torsion. 


Example: Z is W-null provided that 71(Z) has no p-torsion and Z is W-null. 


FACT Fix a pointed connected CW complex W—then W is acyclic iff V 7, lw : X 7 LwX isa 
homology equivalence. 


[Note: Assuming that W is acyclic, X is W-null iff [W,X] = 0.] 


LEMMA Given pi; & p2, suppose that pz is a p1-equivalence—then there exists a 
natural transformation L,, + L,, in HCONCWSP,, and the class of p2-equivalences is 


contained in the class of p,-equivalences. 


Let ‘2 be pointed connected CW complexes, p : A — B a pointed continuous 


function. 


are n-connected, then mg(I,) : tq(X) > mq(L,X) is an isomor- 


Application: If e 


phism for q <n. 
[The class of pp41-equivalences, where prp41 : g"t! _, x is the class of maps X > Y 
inducing isomorphisms in homotopy up to degree n. But p is a py41-equivalence and 


X + L,X is a p-equivalence.| 


FACT If W is n-connected, then tn41(lw) : mn41(X) > mn41(LwX) is surjective. 
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Localization theory has been developed in extenso by Bousfield’ and Dror Farjoun?. 
While I shall not pursue these developments in detail, let us at least set up some of the 


machinery without proof and see how it is used to make computations. 


The simplest situation is that of W-nullification, where W is a pointed connected CW complex. 


xX 
FIBRATION RULE Let { be pointed connected CW spaces, f : X — Y a pointed continuous 
Y 


function with 7o(Ey) = *. Suppose that Ly Ey is contractible—then f is a W-equivalence, i.e., the arrow 


Lwf:LwxX — LwY is a pointed homotopy equivalence. 


EXAMPLE Fix a prime p. Put W = BZ/pZ—then the arrow W — «x is a W-equivalence, 
thus Ly K(Z/pZ,1) is contractible. So, V k, Ly K(Z/p*Z,1) is contractible and this implies that 


1 
Lw K(Z/p~Z,1) is contractible. Examples: (1) From the short exact sequence 0 —~ Z > 2| | > 
Dp 


1 ea a 
Z/p°Z>0,V n> 2, LwK(Z,n) & K2|-| ,n); (2) From the short exact sequence 0 > Zp > Q, > 
Z/p°Z — 0 (cf. p. 10-8), Vn > 2, LwK(Zp,n) & K(Q,,n). 
[Note: Ly K (2,1) is contractible if 7 is a finite p-group and, when 7 is in addition abelian, Ly K(x, n) 


is contractible as can be checked by considering K(z,n — 1) > OK(2,n) > K(a,n).] 


xXx 
ZABRODSKY LEMMA Let & Z be wellpointed compactly generated connected CW 
Y 


Hausdorff spaces, f : X — Y a pointed continuous function with mo(Ey) = *. Assume: map, (Ez, Z) and 
map,(X,Z) are homotopically trivial—then map,.(Y, Z) is homotopically trivial. 

[Note: In this setting, Ey is the compactly generated mapping track. Its base point is (xo, j(yo)) and 
the inclusion {(x0,j(yo))} + Ey is a closed cofibration (cf. p. 4-33).] 


EXAMPLE Miller! has shown that if G is a locally finite group, then every pointed finite dimen- 
sional connected CW complex Z is W-null, where W = BG. Using the Zabrodsky lemma, it follows by 
induction that for any locally finite abelian group 7, all such Z are K(z,n)-null. 

[Note: A group is said to be locally finite if its finitely generated subgroups are finite. Example: Let 
X be a pointed simply connected CW space with finitely generated homotopy groups—then the homotopy 
groups of Eig (la : X + XQ) are locally finite.] 


EXAMPLE Suppose that G is a locally finite group with the property that #{n: Hn(G) #0} < 


w—then G is acyclic. 


+ J. Amer. Math. Soc. 7 (1994), 831-873. 
= Cellular Spaces, Null Spaces and Homotopy Localization, Springer Verlag (1996). 
ll Ann. of Math. 120 (1984), 39-87. 
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[=BG has the pointed homotopy type of a pointed finite dimensional connected CW complex, so by 
Miller, [UBG, BG] = x. Therefore NBG is contractible, thus G is acyclic.] 


EXAMPLE Miller (ibid.) has shown that if Z is a pointed nilpotent CW space such that Hy,(Z; Fp) 
= 0 for n >> 0, then Z is W-null, where W = BZ/pZ. Example: V n > 0, S” and sn are W-null. 


xX 
PRESERVATION RULE Let { be pointed connected CW spaces, f : X — Y a pointed 
Y 


continuous function with mo(Ey) = *. Suppose that Y is W-null—then the arrow Ly Ey > Ejyf isa 
pointed homotopy equivalence. 


[Note: The assumption that Y is W-null can be weakened to LyowY x LwY.] 


EXAMPLE Let X bea pointed simply connected CW complex. Assume: X is finite and 72(X) 
is torsion—then V n > 2, (LwXn)HF, x XHF, (Xx as on p. 5-38), where W = BZ/pZ. 

[Let E be the mapping fiber of the pointed Hurewicz fibration Xa — X. According to Miller’s 
theorem, X is W-null, so Lw EF can be identified with the mapping fiber of the arrow Dig — X, hence 
(LwE)nF, can be identified with the mapping fiber of the arrow (LwXn) HF, > Xyr,. Let E be the 
mapping fiber of the arrow of localization lz : E + Ej. Since 12(X) & m1(F) and m2(X) is torsion, 7 (F) 
maps onto 71(E)z (cf. p. 8-10). Therefore E is path connected. On the other hand, the nonzero homotopy 
groups of E are finite in number and each of them is a locally finite p-group. From this it follows that 
LwE is contractible, thus LwE Ly Ez = EH. But the homotopy groups of Ey are uniquely p-divisible 
which means that Ez is Fp-acyclic or still, that (Eg) HF, is contractible (cf. p. 9-33). Consequently, 
(LwE)nF, is contractible and (LwXn)HF, ~) XHF,-] 

[Note: Here is a numerical illustration. Take X = S?—then the fibers of the projection Ke — X have 
homotopy type (Z, 2) and Ly K(Z,2) = K(Z =| ,2), the mapping fiber of the arrow Lexa — X. The po- 
tentially nonzero homotopy groups of K(Z B 2) HF» are Ext(Z/p©Z, Z A ) and Hom(Z/p~Z, Z =| yi 
which in fact vanish, 2|-| being uniquely p-divisible. Therefore (LwK(Z,2))#¥F, is contractible. Ob- 
serve too that the mapping fiber of the arrow (X3) HF, > XuF, isa K(Zp, 2). Because XpyF, is W-null, 


Lw K(Zp,2) ® K(Q,,2) can be identified with the mapping fiber of the arrow Lw ((X3)#F,) + XuFp/] 


Given abelian groups G and A, call A G-null if Hom(G, A) = 0. Every abelian group A has a maximal 
G-null quotient A//G. 


EXAMPLE Fix an abelian group G. Put W = M(G,n) (n > 2) and let Pg be the set of primes 
p such that G is uniquely divisible by p (Pq has the opposite meaning on p. 9-31). Let X be a pointed 
connected CW space—then mg(LwX) & mq(X) (q < n) and an(LwX) & mn(X)//G. Moreover, for 
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q>n, tq{(LwX) & Zp ® Tq(X) if Q@ G=0, while if Q@ GF 0, there is a split short exact sequence 


O—+ [] Ext(Z/p©Z, mq(X)) 9 tq(LwX) > [J] Hom(Z/p®Z, mg-1(X)) > 0. 
pEePa pePa 
[Z is W-null iff Hom(G,7,(Z)) = 0 = Ext(G,7q(Z)) V q > n and Hom(G,77(Z)) = 0. This 
said, reduce to when X is (n — 1)-connected and show first that tm(LwX) & mn(X)//G. Next, set 
Z Pe ifQ@G=0 : 
Sa= an Z/pL ifQ@G40° Since H.(W; Sq) = 0, each HS@-local space is W-null, thus there 


pePa . 
is a natural transformation Lyw — Lysq. Deduce from this that mg(LwX) & tq(XuHs@) for q>n.] 
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810. COMPLETION OF GROUPS 


There are many ways to “complete” a group. While the various procedures are related 
by a web of interconnections, the theory is less systematic than that of §8, one reason for 
this being that completion functors are generally not idempotent. Still, the material is 
more or less standard, so I shall omit the details and settle for a survey of what is relevant. 

Let G be a topological group. Assume: The left and right uniform structures on G 
coincide—then the completion G of G is the uniform completion of G /{e}. Therefore G is 
a uniformly complete Hausdorff topological group which is universal with respect to con- 


tinuous homomorphisms G — K, where K is a uniformly complete Hausdorff topological 
G —- 
vo 
group: | a 


~ 


G 


[Note: The assumption is automatic if G is abelian. In this case, G is also abelian. 
Example: Each prime p determines a metrizable topology on Q and a corresponding 
Co 


completion Q,. the field of p-adic numbers. It is homeomorphic to [[C, C the Cantor 
oy = coe se I 
set.] 


EXAMPLE Let G bea group and let {G;} be a collection of normal subgroups of G directed by 
inclusion (i.e., i < j > G; C G;). Equip G with the structure of a topological group by stipulating that 
the G; are to be a fundamental system of neighborhoods of e, thus the underlying topology is Hausdorff 
iff () G; = {e}. Because the G; are normal, the left and right uniform structures on G coincide. On the 
other hand, the G/G; are discrete, therefore lim G/G; is a uniformly complete Hausdorff topological group 


and the canonical arrow G > lim G /G; is an isomorphism of topological groups. 


Let G be a group—then by a filtration on G we understand a sequence {G,, } of normal 
subgroups of G such that Vn, Gn D Gn+i. The filtration is said to be exhaustive provided 
that UG, = G. If K is a subgroup of G, {K NG,,} is a filtration on K (the induced 


filtration) and if K is a normal subgroup of G, {K -G,,/K} is a filtration on G/K (the 
quotient filtration). 

[Note: The n run over Z but in practice it often happens that Go = G.] 

Let G be a group with a filtration, i.e., a filtered group. Endow G with the structure 
of a topological group in which the G,, become a fundamental system of neighborhoods 
of e—then the canonical arrow G > limG /G,, is an isomorphism of topological groups 
(cf. supra). More is true: G,, can be identified with the closure of the image of G,, in 


G and the Ce form a fundamental system of neighborhoods of e in G, hence are normal 
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open subgroups of G. The topology on G is defined by the filtration Wena In addition: 
G/G, ~ G/G, = limG/G, ¥ limG/G, > G & (G@)~ 

[Note: If K is a subgroup of G, the induced topology on K is the topology defined by 
the induced filtration and if K is a normal subgroup of G, the quotient topology on G/K 
is the topology defined by the quotient filtration] 


EXAMPLE Let G be a filtered abelian group—then V n, there is a short exact sequence 0 > 
Gn > G—> G/Gn > 0. Since lim! G = 0, it follows that there is an exact sequence 0 > limG, ~ G > 


lim G/Gn > lim! Gp > 0, hence lim! Gy, & G/G provided that (}Gn = 0. 
n 


(p-Adic Completions) Fix a prime p. Given a group G, let G?” (n > 0) be the 
subgroup of G generated by the g?” (g € G) (take G?” = G for n < 0) and set G?” = 


yer hen the G?” filter G, thus one can form Gs = lim G/G?", the p-adic completion 
1 a aaa 
of G. The assignment G — G, defines a functor GR — GR and this data generates 
a triple in GR. In general, G, ab Gy. but if G is nilpotent, then G, is nilpotent 
with nil G = nilG/G”” and G & (Gs) 6 (the kernel of the projection es + G/GP”" is 
(G,)?") (Warfield'). Accordingly, p-adic completion restricts to a functor NIL —+ NIL 
and NIL, the full subcategory of NIL whose objects are Hausdorff and complete in the 
p-adic topology, is a reflective subcategory of NIL. Every object in NIL, is p-cotorsion. 

[Note: On a subgroup of G, the induced p-adic topology need not agree with the 
intrinsic p-adic topology. Moreover, the image of G in G, need not be normal and (G\. 
is conceptually distinct from (GV, 

Example: Take G = Z—then (en = lim Z/p"Z is Zp: the (ring of) p-adic integers. 

[Note: Zp is homeomorphic to the Cantor set, hence is uncountable. A p-adic module 
isa Z»-module. Example: Let G be an abelian group—then G is a p-adic module if G is 


p-primary or p-cotorsion.] 


EXAMPLE (Nilpotent Groups) Suppose that G is nilpotent—then there is a short exact se- 
quence 1 -+ Ext(Z/p©Z,G)?” = Ext(Z/pZ,G) > Gs — 1, hence Ext (Z/p°Z, G) p ~ Ge Here, 
Ext(Z/p™ Z, G)P” is a p-cotorsion abelian group. It is trivial if Gtor(p) has finite exponent, in particular, 
if G is finitely generated or torsion free. When G is abelian, Ext(Z/p©Z,G)”” can be alternatively de- 
scribed as PurExt(Z/p~ Z, G) (the subgroup of Ext(Z/p~Z,G) which classifies the pure extensions of G 
by Z/p®Z) or as lim! Hom(Z/p”Z, G). 


+ SLN 513 (1976), 59-60. 
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[Note: Proofs of the above assertions can be found in Huber-Warfieldt. They also show that if 


" 
tor 


1+ G’ —>G-— G" > 1 is a short exact sequence of nilpotent groups and if G!’_ (p) has finite exponent, 


then the sequence 1 > Gt > Gs —+ Gy — 1 is short exact.] 


EXAMPLE (p-Adic Integers) Ti is a principal ideal domain. It is the closure of Z in Q, and 
Q ® Zp Q,. Zp is a local ring with unique maximal ideal pLp and Zp/pLp = F,. Examples: (1) 
Hom(Zp, Zp) © Zp; (2) Hom(Z/p©Z, Z/p"Z) © Zp; (3) Qp/Zp & Z/p°Z:; (4) Zp @ Zp & Zp © 2 -Q: 


(5) Zy = (2% - Zp) p; (6) ZY /w-Z x2” -Q@I]Z,; (7) Ext(Z/p°Z,w -Z) & (w-Z)p; (8) Ext(Zp,Z) © 
Pp 


~ 
~ 
n~ 


Z/preZ © Q?”. 
Diy SDs 
EXAMPLE The commutative diagram | | is simultaneously a pullback and a pushout 
Q —~ QQ, 
in AB. 


FACT The p-adic completion functor on AB is not right exact. Its 0" left derived functor is 
Ext(Z/p°Z, —) and its 1%* left derived functor is Hom(Z/p™ Z,—). 


(F,-Completions) Fix a prime p. Given a group G, let G =I)(G) DT} (G) D 

be its descending p-central series, so EeG) is the subgroup of G generated by 
[G,T}(G)] and the g? (g € I} (G)). Note that [4 (G)/Ti*"(G) is central in G/T4+"(G) and 
I (G)/Tit'(G) is an F,-module. Moreover, H\(G;F,) © F, ® (G/[G,G]) = G/T}(@). 
Definition: F,G = limG/I%(G) is the F,-completion of G. The assignment G > F,G 
defines a functor GR — GR and this data generates a triple in GR. In general, 
F,G #¢ F,F,G but Bousfield? has shown that if Hi(G;F,) is a finitely generated F,- 
module, then F,G ~ F,F,G. Therefore F,-completion is idempotent on the class of 


finitely generated groups or the class of perfect groups. 


LEMMA A group G has a finite central series whose factors are elementary abelian p-groups iff 


di: r(G) = {1} or still, iff G is nilpotent and dn: GP” = {1}. 


EXAMPLE (Nilpotent Groups) For any group G, G?’ C ri (@) VY i, thus there is an arrow 
Gp > FG. If in addition G is nilpotent, then V n, G/G?” is nilpotent and (G/GP")?” = {1}, hence by the 
lemma 47: ri (G/G?") SPS (GG Ge” = Gi FG. Corollary: G nilpotent > F)G = FpF,G. 


+ J. Algebra 74 (1982), 402-442. 
= Memoirs Amer. Math. Soc. 186 (1977), 1-68. 
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Recall that if 1 — G’ — G > G” > 1 is a central extension of groups with G’ an Fy-module and G” 
HF ,-local, then G is HF p-local (cf. p. 8-32). Consequently, given any G, it follows by induction that V 4, 
G/T*(G) is HF p-local which means that F»G is HF p-local as well (for, being reflective in GR, GRaur, is 
G ——>F,G 
limit closed). Accordingly, there is a commutative triangle | ra and the arrow Gyr, + FpG 
GuFy 
is an isomorphism iff G > FyG is an HF y-homomorphism. Example: Suppose that G is a nilpotent group 


for which Gtor(p) has finite exponent—then Gur, © FpG. Proof: Gyr, © Ext(Z/p™ Z, G) & en & FyG. 


CO 
EXAMPLE Take G= ) Z/p" Z—then the arrow Gur, — FpG is not an isomorphism. 
1 
[Show that the induced map H2(G;F,) > H2(FpG;F p) is not surjective, hence that G > FyG is 


not an HF,-homomorphism.] 


FACT Let f : G— K be an HF,-homomorphism—then V i > 0, the induced map G/T'}(G) > 
K/T%,(K) is an isomorphism. 


[Note: Compare this result with Proposition 18 in §8.] 


Fix a set of primes P. Given a group G, its P-completion PG is lim(G/I'*(G)) p. The assignment 
G — PG defines a functor GR — GR and this data generates a triple in GR. In general, PG # PPG but 
Bousfieldt has shown that if Hi(G; Zp) is a finitely generated Zp-module, then PG % PPG. Therefore 
P-completion is idempotent on the class of finitely generated groups or the class of perfect groups. 

[Note: It is clear that PG = PPG if G is nilpotent.] 

P-completion is related to H P-localization in the same way that F,-completion is related to HF y- 
localization. In fact, since G/IT*(G) is nilpotent, (G/T*(G))p = (G/T*(G))yp (cf. p. 8-26) > PG 

G —~ PG 


is HP-local. Thus there is a commutative triangle | we and the arrow Gyp — PG is an 


Gup 
isomorphism iff G — PG is an H P-homomorphism. 


EXAMPLE Let z be the fundamental group of the Klein bottle—then the arrow ty p > Pr is 
not an isomorphism if 2 € P. 

[By definition, 7 > typ is an HP-homomorphism, so Ho(myp;Q) = 0. On the other hand, there 
is a short exact sequence 1 > Zp ® Zo + Px + Z/2Z — 1 and, from the LHS spectral sequence, 


H>(Pr;Q) © H2(Z2;Q) & No(Z2 ® Q), which is uncountable. ] 


+ Memoirs Amer. Math. Soc. 186 (1977), 1-68. 
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Notation: Given a category C, TRIc is the metacategory whose objects are the triples in C and 
IDTRI¢ is the full submetacategory of TRIc¢c whose objects are the idempotent triples in C. 

[Note: Recall that a morphism of triples is a morphism in the metacategory MONic,qj (cf. p. 
0-27).] 


THEOREM OF FAKIR? Let C be a category. Assume: C is complete and wellpowered—then 
IDTRIc is a monocoreflective submetacategory of TRIc. 

[Note: The coreflector sends T = (T,m,«) to its idempotent modification T° = (T™,m™,e%). In 
addition: (1) V T, T and T© have the same equivalences, i.e., a morphism is rendered invertible by T iff 


it is rendered invertible by T™; (2) V T, «°T:T 4 T@™ oT is a natural isomorphism. ] 


Let us take C = GR and apply this result to the triple determined by P-completion. Thus, in obvious 
notation, PG is the idempotent modification of PG, so P°G embeds in PG while PG % PP®G (by 
(1)) & PG & P™©PG (by (2)). Of course, those G for which the arrow G > P©G is an isomorphism 


constitute the object class of a reflective subcategory of GR. Moreover, PG is H P-local, hence there is 
G 


a commutative diagram BENT, . When restricted to NIL, Lp, Lup, and P® are 


Gp —— Gup —— P®G 
naturally isomorphic but on GR, these functors are distinct (see below). 


FACT The arrow PG —> PPG is surjective iff the induced map Hi(G;Zp) > Hi(PG; Zp) is 


surjective. 


Claim: V G, PG embeds in PPG. 

[For PG embeds in PG > PPG embeds in PPG, i.e., PG embeds in PPG.] 

Therefore PG = PPG iff the induced map Hi(G;Zp) — Hi(PG; Zp) is surjective. This can be 
rephrased: PG = PPG iff the arrow Gy p — PG is surjective. Proof: Since Gyp and PG are H P-local, 
the arrow Gyp — PG is surjective iff the induced map Hi(Gyp; Zp) > H1(PG; Zp) is surjective (cf. p. 
8-27). 


EXAMPLE Let a be the fundamental group of the Klein bottle—then 7 is finitely generated, 
hence Pa & PPrx and the arrow ty p — Pz is surjective but, as seen above, it is not an isomorphism if 


2€ P. 


+ ©. R. Acad. Sci. Paris 2'70 (1970), 99-101. 
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FACT Let f: G—-> K bea homomorphism of groups—then the following conditions are equivalent: 
(1) P@f : PG — PK is an isomorphism; (2) Pf : PG — PK is an isomorphism; (3) f PX for every 
group X; (4) fx :(G/T*(G)) p > (K/T*(K))p is an isomorphism V i. 


Application: V G, Hi(G;Zp) » Hi(P@G; Zp). 


Thus, as a consequence, V G, the induced map Hi(Gyp;Zp) > Hi(P*@G; Zp) is an isomorphism 
which means that the arrow Gy p — P™G is surjective (cf. p. 8-27). Corollary: The range of the arrow 
Gyp > PG is PG. 

[Note: Accordingly, P°G % PG 6 PG = PPG © Hi(G;Zp) © Hi(PG:Zp),] 


EXAMPLE Let z be the fundamental group of the Klein bottle—then for any P, mp is countable 
(cf. p. 9-23). If now 2 € P, then P@x & Pr is uncountable, so mp % myp. On the other hand, 


THP BPOxr. 


FACT Suppose that G is a free group—then the arrow of localization lp : G > Gp is one-to-one. 


[Since G is free, the quotients G/I'(G) are torsion free nilpotent groups and the intersection (| I'*(G) 
i 


is trivial.] 


(I-Adic Completions) Let A be a ring with unit, I C A a two sided ideal. 
Put A, = I” (n > 0), An = A (n < 0)—then {A,,} is an exhaustive filtration on A, 
the associated topology being the J-adic topology. A is a topological ring in the J-adic 
topology. Moreover, A isa topological ring but in general, (1)" x T” and the [-adic 
topology on A need not agree with the filtration topology. 

[Note: Given a left A-module M, put M, =I"-M (n> 0), M, = M (n < 0)—then 
{M,,} is an exhaustive filtration on M, the associated topology being the J-adic topology. 
M is a topological left A-module in the [-adic topology. Moreover, Misa topological left 
A-module and M,, =]".M=!"-imMVn provided that M is finitely generated (in which 
case M is finitely generated). Example: Take A commutative and J finitely generated: 
f?=I".A>T=I1-A (I)" I"-A= 7”, so, in this situation, the T-adic topology on 
A agrees with the filtration topology. 


Let A be a left Noetherian ring with unit, J C A a two sided ideal—then I is said to have the 


left Artin-Rees property if for every finitely generated left A-module M and every left submodule N C M, 


+ SLN 924 (1982), 197-240. 
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the I-adic topology on N is the restriction of the I-adic topology on M. Example: I has the left Artin-Rees 
property ifV M,N,4i:I°?-MaNCI-N. 
[Note: The theory has been surveyed by Smitht.] 


EXAMPLE Fix a group G. Definition: G is said to have the Artin-Rees property if Z[G] is 
noetherian and I[G] has the Artin-Rees property. Here, it is not necessary to distinguish between “left” 


and “right”. Example: Every finitely generated nilpotent group G has the Artin-Rees property. 


Let A be a ring with unit, J C A a two sided ideal—then there is a homomorphism of rings A > A, 
hence A can be viewed as an A-bimodule. Given a left A-module M , its formal completion is the left 
A-module obtained from M by extension of the scalars, i.e., the tensor product A 4 M. 

[Note: A homomorphism f : M — WN of left A-modules leads to a commutative diagram 
A®sM —> A@AN 

i | of left A-modules.] 
M — nN 

dena aes that A is left noetherian and I has the left Artin-Rees property—then, like in the 

commutative case, the functor M > M is exact on the category of finitely generated left A-modules and 


for all such M, the arrow A @®4 M- M is bijective. Moreover A, as a right A-module, is flat. 


FACT Suppose that A is left and right noetherian and I has the left and right Artin-Rees property. 
Let M be a left A-module—then Tor4(A/I, M) = Tor4(A/I, A @4 M). 


EXAMPLE Fix a group G with the Artin-Rees property. Let M be a finitely generated G- 
module—then H.(G;M) x H..(G; M). Consequently, a homomorphism f : M — N of finitely generated 


G-modules is an HZ-homomorphism iff f :M > N is an isomorphism. 


FACT Suppose that G is a finitely generated nilpotent group. Let M be a finitely generated 
G-module—then M is HZ-local and the arrow of completion M —> M is an HZ-homomorphism, thus 


Muz ~ M. 


EXAMPLE Take G = Z/2Z and for any abelian group M, let G operate on M by “negation”. In 
this situation, Myz ~ Ext(Z/2™Z, M) and there is a short exact sequence 0 + lim! Hom(Z/2"Z, M) > 
Ext(Z/2°Z,M) > M - 0 (cf. p. 8-34). And: The epimorphism Ext(Z/2°Z,M) — M has a nonzero 


co 


kernel if M = QB Z/2”Z. 
1 


A Hausdorff topological group G is said to be profinite if it is compact and totally 
disconnected or, equivalently, that G + lim G;, where 7 runs over a directed set and V 2, 


G; is a finite group (discrete topology). 
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[Note: If G is profinite, then G ~ limG/U, U open and normal.| 


EXAMPLE Let G be a Hausdorff topological group. Assume: G is compact and torsion—then G 


is profinite. 


EXAMPLE Let G be an abelian group—then G is algebraically isomorphic to a profinite abelian 


group iff G is algebraically isomorphic to a product II{zZ” x [] Z/p":Z]. Here, «p is a cardinal number 
p t€Ip 
(possibly zero), Ip is an index set (possibly empty), and n, is a positive integer. 


EXAMPLE Let k bea field, K a Galois extension of k. Put G = Gal(K/k)—then G is a profinite 
group. In fact, G & lim G;, where G; = Gal(K;/k), K; a finite Galois extension of k. 

[Note: The quotient G/[G, G] can be identified with Gal(k@ /k), k®® the maximal abelian extension 
of k in K] 


Given a group G, the profinite completion proG of G is limG/U, the limit being 
taken over the normal subgroups of finite index in G. The assignment G — proG defines 
a functor GR — GR and this data generates a triple in GR which, however, is not 
idempotent. 

Example: Take G = Z—then pro Z = lim Z/nZ is Zz the (ring of) Il-adic integers. 


EXAMPLE Every residually finite group embeds in its profinite completion. This said, Evanst 
has shown that for each prime p, there exists a countable, torsion free, residually finite group G such that 


pro G contains an element of order p. 


EXAMPLE Let & = F,—then Gal(k/k) © Z. Moreover, the infinite cyclic group generated by 
the Frobenius is dense in Gal(k/k). 


EXAMPLE It follows from the positive solution to the congruence subgroup problem for SL(n, Z) 
(n > 2) that proSL(n,Z) ~ |] SL(n, Zp). 
D 


EXAMPLE Define a homomorphism y : Z — AutZ by x(n) = ide ifn € 2Z and x(n) = de 
ifn g 2Z—then the semidirect product Z Xl y Z is isomorphic to proz, m the fundamental group of the 


Klein bottle. 


EXAMPLE Let G be a finitely generated nilpotent group—then proG is nilpotent and nilG = 


nil pro G. Proof: G is residually finite (cf. p. 8-14), hence embeds in proG. 


+ J. Pure Appl. Algebra 65 (1990), 101-104. 
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[Note: Blackburn’s? theorem says that two elements of G are conjugate iff their images in every finite 


quotient of G are conjugate, i.e., two elements of G are conjugate iff they are conjugate in proG.] 


EXAMPLE If 1—- G’ > G-— G” = 1 is short exact, then 1 > proG’ > proG > proG” > 1 
need not be short exact even when the data is abelian (e.g., pro turns 0 + Z > Q > Q/Z — 0 into 
0-> Z + 0-0-0). However, there are positive results. For instance Schneebelit has shown that pro 
preserves short exact sequences in the class of polycyclic groups, thus in the class of finitely generated 


nilpotent groups. 
FACT Suppose that G is a finitely generated nilpotent group—then V i > 0, prol’’(G) = I'*(proG). 


FACT Suppose that G is a finitely generated nilpotent group—then every normal subgroup of 
proG of finite index is open. 


[Note: This can fail if G is not finitely generated (consider a discontinuous homomorphism (Z/pZ)” —> 


Z/pZ).] 


A group G is said to have property 5 if for any proG-module M which is finite as an abelian group, 
HH" (proG; M) = H"(G;M) V n. Example: Every cyclic group has property S. 


FACT Suppose that G is a finitely generated nilpotent group—then G has property S. 

[Consider first the case of a central extension 1 — K > G— G/K - 1, where K is cyclic and 
assume that the assertion holds for G/K. Claim: The assertion holds for G. Indeed, since G is a finitely 
generated nilpotent group, the sequence 1 > pro K > proG —> proG/K — 1 is exact (cf. supra), so there 


is a morphism of LHS spectral sequences 


H?(proG/K; H"%(proK;M)) => H?t4%(proG;M) 


i i 


H?(G/K; H4(K; M)) = H?*4G;M) 


which is an isomorphism on the E3’". In general, one can find a central series G = G° D --. D G" = {1}, 
where V i, G; is normal in G and G*/G*t! is cyclic. Proceed from here inductively to see that the G/G; 


have property S.] 


Although profinite completion is not an idemopotent functor on GR, it is idempotent 


on TOPGR, the category of topological groups. Thus let G be a topological group—then 


* Proc. Amer. Math. Soc. 16 (1965), 143-148. 
+ Arch. Math. 31 (1978), 244-253. 
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its continuous profinite completion pro,G is limG/U, the limit being taken over the open, 
normal subgroups of finite index in G. With this understanding, pro.G ~& pro, pro,G. 
[Note: Given a group G, proG ®& proproG iff every normal subgroup of proG of 
finite index is open. Corollary: proG & proproG iff every homomorphism G —> F, 
where F is finite, can be extended uniquely to a homomorphism proG — F (in general, 
Hom,(proG, F) » Hom(G, F), the subscript standing for “continuous”. Example: pro is 


idempotent on the class of finitely generated nilpotent groups.| 


FACT Let f : G— K bea homomorphism of groups—then pro f : proG — pro K is an isomor- 
phism of topological groups iff V finite group F', Hom(K, F) = Hom(G, F). 


[Note: pro is not a conservative functor (Platonov-Tavgent ).] 


Let G be a profinite group—then G is said to be p-profinite if G is p-local. In this 
connection, recall that a finite group is a p-group iff it is p-local (cf. p. 8-11). Upon 
representing G as limG; (cf. p. 10-7), it follows that G is p-profinite iff V i, G; is p-local. 

[Note: Let G be a finite group—then G is p-local iff V q 4 p, the arrow g > g? is 


surjective. ] 


EXAMPLE (p-Adic Units) Put U, = lim(Z/p"Z)*—then U, is p-profinite. It is the group of 
units in Zp. Using the “exp-log” correspondence, one shows that Us = Z/(p-1)Z6 Zp if p is odd, while 
Us y Z/2Z @ Zo. 


EXAMPLE Let Q° be the field generated over Q by the roots of unity in Q. For each prime p, 
choose wn subject to we =1& uf ,, =n (n> 1). Let Ky be the field generated over Q by the roots of 
unity in Q whose order is a power of p—then Kp = () Q(wn) > Gal(Kp/Q) & lim Gal(Q(wn)/Q). But 


Gal(Q(wn)/Q) % (Z/p"Z)* > Gal(Kp/Q) % Up > Gal(Q°Y/Q) = [] Up % Z*. 
p 


[Note: It follows from global class field theory that Q°Y is the maximal abelian extension Q?? of Q 


in Q.] 


EXAMPLE Suppose that G is p-profinite. Assume: G is torsion—then Zelmanov? has shown that 


G is locally finite. 


+ K-Theory 4 (1990), 89-101. 


t Israel J. Math. '77 (1992), 83-95. 
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Platonov had conjectured that every Hausdorff topological group which is compact and torsion is 
locally finite (such a group is necessarily profinite (cf. p. 10-7)). Wilson! reduced this to the p-profinite 


case which was then disposed of by Zelmanov. 


Given a group G, the p-profinite completion pro, G of G is limG/U, the limit being 
taken over the normal subgroups of finite index in G subject to [G : U] € {p"}. The 
assignment G — pro, G defines a functor GR — GR and this data generates a triple in 
GR which, however, is not idempotent. 

G ——- pro, G 

[Note: Since pro, G is p-local, there is a commutative triangle | ca and a 

Gp 
natural transformation L, — pro,.| 


Example: Take G = Z—then pro, Z = lim Z/p"Z is Zo: the (ring of) p-adic integers. 


EXAMPLE Define a homomorphism x : Z2 > Aut Zo by x(n) = ee ifm € 2Z>2 and x(n) = 
ids ifn ¢ 2Z2—then the semidirect product Z2 Xy Ze is isomorphic to prog7, a the fundamental group 
of the Klein bottle. 

[Note: For p odd, pro, 7 & Diss Therefore a nonabelian group can have an abelian p-profinite 


completion. ] 
LEMMA Suppose that G/T'},(G) is finite—then V i > 1, G/T4,(G) is a finite p-group. 
Application: dim Hi(G;Fp) < w => pro, G& FpG. 


EXAMPLE Let F be a free group on n > 1 generators—then pro, FS FpF and Bousfieldt has 
shown that Hi(pro, F;Fp) & n-Fp but for some g > 1, Hq(pro, F; Fp) is uncountable. 

[Note: If F* is the subgroup of F generated by the k** powers, then it follows from the negative 
solution to the Burnside problem that F'/F* is infinite provided that k >> 0 (Ivanov?). This circumstance 


makes it difficult to compare Fi, and pro, F’] 


EXAMPLE For any G there is an arrow Gy — pro, G. It is an isomorphism if G is finitely 


generated and nilpotent but not in general (consider w - (Z/pZ)). 


ll Monatsh. Math. 96 (1983), 57-66. 
+ Trans. Amer. Math. Soc. 331 (1992), 335-359. 
= Bull. Amer. Math. Soc. 27 (1992), 257-260. 
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FACT Suppose that G is a finitely generated nilpotent group—then the arrow proG > I] pro, G 


Pp 
is an isomorphism. 


[Note: This can fail if G is not nilpotent (consider S3).] 


FACT Suppose that G is a finitely generated nilpotent group. Let K be a subgroup of G—then 


the p-profinite topology on K is the restriction of the p-profinite topology on G. 
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811. HOMOTOPICAL COMPLETION 


In homotopy theory, completion appeared on the scene before localization and, to a 
certain extent, has been superseded by it. Because of this, a semiproofless account will 
suffice. 

One approach to completing a space at a prime p is due to Bousfield-Kan’. It is the 
analog of the F,-completion process for groups. Thus there is a functor X — F,X on 
HCONCWSP,, called F,,-completion which is part of a triple. It is not idempotent but 

X ——F,X 
F,,X is HF,-local so there is a triangle | we , commutative up to pointed 
XHF, 
homotopy. Definition: X is said to be F,-good provided that the arrow Xyr, > F,X 
is a pointed homotopy equivalence; otherwise, X is said to be F,-bad. For X to be F,- 
good, it is necessary and sufficient that the arrow F,X — F,F,X be a pointed homotopy 
equivalence. Therefore F,,-completion is idempotent on the class of F,,-good spaces. 

[Note: X is F,-good iff the arrow X — F,X is an HF ,-equivalence.| 

Examples: (1) Let X be a pointed connected CW space—then X is F,,-good if (i) X is 
nilpotent or (ii) 71(X) is finite or (iii) H)(X;F,) is trivial; (2) Let F be a free group—then 
F,K(F,1) = K(F,F,1) but K(F,1) is F,-bad if F is free on two generators, i.e., S' VS! 
is F,,-bad (Bousfield*). 


As a heuristic guide, HF ,-localization can be thought of as the “idempotent modification” of Fp- 
completion. Reason: f : X — Y is an HF p-equivalence iff Fp f : FpX — FpY is a pointed homotopy 
equivalence, thus HF p-localization and Fy-completion have the same equivalences (cf. §9, Proposition 
91); 

[Note: In a sense that can be made precise, the F,-completion of a space is but an initial step along 


the transfinite road to its HF ,-localization (Dror-Dwyer!! ).] 


xX 
FIBER THEOREM Let be pointed connected CW spaces, f : X — Y a pointed continuous 
Y 


function with mo(Ey) = *. Assume: The action of 71(Y) on the Hy, (Ey; Fp) is nilpotent V n—then Fy Es 


can be identified with the mapping fiber of the arrow FypX > FyY. 


+ SLN 304 (1972); see also Iwase, Trans. Amer. Math. Soc. 320 (1990), 77-90. 
= Trans. Amer. Math. Soc. 331 (1992), 335-359. 


ll Comment. Math. Helv. 52 (1977), 185-210; see also Israel J. Math. 29 (1978), 141-154. 
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[Note: The action of 71(FpY) on the Hy(FpE¥z;Fp) is nilpotent V n if Ey is Fp-good, thus if Ey 
and Y are both Fy-good, then so is X.] 


EXAMPLE Suppose that X is a pointed connected CW space with the property that 71(X) 


operates nilpotently on the Hn(X; F,) V n—then X is F,-good if in addition 71(X) is nilpotent. 


xXx 
Fp WHITEHEAD THEOREM Let { be pointed connected CW spaces, f : X > Y a 
Y 


pointed continuous function. Assume: fs : Hg(X;Fp) > H,(Y;Fp) is bijective for 1 < q@ < n and 
surjective for g = n—then F yf is an n-equivalence. 


[Note: To explain the difference in formulation between the F, Whitehead theorem and the HF, 


X > XHF, 


Whitehead theorem (cf. p. 9-33), one has only to recall that the arrows { are HF y- 


Yo Yu Fp 
equivalences.] 


Application: X n-connected => Fy)X n-connected. 


EXAMPLE Define functors L, : GR > GR by writing L}G = m4+41(FpK(G,1)) (n > 0). 
So, e.g., for any pointed connected CW space X, 71(FpX) & Lom1(X) (Fp Whitehead theorem). Since 
F,K(G,1) is HF,-local, L},G is abelian p-cotorsion (n > 1). Examples: (1) If G is free, then L|G ¥ FpG 
and Li,G = 0 (n > 1); (2) If G is nilpotent, then LG = Ext(Z/p~©Z,G), L?}G = Hom(Z/p©Z, G), and 
L?.G = 0 (n > 2); (3) If G is finite, then L2G is a finite p-group which is trivial when p and #(G) are 
relatively prime. 

[Note: V G, there is a surjection L}G — F,G (Bousfield') which is a bijection whenever H1(G; Fp) 


and H2(G;F,) are finite dimensional, e.g., if G is finitely presented (Brown?).] 


EXAMPLE Let A be a ring with unit—then the arrow BGL(A) > BGL(A)t is a homology 
equivalence, hence is an HF p-equivalence. Therefore L}GL(A) & mn41(FpBGL(A)t), so if the Kn(A) 
are finitely generated, L,GL(A) = Zp @ Ky+41(A) (cf. p. 9-35). 


Here is a final point. Fix a set of primes P—then Bousfield-Kan (ibid.) have shown that the P- 
completion process for groups can be imitated in the homotopy category, i.e., there is a functor X > PX 
on HCONCWSP.. called P-completion which is part of a triple. Its formal properties are identical to 
those of F,-completion and its “idempotent modification” is H P-localization. Example: P?(R) is P-bad 


if 2 € P but P?(R) is F,-good V p (since 71(P?(R)) © Z/2Z is finite). 


+ Memoirs Amer. Math. Soc. 186 (1977), 1-68 (cf. 66). 
= Cohomology of Groups, Springer Verlag (1982), 197-198. 
ll Ann. of Math. 100 (1974), 1-79. 
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Another approach to completing a space at a prime p is due to Sullivan!!. In this 
context, there is also an analog of the profinite completion process for groups and we shall 
consider it first. 

Notation: F, is the full subcategory of CONCW,, whose objects are the pointed 
connected CW complexes with finite homotopy groups and HF, is the associated homotopy 
category. 

[Note: Any skeleton HF, of HF, is small.] 


LEMMA For every pointed connected CW complex X, the category X\HF, is cofil- 
tered. 

[This is because HF,, has finite products and weak pullbacks. | 

[Note: The objects of X\HF, are the pointed homotopy classes of maps X — K and 
the morphisms (X > Kk) > (X — L) are the pointed homotopy commutative triangles 


Fi 


In what follows, lim stands for a limit calculated over X\HF,. 


PROPOSITION 1 For every pointed connected CW complex X, the cofunctor F'x : 
HCONCW,.,. — SET defined by Fx Y = lim[Y, K] is representable. 

[It is a question of applying the Brown representability theorem. That Fy sat- 
isfies the wedge condition is automatic. Turning to the Mayer-Vietoris condition, if 
Y, is a pointed finite connected subcomplex of Y, then [Y;, AK] is finite (cf. p.  5- 
49). Give it the discrete topology and form lim[Y,, K], a nonempty compact Hausdorff 


space. Since [Y, kK] = lim[Y,, K] (cf. p. 5-89), it follows that there is a factorization 
HCONCW.,, ----> CPTHAUS 


ie |e , where U is the forgetful functor. The verification that 
x 


Fx satisfies the Mayer-Vietoris condition is now straightforward.| 


The profinite completion of X, denoted pro X, is an object that represents F'y. There 


is a natural transformation [—,X] — [—,proX] and an arrow proxy : X — proX 
(Yoneda). 
[Note: Profinite completion generates a triple in HCONCW, (or HCONCWSP, ) 


which, however, is not idempotent. 
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EXAMPLE Let G be a topological group. Assume: G is Lie and #(m0(G)) < w—then B2 is 
metrizable (cf. p. 4-64) (BZ is even an ANR (cf. p. 6-45)), in particular Be? is a compactly generated 
Hausdorff space. And: For every pointed finite dimensional connected CW complex X, map, (B2, pro X) 
is homotopically trivial (Friedlander-Mislin‘ ). 

[Note: Taking G = S!, the Zabrodsky lemma and induction imply that Vn > 2, map, (K(Z,n), pro X) 


is homotopically trivial.] 


FACT Let X be a pointed connected CW complex—then for any CW complex Y, the arrow 
[Y, pro X] — lim[Y, K] is bijective. 
x 
[Note: In this context, the brackets refer to homotopy classes of maps, not to pointed homotopy 


classes of pointed maps.] 


The homotopy groups of proX are profinite. Proof: 2,(proX) ~ [S”",proX] = 
lim[S", kK] and the [S”, K] are finite. 


T(X) 
[Note: It follows that V n, there is a commutative triangle A \ ‘| 


pro t,(X ) —— 7p(pro X) 


PROPOSITION 2 Let X be a pointed connected CW complex—then m1(pro X) * 
pro 77(X). 
[The full subcategory of X\HF, consisting of those objects X — K such that the 


induced map 7(X) — 71(K) is surjective is an initial subcategory. To see this, let 
K 
K — K be the covering of K corresponding to im7,(X), and consider Pa F On 


X —K 
the other hand, for any normal subgroup G of 7(X) of finite index, there is an arrow 


NRE) 


EXAMPLE The arrow prom(X) — mn(proX) is not necessarily bijective when n > 1. Thus 
take X = S! v DP?(R)—then 71(X) & Z, 12(X) % w-(Z/2Z) and m1(proX) & Z, m2(proX) & (Z/2Z)” 
but pro 72(X) & Hom((Z/2Z)”, Z/2Z). 


LEMMA Suppose that G is a finitely generated abelian group—then pro K(G,n) © 
K(proG,n). 


EXAMPLE pro K(Z,n) ~ K(Z,n) but pro K(Q/Z,n) = K(Z,n +1). 


+ Invent. Math. 83 (1986), 425-436. 
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EXAMPLE Consider K(Z,2;x), where x : Z/2Z — AutZ is the nontrivial homomorphism 
(so K(Z,2;x) & Boyz) (cf. p. 5-32))—then x extends to a homomorphism X: Z/2Z 3 Aut Z and 
pro K(Z,2;x) & K(Z,2;%). 


FACT Let X be a pointed connected CW complex—then V q, H4(X; Z) & limn H9(X;Z/nZ). 
[H9(X;Z) ~ [X,K(Z,q)] = [X, pro K(Z,q)] & limn[X, K(Z/nZ, q)] © limn H4(X;Z/nZ),] 


FACT Let X be a pointed connected CW complex—then V q, H4(X; Z) x lim H2(X,; Z), where 
X} runs over the pointed finite connected subcomplexes of X. 

[H4(X;Z/nZ) ~ [X,K(Z/nZ,q)] & lim[X,,K(Z/nZ,q)] © lim HW(Xp:Z/nZ) (cf. p. 5-89) > 
HUX; Z) & limy, H9(X;Z/nZ) & limp lim H9(X,; Z/nZ) & lim lim, H9(X,; Z/nZ) & lim H4(X,; Z).] 


In general, it is difficult to relate the higher homotopy groups of pro X to those of X 


itself except under the most favorable circumstances. 


PROPOSITION 3 Let X be a pointed nilpotent CW space with finitely generated 
homotopy groups—then V n, t,(pro X) & prom,(X). 

[Note: Recall that a particular choice for the abelian groups figuring in a principal 
refinement of order n of X[n] > X[n — 1] are the 4) (m(X))/P3t*(an(X)) (cf. p. 5- 
60). Since the z,, are finitely generated, there is a unique continuous nilpotent action of 
pro 71(X) on proz,(X) compatible with the action of 71(X) on 7,(X). This said, Hilton- 
Roitberg’ have shown that, in obvious notation, (i) nily, t,(X) = nilproy, pro mm (X) and 
(ii) pro(T%, (tn(X))/T* (tn (X))) & Toyo y, (Pro tn (X))/PEtS,,, (prom (X)). Since profi- 
nite completion preserves short exact sequences of finitely generated nilpotent groups (cf. 
p. 10-9), the conclusion is that the arrow (pro X)|n] > (pro X)[n—1] admits a “canonical” 
principal refinement of order n, viz. apply pro to the “canonical” principal refinement of 
order n of X[n] + X[n— 1]. Corollary: Under the stated assumptions on X, pro X is 
nilpotent (but the unconditional assertion “X nilpotent => pro X nilpotent” is seemingly 
in limbo).] 

Example: S” = M(Z,n) but proS” #4 M(proZ,n). 


FACT Let X be a pointed nilpotent CW space with finitely generated homotopy groups—then for 
every pointed finite connected CW complex K, the arrow [K,X] — [K,pro X] is injective. 

[Note: As a reality check, take K = S' and X = K(G,1), where G is a finitely generated nilpotent 
group, and observe that the injectivity of the arrow [S!, K(G,1)] > [S', K(pro G, 1)] is equivalent to the 
assertion that G embeds in proG (cf. p. 10-8).] 


+ J. Algebra 60 (1979), 289-306. 
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Application: Let Y be a pointed nilpotent CW space with finitely generated homotopy groups—then 
for every pointed connected CW space X, Ph(X,Y) is the kernel of the arrow [X,Y] —> [X, pro Y]. 


LEMMA Let {Gn, fn: Gnt1 > Gn} be a tower in GR. Assume: V n, Gn is a compact Hausdorff 
topological group and fp is a continuous homomorphism—then lim! Gy = +. 


[Note: The result is false if the “Hausdorff” hypothesis is dropped.] 


EXAMPLE Let X be a pointed connected CW complex with a finite number of cells in each 
dimension; let Y be a pointed nilpotent CW space with finitely generated homotopy groups—then V n, 
[=X ("), pro Y] is a compact Hausdorff topological group and the arrow [{X (+), pro Y] > [EX (™, pro Y] 
is a continuous homomorphism. So, by the lemma, lim![=X(), proY] = x, ie., Ph(X,proY) = (cf. p. 
5-49). 

Claim: A pointed continuous function f : X — Y is a phantom map iff proy o f ~ 0. 

[Necessity: f € Ph(X,Y) => proy o f € Ph(X,proY) => proy o f ~ 0. 

Sufficiency: Let 6: K — X be a pointed continuous function, where K is a pointed finite connected 


CW complex—then proy 0 fod~0=> fo¢~0, the arrow [K,Y] - [K, pro Y] being one-to-one. ] 


LEMMA Let . be pointed simply connected CW spaces with finitely generated homotopy 
groups—then the function space of pointed continuous functions X@q — proY is homotopically trivial 
(compact open topology). 

[Adopt the conventions on p. 9-38 and work with map,(Xq,proY). Since U"XqQ & (U"X)q (ef. 
p. 9-12), H.(="XQ;Fp) = 0V p, thus H*(Z"X@Q; mq(pro Y)) = 0 V q (the mq(proY) are cotorsion). 
Accordingly, by obstruction theory (cf. p. 5-43), Vn > 0, [5"Xq,proY] = *.] 


EXAMPLE Let e be pointed simply connected CW spaces with finitely generated homotopy 
groups—then Ph(X, Y) = 16[X@, Y] C [X,Y]. 
[There is no loss of generality in supposing that X is a pointed simply connected CW complex with 
a finite number of cells in each dimension (cf. p. 5-23). 
(Ph(X,Y) Cc la@[Xq,Y]) Fix an f € Ph(X,Y). From the above, proy o f ~ 0, soda 
g:X — E such that f = 20g, E the mapping fiber of proy and 7: E > Y the projection. Since EF 
is rational (each of its homotopy groups is a direct sum of copies of Z/Z), danh: Xq - E such that 
g ~holg, thus f ~ fageola, where fg=moh: XQ-yY. 
(la@lXq,Y] C Ph(X,Y)) Assume that f ~ fa ola, where fa : XQ > Y. Thanks to the 


lemma, the composite proy o fq is nullhomotopic, hence proy o f is too.] 


FACT Let X be a pointed nilpotent CW space with finitely generated homotopy groups—then for 


every finite CW complex K, the arrow [K, X] — [K, pro X] is injective. 
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[Note: In this context, the brackets refer to homotopy classes of maps, not to pointed homotopy 


classes of pointed maps.] 


EXAMPLE The preceding result has content even when K is connected. Thus, restoring the base 
points, it follows that the arrow 71(X)\[K,ko;X,20] — 71(pro X)\[K, ko; pro X, pro zo] is one-to-one. 
Specializing this to K = S!, X = K(G,1), where G is a finitely generated nilpotent group, one recovers 
Blackburn’s theorem (cf. p. 10-8). 


PROPOSITION 4 Let X be a pointed nilpotent CW space with finitely generated 
homotopy groups—then for every locally constant coefficient system G on pro X arising 
from a finite pro71(X)-module, H*(pro X;G) = H*(X; prox). 

[The main idea here is to proceed inductively, playing off K(7,(X),n) > P,X > 
P,-1X against pro K(m,(X),n) > proP,X — pro P,_1X (use the cohomological version 
of the fibration spectral sequence formulated on p. 5-69). To get the induction off the 
ground, one has to deal with K(m1(X),1), the point being that 71(X) has property S (cf. 
p. 10-9).] 


LEMMA Let es & Z be pointed connected CW spaces, f : X — Y a pointed con- 


tinuous function—then the precomposition arrow f* : [Y, Z] > [X, Z] is bijective whenever 
Z has finite homotopy groups iff 

(Ai) Hom(m(Y), F) + Hom(m1(X), F) for any finite group F 

(Ao) A"(Y;G) = H"(X; f*G) V n for any locally constant coefficient system 


G on Y arising from a finite 71 (Y )-module. 


and 


[Tailor the proof of Proposition 11 in §9 to the setup at hand.| 


PROPOSITION 5 Let X be a pointed nilpotent CW space with finitely generated 
homotopy groups—then every pointed continuous function ¢ : X — K, where K is a 
pointed connected CW complex with finite homotopy groups, admits a continuous exten- 
sion prog: pro X — K which is unique up to pointed homotopy. 

[Each homomorphism 71(X) — F, where F is finite, can be extended uniquely to a 
homomorphism pro 71(X) > F (cf. p. 10-9 ff.), therefore Ay holds. That A» holds is the 


content of Proposition 4.] 


Application: pro is idempotent on the class of pointed nilpotent CW spaces with 
finitely generated homotopy groups. 


Fix a prime p—then upon replacing “finite group” by “finite p-group” in the foregoing, 


one arrives at the p-profinite completion pro, X of X. Modulo minor changes, the theory 


11-8 


carries over in the expected way. Consider, e.g., Proposition 4. There it is necessary to look 
only at those G whose underlying pro,,71(X )-module G is a finite abelian p-group such that 
the associated homomorphism pro,,71(X) — Aut G factors through a p-subgroup of Aut G. 
Another point to bear in mind is that p-adic completion preserves short exact sequences 
of finitely generated nilpotent groups (cf. p. 10-9) and p-adic completion = p-profinite 
completion in the class of finitely generated nilpotent groups (cf. p. 10-11). 


EXAMPLE Let X be a pointed simply connected CW complex with a finite number of cells 
in each dimension. Denote by pro, 7X the pointed mapping telescope of the sequence {pro,X(™) > 


pro, X ("+1)}_then Vn, Tm(pro, pX) & Ts @ Tn(X) > pro, pX & pro, xX. 


It is clear that V p, there is an arrow pro X — pro,,X, from which an arrow pro X + 
[[ pro,X (product in HTOP,). And: [S”, pro X] — [S”",]]pro,X] + mn(proX) > 
Pp p 


I T™(pro,X ). 


PROPOSITION 6 Let X be a pointed nilpotent CW space with finitely generated 


homotopy groups—then the arrow pro X > [[ pro, X is a weak homotopy equivalence. 
p 


[In this situation, V n, 7,(pro X) & pro m,(X) & m,(pro,X) © pro,7n(X). Moreover, 
for any finitely generated nilpotent group G, the arrow proG — |] pro,G is an isomorphism 
p 


(cf. p. 10-11).] 

[Note: If the product is taken in HCWSP,, (cf. p. 9-1), then the arrow pro X + 
[[ pro, X is a pointed homotopy equivalence.| 
p 

EXAMPLE Let X = Boy) (cf. p. 11-5)—then, in obvious notation, proyX ~ K (Zz, 2:X2) but 
at an odd prime p, pro,X is simply connected and in fact Qpro, X & S3. Thus here, it is false that the 
arrow proX —> I] pro,X is a weak homotopy equivalence. 

Pp 

Let X be a pointed nilpotent CW space—then pro, X and Xyr, (= F,X) are, in gen- 
eral, not the “same.” Reason: pro, fails to be idempotent. However, when the homotopy 
groups of X are finitely generated, 7,(pro,X) © pro,m,(X) & Ext(Z/p°Z,m,(X)) © 
T™(XurF,). Therefore pro,X is HF,-local (cf. §9, Proposition 20) (pro, X is nilpotent) 
and in this case, pro, X + Xur, (= X,). 

[Note: It is a fact that for nilpotent X, pro,X ~ Xyr, under the sole hypothesis 
that Vn, H"(X;F,) is finite dimensional (cf. p. 11-11). In this connection, recall that if 
the homotopy groups of a nilpotent X are finitely generated, then the H,,(X) are finitely 
generated (cf. §5, Proposition 18), hence V n, H"(X;F,) is finite dimensional.] 
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PROPOSITION 7 Let X be a path connected topological space—then the following 


conditions are equivalent: 


is finitely generated over Zo: 


(X;F,) 
(X;F,) 
(x;2,) 
Vn, H,(X; Zp) is finitely generated over Z,; 

(X; Zp) 
(X; Zp) 
(X 

(Xx 


EXAMPLE Suppose that X is a pointed simply connected CW space which is HF p-local—then 
H"(X;F >) is finite dimensional V n iff 7,(X) is a finitely generated Zp-module Vn. 


[Note: m(X) is p-cotorsion, hence is a p-adic module (cf. p. 10-2).] 


A group G is said to be F,-finite provided that H'(G;F,) and H?(G;F,) are finite 
dimensional. Example: Every finitely generated nilpotent group is F,-finite (cf. p. 5-56). 

[Note: Let G be an abelian group—then G is F,,-finite iff G @ F, and Tor(G,F,) are 
finite or still, G is F,-finite iff H"(G,n;F,) and H"*!(G,n;F,) are finite dimensional.] 


EXAMPLE Suppose that G is F,-finite—then Hi(G;F,) and H2(G;F,) are finite dimensional. 
Therefore, L6G = FpG (cf. p. 11-2). In particular, for any nilpotent F p-finite group G, Ext(Z/p©Z, G) = 
F,Gs Gs & pro,G. 

[Note: In the abelian case, one may proceed directly. Thus observe first that if G is abelian and 
F,-finite, then V n, Tor(G, Z/p”Z) is finite (argue by induction, using the coefficient sequence associated 
with the short exact sequence 0 + Z/pZ > Z/p"t!Z > Z/p"Z — 0). Accordingly, V n, Hom(Z/p” Z, G) 
is finite > lim! Hom(Z/p"Z, G) =0 (cf. p. 5-45) = Ext(Z/p°Z, G) & Gp (cf. p. 10-2).] 


EXAMPLE Any abelian group in any of the following four classes is F,-finite: (C1) The finite 
abelian p-groups; (C2) The free abelian groups of finite rank; (C3) The uniquely p-divisible abelian 
groups; (C4) The p-primary divisible abelian groups satisfying the descending chain condition on sub- 
groups. Moreover, every F,-finite abelian group G admits a composition series G = G° 5 G' D--- Dd 
G” = {0} such that V i, G’/G**! is in one of these four classes. 

[Given an F,-finite abelian G, 4 a short exact sequence 0 > G’ > G > G” — 0, where . are 


F,-finite with G’ finitely generated and G” p-divisible. Proof: One may take G” = G/G’, where G’ is a 


finitely generated subgroup of G mapping onto G/pG.] 
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FACT Let G be an abelian group. Assume: G is F,-finite—then V n, H"(G;F,) is finite dimen- 


sional. 


PROPOSITION 8 Let G be an F,-finite nilpotent group—then V n, H"(G;F,) is 
finite dimensional. 

[This is true if G is abelian (cf. supra). Since in general, the iterated commutator 
map ®'t!(G/[G,G]) > I*(G)/T’t!(G) is surjective, H'(I"(G) /T*+1(G); F,) is finite di- 
mensional V i. In particular: H'([4~1(G);F,,) is finite dimensional (d = nilG > 1). Put 
kK = T41(G) and consider the central extension 1 — K > G > G/K > 1. The as- 
sociated LHS spectral sequence is H?(G/K; H4(K;F,)) > H?t4(G;F,), so it need only 


be shown that the £4’ are finite dimensional. Specialized to the present situation, the 


fundamental exact sequence in cohomology reads 0 + H'(G/K;F,) — H'(G;F,) > 
H'(K;¥F,) — H?(G/K;¥F,) — H?(G;F,) (cf. p. 5-54). Therefore H'(G/K;F,) and 
H?(G/K;¥F,,) are finite dimensional, hence by induction, V n, H"(G/K;F,) is finite di- 
mensional. Claim: H?(K;F,) is finite dimensional. To see this, suppose the contrary. 
Because dim E3’' < w, E3’? (the kernel of the differential E3’? > E5’') would be infinite 
dimensional. But dim E3°° < w > dim a <w, which means that E}’? (the kernel of 
the differential E3 eae ER os) would be infinite dimensional. This, however, is untenable: 
E}? — E°:? and H?(G;F,) is finite dimensional. Thus the conclusion is that K is F,,-finite 
and, being abelian, H"(K;F,,) is finite dimensional V n. It now follows that V p & V q, 


E3’* is finite dimensional. | 


Application: Let G be an F,-finite nilpotent group—then V i, [*(G)/T’*1(G) is an 


F,-finite abelian group. 


FACT Let G be a group, M a nilpotent G-module. Assume: H1(G;F,) is finite dimensional and 
M is F,-finite—then V i, P4 (M)/T\t!(M) is Fp-finite. 


LEMMA Let G be a group, M a nilpotent G-module which is a vector space over 
F,. Assume: H'(G;F,,) is finite dimensional and H°(G; M) is finite dimensional—then 
M is finite dimensional. 

[The assertion is clear if G operates trivially on M. Agreeing to argue inductively on 
d = nil,M > 1, put N = [4-!(M) and consider the exact sequence 0 + H°(G;N) > 
H°(G;M) > H°(G;M/N) > H'(G;N) > ---. Since G operates trivially on N, 
H°(G; N) = N, thus N is finite dimensional. Consequently, H!(G; N) is finite dimen- 
sional, so H°(G; M/N) is finite dimensional. Owing to the induction hypothesis, M/N is 


finite dimensional, hence the same holds for M itself.] 
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PROPOSITION 9 Let X be a pointed nilpotent CW space—then V n, H"(X;F,) is 
finite dimensional iff V n, 7,(X) is F,-finite. 

[We shall prove that the condition on the homotopy groups is necessary, the verifica- 
tion that it is also sufficient being similar. For this, consider the 5-term exact sequence 
0 > Ey° > H\(X;F,) > E}’ > E>}° > H?(X;F,) associated with the fibration 
spectral sequence H?(7,(X); H4(X;F,)) = H?t4(X;F,,) to see that H'(71(X);F,) and 
H?(m1(X);F,) are finite dimensional, i.e., that 71(X) is F,-finite. Since 71(X) operates 
nilpotently on the H,(X) (cf. §5, Proposition 17), H,(X; F,,) is a nilpotent 71(X )-module, 
as is its dual H” x ;F,,). Taking into account Proposition 8, one finds from the lemma that 
H? (X; F,,) is finite dimensional and then by iteration that H"(X; F,,) is finite dimensional 
Vn. This sets the stage for the discussion of 72(X). Thus, in the notation of p. 5-38, 
consider Xy > X, — K(m2(X),2) (X; ~ X). Once again, there is a fibration spectral 
sequence H?(K (12(X), 2); H4(Xo; F,)) => HP+4(X); F,,) and a low degree exact sequence 
H?(m(X),2;F,) 3 H?(X1;F,) 3 H?(Xo;F,) 3 H3(mo(X),2; Fp) > H3(X1;F,). Be- 
cause H2(X4; F,,) and H3(X\;F,) are finite dimensional and H2(X9: F,,) = 0, it follows 
that H?(m2(X),2;F,) and H?(m2(X),2;F,) are finite dimensional. Therefore 72(X) is 


F,,-finite and the process can be continued.] 
FACT Let G be an F,-finite nilpotent group—then pro,,G operates nilpotently on the L*YG. 


FACT Let G be an F>-finite nilpotent group, M an F>-finite nilpotent G-module—then pro,G 


operates nilpotently on the L2 M. 


COINCIDENCE CRITERION Let X be a pointed nilpotent CW space such that V n, 
H"(X;Fp) is finite dimensional—then V n, there is a split short exact sequence 0 > pro,m(X) > 
Tm (pro,X ) + Hom(Z/p°Z, mm —1(X)) — 0, hence pro,X & XyF,- 

[Note: Recall that here, Ext(Z/p°Z, tm (X)) ® Fptn(X) © tm(X)p & propmn(X) (cf. p. 11-9).] 


EXAMPLE Let X be a pointed nilpotent CW space such that V n, H"(X;F ) is finite dimen- 
sional. Let Ap be the mod p Steenrod algebra—then H*(X;F,) is an unstable Ap-module and Lannes- 
Schwartz? have shown that X is W-null, where W = BZ/pZ, iff every cyclic submodule of H*(X;F,) is 
finite. 


+ Topology 28 (1989), 153-169. 
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812. MODEL CATEGORIES 


Of the various proposals that have been advanced for the development of abstract 
homotopy theory, perhaps the most widely used and successful axiomization is Quillen’s. 
The resulting unification is striking and the underlying techniques are applicable not only 
in topology but also in algebra. 

Let i: A > Y, p: X — B be morphisms in a category C—then 7 is said to 
have the left lifting property with respect to p (LLP w.r.t. p) and p is said to have the 
right lifting property with respect to 7 (RLP w.r.t. i) if for allu: A— X,u:Y — B such 


that pou =vo1t, there isaw:Y — X such that wot=u,pow =v. 


For instance, take C = TOP—then i: A — Y is a cofibration iff V X, 7 has the LLP w.r.t. 
A —> PX 


po: PX > X, ie., | ar |v, and p: X —> B is a Hurewicz fibration iff V Y, p has the RLP w.r.t. 


a 
Y= SX 
Y — xX 


io: Y IY, ie, io| we |p. 
v— B 

Consider a category C equipped with three composition closed classes of morphisms 
termed weak equivalences (denoted +), cofibrations (denoted —), and fibrations (denoted 
—), each containing the isomorphisms of C. Agreeing to call a morphism which is both a 
weak equivalence and a cofibration (fibration) an acyclic cofibration (fibration), C is said 
to be a model category provided that the following axioms are satisfied. 

(MC-1)_ C is finitely complete and finitely cocomplete. 

(MC-2) Given composable morphisms f, g, if any two of f, g, go f are weak 
equivalences, so is the third. 

(MC-3) Every retract of a weak equivalence, cofibration, or fibration is again 
a weak equivalence, cofibration, or fibration. 

[Note: To say that f : X — Y is a retract of g: W — Z means that there exist 
morphisms 1: X > W,r:W>X,j7:Y ~2Z,8:Z—Y withgoit=jof, for=sog, 
roti=idx,soj=idy. A retract of an isomorphism is an isomorphism.| 

(MC-4) Every cofibration has the LLP w.r.t. every acyclic fibration and every 
fibration has the RLP w.r.t. every acyclic cofibration. 

(MC-5) Every morphism can be written as the composite of a cofibration and 
an acyclic fibration and the composite of an acyclic cofibration and a fibration. 


[Note: In proofs, the axioms for a model category are often used without citation.] 
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Remark: A weak equivalence which is a cofibration and a fibration is an isomorphism. 
A model category C has an initial object (denoted Q) and a final object (denoted *). 
An object X in C is said to be cofibrant if @ + X is a cofibration and fibrant if XY — * is 


a fibration. 


FACT Suppose that C is a model category. Let X € Ob C—then X is cofibrant iff every acyclic 


fibration Y + X has aright inverse and X is fibrant iff every acyclic cofibration X — Y has a left inverse. 


Example: Take C = TOP—then TOP is a model category if weak equivalence= 
homotopy equivalence, cofibration=closed cofibration, fibration=Hurewicz fibration. All 
objects are cofibrant and fibrant. 

[MC-1 is clear, as is MC-2. That MC~4 obtains is implied by what can be found on 
p. 4-16 & p. 4-17, p. 4-21 & p. 4-22 and that MC-—5 obtains is implied by what can be 
found on p. 4-12. There remains the verification of MC-3. That MC-3 obtains for closed 
cofibrations or Hurewicz fibrations is implied by what can be found on p. 4-16 & p. 4-17, 
p. 4-21 & p. 4-22. Finally, suppose that f is the retract of a homotopy equivalence—then 
[f] is the retract of an isomorphism in HTOP, so [f] is an isomorphism in HTOP, i-e., f 
is a homotopy equivalence. | 

[Note: We shall refer to this structure of a model category on TOP as the standard 
structure. | 

Addendum: CG has a standard model category structure, viz. weak equivalence= 
homotopy equivalence, cofibration=closed cofibration, fibration=CG fibration. 

[The verification of MC—4 for CG is essentially the same as it is for TOP. To check 
MC-5, note that k preserves homotopy equivalences, sends closed cofibrations to closed 
cofibrations (cf. p. 3-8), and takes Hurewicz fibrations to CG fibrations (cf. p. 4-7). 


Therefore, if are in CG and if f : X — Y is a continuous function, one can first 


xX 
a 
factor f in TOP and then apply k to get the desired factorization of f in CG.] 
EXAMPLE Let A bean abelian category. Write CXA for the abelian category of chain complexes 
over A. Given a morphism f : X — Y in CXA, call f a weak equivalence if f is a chain homotopy 
equivalence, a cofibration if Vn, fn : Xn > Yn has a left inverse, and a fibration if V n, fn : Xn — Yn has 


a right inverse—then CXA is a model category. Every object is cofibrant and fibrant. 


EXAMPLE let A be an abelian category with enough projectives. Write CXAso for the full 
subcategory of CXA whose objects X have the property that X, = 0 if n < 0. Given a morphism 
f:X + Y in CXAbpo, call f a weak equivalence if f is a homology equivalence, a cofibration if V n, 


fn: Xn — Yn is a monomorphism with a projective cokernel, and a fibration if Vn > 0, fn : Xn 7 Yn is 
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an epimorphism—then CX A> is a model category. Every object is fibrant and the cofibrant objects are 


those X such that V n, Xn is projective. 


There are lots of other “algebraic” examples of model categories, many of which figure prominently 


in rational homotopy theory (specifics can be found in the references at the end of the §). 


Given a model category C, Ce acquires the structure of a model category by stipu- 
lating that f°P is a weak equivalence in COP iff f is a weak equivalence in C, that f°P is 
a cofibration in C°P iff f is a fibration in C, and that f°? is a fibration in C°P iff f isa 
cofibration in C. 

Given a model category C and objects A, B in C, the categories A\C, C/B are again 
model categories, a morphism in either case being declared a weak equivalence, cofibration, 
or fibration if it is such when viewed in C alone. 

Example: Take C = TOP (standard structure)—then an object (X,29) in TOP, is 
cofibrant iff * > (X,2) is a closed cofibration (in TOP), i.e., iff (X, 29) is wellpointed 
with {xo} C X closed. 


PROPOSITION 1 Let C be a model category. 
(1) The cofibrations in C are the morphisms that have the LLP w.r.t. acyclic 
fibrations. 
(2) The acyclic cofibrations in C are the morphisms that have the LLP w.r.t. 
fibrations. 
(3) The fibrations in C are the morphisms that have the RLP w.r.t. acyclic 
cofibrations. 
(4) The acyclic fibrations in C are the morphisms that have the RLP w.r.t. 
cofibrations. 
[Statements (3) and (4) follow from statements (1) and (2) by duality. The proofs 
of (1) and (2) being analogous, consider (1). Thus suppose that i: A —- Y has the LLP 
w.r.t. acyclic fibrations. Using MC-—5, write 1 = poy, where 7: A > X is a cofibration and 


p: X + Y isan acyclic fibration. By hypothesis, J a w such that woi= Jj, pow = idy, 


and this implies that 7 is a retract of j, so 7 is a cofibration.] 


Example: Take C = CG (standard structure)—then an arrow A > Y that has the 
LLP w.r.t. acyclic CG fibrations must be a closed cofibration. 


F:C7+D 
EXAMPLE Let C and D be model categories. Suppose that { are functors and 
G:D-C 


(F, G) is an adjoint pair—then F preserves cofibrations and acyclic cofibrations iff G preserves fibrations 


and acyclic fibrations. 
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[Note: Either condition is equivalent to requiring that F preserve cofibrations and G preserve fibra- 


tions. | 


In a model category C, the classes of cofibrations and fibrations possess a number of 

“closure” properties (all verifications are simple consequences of Proposition 1). 

(Coproducts) If V i, fj : X; — Yj; is a cofibration (acyclic cofibration), then 
LI fi : LE Xi - LLY; is a cofibration (acyclic cofibration). 

(Products) IfV i, fj : X; — Y; is a fibration (acyclic fibration), then [| fi : 
I] X: - [| Y; is a fibration (acyclic fibration). 

(Pushouts) Given a 2-source X ay 4,Y, define P by the pushout square 
in Ee 
f | |n. Assume: f is a cofibration (acyclic cofibration)—then 17 is a cofibration 
xX —, P 


g 
(acyclic cofibration). 


(Pullbacks) Given a 2-sink X 47 “Y, define P by the pullback square 
p(s) 


g i) |g. Assume: g is a fibration (acyclic fibration)—then € is a fibration (acyclic 
xX ore Z 
fibration). 


(Sequential Colimits) IfVn, fx :Xn—4 Xn41 is a cofibration (acyclic cofibra- 
tion), then V n, in : Xn > colim X,, is a cofibration (acyclic cofibration). 
(Sequential Limits) If Vn, fn : Xn41 7 Xn is a fibration (acyclic fibration), 
then V n, py : lim X,, > X,, is a fibration (acyclic fibration). 
[Note: It is assumed that the relevant coproducts, products, sequential colimits, and 


sequential limits exist.] 


EXAMPLE (Pushouts) Fix a model category C. Let I be the category le“ « ey) (cf. p. 0-9)— 
3 


then the functor category [I, C] is again a model category. Thus an object of [I, C] is a 2-source X é ZAY 


a a ee ne, 


and a morphism & of 2-sources is a commutative diagram | | | . Stipulate that = 
xX’! é Z! s y’ 
vie g 
is a weak equivalence or a fibration if this is the case of each of its vertical constituents. Define now Pz, 
ee gy Z ee Y, 
Pr by the pushout squares | | ; | | , let pr : Pp — X', pr: PR ~ Y’ be the 


Pe Gg! Go or Bs 
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induced morphisms, and call = a cofibration provided that Z > Z’, pr, and pr are cofibrations. With 
these choices, [I,C] is a model category. The fibrant objects X da Z4Y in [I, C] are those for which X, 


Y, and Z are fibrant. The cofibrant objects X £247 in [I, C] are those for which Z is cofibrant and 
f:Z50X 
g: ZY 

[Note: The story for pullbacks is analogous. ] 


are cofibrations. 


EXAMPLE Fix a model category C—then FIL(C) is again a model category. Thus let ¢ : 

(X,f) > (Y,g) be a morphism in FIL(C). Stipulate that ¢ is a weak equivalence or a fibration if this is the 
Me, te Rag 

case of each ¢y,. Define now P,+1 by the pushout square on| i , let pn41: Pn41 7 Yn41 


Yn —2 Pn+1 
gn 


be the induced morphism, and call ¢ a cofibration provided that ¢o0 and all the pn+1 are cofibrations (each 
gon (n > 0) is then a cofibration as well). With these choices, FIL(C) is a model category. The fibrant 
objects (X,f) in FIL(C) are those for which X, is fibrant Vn. The cofibrant objects (X,f) in FIL(C) 
are those for which XQ is cofibrant and V n, fn : Xn 4 Xn+41 is a cofibration. 


[Note: The story for TOW(C) is analogous. ] 


A se ax 
FACT Let C be a model category. Suppose that il |p is a commutative diagram in C, 
Y —~> B 
Vv 


where 7 is a cofibration, p is a weak equivalence, and X is fibrant—then Jaw: Y — X such that woi = u. 


[Note: There is a similar assertion for fibrations and cofibrant objects.] 


Given a model category C, objects X’ and X” are said to be weakly equivalent if there 


exists a path beginning at X’ and ending at X”": X' = Xp — X1 © --- 3 Xon_-1 © Xan = 
X", where all the arrows are weak equivalences. Example: Take C = TOP (standard 


structure)—then X’ and X” are weakly equivalent iff they have the same homotopy type. 


EXAMPLE The arrow category C(—) of a model category C is again a model category (cf. p. 
12-26). Therefore it makes sense to consider weakly equivalent morphisms. Example: Every morphism in 


C is weakly equivalent to a fibration with a fibrant domain and codomain. 


e — e —_ e 
COMPOSITION LEMMA Consider the commutative diagram | | | 


e — e — e 
in a category C. Suppose that both the squares are pushouts—then the rectangle is a 


pushout. Conversely, if the rectangle and the first square are pushouts, then the second 


square is a pushout. 
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Zi | 
in a category C. Sup- 
ae 


pose that the top and the left and right hand sides are pushouts—then the bottom is a 


Application: Consider the commutative cube | 
e 


pushout. 


PROPOSITION 2 Let C be a model category. Given a 2-source X ple Y, define 


Ze ay 
P by the pushout square f | ee Assume: f is a cofibration and g is a weak 
xX. SS uh 


g 
equivalence—then € is a weak equivalence provided that Z & Y are cofibrant. 


[Introduce the cylinder object IZ for Z (cf. p. 12-16) and define M, by the pushout 


guz “42 yuz ZUZ——-YIZ 


square | | (cf. p. 3-21). Noting that pee wav.o| 
IZ — M, OS 


commutes, choose r: M, + Y accordingly, so g = rot and roj = idy, wherei: Z + M, 
is the composite Z + Y IZ — M, and 7: Y — M, is the composite Y — Y UZ — Mg. 
$9 > @ 
Since z is a cofibration and i | is a pushout square, 7 and 7 are cofibrations. 
Y — YUZ 
Moreover, 7 is acyclic. This is because i9 : Z — IZ is an acyclic cofibration and j is 
Zo y 


ino | ir 
obtained from ig via ZU Z = —>» Y IZ (to =coing). Therefore r is a weak equivalence. 
al { 


IZ — M, 
But, by assumption, g is a weak equivalence. Therefore 7 is a weak equivalence. Define I by 


Z —>» M, 
the pushout square f | lf . Since f is a cofibration and 7 is an acyclic cofibration, 
x —> I 
i 
M, —> Y 
f is a cofibration and 7 is an acyclic cofibration. The commutative diagram a [a 
I — P 
ri 
yY 4 M, 
is a pushout square and € = r;07%. Define J by the pushout square n| |i ; 


P— J 
J 
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Since 7 is a cofibration and j is an acyclic cofibration, 7 is a cofibration and 7 is an 


M, — Y 
acyclic cofibration. The commutative diagram 7 [n is a pushout square and 
J — P 


= "5 
idp =r; 0 j. Therefore r; is a weak equivalence. Define Zp, Z, by the pushout squares 
Z 2S Ie BF 1 
‘al [Soset| |f:. The composites Z31Z4Z, Z41Z+Z being idz, 


~N 


Xx —> Zo X > 24 
there are weak equivalences ¢y : Zp 3 X, CG : Z;  X and factorizations X > Zo ae @ 


(Ge 
Ae Ae 4 of idx. Define W by the pushout square fo| it and determine 
Zo — W 


¢:W > X so that Co is the composite Zp > W S, X and ¢, is the composite 7,  W ins, @ 
Decompose ¢ per W — W — X—then the composites Za > W, Z, > W are acyclic 


cofibrations. To go from Z to I through Z IGA M, /, T is the same as going from 


Z to I through ZALXx Ay. Consequently, there is an arrow 71 : Z; > T such that the 
IZ — M, 


composite X > Z; *,T is 7 and the commutative diagram fil { is a pushout 


Zi = I 
a1 
square. But 2 is a weak equivalence. Therefore 7; is a weak equivalence. Define K by the 


Tu, S8e OF 
pushout square | | . Since 7; is a weak equivalence, the same holds for W > K. 
W —-> K 


To go from Z to J through Z IZ As M, 7, "J is the same as going from Z to 
J through EES 4, pay: Consequently, there is an arrow jp : Zo — J such that the 


1Z == Me 
composite X 7 Zo 237 is fof and the commutative diagram fo | ul is a pushout 
Zo =e J 
Jo 


square. To go from IZ to K by IZ — M, + I — K is the same as going from IZ to 
K by IZ = 46: W — K, thus there is an arrow J > K and a commutative diagram 


Zo. 2857 
| | which is a pushout square: 
W—> K 
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It follows that jg is a weak equivalence and this implies that 7 0 € is a weak equivalence. 
Finally, € = idp of = rj 07 0€ is a weak equivalence.| 


[Note: There is a parallel statement for fibrations and pullbacks. | 


EXAMPLE Working in C = TOP (standard structure), suppose that A — X is a closed cofibra- 
tion. Let f : A + Y be a homotopy equivalence—then the arrow X — X Ly Y is a homotopy equivalence 
(cf. p. 3-24). 


PROPOSITION 3 Let C bea model category. Suppose given a commutative diagram 
KS yy 


| | |, where e are cofibrations and the vertical arrows are weak 
Xx! 7a ig me i 

I g' 
equivalences—then the induced morphism P — P’ of pushouts is a weak equivalence 


provided that { fies are cofibrant. 


[We shall first treat the special case when g is a cofibration. In this situation, the arrow 
YZ’ \ Y is a weak equivalence (cf. Proposition 2) and Z’ \ Y is cofibrant. Form the 
Y — Z' \ Y 
pushout square | | and apply Proposition 2 once again to see 
XUY — XU(Z'UY) 
that the arrow X \ YX (2 \ Y) is a weak equivalence. Next write X (4 F Y)\e 
(Xx \ Z') u (Z! \ Y) and note that the arrow X \ Z' — X' is a weak equivalence (cf. 


Proposition 2). Consider now the commutative diagram 


in which both the squares and the rectangle are pushouts. Since Z’ — Z' U y= 
xX MU Z' > (X MI Z') u (Z' MU Y) and X MI Z' is cofibrant, still another application of 
Proposition 2 implies that the arrow (X \ Z') u (Z' MI Y) > X’ u (Z! \ Y) is a weak 


equivalence. Repeating the reasoning with 


Z' —— 7’ u Y ——- Y'’ 

| | | 

X'S X UZ UY) XU Y' 
Z! Z Z! 
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leads to the conclusion that the arrow X’ U (Z! F Y) > Xx’ U Y’ is a weak equivalence. 


We have therefore built a weak equivalence from P to P’. To proceed in general, factor g 
Z—>> xX LZ. => 


as Z+ YY. Define X', Y' by the pushout squares | il ; | | — 
Ze == Ge 
then there are weak equivalences X' > X’, Y'’ > Y’'. The 2-sources X + Z — Y, 
X' + Z' + Y’' generate pushouts P, P’. Since the arrows on the “right” are cofibrations, 
the induced morphisms P + P, P > P’, P’! > P' are weak equivalences. The assertion 


| i See 
thus follows from the fact that the diagram | | commutes. ] 
Po —> P' 


[Note: There is a parallel statement for fibrations and pullbacks. | 


A> xX 
EXAMPLE Working in C = TOP (standard structure), suppose that { ; , are closed cofi- 
A’ ox 


eS BW oes oy 


f:AvY 


be continuous functions. Assume that the diagram | | | 
fi: Aa Y’ 


brations. Let { 
xX! é A’ s y’ 
vu 
commutes and that the vertical arrows are homotopy equivalences—then the induced map X Uy Y > 


X' Ur Y’ is a homotopy equivalence (cf. p. 3-24 ff.). 


PROPOSITION 4 Let C bea model category. Suppose given a commutative diagram 
a a ae ae 4 
| | |, where Y + Y’ and X MI Z' — X' are cofibrations (acyclic 
Bo Re a ee 
échbiarighe Shen the induced morphism P — P’ of pushouts is a cofibration (acyclic 
cofibration). 

[Each morphism in the string P = X F YX I YOSeX y Z') u Y' > X! u a 
P' is a cofibration (acyclic cofibration).] 


[Note: There is a parallel statement for fibrations and pullbacks.| 


In the topological setting, Proposition 4 is related to but does not directly imply the lemma on p. 


3-15 ff. 


(Small Object Argument) Suppose that C is a cocomplete category. Let So = 

{L; aS -€ (i € I)} be a set of morphisms in C. Given a morphism f : X — Y, consider the 
L, > Xx 

set of pairs of morphisms (g,h) such that the diagram $i | | f commutes. Put 
K; ares Y 
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@ (g,h) 

| | . Observing that the 
@ (gh) 
XxX 


Xo 
data furnishes a commutative triangle x ye , one may proceed and construct 
Y 


Xo = X and define X, by the pushout square 


a sequence X = Xp > X1 > --- > Xy of objects in C, taking X,, = colim X,,. There is 


se 
a commutative triangle nK Jas and if V i, L; is w-definite, then the conclusion is 
Y 
that f.,: X.— Y has the RLP w.r.t. each ¢;. 

[Note: All that’s really required of the DL; is that the arrow colim Mor (L;, X,) > 
Mor (L;, X,,) be surjective V 7.] 

Example: Take C = TOP—then TOP is a model category if weak equivalence=weak 
homotopy equivalence, fibration=Serre fibration, cofibration=all continuous functions 
which have the LLP w.r.t. Serre fibrations that are weak homotopy equivalences. Ev- 
ery object is fibrant and every CW complex is cofibrant. Every object is weakly equivalent 
to a CW complex. 

[Axioms MC-1, MC-2, and MC-3 are immediate. 


Claim: Every continuous function f : X — Y can be written as a composite fi, o tu, 
where i,, : X > X,, is a weak homotopy equivalence and has the LLP w.r.t. Serre fibrations 
and f,, : X, 3 Y is a Serre fibration. 

[Serre fibrations can be characterized by the property that they have the RLP w.r.t. 
the embeddings ig : [0, 1]” — I[0,1]” (n > 0) (cf. p. 4-8). Accordingly, in the small object 
argument, take So = {[0, 1]” 4 I[0,1]" (n > 0)}—tthen V k, the arrow X; > X41 isa 
homotopy equivalence and has the LLP w.r.t. Serre fibrations. Consider the factorization of 

oe) om 
f arising from the small object argument: K Je . It is clear that 7, has the LLP 
¥, 
w.r.t. Serre fibrations. On the other hand, since the points of X,, —%,,(X) are closed, every 
compact subset of X,, lies in some Xx, thus the arrow colim C([0, 1]”, X,) > C((0, 1]”, Xu) 
is surjective V n. Therefore f,, has the RLP w.r.t. each io : [0,1]” — J[0,1]", hence is a 
Serre fibration. And: i,, is a homotopy equivalence (cf. §3, Proposition 15), hence is a 


weak homotopy equivalence.| 
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Claim: Every continuous function f : X — Y can be written as a composite f,, © 
iy, Where i, : X — X, has the LLP w.r.t. Serre fibrations that are weak homotopy 
equivalences and f,, is both a weak homotopy equivalence and a Serre fibration. 

[Serre fibrations that are weak homotopy equivalences can be characterized by the 
property that they have the RLP w.r.t. the inclusions S"~' > D” (n > 0) (cf. p. 5-16). 
Accordingly, in the small object argument, take Sp = {S”~' > D” (n > 0)} and reason 
as above.| 

Combining the claims gives MC-—5. Turning to the nontrivial half of MC—4, viz. that 
“every fibration has the RLP w.r.t. every acyclic cofibration”, suppose that f : X — Y 


is an “acyclic cofibration”. Decompose f per the first claim: f = f,,0%,. Since f and 


iy are weak homotopy equivalences, the same is true of f,,, so Jag: Y > X, such that 
g°f =t, fucg =idy. This means that f is a retract of 2,,. But the class of maps which 
have the LLP w.r.t. Serre fibrations is closed under the formation of retracts. | 

[Note: We shall refer to this structure of a model category on TOP as the singular 
structure. | 

Remark: If (kK, L) is a relative CW complex, then the inclusion L — K has the 
LLP w.r.t. Serre fibrations that are weak homotopy equivalences (cf. p. 5-16), hence is a 
cofibration in the singular structure. 

[Note: Every cofibration in the singular structure is a cofibration in the standard 
structure, thus is a closed cofibration. In fact there is a characterization: A continuous 


function is a cofibration in the singular structure iff it is a retract of a “countable compo- 


sition” Xg > X; > ---— X,, where V k the arrow X, — X x41 1s defined by a pushout 
Il Il gr-l es 
n>0 
square | | | 
I] []]D° — Xp 
n>0 


Addendum: CG, A-CG, and CGH have a singular model category structure, viz. 
weak equivalence=weak homotopy equivalence, fibration=Serre fibration, cofibration=all 
continuous functions which have the LLP w.r.t. Serre fibrations that are weak homotopy 


equivalences. 


- are in CG, A-CG, or 


CGH, then the X,, that figures in either of the small object arguments used above is again 
in CG, A-CG, or CGH.] 


[In fact, if f : X — Y is a continuous function, where 


EXAMPLE Take C = TOP (singular structure)—then any cofibrant X is a CW space. Thus 


fix a CW resolution f: K + X. Factor f as K > L—»X, where L is a cofibrant CW space (that this 
i p 
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is possible is implicit in the relevant small object argument). Since X is cofibrant, J an s : X — L such 
that pos = idx. Fixay: L— K for which eeu = - (i is a weak homotopy equivalence, hence a 
[e) i= 
homotopy equivalence (realization theorem)). Sor fe Gj ‘ > = (pot)o(jos) ~ pos = idx. Therefore X 
is dominated in homotopy by K, thus by the domination theorem is a CW space. 
[Note: L is a compactly generated Hausdorff space and s : X — L is a closed embedding. Conclusion: 
Every cofibrant X is in CGH. Example: [0,1]/[0,1[ is compactly generated (and contractible) but not 


Hausdorff, hence not cofibrant.] 


A model category C is said to be proper provided that the following axiom is satisfied. 


(PMC) Given a 2-source X wa Ss Y, define P by the pushout square 
ae 


i i) |n . Assume: f is a cofibration and g is a weak equivalence—then € is a weak 
xX ee a 
ps => 
equivalence. Given a 2-sink X Log o- Y, define P by the pullback square & | |. 
xX — Z 


Assume: g is a fibration and f is a weak equivalence—then 7 is a weak equivalence. 
Remark: In a proper model category, Proposition 2 becomes an axiom (no cofibrancy 


conditions), which suffices to ensure the validity of Proposition 3 (no cofibrancy conditions). 


PROPOSITION 5 Let C be a model category. Assume: All the objects of C are 
cofibrant and fibrant—then C is proper. 
[This follows from Proposition 2.] 


[Note: Not every model category is proper (cf. p. 13-40). 
Example: TOP (or CG), in its standard structure, is a proper model category. 


EXAMPLE TOP (or CG, A-CG, CGH), in its singular structure, is a proper model category. 
In fact, since every object is fibrant, half of Proposition 5 is immediately applicable. However, not every 
object is cofibrant so for this part an ad hoc argument is necessary. Thus consider the commutative diagram 
x rE Z ana Z 


| 1 |e, where f is a cofibration in the singular structure and g is a weak homotopy 


xX <—- ZF — Y 
f g 


equivalence—then f is a closed cofibration, therefore € : X — P is a weak homotopy equivalence (cf. p. 


4-51). 
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[Note: Let X be a topological space which is not compactly generated—then [IX is not compactly 
generated and the identity map kX — IX is an acyclic Serre fibration, so [X is not cofibrant (but TX 
is a CW space).] 


Ww — Y 
Let C be a proper model category—then a commutative diagram ) {9 inC 
xX ae Z 


is said to be a homotopy pullback if for some factorization Y  Y — Z of g, the induced 


morphism W + X xz Y is a weak equivalence. This definition is essentially independent 


: ee : ee Y SY 37 
of the choice of the factorization of g since any two such factorizations ‘a G7 ee 
ee Pe 
lead to a commutative diagram YW ————-+ e and it does not matter whether one 
X XZ y" 
P+ yY 
factors g or f (see below). Example: A pullback square é| |g is a homotopy 
xX -— Z 


pullback provided that g is a fibration. 
[Note: The dual notion is homotopy pushout.| 


aoe Y3Y' > Z = se 
Take two factorizations wee of g, form the pullback Y’ xz Y”, and note that the 
YoY" > Z 
projections Y’xzY” + Y’, Y’xzY” > Y” are fibrations. Factor the arrow Y > Y’xzY" as Y >W — 
SN 
Y — Y 


Y’xz Y". Since the diagram | S T commutes, the arrows W > Y', W — Y” are weak 


<— W 


ni 


Me PL) Re AG se a 


Ww Ww 

equivalences. Consider the commutative diagrams || | | , || | | : 
X —> Ze Y' KX —> Z +— Y" 
Because the arrows W > Z, Y’ > Z, Y" — Z are fibrations, Proposition 3 implies that the induced 
morphisms X xz W > X xz Y'’, X xzW > X xz Y” are weak equivalences. Therefore one may put 


e = X xz W in the above. 


[Note: Take a factorization Y >Y —» Z of g and a factorization X 3X —» Z of f. Claim: The 


induced morphism W > X xz Y is a weak equivalence iff the induced morphism W > X xz Y is a weak 
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Ww —_ xXx Z Y 
equivalence. Proof: The diagram | | commutes and the arrows X x zY > XxzY, 


x xzY —- x XZ Y 
X xz Y — X Xz Y are weak equivalences (cf. Proposition 3).] 


w—- Y 
Example: In a proper model category C, a commutative diagram | {9 ; 
a =e LF 


where f is a weak equivalence, is a homotopy pullback iff the arrow W — Y is a weak 


equivalence. 


e — e — e 
COMPOSITION LEMMA _ Consider the commutative diagram | | | 


e — e —_ e 
in a proper model category C. Suppose that both the squares are homotopy pullbacks— 


then the rectangle is a homotopy pullback. Conversely, if the rectangle and the second 


square are homotopy pullbacks, then the first square is a homotopy pullback. 


Ww —> Y 
EXAMPLE Take C = TOP (standard structure)—then the commutative diagram i, |g 
Xx i Z 


is a homotopy pullback iff the arrow W — Wy, is a homotopy equivalence. Proof: The commutative 
Nig ee 


diagram I |g is a pullback square (f = qos) (cf. p. 4-23). One may therefore take this 


Wy —_ Z2 
q 


pe Ses oy 
condition as the definition of homotopy pullback in TOP. Example: A pullback square é| {9 
xX — 2 
f 


is a homotopy pullback provided that g is a Dold fibration (cf. §4, Proposition 18 (with “Hurewicz” 
replaced by “Dold” )). 


x 
[Note: Let W be a topological space; let { be pointed topological spaces, f : X — Y a 
Y 


pointed continuous function—then a sequence W > X ay is said to be a fibration up to homotopy 


w —> {yo} 
(or a homotopy fiber sequence) if the diagram | i commutes and the induced map W > Ef 


xX — Y 
f 


is a homotopy equivalence. Because Ey is the double mapping track of the 2-sink X 4y + {yo}, a se- 
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quence W > X 4, Y is a fibration up to homotopy if the composite W — Y is the constant map W —> yo 


w — {yo} 


and the commutative diagram | | is a homotopy pullback. ] 


xX — Y 
f 


en ye By. 
FACT Let | | | be a commutative diagram of topological spaces in which 
xX’ €— ZF! —y y’ 
si g! 


X —+ Myg ¢<— Y 


the squares are homotopy pullbacks—then in the commutative diagram | | | ‘ 


xX’ —> DM pi gh Sa y’ 
the squares are homotopy pullbacks. 


a> xX : f: AY ; 
Application: Suppose that are closed cofibrations. Let be continuous 
A!’ > Xx’ f':A’ayY’ 
xX <<— A ais Y 
functions. Assume that the diagram i} ih | commutes and that the squares are ho- 


xX! é A’ s y’ 


X —>+ XuUsY — Y 


motopy pullbacks—then in the commutative diagram | {, | , the squares are 


xX’ —> xX! gry’ <— Y’ 
homotopy pullbacks. 


X,f 
FACT Let , be objects in FIL(TOP), ¢ : (X,f) > (Y,g) a morphism. Assume: V n, 
Y,g 
f 
Xn, > Xn+41 Xn — > tel(X,f) 
én| | on+1 is a homotopy pullback—then V n, | | is a homotopy pullback. 
Yn —? Yn+i Yn — tel(Y,g) 
gn 
XO oS Oh 
Application: Let | il be a commutative ladder connecting two expand- 
yo 5 yl 5 
DO ptt 
ing sequences of topological spaces. Assume: V n, the inclusions are cofibrations and 
yo ayer 
Xn —> Xn4i KE SX 
| | is a homotopy pullback—then V n, | | is a homotopy pullback. 


Yao SS Yaa yr —» yo 
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Let C be a model category—then a morphism g : Y — Z in C is said to be a 
MEY se eV ES oY 
homotopy fibration if in any commutative diagram i) | |g, 
Xx! — xX — Z 
¢ i 
® is a weak equivalence whenever ¢ is a weak equivalence. Example: Every fibration in a 


proper model category is a homotopy fibration. 


LEMMA Let C be a proper model category. Suppose that g: Y > Z is a homotopy 
XxzY — Y 


fibration—then the pullback square {9 is a homotopy pullback. 


xX — ZF 
si 


[Fix factorizations Y +Y + Z,X +X — Z of g,f and form the commutative dia- 
gram 


X Xz Y —— X xz,Y—Y 


rr ae 
X Xz Y — XxzY —Y 


| | | 


X ——._—__> X ——_ + Z 


X X Z Y —> x XZ Y 

Isolate the upper left hand corner: ® | | . From the assumptions, the 
X X Z Y <2? xX XZ Y 

three unlabeled arrows are weak equivalences. Therefore ® is a weak equivalence. 


FACT The class of homotopy fibrations is closed under composition and the formation of retracts 


and is pullback stable. 


In a model category C, one can introduce two notions of “homotopy”, which are 
defined respectively via “cylinder objects” and “path objects”. These considerations then 
lead to the construction of the homotopy category HC of C. 

(CO) A cylinder object for X is an object JX in C together with a diagram 
i9n : X > IX 


ik =e for 


XIXS1X 3X that factors the folding map X I X > X. Write { 
X35 IX>X t0 
X3IX3X’ 


£0 ing 


: are weak equivalences. 
£oiny 


the arrows { . Since idx factors as { 


a 


If X is in addition cofibrant, then e are cofibrations. Proof: X IX is defined by the 
1 
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) — x 
pushout square | [im , 80 { ie are cofibrations and the class of cofibrations 
xX => RU : 
1no 


is composition closed. 


(PO) A path object for X is an object PX in C together with a diagram 


poe PKK ge 


~ II . . 
X—> PX —- X x X that factors the diagonal map X > X x X. Write -PX 3X 
ee o 


Tp © ; : : 
the arrows . 0° since id x factors as are weak equivalences. 


pr, 0 X>PX 5X’ )m 
If X is in addition fibrant, then ee are fibrations. Proof: X x X is defined by the 
1 
Kok 
pullback square Pt | i , SO are fibrations and the class of fibrations is 
1 


xX — * 
composition closed. 


[Note: Cylinder objects and path objects exist (cf. MC-—5).] 


EXAMPLE Take C = TOP (standard structure)—then a choice for IX is X x [0,1] (cf. p. 3-5) 
and a choice for PX is C([0,1],X) (cf. p. 4-10). 


EXAMPLE Take C = TOP (singular structure)—then a choice for 1X is X x [0,1] if X isa CW 
complex (but not in general). However, for any X, a choice for PX is C((0,1], X). 
[Note: Let X be the Warsaw circle—then the inclusion ig X Ui1X — X x [0,1] is not a cofibration in 
ioX Wax. se x 
fw, 0)=@ 
the singular structure. Thus consider | , where . Since X — x* is a Serre 


Xx{0,1] — * 
fibration and a weak homotopy equivalence, the existence of a filler for this diagram would mean that X 


is contractible which it isn’t.] 


LEMMA Let (K,L) be a relative CW complex, where K is a LCH space. Suppose that X > B 
is a Serre fibration—then the arrow C(K,X) > C(L,X) Xqc1r,B) C(K, B) is a Serre fibration which is a 
weak homotopy equivalence if this is the case of L > K or X > B. 

[Note: Dropping the assumption that (K,L) is a relative CW complex and supposing only that 
L > K is a closed cofibration (with K a LCH space), the result continues to hold if “Serre” is replaced 


by “Hurewicz” and weak homotopy equivalence by homotopy equivalence. ] 


Application: Let (kK, L) be a relative CW complex, where K is a LCH space. Suppose that A > Y 
is a cofibration in the singular structure—then the arrow L x YUK x A K x is a cofibration in the 


singular structure which is a weak homotopy equivalence if this is the case of L > K or AY. 
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EXAMPLE Take L = {0,1}, K = [0,1]—then for any cofibration A > Y in the singular structure, 
the inclusion ig ¥Y UA x [0,1] Ui1¥ — Y x [0,1] is a cofibration in the singular structure (cf. p. 3-6). In 
particular, V cofibrant X, a choice for [1X is X x [0,1]. 


(LH) Morphisms f,g : X — Y in C are said to be left homotopic if 4 a 
cylinder object IX for X and a morphism H: IX — Y such that Hoig = f, Hoi, =g. 
One calls H a left homotopy between f and g. Notation: f ~ 9. If Y is fibrant and if 


f=9, then 4 a cylinder object I'X for X with X IX 3 'X 3X and a left homotopy 


H' : I'X —Y between f and g. Proof: Factor 1X + X as IX — 'X — X and consider a 


Tx. Oy 


filler H': I'X + Y for the commutative diagram | [- 


'X —> * 
[Note: Suppose that f ~ g—then f is a weak equivalence iff g is a weak equivalence. 


(RH) Morphisms f,g : X — Y in C are said to be right homotopic if 4 a 
path object PY for Y and a morphism G: X — PY such that p9oG = f, pp oG = g. 
One calls G a right homotopy between f and g. Notation: f~g. If X is cofibrant and 


~ Tr’ 
if f~g, then 4 a path object P’Y for Y with Y — P/Y +Y x Y and a right homotopy 
G! : X — P'Y between f and g. Proof: Factor Y PY as Y — P'Y + PY and consider 


Q— PY 
a filler G’: X — P’Y for the commutative diagram | | 
xX a PY 
[Note: Suppose that f ~g—then f is a weak equivalence iff g is a weak equivalence. | 


[X, Y) 


be the set of equivalence classes in 
Bear : 


Notation: Given X, Y € ObC, let { 


left 


ren homotopy. 


Mor (X,Y) under the equivalence relation generated by { 


: lef ‘ : 
[Note: The relations of . : homotopy are reflexive and symmetric but not neces- 


ight 
left 


sarily transitive. Elements of { LX, Vi are denoted by { fli and referred to as on 


[X,Y ]p [f]> 


homotopy classes of morphisms.] 
Left homotopy is reflexive. Proof: Given f : X > Y, take for H the composition LX > X Ay 
Left homotopy is symmetric. Proof: Given f,g: X — Y and H: IX — Y such that H oig = f, 
LoT AS 
Hoi =g, let T:X UX > XIX be the interchange, note that X Il X — IX > X factors the folding 
map X 1X > X,and Ho(toT)oing=g, Ho(soT)oin =f. 
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PROPOSITION 6 Left homotopy is an equivalence relation on Mor (X,Y) if X is 
cofibrant and right homotopy is an equivalence relation on Mor (X,Y) if Y is fibrant. 
[To check transitivity in the case of left homotopy, suppose that f ~9 & g@h, say 


Re a, 
How=f H'0i9 =9 " ; 
oe = i ee Define I’ X by the pushout square i| |i 
LX SS TE 

Jo 


RE Rn? 
then I’X is a cylinder object for X (specify uw: X IX 3 IX by 4°, 0110 = J0° 0), 
eb oimy = ji 024 
Hoi = fy 
1 aid ‘ 
A (2) ay = h 
[Note: Here is the verification that 1’ is a cofibration. Form the commutative diagram 


xX e« GF > X 


Moreover, Hoi; = H'oij > AA": I"X AY: 
0 


io| | [a and apply Proposition 4.] 
IX + X —> I'X 
a1 iG 
PROPOSITION 7 If X is cofibrant and p: Y — Z is an acyclic fibration, then 
the postcomposition arrow p, : [X,Y]; > [X,Z]; is bijective, while if 7 is fibrant and 
i: X — Y is an acyclic cofibration, then the precomposition arrow i* : [Y, Z], — [X, Z], 
is bijective. 
[In either case, the arrows are welldefined. That p, is surjective follows from the fact 
6 — Y 
that, generically, | |p has a filler X —+ Y. Assume now that po f ~p og, where 
A Se 


f,g € Mor (X,Y). Choose H: 1X —> Z with ae 


Henao —then any filler 1X > Y 


PG ae sg 
in | |p is a left homotopy between f and g. Therefore p, is injective.] 
IX oe: Z 


Y 
FACT Suppose that { are fibrant and p: Y > Z is a weak equivalence—then for any X, the 
Z 


postcomposition arrow p+ : [X,Y], > [X, Z]r is injective. 


xX 
FACT Suppose that { are cofibrant andi: X — Y is a weak equivalence—then for any Z, the 
Y 


precomposition arrow i* : [Y, Z]; > [X, Z], is injective. 


LEMMA (LH) Let f,g € Mor (X,Y) be left homotopic. Assume: Y is fibrant—then 
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V@:X'73X, fogo=gog. 
[Since Y is fibrant, one can arrange that the left homotopy H : IX — Y between 
f and g is computed per X HX SIX SX (cf. LH). This said, form the commutative 
Re oR 
diagram ral |, choose a filler 6 : 1X’ + IX, and note 
IX' — Xx! Pe xX 
that H o ® is a left homotopy between f o ¢ and go ¢.] 


PROPOSITION 8 (LH) Suppose that Y is fibrant—then composition in Mor C in- 
duces a map [X’, X]; x [X,Y]: > [X', Y]1. 

[The contention is that [f]: = [gl: (f, 9 © Mor (X,Y)) & [db]: = [wi (¢, & € Mor (X', X)) 
=> [fod]; = [gov];. From the definitions, 4 fi,...,fn € Mor(X,Y): fi =f, fn = 9 
with f; = fi41, hence by the lemma, f;o ¢ = fisi0¢Vis [fool = [god]. But trivially, 
(90 dh = [900 


LEMMA (RH) _ Let f,g € Mor (X,Y) be right homotopic. Assume: X is cofibrant— 
thenVy~:Y A Y', wofryog. 


PROPOSITION 8 (RH) Suppose that X is cofibrant—then composition in Mor C 
induces a map [X,Y], x [Y, Y"], > [X, Y"]-. 


FACT Let f,g € Mor (X,Y) be left homotopic. Suppose that ¢: X’ > X is an acyclic fibration— 


pee ee a 


FACT Let f,g € Mor(X,Y) be right homotopic. Suppose that w : Y — Y’ is an acyclic 
cofibration—then wo fryog. 
- 


PROPOSITION 9 Let f,g © Mor(X, Y)—then (i) X cofibrant & f ~9 a ~g and 
(ii) Y fibrant & fzg> fzg. 
[We shall prove (i), the proof of (ii) being analogous. Choose a left homotopy 4H : 
IX + Y between f and g and let p: 1X — X be the ambient weak equivalence. Fix a path 
object PY for Y and let 7 : Y — PY be the ambient weak equivalence. Since X is cofibrant, 
x BS spy 
io is an acyclic cofibration, thus the commutative diagram io | {a has a 


IX —> YxyY 
(fop,H) 


filler p: IX — PY and the composite G = poi, is a right homotopy between f and g.| 
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Tr 
alence relation homotopy, and let [X,Y] be the set of homotopy classes of morphisms in 


Mor (X,Y), a typical element being [/]. 


Notation: Given a cofibrant X and a fibrant Y, write ~ for <=, call this equiv- 


[Note: If f ~ g, then f is a weak equivalence iff g is a weak equivalence.] 

Observation: Suppose that X is cofibrant and Y is fibrant. Let f,g € Mor (X, Y)— 
then the following conditions are equivalent: (1) f and g are left homotopic; (2) f and g 
are right homotopic with respect to a fixed choice of path object; (3) f and g are right 
homotopic; (4) f and g are left homotopic with respect to a fixed choice of cylinder object. 


x Se 
FACT Let o| |e be a diagram in C, where X is cofibrant and Z is fibrant. Assume: 
WwW —> Z@ 


9g 
wo f ~godg—then if W is fibrant and g is a fibration, 16: X ~ W such thatdGOuw~d & god=wof and 


if Y is cofibrant and f is a cofibration, J ~:Y 3 Z such that PW ~ wb & wof =god. 


xX 
PROPOSITION 10 Suppose that y are both cofibrant and fibrant. Let f € 


Mor (X, Y)—then f is a weak equivalence iff f has a homotopy inverse, i.e., iff there exists 
ag € Mor (Y, X) such that go f ~idx & fog~ idy. 
[Necessity: Write f = poi, where i: X — Z is an acyclic cofibration and p: Z > Y 


is a fibration. Note that Z is both cofibrant and fibrant and p is a weak equivalence. Fix 


xX xX 
a filler r: Z — X for i| | . Since #*([ior]) = [iorod] = [i] = 
Z — * 


[id z 07] = i*({idz]), it follows that ior ~ idz (cf. Proposition 7). Therefore r is a homotopy 
inverse for 7. Similarly, p admits a homotopy inverse s. Put g =ros—theng:Y — X is 
a homotopy inverse for f. 

Sufficiency: Decompose f as above: f = poi. Because 7 is a weak equivalence, one 
has only to prove that p is a weak equivalence. Let g : Y + X be a homotopy inverse for 
f. Fix a left homotopy H : IY > Y between fog and idy and choose a filler H’ : IY > Z 


ys gy 
in io | |e. Set s= H' oi; (> pos =idy). Ifr: Z— X is a homotopy inverse 
ry a y 


fori, then p~ for>sopriogopriogoforrior~se idz, so sop is a weak 


equivalence. But p is a retract of sop, hence it too is a weak equivalence.] 


EXAMPLE Take C = TOP (singular structure) and let X,Y be cofibrant, e.g., CW complexes— 
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then Proposition 10 says that a weak homotopy equivalence f : X — Y is a homotopy equivalence, which, 
when specialized to X,Y CW complexes, is the realization theorem. 


[Note: Bear in mind that a cylinder object for a cofibrant X,Y is IX,IY (cf. p. 12-18).] 


Notation: C, is the full subcategory of C whose objects are cofibrant, Cg is the full 
subcategory of C whose objects are fibrant, and Cer is the full subcategory of C whose 
objects are cofibrant and fibrant. H,C,. is the category with ObH,C,. = ObC, and 
Mor H,.C,. = right homotopy classes of morphisms (cf. Proposition 8 (RH)), HiC¢ is the 
category with Ob HiCr = Ob Cr and Mor HiC¢ = left homotopy classes of morphisms (cf. 
Proposition 8 (LH)), and HC¢g¢ is the category with Ob HCcr = Ob Cer and Mor HC cr = 
homotopy classes of morphisms (cf. Proposition 9). 

[Note: Write HC, (HC¢) for HC cr if all objects are fibrant (cofibrant).] 

Given X € ObC, use MC-5 to factor 0 3 X as @ > LX>X and X > «as 
ARES x, thus mx : LX — X is an acyclic fibration and 1x : X > RX is an acyclic 
cofibration. 

[Note: £X is cofibrant and RX is fibrant. If X is cofibrant, take <X = X & mx = idx 
and if X is fibrant, take RX = X & tx = idx.] 


LEMMA CL Fix 1 € ObC and let f € Mor(X,Y)—then there exists Cf € 


Y 
Ex - ts ny 
Mor (LX, LY) such that the diagram nx | [ty commutes. Lf is uniquely de- 
xX a Y 


termined up to left homotopy and is a weak equivalence iff f is. Moreover, for fibrant Y, 


Lf is uniquely determined up to left homotopy by [f]:- 


QQ —+> LY 
[To establish the existence of £f, consider any filler 2X — LY for | [ty 
LX oe 6 
OnTXx 


Since £X is cofibrant and my is an acyclic fibration, the postcomposition arrow [LX, LY |; > 
[CX, Y]; determined by zy is bijective (cf. Proposition 7). This implies that Cf is unique 
up to left homotopy. The weak equivalence assertion is clear. Finally, if Y is fibrant, then 
composition in Mor C induces a map [L.X, X]; x [X,Y]; — [CX,Y], (cf Proposition 8 
(LH)). Therefore [f]; = [g]; = [f 0 mx]: = [9 0 mx]; > [ty oO Lf], = [ty 0 Lal) > Lf~Lg 
(cf. Proposition 7).] 


Application: Lidx ~idex => Lidx ~idcx and L(gof) ~LgoLf Lot) QLGoL f 
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(cf. Proposition 9), thus there is a functor £: C > H,C, that takes X to LX and 
f:X -Y to [Lf], € [LX, LY],. 


€ ObC and let f € Mor(X,Y)—then there exists Rf € 


: XxX 
LEMMA R_ Fix c 


a: 2h ye 
Mor (RX, RY) such that the diagram ex | jw commutes. Rf is uniquely de- 
RX — RY 
Rf 


termined up to right homotopy and is a weak equivalence iff f is. Moreover, for cofibrant 


X, Rf is uniquely determined up to right homotopy by [f],. 


Application: Ridx ~idrpx => Ridx ~idrx and R(gof)~RgoRf > Ri(gof) ~Rgo 
Rf (cf. Proposition 9), thus there is a functor R : C + H)C¢ that takes X to RX and 
f:X 3 Y to [Rf]; € (RX, RY]. 


xX 
REEDY’S LIFTING LEMMA Suppose that { are cofibrant. Let @ € Mor (X,Y)—then 
Y 


uU 
x —> U 
@ is a weak equivalence iff given any commutative diagram | |e , where ® is a fibration, 
Y — V 
Vv 
Hoig=u 
dw:Y ~>U&HA:1X >U such that Gow =, ,and ®oH=vodop,p: 1X > xX 
Hoi =wod 


the projection. 


[Necessity: Write 6 = no &, where €: X — Z is an acyclic cofibration and 7 : Z + Y is an acyclic 
XU 2s 7X 


fibration. Define IZ by the pushout square | | to get a cylinder object for Z compatible 
Zug —+ 42 
Le 2 Oe 
with that for X in the sense that there is a commutative diagram re| le. Since Y is cofibrant, 
IZ —> Z@ 
Pp 
one can find ans: Y > Z such that 70s = idy. Therefore 7 0 idzg = no(son) > Ih: IZ —- Z such 
h 
IZ —> Z@ 
ho 20 = idz “ys : 
that and noh =nop: p| {a (cf. Proposition 7 and its proof). Choose 
hoi =son 


Z — Y 
n 
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xX —> U 
now a filler 0 : Z — U for é| je. Definition: w = 00s & H =oohol€. So, eg., 
Z — Vv 
von 


@oH=PoacoholE=vonHnoholE=voenHnopolE=vonolLop=vo Pop. 
Sufficiency: If ¢: X — Y has the stated property, then for every fibrant Z, 6* : [Y,Z]; > [X, Z], 


is surjective and ¢* : [Y, Z], — [X,Z],r is injective, hence $* : [Y, Z] > [X, Z] is bijective. Because the 
[RY,LZ] — [Y,Z] 


horizontal arrows in the commutative diagram | Ih are bijective, (Rd)* : [RY, LZ] > 


[RX,LZ] —> [X,Z] 
[RX,LZ] is also bijective for every fibrant Z. Take Z = RLX : LZ = LRLX =RLX = RX SIAy: 


RY — RX such that (R¢)*([b]) = [idx], ie., PoRd ~ idgx. Working next with Z — RLY, it follows 
that w* : [RX,RY] > [RY,RY] is the inverse to the bijection (R@)* : [RY,RY] — [RX,RY], thus 
(Rd)* ([idry]) = [Ré] => ¥*([R¢]) = lidry] = Réow ~ idry. In other words, R¢ has a homotopy 


inverse and this means that R¢ is a weak equivalence (cf. Proposition 10) or still, ¢ is a weak equivalence. | 


The proof of Proposition 2 can be shortened by using Reedy’s lifting lemma. Thus consider the 


Z as x 
. Z 
pushout square a| lé , where f isa cofibration, g is a weak equivalence, and are cofibrant— 
Y 
Yeo ee AP 
n 
f 
Z— x 
then the claim is that € is a weak equivalence. First define My by the pushout square io| | 


IZ —> My 
(cf. p. 3-20) and construct a cylinder object IX for X with the property that the arrow My — IX is 


xX —> U 
an acyclic cofibration. This done, fix a commutative diagram é| |e (note that P is cofibrant). 
P —> V 
Vv 
; . — Hoigp =uof 
Since g is a weak equivalence, Jw: Y 9% U & H:IZ—-U such that Bow =von, < _ P 
Hoiij=Wog 
(Hu) 
Mp Ss 
and 60 H = vonogop,p:1Z + Z the projection. Choose a filler H : IX + U for | |e 
IX —> V 
vofop 
Z ahs x 
(p: 1X — X) and then determine w: P > U from the commutativity of a| | Heit : 


Y —U 
WwW 
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PROPOSITION 11 The restriction of the functor £L: C > H,C, to Cr induces a 
functor He : Hj}Ce + HCe¢g, while the restriction of the functor R : C + H Cr to C, 
induces a functor Hr : H.C, —~ HC gg. 


Definition: Let C be a model category—then the homotopy category HC of C is the 
category whose underlying object class is the same as that of C, the morphism set [X, Y] 
of X,Y being [RLX, RLY]. 

[Note: [RLX, RLY] is the morphism set of Hp o L(X), Hr o L(Y) in the category 
HCcr. Of course, the situation is symmetrical in that one could just as well work with 
Hr. oR] 

Denote by Q the functor C + HC which is the identity on objects and sends f : X > 
Y to HR oL(f) = [RLF]. 


FACT Let f,g € Mor(X,Y)—then RLS ~ RL iffuy ofomx ~iy ogomx. 


PROPOSITION 12 Let f © Mor (X,Y)—then Qf is an isomorphism iff f is a weak 
equivalence. 
[This follows from Proposition 10 and the fact that f is a weak equivalence iff RLF 


is a weak equivalence. 
Application: Weakly equivalent objects in C are isomorphic in HC. 


PROPOSITION 13 The inclusion HC.¢ — HC is an equivalence of categories. 
[The inclusion is obviously full and faithful. On the other hand, a given X € ObC is 
weakly equivalent to RLX : X € LX “4 RLX, thus the inclusion has a representative 


image. | 


LEMMA _ Let C be a model category. Suppose that F : C > D is a functor which 


sends weak equivalences to isomorphisms—then 


f 
Hoip =f 
Hoiw=g9 


~g 
ie ay eae 


[Consider the case of left homotopy: { and let p : IX 4X be the pro- 


jection: 2 ee = idx > Fpo Fip = Fpo Fi, > Fin = Fi, > Ff = FH o Fip = 
1 


FH 0 Fi, = Fg] 


Given a cofibrant X and a fibrant Y, the symbol [X, Y] has two possible interpreta- 
tions. If Mor (X,Y)/z2 is the quotient of Mor (X,Y) modulo homotopy (the meaning of 
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[X,Y] on p. 12-21), then the lemma implies that Q induces a map Mor (X,Y )/2— [X,Y], 


which in fact is bijective. 


Y 
FACT Let p: Y > Z be a weak equivalence, where { are fibrant—then for any cofibrant X 
Z 


and any f: X > Z, ag: X —Y such that pog ~ f, g being unique up to homotopy. 


THEOREM Q_ Let S be the class of weak equivalences—then S~!'C = HC, ice., the 
pair (HC, Q) is a localization of C at S. 

[Proposition 12 implies that Q sends weak equivalences to isomorphisms. Suppose 
now that D is a metacategory and F : C > D is a functor such that V s € S, F's is an 
isomorphism. Claim: There exists a unique functor F’ : HC > D such that F = F’oQ. 
Thus take F’ = F on objects and given [f] € [X,Y], represent [f] by ¢ € Mor (RLX, RLY) 
and let F’|f] be the filler FX — FY in the diagram 


PROX SEE ASR 
Fa i | 


FRLY —— FLY ——> FY 
ULy Ty 


Example: Let C be a finitely complete and finitely cocomplete category—then C 
is a model category if weak equivalence=isomorphism, cofibration=any morphism, fibra- 
tion=any morphism and HC = C. 

Example: Consider the arrow category C(—) of a model category C—then C(-—) can 
be equipped with two distinct model category structures. Thus let (¢,~) : (X,f,Y) > 


ey 
(X’, f’,Y’) bea morphism in C(—+), so ¢| |% commutes. In the first structure, 
ME a y’ 


call (¢,~) a weak equivalence if ¢ & w~ are weak equivalences, a cofibration if ¢ and 
ATUY — Y’ are cofibrations, a fibration if @ & wy are fibrations and, in the second 
structure, call (¢, 7) a weak equivalence if 6 & w are weak equivalences, a cofibration 
if @ & w are cofibrations, a fibration if ~ and X — X’' xy’ Y are fibrations. The weak 
equivalences in either structure are the same, thus both lead to the same homotopy category 
HC(-—). 


EXAMPLE Take C = TOP (standard structure)—then HTOP “is” HTOP but the pointed 
situation is different. Thus let TOP.. be the full subcategory of TOP. whose objects are the (X, x0) 


such that * — (X, 2x0) is a closed cofibration, i.e., whose objects are cofibrant relative to the model category 
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structure on TOP. inherited from TOP (cf. p. 12-3). The corresponding homotopy category of TOP. 
is equivalent to HTOP..« (cf. Proposition 13). Here, the “H” has its usual interpretation since for X in 
TOP. c, the inclusion X VX — I(X,2x9) is a closed cofibration, so a homotopy between objects in TOP x. 
preserves the base points. However, HTOP.< is not equivalent to HTOP.. if this symbol is assigned its 
customary meaning. Reason: The isomorphism closure in HTOP. of the objects in TOPxc¢ is the class 
of nondegenerate spaces, therefore the inclusion HTOP.< — HTOP. does not have a representative 
image. Of course the explanation is that the machine is rendering invertible not just pointed homotopy 
equivalences between pointed spaces but also homotopy equivalences between pointed spaces. 


[Note: TOP .< itself satisfies all the axioms for a model category except the first.] 
EXAMPLE Take C = TOP (singular structure)—then HC is equivalent to HCW. 


Let C be a model category. Given a category D and a functor F : C > D, a 
left derived functor for F is a pair (LF,1) consisting of a functor LF : HC > D and a 
natural transformation |: LF oQ — F, (LF,1) being final among all pairs having this 
property, ie., for any pair (F’,=’), where F’ € Ob[HC, D] & =’ € Nat(F" 0 Q, F), there 
exists a unique natural transformation © : F’ > LF such that =’ =102Q. Left derived 
functors, if they exist, are unique up to natural isomorphism. 

[Note: A right derived functor for F is a pair (RF,r) consisting of a functor RF : 
HC — D and a natural transformation r: F > RF oQ, (RF,r) being initial among 
all pairs having this property, i.e., for any pair (F’, =’), where F’ € Ob[HC,D] & =’ € 
Nat(F, F’ o Q), there exists a unique natural transformation = : RF — F" such that 


Example: Suppose that F': C + D sends weak equivalences to isomorphisms—then 
by Theorem Q, there exists a unique functor F’ : HC > D with F = F’oQ, so one can 
take LF = F’ and 1 = idp. 


F 
FACT Let be functors HC > D. Suppose that © : FoQ > GoQ is a natural transformation— 
G 


then © induces a natural transformation F > G. 


LEMMA Let C be a model category. Suppose that F': C, — D is a functor which 
sends acyclic cofibrations to isomorphisms—then f~g > Ff = Fg. 
Tr 


~ I 
[Fix a path object PY for Y with Y— PY +YxY and aright homotopy G: X > PY 
between f and g (cf. RH (X is cofibrant)). Calling j the acyclic cofibration Y > PY, Fj 
po 0 j = idy 
p10j = idy 
Ff = Fp°0 FG = Fp, 0 FG = Fq.| 


is an isomorphism. Therefore { => Fpjpo Fj = Fp, 0 Fj => Fp = Fp, => 
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PROPOSITION 14 Let C be a model category. Given a category D and a func- 
tor F : C + D, suppose that F’ sends weak equivalences between cofibrant objects 
to isomorphisms—then the left derived functor (LF,1) of F exists and V cofibrant X, 
lx : LFX — FX is an isomorphism. 

[The lemma implies that F’ induces a functor F:H,C, > D. In addition, there is a 
functor £: C > H,C, that takes X to £X and f : X > Y to [Lf], € [LX, LY], (cf. p. 
12-22). Since the composite Fo £ sends weak equivalences to isomorphisms, it follows from 
Theorem Q that there exists a unique functor LF : HC > D such that LFoQ = Fo. 


Define a natural transformation 1: LF oQ — F by assigning to each X € ObC the element 
lx = Frx © Mor (FLX, FX)—then X cofibrant > ie = 
TX = idx 
It remains to prove that the pair (LF,1) is final. So fix a pair (F’,=’) as above. Define 


=> lx = Fidx = idrx. 


a natural transformation = : F’ > LF by assigning to each X € ObHC the element 
Ex € Mor(F'X,LFX) determined from F/X 70)” prex x , pox = LFX. 
Bearing in mind that V X, QX = X and LX is cofibrant, the commutativity of 
F'CX =£%, pFLX -£X, FLX 
F'Qnx| | [Frx 
E'X =e LPR EX 


= 
fan 


ensures the uniqueness of =.] 

F and a functor F : C+ D, a total left derived funetor 
for F is a functor LF : HC — HD which is a left derived functor for the composite 
QokF:C—+ HD. Total left derived functors, if they exist, are unique up to natural 


Given model categories 


isomorphism. 

[Note: A total right derived functor for F is a functor RF : HC — HD which is a 
right derived functor for the composite Qo F: C > HD.] 

Cx 25. 1p 
Remark: The substitute for the failure of | | to commute is the natural 
HC —- HD 

transformation!: LFoQ > QoF. 

Example: Suppose that F': C + D sends weak equivalences between cofibrant objects 
to weak equivalences—then by Proposition 14, LF exists and V cofibrant X,ly :LFX > 


FX is an isomorphism. 


LEMMA Let Ff: C > D be a functor between model categories. Suppose that F 
sends acyclic cofibrations between cofibrant objects to weak equivalences—then F' preserves 


weak equivalences between cofibrant objects. 
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[Let f : X — Y be a weak equivalence, where X & Y are cofibrant. Factor f I idy : 


XUY > Y as pot, wherei: X WY > Z is a cofibration and p: Z — Y is an acyclic 
toing: X 4 Z 


an are cofibrations. 
doing: Y OZ 


fibration. Since X & Y are cofibrant, the composites { 


poroing 
poroiny 
Fi fe) ing) 
Fi fe) in; ) 
weak equivalence and so F' f = Fipo F(io ing) is a weak equivalence.| 


shh : 10 1No ; 
In addition, { are weak equivalences, hence { : are weak equivalences. 


4O01ny, 


Therefore { are weak equivalences. But Fp o F(ioin,) = idpy, thus Fp is a 


F:C+D . 
GDC ** 
functors and (FG) is an adjoint pair. Assume: F’ preserves cofibrations and G preserves 
: LF :HC + HD . ; oy : 
fibrations—then { RG:HD > HC exist and (LF, RG) is an adjoint pair. 


[The existence of LF follows from the fact that F’ preserves acyclic cofibrations (cf. 


TDF THEOREM Let C and D be model categories. Suppose that { 


p. 12-3 ff.), thus by the lemma, F' preserves weak equivalences between cofibrant objects, 
and Proposition 14 is applicable (the argument for RG is dual). Because F is a left adjoint 
and G is a right adjoint, F’ preserves initial objects and G preserves final objects. There- 
fore F sends cofibrant objects to cofibrant objects and G sends fibrant objects to fibrant 


objects. Consider now the bijection of adjunction Ex y : Mor (FX,Y) — Mor (X,GY) 
X €ObC, = : : 
(cf. p. 0-14). If ‘7 € ObDe? then &x,y respects the relation of homotopy and induces 


a bijection [FX, Y] > [X,GY]. Using the definitions, for arbitrary { - : i S this leads 


to functorial bijections [LF X,Y] + |FLX, RY] = [LX, GRY] = [X, RGY].| 
‘ : aa , =x,y maps the weak equivalences in Mor (FX, Y) 
f 


onto the weak equivalences in Mor (X,GY)—then the pair (LF, RG) is an adjoint equiv- 


[Note: Suppose that V 


alence of categories.] 


Implicit in the proof of the TDF theorem is the fact that V X, LF-X is isomorphic (in 
HD) to FX’, where X’ is any cofibrant object which is weakly equivalent to X. 


EXAMPLE (Pushouts) Fix a model category C. Let I be the category 1e Ge ey, (cf. p. 
3 


0-9)—then the functor category [I,C] is again a model category (cf. p. 12-4 ff.). Given a 2-source 


ea 3 
Kho SY. define P by the pushout square t| {a and put colim(x & Z-4Y) = P to get a 
xX — P 
é 


functor colim : [I,C] — C which is left adjoint to the constant diagram functor K : C — [I,C]. Since Kk 


preserves fibrations and acyclic fibrations, the hypotheses of the TDF theorem are satisfied (cf. p. 12-3 ff.). 
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Therefore Lcolim and RK exist and (Lcolim, RK) is an adjoint pair. Moreover, according to the theory, 

Leolim(X & Z-4Y) is isomorphic (in HC) to colim(X 4 Z-4Y) whenever X & Z-4Y is cofibrant, i.e., 

whenever Z is cofibrant and pe are cofibrations. For instance, by way of illustration, let us 

g:Z27Y 

take C = TOP (standard structure). Claim: Leolim(x 4 Z4Y) and My have the same homotopy 

type. To see this, consider the 2-source Mz <- Z 4 Mg. It is cofibrant and the vertical arrows in the 
My; <— Z —> M, 

commutative diagram | | | are homotopy equivalences (but M ft <— Z — Mg is not 
Xx <<—- Z —> Y 

LXE Z4Y)), so Leolim(X £Z4Y) ~ colim(My © Z 4 My) © Myyg (cf. p. 3-23). 


[Note: The story for pullbacks is analogous (work with Rlim).] 


EXAMPLE Fix a model category C—then FIL(C) is again a model category (cf. p. 12-5). 
Assuming that C admits sequential colimits, there is a functor colim : FIL(C) > C which is left adjoint 
to the constant diagram functor K : C + FIL(C). Since K preserves fibrations and acyclic fibrations, 
the hypotheses of the TDF theorem are satisfied (cf. p. 12-3 ff.). Therefore Lcolim and RK exist and 
(Lcolim, RK) is an adjoint pair. Moreover, according to the theory, Lcolim(X,f) is isomorphic (in HC) 
to colim(X, f) whenever (X, f) is cofibrant, i.e., whenever Xo is cofibrant and Vn, fn : Xn 7 Xn41 is a 
cofibration. If C = TOP (standard structure), Lcolim(X, f) and tel(X,f) have the same homotopy type 
(cf. p. 3-21). In general, colim : FIL(C) — C preserves weak equivalences between cofibrant objects, a 
fact which specialized to the topological setting recovers Proposition 15 in §3 provided that the cofibrations 
are closed. 


[Note: The story for TOW(C) is analogous (work with Rlim).] 


The axioms defining a model category interlock cofibrations and fibrations in such a 
way that certain canonical examples are excluded. This difficulty can be circumvented 
by simply weakening the assumptions and concentrating on either the cofibrations or the 
fibrations. 

Consider a category C equipped with two composition closed classes of morphisms 
termed weak equivalences (denoted —) and cofibrations (denoted +), each containing the 
isomorphisms of C. Agreeing to call a morphism which is both a weak equivalence and a 
cofibration an acyclic cofibration, C is said to be a cofibration category provided that the 
following axioms are satisfied. 

(CC-1) C has an initial object 0. 
(CC-2) Given composable morphisms f, g, if any two of f, g, go f are weak 


equivalences, so is the third. 
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(CC-3) Every 2-source X 2g +,Y, where f is a cofibration (acyclic cofibra- 
tion), admits a pushout X Spa Y, where 7 is a cofibration (acyclic cofibration). 
(CC-4) Every morphism can be written as the composite of a cofibration and 
a weak equivalence. 
[Note: The axioms defining a fibration category are dual.] 
Let C be a cofibration category—then an X € ObC is said to be cofibrant if 0 — X 
is a cofibration and fibrant if every acyclic cofibration X — Y has a left inverse (cf. p. 
12): 
(Fibrant Embedding Axiom) (FEA) Given an object X in C, there is an 
acyclic cofibration tx : X > RX, where RX is fibrant. 
[Note: The FEA is trivially met if all objects are fibrant.] 
Example: The cofibrant objects in a model category are the object class of a cofibration 


category satisfying the FEA. 


EXAMPLE Take C = TOP—then TOP is a cofibration category if weak equivalence=homotopy 


equivalence, cofibration=cofibration. All objects are cofibrant and fibrant. 


EXAMPLE Take C = TOP,—then TOP. is a cofibration category if weak equivalence=pointed 
homotopy equivalence, cofibration=pointed cofibration. All objects are cofibrant and fibrant. 

[Note: This is the “internal” structure of a cofibration category on TOP,. An “external” structure is 
obtained by letting the weak equivalences be the pointed maps which are homotopy equivalences in TOP 
and the cofibrations be the pointed maps which are cofibrations in TOP. Here, all objects are fibrant and 
the cofibrant objects are the wellpointed spaces. Another “external” structure arises by requiring that the 


cofibrations be closed, which reduces the number of cofibrant objects. ] 


EXAMPLE Take for C the category whose objects are pairs (X,Nx), where X is a pointed 
connected CW space and Nx is a perfect normal subgroup of 71(X), and whose morphisms f : (X,Nx) > 
(Y, Ny) are pointed continuous functions f : X — Y such that f.(Nx) C Ny. Stipulate that f is a weak 
equivalence if fx : 71(X)/Nx & m1(Y)/Ny and fs : He(X; f*G) & Hs(Y;G) for every locally constant 
coefficient system G on Y arising from a 71(Y)/Ny-module. If by cofibration one understands a pointed 


continuous function which is a closed cofibration in TOP, then C is a cofibration category satisfying the 


FEA. 
[CC-1, CC-2, and CC-4 are clear. As for CC-3, given a 2-source X Z Z SY, where f is a cofibra- 
Z og 
tion, define P by the pushout square t| {a and let Np be the normal subgroup of 71(P) = 
xX j—> P 


g 
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m1(X) *z1(z) T1(Y) generated by Nx & Ny. To check the FEA assertion, fix a pair (X, Nx). Thanks to 
the plus construction, there is a pair (X10) and a cofibration (X, Nx) > (Xy,°0) which is a weak 
equivalence (cf. §5, Proposition 22). Claim: (Xx ,0) is fibrant. For suppose given (Xx, ,0) —(Y, Ny). 
Denote by f the composite (XH, 9) —>(Y, Ny) (Yq 9), so fx: m(Xy,) wm(Y)/Ny & m (Yn, ): 
Since f is acyclic (as a map) and a cofibration, one may now invoke §5, Proposition 19 and §3, Proposition 


5] 


EXAMPLE Take for C the category whose objects are the pointed connected CW spaces. Fix an 
abelian group G—then C = CONCWSP. is a cofibration category if weak equivalence=H G-equivalence, 
cofibration=closed cofibration in TOP and this structure satisfies the FEA. 


[Note: The fibrant objects are the HG-local spaces.] 


The formal “one sided” results in model category theory carry over to cofibration 
categories, e.g., Propositions 2, 3, and 4. Assuming in addition that C satisfies the FEA, 
one can also show that the inclusion HC.¢ — HC is an equivalence of categories (cf. 


Proposition 13) and S~'C = HC, where S is the class of weak equivalences (cf. Theorem 


Q). 


EXAMPLE Take C = TOP.,—then HTOP, “is” HTOP, if TOP. carries its “internal” struc- 


ture of a cofibration category. 


EXAMPLE The homotopy category of the cofibration category evolving from the plus construc- 
tion is equivalent to HCONCWSP.. 


Let C be a category. Suppose given a composition closed class S$ C Mor C containing 
the isomorphisms of C such that for composable morphisms f,g, if any two of f,g,go f 
are in S, so is the third. Problem: Does S~'C exist as a category? The assumption that 
S admits a calculus of left or right fractions does not suffice to resolve the issue. However, 
one strategy that will work is to somehow place on C the structure of a model category 
(or a cofibration category) in which S appears as the class of weak equivalences. For then 
S-'C “is” HC and HC is a category. 


EXAMPLE Let C be a model category. Assume: C is complete and cocomplete. Suppose that 
I is a small category and let S C Mor[I, C] be the class of levelwise weak equivalences—then it has been 
shown by Dwyer-Kant that S—1[I, C] exists as a category even though [I, C] need not carry the structure 


of a model category having S for its class of weak equivalences. 


+ Model Categories and General Abstract Homotopy Theory, 
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[Note: Given a functor [I,C] — C or C = [I,C], one can define in the obvious way its total left 
(right) derived functor. In particular: colim : [I,C] > C (lim : [I,C] > C) is a left (right) adjoint 
for the constant diagram functor K : C > [I,C]. Moreover, Lcolim and RK (LK and Rlim) exist and 
(Leolim, RK) ((LK, Rlim)) is an adjoint pair (Dwyer-Kan (ibid.)).] 


13-1 
813. SIMPLICIAL SETS 


It is possible to develop much of algebraic topology entirely within the context of 
simplicial sets. However, I shall not go down that road. Instead, the focus will be on the 
simplicial aspects of model categories which, for instance, is the homotopical basis of the 
algebraic K-theory of rings or spaces. 

SISET(= A) is complete and cocomplete, wellpowered and cowellpowered, and carte- 
sian closed (cf. p. 0-24). 

[Note: SISET admits an involution X > XOP where dF as ee gor — eee 
Example: V small category C, ner COP = (ner C)°? J] 

Notation: @ stands for an initial object in SISET (e.g., A[0]) and * stands for a final 


object in SISET (e.g., A[0]). 


The four exponential objects associated with @ and « are 0? = *, «9 = «, 0* =0, «* =x. 


Let X be a simplicial set—then |X| is a CW complex (cf. p. 5-7), thus is a compactly 
generated Hausdorff space. Therefore “geometric realization” can be viewed as a functor 
SISET — CGH. 


|?| : SISET — TOP preserves colimits (being a left adjoint) and it is immaterial whether the colimit 
is taken in TOP or CGH. Reason: A colimit in CGH is calculated by taking the maximal Hausdorff 


quotient of the colimit calculated in TOP. 


A[n] — Alo] 
EXAMPLE The pushout square | | defines the simplicial n-sphere S[n]. Its geo- 


A[n] —  S[n] 
metric realization is homeomorphic to S”. 


LEMMA _ |?| : SISET — CGH preserves equalizers. 
[Let X and Y be simplicial sets; let u,v: X — Y be a pair of simplicial maps—then 
Z = eq(u, v) is a simplicial subset of X and |Z] is a subcomplex of |X| which is contained 
in eq(|ul,|v|). Take now a point [x,t] € eq(|ul,|v]), say 7 €e X## & te Ng (cE spy 0= 
: u(x) = (Ya)yu 
18). Write , where y,,Yy € Y are nondegenerate and a, @ € Mor A are 
u(2) = (YB)yy? SHE YoY ; ’ 
[ul (La, #]) = [w(x), t] = 
epimorphisms. By assumption, |u| (|x, ¢]) = |v|(|x, t]/); moreover, { 
p ju|([x, t]) = |v] ([z, ¢]) |u| ([x, t]) = [v(x), t] = 


(Ya) yu, t] = (Yu, AX()] 
(YB) yw, #] = [yo, A? (6)] 
epimorphisms, interior points go to interior points). But A®(t) = A®(t) > a = B, hence 


u(x) = v(x) or still, x € Z => [z,¢] € |Z|.| 


, 80 Yu = Yy and A(t) = A*(t) (because the issue is one of 
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LEMMA |?|: SISET — CGH preserves finite products. 


[Let X and Y be simplicial sets. Write a colim, Almi| 
Y = colim; A[n,] 


SISET is cartesian closed, products commute with colimits. Therefore |X x Y| ~ 


(cf. p. 0-20). Since 


| colim;,; A[m;]x A[n,]|, from which |X x Y| ~ colim,,; |A[m,] x Al[n;]| © colim,,;(|A[mi]| xx 
| A[n;]|), the arrow |A[m,] x A[n;]| > |A[m,]| x |A[n;]| = |Alm,]| x, |A[n,]] being a home- 
omorphism (cf. p. 0-19). But CGH is also cartesian closed (cf. p. 1-32), thus once again 


products commute with colimits. This gives |X x Y| * colim; |A[m,]| x; colim, |A[n;]| * 
|X| x, |Y], i-e., the arrow |X x Y| > |X| xz |Y| is a homeomorphism.] 

[Note: While the arrow |X x Y| > |X| x |Y| is a set theoretic bijection, it need not 
be a homeomorphism when |X| x |Y| has the product topology.| 


PROPOSITION 1 |?|: SISET — CGH preserves finite limits. 

[This is implied by the lemmas. | 

[Note: |?| : SISET — CGH does not preserve arbitrary limits. Example: The arrow 
|A[1]”| + |A[1]|” is not a homeomorphism. | 


Example: The composite |?| 0 sin preserves homotopies (f ~ g = |sin f| ~ | sing]). 

[For any topological space X, |sin X| x A’ & |sin X| x |A[1]| & |sin-X x Af[1]| — 
|sin X x sin |A[1]|| ~ |sin(X x A*)|, + being the geometric realization of idsin x times 
the arrow of adjunction A[1] — sin|A[1]|. So, if H : X x A' > Y is a homotopy, then 


in H 
| sin X| x At > |sin(X x A?)| dees |sin Y| is a homotopy.| 


EXAMPLE Let G be a simplicial group—then |G| is a compactly generated group. 
[Note: |G] is a topological group if |G| is countable, i.e., if Vn, #:(G#) <w.] 


FACT Let X and Y be simplicial sets, LX and ITY their fundamental groupoids—then H(X x Y) & 
WX x Hy. 
[Note: The functor II: SISET — grd does not preserve equalizers. Example: Define X by the 
A[f2]} — A[2] 
pushout square i} |e : TA[2] = Meq(u,v) ¢ eq(Mu, Mv) = MAl2].] 


A[2]} — xXx 


Let (2n) be the category whose objects are the integers in the interval [0,2n] and 
whose morphisms, apart from identities, are depicted by 7 > ‘ Le ee, — Le Put 
Ton, = ner(2n) : |Ion| is homeomorphic to [0,2n]. Given a simplicial set X, a path in X 
is a simplicial map o : Iz, + X. One says that o begins at o(0) and ends at o(2n). 


Write 7(X) for the quotient of Xo with respect to the equivalence relation obtained by 
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declaring that 2’ ~ x” iff there exists a path in X which begins at x’ and ends at x«”—then 
the assignment X — mo(X) defines a functor 7) : SISET — SET which preserves finite 
products and is a left adjoint for the functor si: SET — SISET that sends X to siX, the 


constant simplicial set on X, i.e., siX([n]) = X & “ ~ a (Vn). 


[Note: The geometric realization of siX is X equipped with the discrete topology. 


Let X be a simplicial set, ILX its fundamental groupoid—then there is a canonical surjection 


CO 
LJ Nat(I2n, X) — MorILX compatible with the composition of morphisms. Thus fix n and call in; : 
0 
All] > Ian the injection corresponding to 7. Attach to 0 : Ian — X an element x; € Xi by set- 


ting 7; = ao inj (idy1)) : 0 + T% € MorIlX, where 7g = £5, 0 Lan—-1 °°: 0 zy! 0 21. Corollary: 
To(X) & mo(ILX). 


[Note: ILX and II|X| are equivalent but, in general, not isomorphic. ] 


: A di :X1—> Xo 
FACT Let X be a simplicial set; let —then 7o(X) & coeq(d1, do). 
dg : X17 Xo 


Given a simplicial set X, the decomposition of Xo into equivalence classes determines 
a partition of X into simplicial subsets X;. The X; are called the components of X and 
X is connected if it has exactly one component. 
[Note: X = || X; => |X| = [[|X;|, |X;| running through the components of |X|, so 
i 


mo(X) 4 mo(|X|)-] 


EXAMPLE A small category C is connected iff its nerve ner C is connected or, equivalently, iff 


its classifying space BC is connected (=path connected). 


Let B be a simplicial set. An object in SISET/B is a simplicial set X together with 
a simplicial map p: X — B called the projection. Given b € By, define Xz by the pullback 
Xp — X 
square il [? then X» is the fiber of p over b if b € Bo. 
A{n] x B 
There is a functor SISET > SISET/B that sends a simplicial set T to B x T with 
projection B x T > B. An X in SISET/B is said to be trivial if there exists a T in 
SISET such that X is isomorphic over B to B x T, locally trivial ifVn & VbEe By, Xp 
is trivial over A[n], say Xp % A[n] x Th. 
[Note: If for some T, T, > TV n & V bE By, then X is said to be locally trivial with 
fiber T.| 
Notation: Given b € By, let bo, b1,... , bn be its vertex set, ie., b; = (Be;)b, €; : [0] > 


[n] the ¢** vertex operator (i = 0,1,...,n). 
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SUBLEMMA Let X be in SISET/B. Assume: X is locally trivial—then V b € By, 
Ty is isomorphic to Xp, (¢ =0,1,...,2). 


AE eK OEE 
[Take i = 0 and consider the commutative diagram | i) [p 
Afo] — Al[n] Re B 
Xp, —> Xp 
Here, | | is a pullback square. But Xp, viewed as an object in SISET/A[n], 


A[0o] — A{n] 
is isomorphic to A[n] x Ty, so Xp, is isomorphic to Ty.] 


LEMMA Let X be in SISET/B. Assume: X is locally trivial and B is connected— 
then X is locally trivial with fiber 7. 


and Vb € By, Xp, & Xo,.] 


‘ ~~ ! 
[The sublemma implies that V { be Bn { Ty © Xo 


b!’ E By ’ Ty ~ Xp! 


The terms “trivial”, “locally trivial”, and “locally trivial with fiber 7” as used in 
TOP are also used in CGH, the only difference being that products are taken in CGH. 


PROPOSITION 2 Let X be a locally trivial object in SISET/B—then |X| is a 
locally trivial object in CGH /|B|. 

[There is no loss of generality in assuming that |B| is connected, hence that B is 
connected. So, thanks to the lemma, X is locally trivial with fiber JT’ and the contention is 
that |X| is locally trivial with fiber |T|. Fix a point [b,¢] € |B] with b € B#, te Av —then 
the associated n-cell eg is an open subset of |B)| = |B|("), Employing a standard collaring 
procedure, one can find an expanding sequence ey = On C On41 C --- of subsets of |B] 
such that O.. = colimO,, is open in |B| and contains ey as a strong deformation retract. 


In this connection, recall that Om—1 = |B°"-?|NOm, Om is open in |B(™|, and there is a 
al O, — Om-1 


reEBH : , 
OO, Cc aA™ . , 
pushout square | |, where V a, ia a and O, — O, is a closed 
Ll 2 == :0,, 
re Bt 


cofibration, thus O,—1 — Om is a closed cofibration. It will, of course, be enough to prove 

that. |p|~1(O..) © Oo Xx |T|. One can go further. Indeed, O. xx |T| = colim(O,, xx |T]) 

and |p|~!(O,.) = colim |p|~!(O,,), which reduces the problem to constructing a compatible 
lp|-* (Om) ——— Om Xx |T| 


sequence of homeomorphisms 


Om 
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Xp — XxX 
(m=n) Applying |?| to the pullback square | |? in SISET gives 
A[n]} — B 
ran 
|X_]| —> |X| 
a pullback square | {lel in CGH (cf. Proposition 1). On the other hand, 
ers lage 
6 


X, & A[n] x T and |Aj| : A + ey is a homeomorphism. 


lp (Om=1) ——> Om=1 Xx |T| 
(m>n) Suppose that the homeomorphism 


Ow 
has been constructed. There is a pushout square 


I] Ox xjp) |X| — |pl7+(Om-1) 


= | 


I] Ox X\p) |X| —  |[pl7'(On) 


reBe 


’ 


homeomorphisms 


Oz X\B| |X| — Oz Xx |T| O. X\p)|X|—> Oz Xx |T| 


Ox Oz 


and a commutative diagram 


I] Ox x\B) |X| —— [] Ox x)B) |X| — Ipl7t(Om-1) 


teBe | te BH | | 


I] Oc x«elTl <— J] Oc xx IT 


— Om-—-1 Xk \T| 
reBe 


reBe 


compatible with the projections. Accordingly, the induced map |p|~'(Om) > Om Xx |T| 
is a homeomorphism over O,,,.| 


Application: Let X be in SISET/B. Assume: X is locally trivial—then |p| : |X| > 
|B| is a CG fibration (cf. p. 4-11), thus is Serre (cf. p. 4-7). 


The following lemma has been implicitly used in the proof of Proposition 2. 
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LEMMA Fix B in CGH, X in CGH /B, and let A: I> CGH/B be a diagram. Assume: The 
colimit of A calculated in TOP is Hausdorff—then the arrow colim(A; xp X) — (colim A;) xp X isa 


homeomorphism of compactly generated Hausdorff spaces. 


Let X be in SISET/B—then p: X — B is said to be a covering projection if X is locally trivial and 
V bE Bo, Xp is discrete, i.e., Xp = Paae 


FACT A simplicial map p : X — B is a covering projection iff every commutative diagram 
A[o] — xX 


| |p has a unique filler. 


A[n] — B 


EXAMPLE covering projection in SISET is sent by |?| to a covering projection in TOP and 


a covering projection in TOP is sent by sin to a covering projection in SISET. 


EXAMPLE Let C bea small category—then the category of covering spaces of BC is equivalent 
to the functor category [71(C), SET], 71(C) the fundamental groupoid of C (cf. p. 0-16). 


PROPOSITION 3. Let 6, : A — SISET be functors; let E € Nat(@, ¥). Assume: 
V n,|Emj| : [®[n]] + |¥[n]| is a homotopy equivalence—then V simplicial set X, the 
geometric realization of the arrow [aX > I'yX is a homotopy equivalence provided that 
['s, lw preserve injections. 

[Cs, Cw are the realization functors corresponding to ®, V, soTgoA = 6, gyoA=WV 
(cf. p. 0-16), thus the assertion is true if X = A[n], thus too if X = [] A[n]. In general 


there are pushout squares 


X#-.TsA[n] — TeX) X# .TyA[n] —> Tex) 


i Yo i ne 


X#-TeA[n] —> Tex ™ X#-TyA[n] —> Typx™ 


where, by hypothesis, the vertical arrows on the left are injective simplicial maps. Consider 


now the commutative diagram 


X#-|PeAfn]]| <— X#-Tedfn]] — Tex | 


i | 


X#.|[yA[n]]| — X#-|TeA[n]] > [Pex 


n 
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Since the geometric realization of an injective simplicial map is a closed cofibration and 
since inductively the arrows |'sA[n]| > |feA[n]], |TaX@-Y| > \PeX@-Y| are homo- 
topy equivalences, the induced map |e X | > |Py_X | of pushouts is a homotopy equiv- 


sa TeX =colimlaX™ [Ce X| = colim |Ta xX | 
alence (cf. p. 3-24 ff.). Finally, ee eolim Pe xX Py X| = colim|TpX()| ’ 
which leads to the desired conclusion (cf. §3, Proposition 15).| 


EXAMPLE Let ®: A > SISET be a functor such that V n, |®[n]| is contractible. Assume given 
a natural transformation ® — Y,a—then V simplicial set X, |[eX| — |X| is a homotopy equivalence 


whenever Ig preserves injections. 


Let Mag be the set of monomorphisms in Mor A; let Ey be the set of epimorphisms 
in Mor A—then every a € MorA can be written uniquely in the form a = a! oa’, where 
at € Ma and a’ € Eg. 

[Note: Every a € Eg has a “maximal” right inverse at € Ma, viz. at(i) = 
max a~1(i).] 

Notation: Aj, is the category with Ob Ay = Ob A and Mor Ay = Ma, tm: Au > 
A being the inclusion and Ay : Ay > Au being the Yoneda embedding. 

Write SSISET for the functor category [AY SET]—then an object in SSISET is 
called a semisimplicial set and a morphism in SSISET is called a semisimplicial map. 

Bay = A 
There is a commutative triangle Aw| ie, uw» Where ['ao,,, is the realization functor 
Au 
corresponding to Ao. It assigns to a semisimplicial set X a simplicial set PX, the 
prolongment of X. Explicitly, the elements of (PX), are all pairs (x,p) with « € X, 
and p : [n] > [p] an epimorphism, thus (PXa)(x,p) = ((X(poa)#)x, (po a)?) if the 


codomain of @ is [n]. And: P assigns to a semisimplicial map f : X — Y the simplicial 


De Gee oe a 
map Pf : rene (f(x), p) 


functor U : A + Ay (the singular functor in this setup). 


. The prolongment functor is a left adjoint for the forgetful 


[Note: The Kan extension theorem implies that U is also a left adjoint. In particular: 
U preserves colimits.] 

Definition: |?|17 = |?|0 P. So, (|?|mw,U o sin) is an adjoint pair and |?|, is the 
realization functor determined by the composite A? o uy. 

[Note: |?|47 : SSISET — CGH does not preserve finite products. ] 


PROPOSITION 4 For any simplicial set X, the arrow |UX| — |X| is a homotopy 
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equivalence. 

[In the notation of Proposition 3, take ® = PoUoA, UV =A, and let = € Nat(®, W) 
be the natural transformation arising from the arrow of adjunction PoU — id via precom- 
position. Because I‘s, [g preserve injections, it need only be shown that V n, the arrow 
|PUA|n]| > |A[n]| is a homotopy equivalence or still, that V n, |PUA[n]| is contractible. 
Suppose first that n = 0. In this case, |PU A[0]| = [[ A" /~, the equivalence relation being 
generated by writing (to,... ,¢;-1,0,ti41,---,tn) - (to,..-. ,ts-1, ti41,---,tn). Therefore 
|PUA[O]| is the infinite dimensional “dunce hat” D. As such, it is contractible. For pos- 
itive n, let D*---* D be the quotient of D x --- x D x A” with respect to the relations 
(dps nie 9) (biG, co gta) OM (disse og dw hogere sty) ) i d= dS when.t; > 0—then: up: to 


homeomorphism, |PU A[n]| is D *---* D, a contractible space.| 


Given n, let A[n] be the simplicial set defined by the following conditions. 

(Ob) Afn] assigns to an object [p] the set A[n], of all finite sequences pp = 
(140,-+- 5 Mp) of monomorphisms in A having codomain |n] such that V i,7 (0< i<j <p) 
there is a monomorphism j4;; with wz = pj O paz. 

(Mor) A[n] assigns to a morphism a: [q] > [p] the map A[n], > A[n], taking 
[Et OOS. Cos nes fly) = (aoe = sag): 

Call A the functor A > A that sends [n] to A[n] and a : [m] > [n] to A[a] : A[m] = 
A[n], where Afa]v = ((a0o v)#,...,(aov,)4#). The associated realization functor [x is 
a functor SISET — SISET such that [TZ 0 A = A. It assigns to a simplicial set X 
a simplicial set Sd X = / "X. - A[n], the subdivision of X, and to a simplicial map 
f : X — Y a simplicial map Sdf : SdX — SdY, the subdivision of f. In particular, 
Sd A[n] = A[n] and Sd Afa] = Afa]. On the other hand, the realization functor T', 


associated with the Yoneda embedding A is naturally isomorphic to the identity functor 
[n] 


id on SISET : X = / X,-Afn]. If dy : A[n] + A[n] is the simplicial map that sends 
1b = (Mo,--- 5 Mp) € A[n]p to dru € A[n]p : dnu(t) = ps(m) (us : [Mi] > [n]), then the dy 
determine a natural transformation d: A — A, which, by functoriality, leads to a natural 


transformation d: [y7 > Ta. Thus, V X,Y and V f : X — Y, there is a commutative 
dx 


SdX —> X 
diagram Sd f | | f. It will be shown below that |dx| : |Sd_X| > |X| is a homotopy 
SsdY —> Y 
dy 


equivalence (cf. Proposition 5). 


Given n, write A” for |A[n]| and A® for |A[a]]. The elements of A” are equivalence 
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classes [y,t]. Any two representatives of [jt] are related by a finite chain of “elementary 
equivalences” involving omission of yw, and ¢; if ¢; = 0 and replacement of ¢; and t;41 by 
t+ tiga if wig, = py. Every [y,t] has a canonical representative, meaning that [j, ¢] can 
be represented by a pair (j1,t) : 6 = (fo,---5 fn) € Aln]n with pi; : [i] > [n] (0< i <n) 
and t = (to,.-- tn) € A”. So, fn = idj,) and there exists a permutation 7 of {0,1,...,n} 
such that V 2, 4;([é]) = {7(0), 7(1),... , w(a)}. 

Notation: Given a € Mag, say a: |[m] > [n], put b(a) = — Y eat ener: 


p 
LEMMA For each n > 0, the assignment [y,t] > 55 t;b(j4;) is a (welldefined) home- 
0 


omorphism hy, : A" > A”. 


[Note: Geometrically, A” is “barycentric subdivision” of A”.] 


The homeomorphisms hy, do not determine a natural transformation |?|o A — |?|0 A. In fact, it is 


impossible for these functors to be naturally isomorphic. To see this, suppose to the contrary that there ex- 
=m: A™ > A™ 
m 


ists a natural isomorphism & : |?|0A > |?|oA. There would then be homeomorphisms = 
En: A" > A” 


Am —*) am 
such that for any a : [m] > [n] the diagram xe | [ae commutes. Take m = 2, n = 1 and 
An — 5 A” 
on 
trace the effect on the pair (idja), 1) when a is in succession oo : [2] > [1],o1 : [2] > [1]. 
am —™y am 
[Note: If @ : [m] > [n] is a monomorphism, then the diagram xa [ae commutes. | 
An 5 An 
hn 
SUBDIVISION THEOREM Let X be a simplicial set—then there is a homeomor- 
phism hx : |Sd X| — |X]. 
[Before proceeding to the details, I shall first outline the argument. In order to define 


a continuous function hx : |Sd X| — |X|, it is enough to define a continuous function 
= Os ak 

[] Xn x A” > [[ X, x A” that respects the relations defining |Sd X| = X,,- A” and 

n n 


[7] 
LA = i X,- A”. This amounts to exhibiting a collection of continuous functions h, : 


A™ —% Am 
A” + A” (¢ € X,,n > 0) such that for all a: [m] > [n], the diagram Ae | ae 
Av —>+ A” 
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commutes. Here, y = (Xa)z. To ensure that hx is a homeomorphism, one need only 

arrange that if x € X7 (n > 0), then hz restricts to a homeomorphism hor) > &, 
Let x € X,. Consider a pair (u,t), with ~ = (fo,---,Mp) € Al[n], and t = 

(to,.-. ,tp) € A”. Write (Xp;)e = (Xa;)x;, where a; is an epimorphism and «; is nonde- 


generate. Put yi; = (aj; 0 bag)’, bij = b(u; © Vi) (0<i<j <p). Definition: 


he ([H, t]) =tpbpp + So ti(1—tp—----tigr)bat S$ > titydiy. 
O<i<p O<i<j<p 


This expression is a convex combination of points in A”, hence is in A”. Moreover, its 
value depends only on the class [j,t] and not on a specific representative (j,t). Therefore 
ha : A” — A” makes sense. Because there exist finitely many nondegenerate js such that 


U|A,,\(A”) = A”, h, is continuous. Turning to compatibility, fix a : [m] > [n]—then the 
L 


claim is that A® o hy = hy o A®. Given v = (v%,... ,%p) € A[mlp, let p = Ala]y € Afn], 
and construct (;,y;,6;; per v and y exactly like a;,7;, 7; are constructed per ps and 2. 
From the definitions, ao, 0055 = [i 0V5 and this implies that A® matches the barycenters, 
which suffices. 

Let « € X#. Pick a canonical representative (1, ¢) for [y, t]—then V i, Yin = 71, = idiy 
and [y,t] € h-1(Ae) iff t, > 0. Since each of the coordinates of hz([u,t]) € A” is 
bounded from below by t,/(n + 1), it follows that ha(ha!(&*)) c A. To address the 
issue of injectivity, suppose that [y’,t’], [w”, t’”] € h=1(ar) anid pt Ost |) =(liseta ota) = 


ha ([u",t"]). In terms of canonical representatives, one has to prove that V i, t) = t/ and 
/ 


pu, = py if th & tl’ are > 0. This will be done by decreasing induction on i. Let te be 
/ 

the permutations attached to { i! . Looking at tein) = t,/(n +1) and tain) = th /(n +1) 

yields t), = t”, starting the induction. Assume that & < n and that the assertion is true 

Vi>k. Define T’ = (Tj,...,T)) by 


S- Ee eh tg )Oegch S° tit bi, 
0<i<k 0<i<k 
i<j<n 
Define T” = (Tj,...,7,") analogously—then, from the induction hypothesis, T’ = T”. 
Case 1: uj, A py. Choose | € [n] 21 € pu, ([k]) & 1 we ([k]) > tht, /(K4+1) <T/) =T/ = 
0 = t, =0. Similarly, t7/ = 0. Case 2: yw, = py. Take T’ and split off 


(at eS Gabe + ‘3 ti Die5 
k<j<n 


13-12 


to get S’ = (S,...,5),). Do the same with T” to get S” = (Sq,...,5/)—then, from 
the induction hypothesis, S’ = S”. Set | = n'(k) and compute: ¢,.57 = T/ = Tj! > 
“iS! = US. But S) > i /(k+1) >0> t > tf. Similarly, tf > ¢,. Thus the 
induction is complete. Owing to the theorem of invariance of domain, h,(h; 1(X)) is 
open in A and the restriction h=1(ar) > ha(h=! (Ar) is a homeomorphism. However, 
h,(A” — h-1(Ae)) c A”, so hy (h=1(At)) = X'nh, (A”) is closed in Re, Being nonempty, 
ha (h=!(A?)) must be equal to Av] 


BARRATT’S LEMMA Let A be a simplex, A; a proper face of A, Ag a proper face of Aj. 


Let r: A, > Ao be an affine retraction, i.e., a retraction induced by the composition of a linear map and 
rT 
Ai —> Ao 


a translation mapping vertexes onto vertexes. Define X by the pushout square | | —then 
A — xX 
Ao — A 


there exists a homeomorphism ¢: X — A such that the triangle | we commutes. 


xX 
[Supposing that n + 1 = dimA, normalize the situation as follows. Take for A the one point com- 
pactification of {(ao,... ,2n):2n > O}, let Ai be the convex hull of {0,e9,... ,em}, let Ao be the convex 
hull of {0,e0,...,e%}, and let P be the orthogonal projection onto the span of {e0,... ,e€%,€m4+1,--- en}, 


so P|A, =r and X = A/*, where x ~ y iff x = y g Ai or r(x) = r(y) (z,y € Ai). Let d(x) be the 
distance of x from Ai, f(x) = min{1,d(x)}, and put ¢(x) = f(x)x+ (1— f(x)) P(x) (thus 6(00) = oo and 
o|Ai =r). 

Claim: 6: A > A is surjective and é|A — Az is injective. 


[Given x = (a0,...,%n), set x(t) = (a0,... , Up, tepgi,--. ,t&@m,em41,--- Ln). Obviously, rp41 = 


Im = 0 g(x) = x. On the other hand, if some 2; 4 0 (k < i < m), then t > oo => a(t) 9 
oo => f(x(t)) = 1 (¢ >> 0). However, $(x(t)) = (xo,.-. , ae, tf(a(t))aeqi,--.  tf(a(t))am,&m+41,--. en) 


and the intermediate value theorem guarantees that 4 t: tf(a(t)) = 1. Assume now that x,y € Ai with 
Me) =dy):aaHyGi<k&ir>m),f(ea=fiy)yi(k<i<m)Ssy=2 (42). But t > &(x(t)) is 


one-to-one (=> x = y). To see this, it need only be shown that t + d(a(t)) is nondecreasing. Proceeding 


by contradiction, suppose that d(a(t’)) < d(a(t)) (4 t’ > t) and choose u : d(x(t')) < u < d(x(t)) > u > 
d(x(0)), i-e., (0), x(t’) € d-1([0, u]), x(t) g d-1([0, u]), an impossibility, d—1((0, u]) being convex.] 
Therefore ¢ determines a continuous bijection X — A between compact Hausdorff spaces with the 


stated property. | 


FACT Let X be a simplicial set—then |Sd X| is a polyhedron, hence |X| can be triangulated. 


[Using Barratt’s lemma, apply the criterion on p. 5-13 to |Sd X|, observing that V nondegenerate x 
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A[n-1] —  (dnzx) 
in (Sd X)n there is a pushout square Albnl| | , where {?) equals “generated simplicial 


A[n] —> (2) 
subset” .] 


PROPOSITION 5 Let X bea simplicial set—then |dx| : |Sd X| > |X| is a homotopy 
equivalence. 

[One can define |dx| by a collection of continuous functions d, : A” > A” satisfying 
the same compatibility conditions as the hz, : A” — A” that figure in the proof of the 
subdivision theorem. Introduce H, : A” x [0,1] > A” by writing H,(u,t) = (1—t)h2(u)+ 
td,(u)—then, in total, the H, define a homotopy |Sd X| x [0,1] > |X| between hx and 
|dx|.-] 

[Note: hx is not natural but is homotopic to |dx| which is natural. The fact that |dx| 
is a homotopy equivalence can also be seen directly. Proof: Vn, |A[n]| = A” is contractible 


and [x = Sd preserves injections, thus the example following Proposition 3 is applicable. | 


EXAMPLE Let X bea simplicial set—then |X| is homeomorphic to B(cSd? X) (Fritsch-Latch’). 
Therefore the geometric realization of a simplicial set is homeomorphic to the classifying space of a small 
category. 


[Note: The homeomorphism is not natural.] 


Sd is the realization functor ['=. The associated singular functor Sx is denoted by Ex and referred 
to as extension. Since (Sd, Ex) is an adjoint pair, there is a bijective map Ex y : Nat(Sdx,Y) > 
Nat(X,ExY) which is functorial in X and Y (cf. p. 0-14). Put ex = Sx ,x(dx)—then ex : X > ExX 


is the simplicial map given by ex (x) = Az odn (x € Xn), hence ex is injective. 


LEMMA For every simplicial set X, |ex|: |X| — |ExX| is a homotopy equivalence (cf. p. 13-29). 
[Note: Since ex is injective, |X| can be considered as a strong deformation retract of |Ex X| (cf. §3, 


Proposition 5).] 


Denote by Ex® the colimit of id > Ex > Ex? > ---—then Ex®™ is a functor SISET > SISET 
and for any simplicial set X, there is an arrow e& : X > Ex*X. Claim: |e%| : |X| > |Ex°X| 
is a homotopy equivalence. In fact, |Ex”X| embeds in |Ex”+!X]| as a strong deformation retract and 


|Ex® X| = colim |Ex” X|. Therefore |X| is a strong deformation retract of [Ex X| (cf. p. 3-20). 


+ Math. Zeit. 177 (1981), 147-179. 
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The subdivision functor can also be introduced in the semisimplicial setting. It is com- 
SSISET =; SSISET 
patible with prolongment in that there is a commutative diagram P| |p 


SISET ae SISET 
and, in contradistinction to what happens in the simplicial setting, the homeomorphism 
hpx :|Sd X|w — |X|m is natural, as is the homotopy between hpx and |dpx|. 

Put S = Uosin—then S : TOP — SSISET and (|?/,S) is an adjoint pair. 
Given a topological space X, postcompose hpgx : |SdSX|y — |SX|y with the arrow 
|SX |v — X to get a continuous function |[SdSX|jy — X which by adjointness corre- 
sponds to a semisimplicial map gsx :SdSX — SX. Definition: bx = |Pgsx|o heey € 
C(|SX|u,|SX|az). Using Proposition 4, one can check that bx is naturally homotopic to 

|$X | a; ——2— |SX | 


idjsx|,,- In effect, the triangle commutes up to homotopy. 


| sin _X'| 


SIMPLICIAL EXCISION THEOREM Let X be a topological space. Suppose that 
xX : . ; : ee 
{ v are subspaces of X with X = int X; U int X2—then the geometric realization of 
2 


sin X, Usin X92 is a strong deformation retract of | sin X]. 
[The inclusion | sin X;Usin X9| > | sin X| is a closed cofibration, thus it will be enough 


to prove that it is a homotopy equivalence (cf. §3, Proposition 5). According to Proposition 
|SX1 USXo|u — |SX | 


4, the vertical arrows in the commutative diagram | i are 


|sin.X; Usin X2| —> |sinX| 
homotopy equivalences, which reduces the problem to showing that the inclusion |S.X4U 


SXo\u — |SX|m is a homotopy equivalence or still, a weak homotopy equivalence. To 
this end, fix n > 0 and let f :D" > |S.X|yy be a continuous function such that f(S"~") Cc 
|SX1 USXe2|u. Since the image of f is contained in the union of a finite number of cells 
of |SX|u, ik >> 0:b%0f factors through |$X1USX2|y (the “excisive” consequence of 
the assumption that X = int X; Uint X2). On the other hand, by naturality, bx (|SX1U 
SX2|m) C |SX1USX»|y and the same is true of the homotopy between bx and id)gx},,, 


hence too for the k'® iterate bk. Therefore f is homotopic rel S”—! to a continuous function 
g:D" > |SX|u with g(D") C |SX1USXe|u. These considerations suffice to imply that 
the inclusion |SX1USX2|y — |SX|y is a weak homotopy equivalence (cf. p. 3-39).] 


Let C be a class of topological spaces—then C is said to be homotopy cocomplete 


provided that the following conditions are satisfied. 
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(HOCO,) If X €C and if Y has the same homotopy type as X, then Y € C. 
(HOCO2)  C is closed under the formation of coproducts. 


(HOCOs) If X LZ4SY isa 2-source with . & ZEC, then My, €C. 


Examples: (1) The class of CW spaces is homotopy cocomplete; (2) The class of 


numerably contractible spaces is homotopy cocomplete. 


PROPOSITION 6 The class of topological spaces for which the arrow of adjunction 
|sin X| + X is a homotopy equivalence is homotopy cocomplete. 
[If f : X — Y is a homotopy equivalence, then |sin f| : |sin X| > |sinY| is a ho- 
| sin X | pane | sin Y | 
motopy equivalence (cf. p. 13-2). Since the diagram | | commutes, 


X — Y 
J 


HOCO, obtains. That HOCOg holds is clear, so it remains to deal with HOCO3. Viewing 
My, as a quotient of XIIZILY, let X be the image of X II Z x [0, 2/3], let Y be the image 
of Z x [1/3, 1] UY and put 7 = XNY—then My,, = int X Uint Y and there are homotopy 
equivalences X > X,Y — Y, Z > Z. Because X,Y, Z are in our class, the same is true 
of X, Y, Z. To establish that the arrow | sin My,,| + My, is a homotopy equivalence, 
|sin X| <— |sinZ| — > |sinY| 
consider the commutative diagram i ij | . The horizontal 
aa — LZ. Ss ye 
arrows are closed cofibrations, hence the induced map of pushouts is a homotopy equiva- 
lence (cf. p. 3-24 ff.). The pushout arising from the 2-source on the bottom is My,, while 
the pushout arising from the 2-source on the top is | sin X Usin Y| which, by the simplicial 
excision theorem, is a strong deformation retract of | sin My,,|. Inspection of the triangle 
| sin. X U sin Y| —— |sin My.,,| 
| finishes the argument. 
My,g 
[Note: V X, | sin X| is a CW complex, thus X is a CW space if the arrow of adjunction 


|sin X| + X is a homotopy equivalence. | 


Any homotopy cocomplete class of topological spaces that contains a one point space 
necessarily contains the class of CW spaces. But #(X) = 1=> #(|sin X|) = 1, therefore 
the class of CW spaces is precisely the class of topological spaces for which the arrow of 


adjunction | sin X| + X is a homotopy equivalence. 


GIEVER-MILNOR THEOREM Let X be a topological space—then the arrow of 


adjunction | sin X| + X is a weak homotopy equivalence. 
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[The adjoint pair (|?|, sin) determines a cotriple in TOP (cf. p. 0-28), which induces 
a cotriple in HTOP (|?| o sin preserves homotopies (cf. p. 13-2)). On general grounds, 
VY Y, the postcomposition arrow [|sin Y|,|sin X|] — [|sin Y|, X] is surjective. However 
here it is also injective. Reason: V Z, the arrow of adjunction |sin|sin Z|| > | sin Z| is 
a homotopy equivalence, i.e., is an isomorphism in HTOP. It therefore follows that for 
every CW complex K, the postcomposition arrow [K,|sin X|] > [K, X] is bijective and 
this means that the arrow of adjunction | sin X| > X is a weak homotopy equivalence (cf. 
p. 5-15 ff.).] 


Application: Let X be a simplicial set—then the geometric realization of the arrow 
of adjunction X — sin |X| is a homotopy equivalence. 
|X| —— |sin |X| 
| commutes. | 


|X| 


[The triangle, digs 


EXAMPLE Consider the adjoint situation (F,G,u,v), where F = |?|, G = sin—then in the 


S—!SISET 
notation of p. 0-32, are equivalent to HCW. 
T-'TOP 


Given simplicial sets X and Y, write map(X, Y) in place of Y* (cf. p. 0-23). The ele- 
ments of map(X, Y)9 © Nat(X,Y) are the simplicial maps X — Y, two such being termed 


homotopic if they belong to the same component of map(X,Y). In other words, simplicial 


maps f,g € Nat(X,Y) are homotopic (f ~ g) provided that 4 n> 0 and a simplicial map 
Tl ty VR CRIN 2 ST, OY 
Hooton: X & Xx ALO]  — Xx Io» ae yo 


idx Xe€an 


Hoip=f eg : A[O] > Lon . 0 
then ‘ ns where i : A[0] + Ton are the vertex inclusions per on 


[Note: Paths Io, + map( X,Y) correspond to homotopies H : X x Ign, > Y.] 


H : X X Ign — Y such that if 


Given simplicial sets X and Y, simplicial maps f,g € Nat(X,Y) are said to be 


simplicially homotopic (f ~ g) provided that 4 a simplicial map H : X x A[1] > Y such 
HoigiX BX x AO) “25° xXxaAl) <> ¥ Hoip=f 
Hoi: XxXxAl0] — xXxAfi] — Y’ { 
idx Xeq1 fee 
eg : A[O] > ATI] 
e, : A[0] > AI] 


needn’t be symmetric or transitive. 


that if , where 


Hot=g 


are the vertex inclusions per i . The relation ~ is reflexive but it 
s 


[Note: Elements of map(X,Y), correspond to simplicial homotopies H : X x A[1] > 
Y,] 
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Example: Suppose that ‘3 are small categories. Let F,G :C — D be functors, 


D 
=:F —>G a natural transformation—then = defines a functor Ey : C x [1] > D, hence 


ner Ey : ner(C x [1]) > ner D, i-e., ner Ey : ner C x A[1] > ner D is a simplicial homotopy 


between ner F and nerG. So, e.g., have the same homotopy type if there is a 


BC 
BD 
functor C + D which admits a left or right adjoint. In particular: The classifying space 
of a small category having either an initial or a final object is contractible. Example: BA 


is contractible. 


EXAMPLE Take X = Y = A[n] (n > 0). Let Co : A[n] + Al[n] be the projection of A[n] onto 
the 0* vertex, ie., send (ao,... ,ap) € A[n]p to (0,...,0) € A[n]p. Claim: Co ~idajn}. To see this, 
consider the simplicial map H : A[n] x A[1] > A[n] defined by H((ao,... , ap), (0,... (05 Laeess LS 
(0,... ,0,aj;41,... ,@p) so that H((ao,...,ap), (0,... ,0)) = (0,... ,0), H((ao,... ,ap), (1,...,1)) = 
(a0,...,@p)—then H is a simplicial homotopy between Co and idajnj}. On the other hand, there is no 
simplicial homotopy H between idaspj] and Co. For suppose that H((1,1),(0,1)) = (u,v) € A[nji1. Apply 
d; & do to get w= 1 & v = 0, an impossibility. 

[Note: Let Cy : A[n] > A[n] be the projection of A[n] onto the k* vertex, ie., send (ao,... ,ap) € 
Aln]p to (k,...,k) € A[n]p (0 < k < n)—then idan] Y¥Cn but idain) A Ce (O<k <n). Still, Vk, da 
homotopy H; : A[n] x Ig — A[n] such that Hz o e9 = ides and Hy; 0 5 = Cx.] 


FACT Suppose that f,g:X — Y are simplicially homotopic—then Ex f, Exg : Ex X > ExY are 
simplicially homotopic. 


[Ex is a right adjoint, hence preserves products. | 


The equivalence relation generated by ~ is ~. Given simplicial sets X and Y, put 
[X,Y]o = Nat(X,Y)/~, so [X,Y]o = no(map(X, Y))—then HgSISET is the category 
whose objects are the simplicial sets and whose morphisms are the homotopy classes of 
simplicial maps. 

[Note: The symbol HSISET is reserved for a different role (cf. p. 13-35).] 


To check that the relation of homotopy is compatible with composition, let X,Y, and Z be simplicial 
sets. Define a simplicial map Cx yz : map(X,Y) xmap(Y, Z) > map(X, Z) by assigning to a pair (f,g) in 
map(X,Y)n X map(Y, Z)n the composite X x A[n] “224 x x (A[n] x A[n]) 4(X% x A[n]) x A[n] 22S y x 
A[n] 4,7 in map(X,Z)n. At level 0, Cx,y,z is composition of simplicial maps. Since mo(map(X,Y) x 
map(Y, Z)) & mo(map(X,Y)) x mo(map(Y, Z)), Cx,y,z induces an arrow [X,Y ]o x [Y, Z]o > [X, Z]o with 
the requisite properties. 


[Note: HgSISET has finite products. In addition, map(X x Y,Z) % map(X,map(Y, Z)) => [Xx x 
Y, Z]o © [X,map(Y, Z)]o, so HoSISET is cartesian closed.] 
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EXAMPLE Geometric realization preserves homotopies but |?| : HoSISET — HTOP is not 
conservative. 
[Take X = A[0], Y = ner(co), where (co) is the zig-zag on the set of nonnegative integers: 0 < 1 > 


2<3>4..., and consider the inclusion X — Y corresponding to 0 > 0.] 
Notation: Given a simplicial set X, write 7X in place of X x A[]1]. 


The obvious composite X Il X + IX — X factors the folding map X _X —> X and SISET carries 


the structure of a model category in which IX is a cylinder object (cf. p. 13-35). 


A simplicial map f : X — Y is said to be a weak homotopy equivalence if its geometric 
realization |f| : |X| — |Y| is a weak homotopy equivalence (= homotopy equivalence). 
Example: V X, the projection /X — X is a weak homotopy equivalence. 

[Note: A homotopy equivalence in SISET is a weak homotopy equivalence (but not 


conversely ).| 


x 
EXAMPLE Suppose that { are topological spaces and f : X — Y is a continuous function— 
Y 


: |sin f| : 
|sinX| —> |sinY| 


then there is a commutative diagram | i) , thus f is a weak homotopy equivalence iff 
xX — Y 


f 
sin f is a weak homotopy equivalence (Giever-Milnor theorem).] 


EXAMPLE (Simplicial Groups) Given a simplicial group G, put NnG = () ker dj (n > 0) 
(NoG = Go) and let On : NnG — Nn-1G be the restriction do|NnG (n > 0) ( - NoG > 0)— 
then im On+41 is a normal subgroup of ker 0,. Definition: The homotopy groups of G are the quotients 
Tm(G) = ker On /im On+41. Justification: Vn > 0, mn(G) & mn(|G|,e). Since a homomorphism f:G—> K 
of simplicial groups induces a morphism Nf : NG — NK of chain complexes, thus a homomorphism 
Tx(f) : t*(G) > m(K) in homotopy, it follows that f is a weak homotopy equivalence iff 7.(f) is 
bijective. 

[Note: A short exact sequence 1 > G’ — G > G” — 1 of simplicial groups gives rise to a short exact 


sequence 1 + NG’ > NG > NG” — 1 of chain complexes and a long exact sequence --- + 741(G”’) > 


Tn(G") > tn(G) > mn(G") > tn-1(G’) > --+ of homotopy groups.] 


EXAMPLE (Simplex Categories) Let X be a simplicial set—then X is a cofunctor A > SET, 
thus one can form the Grothendieck construction grog X on X. So: The objects of groaX are the ([n], x) 


(2 € Xy,) and the morphisms ([n],x) > ([m],y) are the a : [n] > [m] such that (Xa)y = x. One calls 
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A[n] ——~ Alm] 
groa X the simplex category of X. It is isomorphic to the comma category |Ya, Kx| : Rel we: 


xX 
There is a natural weak homotopy equivalence ner(groa X) > X, viz. the rule ner,(gro,aX) > Xp that 
Op-1 
sends ([no], £0) —2?:-: ——>([np], zp) to (Xa) xp, where a : [p] > [np] is defined by a(i) = ap-10---0 
ai(ni) (0 <4 < p) (a(p) = np). 


[First check the assertion when X = A[n].] 


A simplicial map f : X — Y is said to be a cofibration if its geometric realization 


|f| : |X| — |Y| is a cofibration. Example: V_X, the arrows e ape 


ee ne are cofibrations 


and weak homotopy equivalences. 
LEMMA The cofibrations in SISET are the injective simplicial maps. 


Example: Let X be a simplicial set—then the arrow of adjunction X —> sin|X| is a 


cofibration and a weak homotopy equivalence (cf. p. 13-15). 


EXAMPLE Let X beasimplicial set-—thenex : X > ExX is acofibration, as ise : X 4 Ex°X 


and both are weak homotopy equivalences (cf. p. 13-12). 


PROPOSITION 7 Let p: X — B be a simplicial map—then p has the RLP w.r.t. 
the inclusions A[n] + A[n] (n > 0) iff p has the RLP w.r.t. all cofibrations. 


A —> X 
[Let ¢: A + Y be an injective simplicial map. To construct a filler for il {2 
Y — B 


take i to bean inclusion and call (Y, A)# the subset of Y,# consisting of those elements which 
(Y, A)#-A[n] —> Y@-DUA 
do not belong to A—then V n, there is a pushout square i} | ; 
(Y, A)#-A[n] — YMUA 
so one can construct the arrow Y > X by induction.] 


Given n > 1, the k*®-horn A[k,n] of A[n] (0 < k < n) is the simplicial subset of A[n] 
defined by the condition that A[k,n]m is the set of a : [m] — [n] whose image does not 
contain the set [n] — {k}. So: |A[k,n]| = A*” is the subset of |A[n]| = A” consisting of 
those (to,--. ,tn) :t; =0 (Ai 4k), thus A*” is a strong deformation retract of A”. 


Example: Let be topological spaces, f : X — Y a continuous function—then f 


X 
Y 
is a Serre fibration iff f has the RLP w.r.t. the inclusions A" + A" (0<k<n,n>1). 
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The representation of A[n] as a coequalizer can be modified to exhibit A[k,n] as a coequalizer (in the 


notation of p. 0-18, replace al Al[n— 1]; by ial A[n-—1];). A corollary is that for every simplicial set 


O0<i<n O0<i<n 
if¢k 
X, Nat(A[k, n], X) is in a one-to-one correspondence with the set of finite sequences (xo,... ,Zk,--- ,2n) 


of elements of X,_1 such that djx; =dj_-12; (@<j & i,j Fk). 


A retract invariant, composition closed class of injective simplicial maps is said to be 
replete if it contains the isomorphisms and is stable under the formation of coproducts, 
pushouts, and sequential colimits. The repletion of a set So of injective simplicial maps is 
OM, M replete with Sp Cc M. 

Specialize to So = {A[k,n] > Al[n] (0 < k < n,n > 1)}—then the repletion of So is 
the class of anodyne extensions. Examples: (1) The injections A[d,;] : A[n — 1] > A[n] are 
anodyne extensions; (2) The inclusions A[m] x A[k,n] U A[m] x A[n] + A[m] x Afn] are 


anodyne extensions. 


PROPOSITION 8 Let f : X — Y bean anodyne extension—then | f|(|X |) is a strong 
deformation retract of |Y]. 

[The class of injective simplicial maps with this property is replete (cf. §3, Proposition 
3 and p. 3-20) and contains So.| 


Application: Every anodyne extension is a weak homotopy equivalence. 


be a simplicial subset of . Suppose that the inclusion 


xX 
B Y 
B-Y isan anodyne extension—then the inclusion X x BUAxY — X xY is an anodyne 


A 
PROPOSITION 9 Let 


extension. 

[The class of injective simplicial maps B’ + Y' for which the arrow X x B’ ace Ax 
Y’ + X x Y’ is an anodyne extension is replete. On the other hand, an induction shows 
that the inclusions X x A[k,n]U A x A[n] + X x A[n] are anodyne.] 


EXAMPLE The inclusion Sd A[k,n] > Sd A[n] is an anodyne extension. 


[Note: In general, Sd preserves anodyne extensions (cf. p. 13-34).] 


FACT The class of homotopy classes of anodyne extensions admits a calculus of left fractions. 
[The point is to show that if f,g : X — Y are simplicial maps and if s : X’ + X is an anodyne 


extension with fos ~ gos, then J an anodyne extension t: Y > Y’' with tof ~ tog] 


Let p: X — B bea simplicial map—then p is said to be a Kan fibration if it has the 
RLP w.r.t. the inclusions A[k,n] > A[n] (0<k<n,n> 1). 
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[Note: Let p: X — B be a Kan fibration—then for any component A of X, p(A) 
is a component of B and A —> p(A) is a Kan fibration. Therefore p(X) is a union of 


components of B. So, if B is connected and X is nonempty, then p is surjective.| 


Y be topological spaces, f : X — Y a continuous function—then f 


is a Serre fibration iff sin f : sin X — sin Y is a Kan fibration. 


Example: Let ee 


In “parameters”, the condition that p be a Kan fibration is equivalent to requiring that if (xo,..., 
@ky--- Xn) is a finite sequence of elements of Xp—1 such that djz; = dj-1a; (t < j & i,j # k) and 


p(x;) = djb (bE By), then dx € Xn: djx = 2; (14k) with p(x) = b. 


PROPOSITION 10 Let p: X — B be a simplicial map—then p is a Kan fibration 
iff it has the RLP w.r.t. every anodyne extension. 


[The class of injective simplicial maps that have the LLP w.r.t. p is replete.] 


Application: Let A be a simplicial subset of Y. Suppose that p: X — B is a Kan 
uVvUIA = xX 
fibration—then every commutative diagram | |p has a filler H : TY 4 X 
IY ae B 
(cf. §4, Proposition 12). 
[The vertex inclusion eg : A[0| > A[1] is anodyne.] 


FACT Let p: X —> B bea Kan fibration—then Ex p: Ex X — Ex B is a Kan fibration. 


A simplicial set X is said to be fibrant if the arrow X — x is a Kan fibration. The 
fibrant objects are therefore those X such that every simplicial map f : A[k,n] > X can 
be extended to a simplicial map Ff: A[n] > X (0<k<n,n> 1). 

[Note: The components of a fibrant X are fibrant.] 

Example: Let X be a topological space—then sin X is fibrant. 


LEMMA _ Suppose that X is fibrant. Assume: 4 ng > 1 such that #(X#) > 1—then 
Vn>no, #(X#) >1. 
[Fix x2 € X# and choose y € X,,41 such that doy = x, diy = Sodox. Claim: 


ye Ree soe Suppose not, so y = s;z (Ji). Case 1: i> 1:2 = doy = dosjz = s;-1doz, an 


impossibility. Case 2: i1=0:2 =doy =dospz =z SL =2> y= 89x > dy = dis9rx => 


L = d Sox = Sodox, an impossibility. ] 


Application: A[n] (n > 1) is not fibrant. 
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Remark: Let Y be a simplicial set—then the arrow Y — x is a homotopy fibration. 
K’XY 25 XxY => ¥ 


Proof: Take any commutative diagram | | | , where ¢ is a 
Xx! a xX — «x 


IX" xe [¥] 5 
weak homotopy equivalence, and apply |?| to get a commutative diagram | 
|X’| — 
ld| 
Xixe IY] IVI 
| | in CGH (cf. Proposition 1). Since the projection |X| x, |Y| > 


|X | — ~~ x 
|X| is a CG fibration and |¢| is a homotopy equivalence, |®| is a homotopy equivalence 
(cf. p. 4-24), i.e., ® is a weak homotopy equivalence. 

[Note: See p. 13-32 for the model category structure on SISET.| 


EXAMPLE The underlying simplicial set of a simplicial group G is fibrant. 

[Let (xo,... Saue ,£n) be a finite sequence of elements of Gy_1 such that djx; =dj_12; (@<j & 
t,j #k). Claim: 3 elements g-1,90,... € Gn such that djgr = 2; (i < 7,1 4k). Thus put g-1 =e € Gn 
and assume that gr_1 € Gn has been constructed. Case 1: r= k. Take gr = gp_1. Case 2: r#k. Take 
Gr = Gr—1(8rhr)—1, where hr = 27‘ (drgr—1).] 

[Note: A homomorphism f : G > K of simplicial groups is a Kan fibration iff Nn f :NnG > NrK 


is surjective V n > 0. Therefore a surjective homomorphism of simplicial groups is a Kan fibration.] 


EXAMPLE Let C be a small category—then ner C is fibrant iff C is a groupoid. 
[Note: It is a corollary that A[n] (n > 1) is not fibrant.] 


LEMMA Put dgn = dafe,n] (0 < & < n,n > 1)—then there is a simplicial map Dx, p, : Sd? A[n] > 
Sd A[k,n] such that Dz ,,|Sd? A[k, n] = Sd dx n- 


FACT For any simplicial set X, Ex°°X is fibrant. 

[Suppose given a simplicial map f : A[k,n] ~ Ex°X. Choose an r such that f factors through 
Ex"X and let g be the composite A[k,n] — Ex™X — Ex Ex” X—then, under Nat(A[k,n], ExEx”X) & 
Nat(Sd A[k, n], Ex"X), g corresponds to h : Sd A[k,n] > Ex”X and an extension fF: A[n] — Ex®X of f 
can be constructed by working with the “double adjoint” of ho Dz», (it being a simplicial map from A[n] 


to Ex? Ex’ X).] 


The class of Kan fibrations is pullback stable. In particular: The fibers of a Kan 


fibration are fibrant objects. 
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PROPOSITION 11 Let p: X > B bea Kan fibration—then B fibrant > X fibrant 
and X fibrant + p surjective > B fibrant. 


PROPOSITION 12 Suppose that L — K is an inclusion of simplicial sets and X > B 
is a Kan fibration—then the arrow map(K, X) — map(L, X) Xmap(z,B) map(K, B) is a 
Kan fibration. 


[Pass from 
A{k, n] ———————> map (Kk, X) 


| | : 


A[n] SS" map(L, Xx) X map(L,B) map(K, B) 


to 
A{k,n] x KU AIn] x [ —— X 


A[n] x k —————> B 
and note that i is anodyne (cf. Proposition 9).] 


[Note: Compare this result with its topological analog on p. 12-17.] 


Application: Let p: X — B be a Kan fibration—then for any simplicial set Y, the 
postcomposition arrow p, : map(Y, X) > map(Y, B) is a Kan fibration (cf. §4, Proposition 
5). 

[Note: Take B = x to see that X fibrant = map(Y, X) fibrant V Y.] 


Application: Let 7: A — X be a cofibration—then for any fibrant Y, the precompo- 
sition arrow i* : map(X, Y) > map(A, Y) is a Kan fibration (cf. $4, Proposition 6). 


FACT Let L > K be an anodyne extension—then V fibrant Z, the arrow [K,Z]o — [L, Z]o is 
bijective. 


[Since Z is fibrant, the arrow [K, Z]o — [L, Z]o is surjective, hence bijective (cf. p. 13-19).] 


Application: Let L — K be an anodyne extension—then V fibrant Z, the arrow map(K,Z) —> 
map(L, Z) is a homotopy equivalence. 

[For any simplicial set X, the inclusion X x L > X x K is anodyne (cf. Proposition 9). But 
[X,map(K, Z)]o > [X,map(L, Z)]o is bijective iff [X x K, Z]o > [X x L,Z]o is bijective.] 


PROPOSITION 13 Let p: X > B bea Kan fibration. Suppose that b’,b” € Bo are 
in the same component of B—then the fibers Xp, Xp” have the same homotopy type. 
[Note: Compare this result with its topological analog on p. 4—13.] 
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LEMMA For any fibrant X, simplicial homotopy of simplicial maps A[0] > X is an 
equivalence relation. 

[The relation is reflexive: V x € Xo, disor = x = dosox. 
dju=2x 


The relation is transitive. For suppose that r~y & yz (x,y, z © Xo), say { iia 
8 8 ou= 


djv=y 
ex, & {r= 


Extend it to a simplicial map F : A[2] > X and put w = dF € Xi: diw = didi F = 
d,doF =zxz& dow = dod, F = dodo F =z (F hard F(idja)))- 


(v € X,). The pair (v, u) determines a simplicial map A[1, 2] > X. 


dju=2x (ue 


dou = 
X 1). The pair (sox, u) determines a simplicial map A[0,2] > X. Extend it es a Sanit 
map G : A[2] > X and put v = doG : div = didoG = dodeG = y & dov = dodoG = 
dod,G = x (G + G(idj))).] 

[Note: It is a corollary that A[n] (n > 1) is not fibrant.] 


The relation is symmetric. For suppose that r~y (x,y € Xo), say { 
s 


Application: For any fibrant X and any Y, simplicial homotopy of simplicial maps 
Y — X is an equivalence relation, so homotopy=simplicial homotopy in this situation. 
[In fact, X fibrant > map(Y, X) fibrant V Y (cf. supra).] 


Denote by tn the inclusion A[n] > A[n]. Given a Kan fibration p : X > B, put 


map(tn,p) = map(A[n], X) X map(Afn],B) Map(A[n], B) and let tn/p be the arrow map 
(A[n],X) — map(t,,p)—then 1,,/p is a Kan fibration (cf. Proposition 12). Definition: 
Elements x’,2” € X, are said to be p-connected (#’ ~ x’) if Az, Ag € map(A[n], X)o 
belong to the same component of the same fiber of sf Since an element of map(tn, p)o 
is a pair (f, F), where f : A[n] > X, F : A[n] 3 Band po f = Fo tp, an element A, € 


map(A[n], X)o lies on the fiber map(A[n], X)(¢,7) of tn/p over (f, F) if “ aie 


po Agr =F& i RT f are p-connected 


* / 1 . 
Accordingly, elements x’, 7” € X, with ie Ronee 
ifs H:IA|n] —~ X: Hoipn =A, , Hoi, = A, poH = Fopr, A\rA{n] = f opr or still, 
“e5 H!' 0%9 = Ay : . H!' ot, = Ay 
ayy yu. : x / _ oye x 
ifs A’, Taf) 3X | Fe & Hoy =] A" 044, Ce eee & 
H! 0i9 = H" 0 ig), po H! =poH", H'|IA[n] = H"IAfn). 


[Note: The relation ~ is an equivalence relation on X,,.] 
p 


LEMMA Let X be a simplicial set. Suppose that 2’, 2’ € X,, are degenerate—then 
Ce =A" (Ua) anor aa, 
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[Write 2’ = spy’, x” = sy”. Case 1: k =1. Here, y’ = dyax’ = dyx y oS 
Case 20k 7. say ee ly Se = dee" = dai” =] side 2) eS Say = 
$.$1-1dgy” = 88pdgy"; (3) y"” = dia" = dix’ = disispdgy” = sedgy”; (4) x! = sy” = 2" | 


Application: Given a Kan fibration p: X — B, degenerate elements x’,x” € X,, are 


p-connected iff they are equal. 


A Kan fibration p: X — B is said to be minimal if Vn, V a’,2” € X, : a’ 2a" => 
ae ' 


[Note: A fibrant X is minimal when X —> * is minimal.] 


FACT Suppose that X is fibrant—then X is minimal iff Vn, V 2’,2” € Xn: djx' =djx" (ViF 
j) => dja’ =djx" (0< i,j <n). 


EXAMPLE Let G be a simplicial group—then G is minimal iff the chain complex (NG, 90) is 


minimal, i.e., iff Vn, On : NnG — Nn-1G is the zero homomorphism. 


The class of minimal Kan fibrations is pullback stable. In particular: The fibers of a 


minimal Kan fibration are minimal fibrant objects. 


PROPOSITION 14 A minimal Kan fibration p: X — B is locally trivial. 

[The claim is that Vn & Vb € By, Xp is trivial over A[n]. Therefore it will be 
enough to prove that every minimal Kan fibration p : X — Aln] is trivial. To this 
end, let Co : A[n] > A[n] be the projection onto the 0° vertex and choose a simplicial 
homotopy H : [A|[n| + A[n] between Co and idas,y (cf. p. 138-16). Call A the fiber of 
p over the 0* vertex—then there is a retraction r : X — A and a simplicial homotopy 
H : IX + X between XA + X and idx with po H = H o (p x idaji). Define a 
simplicial map f : X — A[n] x A over A[n] by f(x) = (p(x), r(x)). To establish that f is 
an isomorphism, we shall proceed by induction on k, taking X_1; = 9 and assuming f|X; 
is bijective (1 < k,k > 0). 

Injectivity: Suppose that f(x’) = f(a”), where 2’,2” € X,. Put A'(a,t) = 
A((Xa)z’,t), H"(a,t) = H((Xa)x",t) to get simplicial homotopies H’, H” : [A[k] > X 
pe aig A & H' 0ig = H" 0%, poH! =poH", H'IA[k] = A" |IAIk), 
thus 2’ ~ #”’, so minimality forces x’ = x”. 


such that { 


p 

Surjectivity: Let (@o,a9) € (A[n] x A),. The induction hypothesis, coupled with 
the injectivity of f, ensures the existence of a simplicial map g : A[k] — X such that 
Va € A[k], f og(a) = (ap 0 a, (Xa)ag). In addition, one can find a simplicial homotopy 
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G: IA[k] > X satisfying Goip = Aq,, G|IA[k] = Ho (9g x idaiij), poG(a, t) = H(aoca, t). 
te G x7 ee Coie: 
Write Go = r(xz) (xe = G(idjyy, 1)) and set G = Ho (Got, x idarsj)—then \e = Ac. 


& Got, = Got, poG = poG, GIIA[k] = GIIA[k]. Therefore ap ~G > ao = G => 
p 
f(@x) = (a0, a0)-] 


Application: The geometric realization of a minimal Kan fibration is a Serre fibration 
(cf. p. 13-5). 


Let p: X > B be a Kan fibration; let A be a simplicial subset of X,7: 4 — X the 
inclusion. 

(DR) _ A is said to be a deformation retract of X over B if there is a simplicial 
map r:X — A over B anda simplicial homotopy H : 1X — X over B such that roz = id, 
and Hoigp =ior, Hoi, =idx. 

(SDR) _ A is said to be a strong deformation retract of X over B if there is a 
simplicial map r: X — A over B and a simplicial homotopy H : 1X — X over B such 
that roi=id4 and H oig =ior, H(a,t) =a (a€ A), Hot = idx. 

[Note: Taking B = x leads to the corresponding absolute notions for fibrant objects.] 
Ifp: X > Bis Kanand A C X isaretract of X over B, then the restriction pa = p|A 


is Kan. 


FACT Let p: X > B be a Kan fibration. Suppose that A C X is a deformation retract of X over 
B—then p has the RLP w.r.t. every cofibration that has the LLP w.r.t. p4. 


PROPOSITION 15 Let p: X > B be a Kan fibration—then there is a simplicial 
subset A C X which is a strong deformation retract of X over B such that p, is a minimal 
Kan fibration. 

[Let E be a set of representatives for the equivalence classes per ~ containing the 
degenerate elements of X (cf. p. 13-24). Choose a simplicial subset A cx maximal with 
respect to A C E:: pg will be minimal if it is Kan. Consider the set ) of all pairs (Y,G), 
where ACY C X andG: IY > X isasimplicial homotopy over B such that G(i9(Y)) C 
A, G(a,t) =a (a € A), Goi; =Y > X. Example: (A, IA = A —> X) € . Order Y by 
stipulating that (Y’,G’) < (Y",G") iff Y' CY” & G"|IY' =G’. Every chain in Y has an 
upper bound, so by Zorn, Y has a maximal element (Yo, Go). Claim: Yo = X. Supposing 
this is false, take 7 € X,: x2 ¢ Yo, with n minimal. Note that x is nondegenerate. Call Y, 
the smallest simplicial subset of X : Yo C Y, & # € Yz. Since A,|A[n] factors through Yo, 
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A[n] — Y 
there is a pushout square | i . Fix a simplicial homotopy H, : [A[n] > X over 
A[n] — Y, 
Az 
B such that H, 0%; = A, and H,|JA[n] = Go 0 (A, |A[n] x idan). Put 2” = H,(idjnj, 0) 
and define 2’ € E viag’~a": dix" € A (0O<i<n)>~2' € A. Fix a simplicial homotopy 
p 
H : IA{n] > X rel A[n] over B such that Hoig = Ay, Hot; = Az. Determine a simplicial 
ee K(a,t,1) = H,(a,t) 
. 72 —_ a) aA, 
map K : I*A[n] > X satisfying po K(a,t,T) = p((Xa)z), oe = H(a,T)’ 
K(a,t,T) = Go((Xa)z, t) (a € A[n]), and K(a,1,T) = (Xa)x. Extend Gp to a simplicial 
homotopy G, : IY; + X (Gz(a,t) = K (idjnj,t,0)) : (Y2,G@a) € Y. Contradiction.] 


x 
LEMMA Let f,g:X — Y be simplicial maps, where f~g & { are fibrant. Assume: f is an 
8 Y 


isomorphism and Y is minimal—then g is an isomorphism. 


Application: A simplicial homotopy equivalence between minimal fibrant objects is an isomorphism. 


v 
Consequently, if X is fibrant and if oe are deformation retracts of X that are minimal, then 


A’ 
,, are isomorphic. 
A 


A simplicial map p : X — B which has the RLP w.r.t. the inclusions A[n] 3 A[n] 

(n > 0) is a Kan fibration (cf. Proposition 7). Moreover, p is a simplicial homotopy 
xX x Afi] ~ xX 

equivalence. Proof: p admits a section s: B + X and | |p admits a filler 


X x A[l] —> B 
H:X x Afi] > X. Here, u(x, 0) = s(p(x)), u(x, 1) = 2. 


PROPOSITION 16 Let p: X — B be a Kan fibration—then p can be written as 
the composite of a simplicial map which has the RLP w.r.t. the inclusions A[n] 3 A[n] 
(n > 0) and a minimal Kan fibration. 


[Using the notation of Proposition 15, write p = paor, r: X — A the retraction. 


A[n]) “> Xx 
Suppose given a commutative diagram | |r . Since A is a strong deformation 
A[n]} — A 
Vv 


retract of X over B, there is a simplicial homotopy H : 1X — X over B such that 
Hoip = tor, H(a,t) = a (a € A), Hoty = idx. Choose a simplicial homotopy 


13-28 


G : IA[n] > X subject to G(a,0) = v(a), G|IA[n] = Ho(ux ida), poG(a, t) = p(u(a)). 


vat _ a ene a’ = v(idjn}) G’=roG | 
Let G(a,t) = H((Xa)z,t), where F = G(idj,),1). Put oe Jig) Cl = roe 


then eee & G! oi; =G" 0%1, pao G’ = pa oG", G'|[A[n] = G"|IA[n]. So: 
a’ = a” =a’ =a" (by minimality), hence Az: A[n] > X is our filler.] 
LEMMA Suppose that p: X > B has the RLP w.r.t. the inclusions A[n] > Al[n] 
(n > 0)—then |p| : |X| — |B| is a CG fibration, thus is Serre (cf. p. 4-7). 
x. 2 
[Consider a filler X x B — X for | |», bearing in mind that |X x B] & 
XxB— B 
|X| xx [Bl] 


PROPOSITION 17 The geometric realization of a Kan fibration is a Serre fibration. 

[This follows from Proposition 16, the lemma, and the fact that the geometric real- 
ization of a minimal Kan fibration is a Serre fibration (cf. p. 13-25).| 

[Note: The argument proves more: The geometric realization of a Kan fibration is a 
CG fibration.] 


For instance, suppose that p: X — B is Kan and a weak homotopy equivalence. Let B’ > B be 


xX' —» X 
a simplicial map and define X’ by the pullback square e'| |p —then p’ is Kan and a weak 
B' —>» B 


homotopy equivalence. 


Suppose that X is fibrant—then X is said to be simplicially contractible if the pro- 


jection X — * is a simplicial homotopy equivalence. 


EXAMPLE Let X be fibrant—then Ex X is fibrant (cf. p. 13-20) and is simplicially contractible 
if this is so of X. 


[Recall that Ex preserves simplicial homotopy equivalences (cf. p. 13-16).] 


PROPOSITION 18 A fibrant X is simplicially contractible iff every simplicial map 
f : A[n] > X can be extended to a simplicial map F : A[n] + X (n> 0). 

[The stated extension property implies that X is fibrant and simplicially contractible 
(cf. p. 13-26). To deal with the converse, fix a section s: A[0] > X for p: X — A[O] and 
a simplicial homotopy H : IX — X between so p and idx. Given f : A[n] > X, choose 
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G:IA[n] > X such that Go ip = s 0 (A[n] > A[0]), G|ZA[n] = H o (f x idapy) and put 
F =Go0i,—then F|A[n] = f.] 


A simplicial pair is a pair (X, A), where X is a simplicial set and A C_X is a simplicial 
subset. Example: Fix xg € Xo and, in an abuse of notation, let 79 be the simplicial subset 
of X generated by zo so that (%0)n = {Sn—1-°-- S020} (n > 1)—then (X, 20) is a simplicial 
pair. 

A pointed simplicial set is a simplicial pair (X, 29). A pointed simplicial map is a base 
point preserving simplicial map f : X — Y, ie., a simplicial map f : X — Y for which 

A(0] 


the triangle = << commutes or, in brief, f (xo) = yo. 
X —— Y 

SISET,, is the category whose objects are the pointed simplicial sets and whose mor- 
phisms are the pointed simplicial maps. Thus SISET, = [Aer SET.,| and the forgetful 
functor SISET, — SISET has a left adjoint that sends a simplicial set X to the pointed 
simplicial set Xi = X I x. 

[Note: The vertex inclusion e9 : A[0] — A[1] defines the base point of A[1], hence of 
Af1].] 


A[0] is a zero object in SISET. and SISET. has the obvious products and coproducts. In addition, 
XVY =» —Al0] 


the pushout square | | defines the smash product X#Y. Therefore SISET. is a closed 


XxXY —\ X#Y 


category if X @Y = X#Y and e = A[1]. Here, the internal hom functor sends (X,Y) to map, (X,Y), the 
simplicial subset of map(X, Y) whose elements in degree n are the f : X x A[n] > Y with f(xo x A[n]) = yo, 


i.e., the pointed simplicial maps X#A[n]+ — Y, the zero morphism Oxy being the base point. 


FACT Leti: A — X bea pointed cofibration—then for any pointed fibrant Y, the precomposition 


arrow i* : map,(X,Y) > map,(A,Y) is a Kan fibration. 
map,(X,Y) — map(X,Y) 


[Consider the pullback square | | , recalling that the arrow map(X,Y) > 


map,(A,Y) — map(4,Y) 
map(A,Y) is a Kan fibration (cf. p. 13-22).] 


Application: Fix a pointed fibrant Y—then V pointed X, map,(X,Y) is fibrant. 


Suppose that X is fibrant. Fix 79 € Xo—then the mapping space OX of the pointed 
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Ox — map(A[I1], Xx) 


simplicial set (X, x) is defined by the pullback square | le ‘ 
A{0| re map(A[0],x) = X 
zO 


Since X is fibrant, e5 is a Kan fibration (cf. p. 13-22), hence ©.X is fibrant. Furthermore, 
the composite @X + map(A[1], X)—map(A[0], X) + X is a Kan fibration, call it py. 
OX —> map(A[]], X) 
n| |i 

X 


Proof: Consider the pullback square : 
map(A[1],X) + X x X 


, hoting that 7* isa 


Kan fibration (cf. p. 13-22). (Avg idx) 


OX can be identified with map, (A[1], X), thus is a pointed simplicial set. The fiber of py : OX > X 
over the base point is the loop space Q.X, ie., map,(S[1],X), S[1] = Af1]/A[1] the simplicial circle. 
Example: V pointed topological space X, there are natural isomorphisms O(sin X) & sinOX, O(sin X) & 


sinQx. 


LEMMA e% : map(A[1],X) — map(A[0],X) has the RLP w.r.t. the inclusions 
A[n] > A[n] (n > 0). 
A[n] —> map(A[1],X)  A[n] x AfO] UA[n]x A] —> xX 
[Convert | le to | | , bearing 
A[n] — map(A[O0], X) A[n] x A[1] —————>__ * 
in mind that e9 : A[O] + A[1] is anodyne.| 


PROPOSITION 19 Suppose that X is fibrant—then OX is simplicially contractible. 


[In view of the lemma, this is a consequence of Proposition 18.] 


LEMMA For every simplicial set X, |ex|: |X| — |ExX| is a homotopy equivalence (cf. p. 13-12). 
[Show that |ex| is bijective on mo and 71 and, using an acyclic models argument, that |ex| is 


a homology equivalence. To handle the higher homotopy groups, define OX by the pullback square 
Ox — Osin|xX| 


ik {pa . Since X > sin|X| is a weak homotopy equivalence (cf. p. 13-15), the same is 


X — > sin |X| 
true of OX — Osin|X| (cf. p. 13-33). But Osin|X| is simplicially contractible (cf. Proposition 19), 


thus OX — x* is a weak homotopy equivalence and so ExOX — * is a weak homotopy equivalence. In 
addition: OX > X Kan > ExOX — ExX Kan (cf. p. 13-20). Compare the homotopy sequences of 


the associated Serre fibrations and use induction] 
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SIMPLICIAL EXTENSION THEOREM Let (K,L) be a simplicial pair, p : X — 


Lo 
Ba Kan fibration. Suppose given a commutative diagram | |p —then V ¢ € 
K ra B 


C(|K|, |X|) such that ¢||L| = |g| and |p| o ¢ = |f| there is a simplicial map F : kK > X 
with F|L = 9g, poF = f, and |F| a ee 


L,= Ain] 
sin |X | X > sin |X| 
sin |B| Bana ees 
C(A”, |X|) = sin, |X|, di@ € X (0 < i < n), by = |plog € By. The assertion can 
thus be recast: J x € X, such that x ~ @¢. This being clear if n = 0, take n > 0, write 


sin |p| 


[It will be enough to consider the case when { B 


(n > 0). Identify ‘e 


with its image in { under the arrow of adjunction { 


bg = (BB)b, where f is an epimorphism and 6 is nondegenerate, and argue inductively on n 
and on the finite set of epimorphisms having domain [n] (viz., B’ < B” iff Vi, B'(i) < B’ (i). 


[Note: p Kan = |p| Serre (cf. Proposition 17) = sin |p| Kan.] 


(I) 6: [n] — [0]. Here, b € Bo and did € Xp (0 < i <n). View Xp (which 
is fibrant) as a pointed simplicial set with base point ¢o (the 0° element in the vertex 
set of @ (cf. p. 13-4)). Put Y = X,, W = OY, q = pi, and choose a finite sequence 
(Wo,---,Wn—1,W,) of elements of W,,_1 such that djw; = dj_1w; (¢< 7 & i,j A n) with 
q(w;) = did (0< i < n—1) (q maps W surjectively onto the component of Y containing 

A[n,n] — sin|W| 
the base point). Encode the data in the commutative diagram t | to 
A[n] —  sin|Y| 
Ag 
produce a w € sin, |W] : sin|q|(w) = ¢. The induction hypothesis furnishes a wy, € 


Wn_-1: Wn a dni. On the other hand, W is simplicially contractible (cf. Proposition 
sin |q 
19), so one can find a w € W,, : djw = w; (0 < i < n) (cf. Proposition 18). Claim: 
xL a he where « = q(w). To see this, fix a simplicial homotopy H : [A[n — 1] > 
sin |p 
sin |W| rel A[n — 1] over sin|Y| such that Hoig = Ay, , Hoi; = Ag,». Define a simplicial 
map Hf: A[n] x A[1] U A[n] x A[1] > sin|W| by the recipe Ho ig = Ay, Hoi = Ay, 


H(djidtnj, t) = wi (0 < i < n—1), H(dnidjny,t) = A (id{,—1, t). Using the fact that (|?|, sin) 
is an adjoint pair, H determines a continuous function G : ig A" Ui, A” UIA" > |W| which 
can then be extended to a continuous function G : IA" > |W| (|W| is contractible). Pass 


back to get a simplicial homotopy H : IA[n] > sin|W| extending H. Consider the 


composite sin |q| o H followed by the inclusion sin |Y| > sin |X]. 
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(II) 6: [n] > [m] (m> 0). Let k = omni i: B(i) # Bi +1). Choose FE Xp, : 
dE = dif (0 < i < n—1) with p(®) = bg and choose # € sinn41|X|: dg =F, deriv = 4, 
diy = djspd (O< tn, i fk, K+1) with |p| oy = 5,bg,—then IVE Xn: 7 ~ dni 


sin |p| 


(induction). Choose @ € Xn41 : dpW = ZF, dn41W = 9, d;W = djsph (0 << i<n,i#k, k+1) 
with p(@) = s,bg. Fix a simplicial homotopy H : [A[n] > sin |X| rel A[n] over sin |B| such 


that H oto = Az, Hot, = Aq, ,,y and incorporate the choices into a simplicial homotopy 
H : [A[n+1] — sin|X| satisfying Ho ip = Ag, Hot, = Ay, H(diidiny1,t) = dw 
(0<i<nif#k+1), A(dnyiidiny1,t) = A(id(ny,t), |p| 0 A(idjn4i,t) = sebg. Put 
x = dy41W and examine H o(A[d,41] x idaqi) : LA[n] > sin |X| to conclude that x ee .| 

Specialized to B = *, one can say that if (K,L) is a simplicial pair and X is fibrant, then given 
a simplicial map g : L — X and a continuous extension ¢ : |K| — |X| of |g|, there exists a simplicial 
extension F : K — X of g such that |F'| ~ ¢rel|L|. Conversely, every simplicial set X with this property is 
fibrant. Proof: The geometric realization of a simplicial map A[k,n] — X can be extended to a continuous 


function A” — |X|. 


Example: Suppose that X is fibrant—then X is a strong deformation retract of sin |X. 
x 2g 
[Apply the simplicial extension theorem to the commutative diagram | | ; 
sin|X| —> x 
taking for ¢ € C(|sin|X||, |X|) the arrow of adjunction | sin |X|| > |X].] 


EXAMPLE Let . be simplicial sets. Assume: Y is fibrant—then there is a weak homotopy 
equivalence | map(X,Y)| > map(|X|,|Y]). 

[Since Y is fibrant, the arrow of adjunction Y — sin|Y| is a simplicial homotopy equivalence, thus 
the arrow map(X,Y) > map(X,sin|Y]|) is a simplicial homotopy equivalence. But map(X,sin|Y|) & 
sinmap(|X|,|Y|) and the arrow of adjunction | sin map(|X|,|Y|)| — map(|X|,|Y|) is a weak homotopy 
equivalence (Giever-Milnor theorem).] 


PROPOSITION 20 Let ‘e be fibrant—then a simplicial map f : X > Y isa 


a 
simplicial homotopy equivalence iff its geometric realization |f|: |X| — |Y| is a homotopy 


equivalence. 

[In general, geometric realization takes simplicial homotopy equivalences to homotopy 
equivalences. The fibrancy of X & Y is used to go the other way. Thus fix a homotopy 
inverse g : |Y| — |X| for |f| and let r : sin|X| — X be a simplicial homotopy inverse for 
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X — sin|X| (cf. supra)—then the composite Y — sin |Y | 59, sin |X| X is a simplicial 
homotopy inverse for f.] 

[Note: It is a corollary that a fibrant X is simplicially contractible iff |X| is con- 
tractible.] 


y are topological spaces and f : X — Y is a continuous 


function—then f is a weak homotopy equivalence iff sin f : sin X — sin Y is a simplicial 


fi te xX 
Application: Suppose that { 


homotopy equivalence. 
[If f is a weak homotopy equivalence, then | sin f| is a weak homotopy equivalence 


(cf. p. 13-17) or still, a homotopy equivalence. But this means that sin f is a simplicial 
: in X 
homotopy equivalence, { oe 


nY being fibrant.| 


A simplicial set X is said to be finite if |X| is finite. 


[Note: A finite simplicial set is a simplicial object in the category of finite sets (but not conversely).] 


SIMPLICIAL APPROXIMATION THEOREM Let be simplicial sets with X finite. 
Fix ¢ € C(|X|,|Y|)—then 4 n > 0 and a simplicial map f : Sd” X — Y such that |f| ~ ¢0 |d&|. 

[Since Ex°° Y is fibrant (cf. p. 13-21), it follows from the simplicial extension theorem that there 
exists a simplicial map F : X —+ Ex Y such that |F| ~ |ef|o¢. But X is finite, so F factors through 
Ex” Y for some n.] 

[Note: The natural transformations d” : Sd” -+ id are defined inductively by d&. = idx, de — 


dX fe) dggn x] 


PROPOSITION 21 Let p: X — B be a simplicial map—then p is a Kan fibration 
and a weak homotopy equivalence iff p has the RLP w.r.t. the inclusions A[n] > Afn] 
(n > 0). 

[That the condition is sufficient has been noted on p. 13-26. As for the necessity, one 


can assume that p is minimal (cf. Proposition 16). To construct a filler A[n] — X for 


Ala) -— ox A[n] — 
i) [p (b € B,), it suffices to construct a filler A[n] + X, for | 
Ain] <> B Afn] 


But the projection X, — Aln] is a weak homotopy equivalence (cf. p. 13-27) and Xz is 
trivial over A[n] (cf. Proposition 14), say X, ~ Al[n] x T,, where T; is fibrant. Therefore 


|T,| is contractible, hence T; is simplicially contractible. Now quote Proposition 18.] 


Recall that CGH in its singular structure is a proper model category (cf. p. 12-12). 


A[n| 
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FUNDAMENTAL THEOREM OF SIMPLICIAL HOMOTOPY THEORY SISET 
is a proper model category if weak equivalence=weak homotopy equivalence, cofibra- 
tion=injective simplicial map, fibration=Kan fibration. Every object is cofibrant and the 


fibrant objects are the fibrant simplicial sets. 
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[Axioms MC-1, MC-2, and MC-3 are immediate. 

Claim: Every simplicial map f : X — Y can be written as a composite f,, oi,, where 
iy 1 X + X,, is an anodyne extension and f,, : X, — Y is a Kan fibration. 

[In the small object argument, take So = {A[k,n] > A[n] (O< k <n, n> 1)}.] 

Claim: Every simplicial map f : X — Y can be written as a composite f,, o7,, where 
iy : X + X,, is a cofibration and f, :X, — Y is both a weak homotopy equivalence and 
a Kan fibration. 

[In the small object argument, take Sy = {A[n] 4 A[n] (n > 0)}.] 

Combining the claims gives MC—5. Turning to MC—4, consider a commutative diagram 
A —> X 
il |p , where 7 is a cofibration and p is a Kan fibration. If p is a weak homotopy 
xy se B 
equivalence, then the existence of a filler w : Y — X is implied by Proposition 7 and 
Proposition 21. On the other hand, if 2 is a weak homotopy equivalence, then by the first 
claim 1 = goj, where j7 : A > Z is anodyne and q: Z — Y is a Kan fibration which is 


necessarily a weak homotopy equivalence, so 4 f : Y > Z such that for =J7, qo f =idy. 
Consequently, i is a retract of 7, thus is itself anodyne. 
There remains the verification of PMC. Since all objects are cofibrant, half of this 


is automatic (cf. §12, Proposition 5). Employing the usual notation, consider a pull- 


ee seis 5 
back square é| |g in SISET. Assume: g is a Kan fibration and f is a weak ho- 
xX —> Z 
f 
In| 
HR] ae | 
motopy equivalence—then 7 is a weak homotopy equivalence. Proof: lel | {Io 
|X| —> |Z 
fl 


is a pullback square in CGH (cf. Proposition 1), |g| is a Serre fibration (cf. Propo- 
sition 17), and |f| is a weak homotopy equivalence. Therefore |7| is a weak homotopy 
equivalence. | 

[Note: It is a corollary that SISET, (= A[0]\SISET) is a proper model category.| 


EXAMPLE (Simplicial Groups) The free group functor Fs, : SET > GR extends to a functor 
Fy, : SISET — SIGR which is left adjoint to the forgetful functor U : SIGR — SISET. Call a 
homomorphism f : G — K of simplicial groups a weak equivalence if Uf is a weak homotopy equivalence, 
a fibration if Uf is a Kan fibration, and a cofibration if f has the LLP w.r.t. acyclic fibrations—then 


with these choices, SIGR is a model category. Here the point is that f : G— K is a fibration (acyclic 
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fibration) iff it has the RLP w.r.t. the arrows FerA[k,n] 3 FerA[n] (0 < k < n,n > 1) (FerA[n] > FerA[n] 
(n > 0)). Since Fy; preserves cofibrations and U preserves fibrations, the TDF theorem implies that 
LFg, : HSISET > HSIGR and RU : HSIGR — HSISET exist and constitute an adjoint pair. 

[Note: Every object in SIGR is fibrant (cf. p. 13-21) but not every object in SIGR is cofibrant. 
Definition: A simplicial group G is said to be free if V n, Gp is a free group with a specified basis By, such 
that s;Bn C Bn41 (0 <2< n). Every free simplicial group is cofibrant and every cofibrant simplicial 


group is the retract of a free simplicial group.] 


EXAMPLE (Groupoids) grd acquires the structure of a model category when one stipulates that 
a functor F is a weak equivalence if F is an equivalence of categories, a cofibration if F' is injective on 


objects, and a fibration if ner F is a Kan fibration. All objects are cofibrant and fibrant. 


EXAMPLE (G-Sets) Fix a group G. Denote by G the groupoid having a single object * with 
Mor (*, *) = G—then the category SET g of right G-sets is the functor category [GOP , SET] and the cat- 
egory of simplicial right G-sets SISET g is the functor category [A°?, [G°P, SET] = [(A x G)°P, SET]. 
Claim: SISET Gg is a model category. Thus let U : SISETg — SISET be the forgetful functor and declare 
that a morphism f : X — Y of simplicial right G-sets is a weak equivalence if Uf is a weak homotopy 
equivalence, a fibration if Uf is a Kan fibration, and a cofibration if f has the LLP w.r.t. acyclic fibrations. 

(CO) An object X in SISETG is cofibrant iff V n, Xn is a free G-set. 

Fix a cofibrant XG in SISETG such that XG —> * is an acyclic fibration. Put BG = X G/G—then 
XG is simplicially contractible and locally trivial with fiber G (i.e., siG), the projection XG > BG is a 
Kan fibration, BG is fibrant, and |BG| is a K(G,1). Explicit models for (XG, BG) can be found, e.g., in 
the notation of p. 0-45, XG = bar(*;G;G) (& nertranG), BG = bar(*; G;*) (& ner G). 

[Note: U has a left adjoint Fg@ which sends X to X x siG. And, thanks to the TDF theorem, 
(LFg, RV) is an adjoint pair.] 


Remark: The class of anodyne extensions is precisely the class of acyclic cofibrations. 


Claim: Sd preserves anodyne extensions. For suppose that f : X — Y is anodyne and form the 


Sd 
Sax: 284: gay 


commutative diagram dx | | dy . Since Sd preserves injections, Sdf is a cofibration. But 
x — ¥: 
f 
dx & dy are weak homotopy equivalences (cf. Proposition 5), thus Sdf is an acyclic cofibration, i.e., is 


anodyne. 


PROPOSITION 22 Suppose that L > K is an inclusion of simplicial sets and X + B 
is a Kan fibration—then the arrow map(K, X) — map(L, X) Xmap(z,B) map(K, B) is a 
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Kan fibration (cf. Proposition 12) which is a weak homotopy equivalence if this is the case 
of L + K or X > B. 


_ [Owing to Proposition 21, the problem is to produce a filler A[n] x kK — X for 
A[n] x KUA[n]x LD — xX 


il | . If L > K is an acyclic cofibration, then, as pointed out 


A[n] x kK ——> B 
above, L + K is anodyne. Therefore i is anodyne (cf. Proposition 9) and the filler exists. 


If X — B is an acyclic Kan fibration, then the existence of the filler is guaranteed by 
MC-4.] 


HSISET is the homotopy category of SISET (cf. p. 12-24 ff.). In this situation, 1X 
= X x A[1] serves as a cylinder object while PX = map(A[1], X) is a path object when 
X is fibrant but not in general (Berger'). Since all objects are cofibrant, 2X = X V X 
and there are canonical choices for RX, e.g., sin|X| or Ex X. If X is cofibrant and 
Y is fibrant, then left homotopy=right homotopy or still, simplicial homotopy: [X,Y] * 
[X,Y]o. HSISET has finite products. And: HSISET is cartesian closed. Proof: [X x 
Y,Z] x [X x Y,sin|Z|] = [X x Y,sin|Z|]o + [X, map(Y, sin|Z]|)]o ~ |X, map(Y, sin |Z])]. 

[Note: Recall too that the inclusion HSISETs — HSISET is an equivalence of 
categories (cf. §12, Proposition 13).] 

Example: X and X°P are naturally isomorphic in HSISET. 


FACT Let S C Mor HoSISET be the class of homotopy classes of anodyne extensions—then 
S—!HoSISET is equivalent to HSISET. 


COMPARISON THEOREM The adjoint pair (|?|, sin) induces an adjoint equivalence 
of categories between HSISET and HTOP (singular structure). 
[In the TDF theorem, take F' = |?|, G = sin—then F preserves cofibrations and G 


age exist and (LF, RG) is an adjoint pair. Consider now the 
bijection of adjunction Ex y : C(|X|,Y) - Nat(X,sinY), so =x yf is the composition 


preserves fibrations, thus 


X — sin|X| "fF sinY. Since the arrow X — sin |X| is a weak homotopy equivalence 
(cf. p. 13-15), Ex yf is a weak homotopy equivalence iff sin f is a weak homotopy equiva- 
lence, i.e., iff f isa weak homotopy equivalence (cf. p. 13-17). Therefore the pair (LF, RG) 


is an adjoint equivalence of categories (cf. p. 12-29).] 


Application: HSISET is equivalent to HCW. 


+ Bull. Soc. Math. France 123 (1995), 1-32. 
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[Note: Analogously, HSISET., is equivalent to HCW... 


Are there other model categories C whose associated homotopy category HC is equiv- 
alent to HCW? The answer is “yes”. 


EXAMPLE Take C = CAT and call a morphism f a weak equivalence if Ex? o ner f is a weak 
homotopy equivalence, a fibration if Ex? o ner f is a Kan fibration, and a cofibration if f has the LLP 
w.r.t. all fibrations that are weak equivalences—then Thomason? has shown that CAT is a proper model 

F =co Sd? 


category. Put : (F,G) is an adjoint pair with the property that F preserves cofibrations 
G = Ex? oner 


LF 
and G preserves fibrations, thus { re exist and (LF, RG) is an adjoint pair (TDF theorem). Moreover, 
R 


the arrow X — Ex? o nero co Sd?.X is a weak homotopy equivalence of simplicial sets, so the pair 
(LF, RG) is an adjoint equivalence of categories. It therefore follows that HSISET, HCAT, and HCW 
are equivalent. 

[Note: Latch? proved that ner : CAT + SISET induces an equivalence HCAT > HSISET (but 


the adjoint pair (c, ner) does not induce an adjoint equivalence).] 


EXAMPLE The category of simplicial groupoids is a model category and its homotopy category 
is equivalent to HSISET, hence to HCW (Dwyer-Kanl). 
[Note: A simplicial groupoid G is a category object (M, O) in SISET, where O is a constant simplicial 
set, equipped with a simplicial map x : M — M such that s = toy, t= soy, co(x X idy) =e 08, 
co (idys X x) =eot. So, V n, Gp is a groupoid and Ob Gp, = Ob Go. Introducing the obvious notion of 
morphism, the simplicial groupoids are seen to constitute a category which is complete and cocomplete. 
Its model category structure is derived from (1)—(3) below. 
(1) A morphism F : G > K of simplicial groupoids is a weak equivalence if F restricts to a 
bijection on components and V X € O, the induced morphism G(X) > K(FX) of simplicial groups is a 
weak equivalence. 
(2) A morphism F : G + K of simplicial groupoids is a fibration if Fy : Go > Ko is a 
fibration of groupoids and V X € O, the induced morphism G(X) — K(FX) of simplicial groups is a 
fibration. 
(3) A morphism F : G > K of simplicial groupoids is a cofibration if it has the LLP w.r.t. 


acyclic fibrations. | 


t Cahiers Topologie Géom. Différentielle 21 (1980), 305-324. 

= J. Pure Appl. Algebra 9 (1977), 221-237. 

ll Nederl. Akad. Wetensch. Indag. Math. 46 (1984), 379-385; see also Heller, Illinois J. Math. 24 
(1980), 576-605. 
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Fix a small category I—then the functor category [I, SISET] admits two proper model 
category structures. However, the weak equivalences in either structure are the same, so 
both give rise to the same homotopy category H[I, SISET]. 

(L) Given functors F,G :I— SISET, call = € Nat(F,G) a weak equivalence 
if V i,=; : Fi ~ Gi is a weak homotopy equivalence, a fibration if V 2,5; : Fi > Gi isa 
Kan fibration, a cofibration if = has the LLP w.r.t. acyclic fibrations. 

(R) Given functors F,G : I > SISET, call = € Nat(F,G) a weak equivalence 
if V i,8; : Fi > Gi is a weak homotopy equivalence, a cofibration if Vi: =; : Fi — Gi is 
an injective simplicial map, a fibration if = has the RLP w.r.t. acyclic cofibrations. 

In practice, both structures are used but for theoretical work, structure L is generally 
the preferred choice. 


[Note: When I is discrete, structure L=structure R (all data is levelwise).] 


Since the arguments are dual, it will be enough to outline the proof in the case of structure L. 


a wT 
Notation: Let f : X — Y beasimplicial map—then f admits a functorial factorization X Es Ly “f Y; 


where if is a cofibration and ay is an acyclic Kan fibration, and a functorial factorization X oR; *f ¥, 
where tf is an acyclic cofibration and py is a Kan fibration. 

Observation: These factorizations extend levelwise to factorizations of 2: F > G, viz. F sa) Le "SG 
and F 3 Re “3 G. 

Write Igi, for the discrete category underlying I—then the forgetful functor U : [I,SISET] > 


[Igis, SISET] has a left adjoint that sends X to frX, where frXj = ial Mor (i, 7) - X74. 
i€Ob 1 


LEMMA Fix an F in [I,SISET]. Suppose that ®: UF + X is a cofibration in [Igj,, SISET] and 
fUF "> fx 


uP | |e is a pushout square in [I, SISET]—then the composite Uuo px : X * unrx Yue 


F — G 
is a cofibration in [Igi,, SISET]. 
[The commutative diagram 
eS —————————.G 


| [ox 


({] Fi)uFj —+(]] Fi) xj —>(]] Xi) UX; 


6 6 8 
~wJj wi ~wJ 
d#id j d#id j d#id j 
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tells the tale. Indeed, the middle row is a factorization of (fr); (suppression of “U”), the bottom square 


on the right is a pushout, and a coproduct of cofibrations is a cofibration.] 


[Note: As usual, M are the ambient arrows of adjunction.] 
Vv 


Consider any =: F + G. Claim: © can be written as the composite of a cofibration and an acyclic 
frUis 
frUF —> frULe 
fibration. Thus define F, by the pushout square uF | | —then there is a commutative 
F —- Fy 


diagram 
frUis frUrs 
frUF —> fruULe= — frUG 


ve | | [ve 


in which frULs > Fy, > Le is vee. Putting Fo = F (and =o = &), iterate the construction to obtain 


a sequence F = Fo > Fi > --: > F,, of objects in [I, SISET], taking F,, = colim Fy. This leads to a 
pY > ian 


commutative triangle XX Va . Here, % is a cofibration (since the F, > Frn+1 are). Moreover, i, 


is a weak equivalence whenever = is a weak equivalence and in that situation, 7, has the LLP w.r.t. all 


fibrations. To see that =, is an acyclic fibration, look at the interpolation 


UFy ——+ UL=, ——+ UF, — ULz, —— 


Ee ok i 


in [Igis, SISET]. Thanks to the lemma, the horizontal arrows in the top row are cofibrations. On the 
other hand, the arrows ULz,, — UG are acyclic fibrations. But then US, is an acyclic fibration per 
[Tgis, SISET], i-e., =, is an acyclic fibration per [I, SISET]. Hence the claim. 

To finish the verification of MC-—5, one has to establish that = can be written as the composite of an 
acyclic cofibration and a fibration. This, however, is immediate: Apply the claim to v=. MC—4 is equally 
clear. For if = is a cofibration, then = is a retract of %, so if = is an acyclic cofibration, then = has the 


LLP w.r.t. all fibrations. PMC is obvious. 


EXAMPLE Definition: A functor F : I > SISET is said to be free if 4 functors By : Igi, > SET 
(n > 0) such that Vj € ObT: Bnj C (Fi)n & 8iBnj C Bn4ij (0 < i < n), with f#B, & Fy 
(Fnj = (Fj)n). Every free functor is cofibrant in structure L and every cofibrant functor in structure L is 


the retract of a free functor. Example: ner(I/—) is a free functor, hence is cofibrant in structure L. 
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Fix an abelian group G. Let f : X > Y bea simplicial map—then f is said to be an 
HG-equivalence if V n > 0, |f|x : Hn(|X|;G@) > Hn(|Y|;G@) is an isomorphism. Agreeing 
that an HG-cofibration is an injective simplicial map, an HG-fibration is a simplicial 
map which has the RLP w.r.t. all HG-cofibrations that are HG-equivalences. Every HG- 


fibration is a Kan fibration. Proof: A*:” is a strong deformation retract of A”. 


PROPOSITION 23 Let p: X — B be a simplicial map—then p is an HG-fibration 
and an HG-equivalence iff p is a Kan fibration and a weak homotopy equivalence. 
[Necessity: Write p = qo Jj, where j : X — Y isa cofibration and q: Y > B is 


an acyclic Kan fibration. Since p is an HG-equivalence, the same is true of 7, thus the 


xX xX 
commutative diagram J | |? admits a filler g: Y + X. Therefore p is 
Y — B 
q 


a retract of g, hence is an acyclic Kan fibration. 


Sufficiency: Apply Proposition 7 and Proposition 21.] 


Notation: Given a simplicial set X, write #(X) for #(€), the cardinality of the set of 
cells in |X|. 
[Note: V set X, #(siX) = #(X), the cardinality of X.] 


PROPOSITION 24 Let p: X — B be a simplicial map which has the RLP w.r.t. 
every inclusion A — Y, where H,(|Y|,|A|;G) =0 and #(Y) is < #(G) if #(G) is infinite 
and < w if #(G) is finite—then p is an HG-fibration. 

[It suffices to prove that p has the RLP w.r.t. every inclusion L > K (L 4 K) with 
H,,(|K|, |L|;G) = 0. This can be established by using Zorn’s lemma. Indeed, J a simplicial 
subset A C K (A ¢ L) such that H,(|A|,|AM L|;G) = 0 subject to the restriction that 
#-(A) is < #(G) if #(G) is infinite and < w if #(G) is finite (cf. p. 9-25).] 


PREFACTORIZATION LEMMA Suppose that « is an infinite cardinal. Let f : 
X — Y be a simplicial map—then f can be written as a composite f = pf otf, where 
ip : X — Xz is an injection with H,(|X-|,|X|;G) = 0, such that every commutative 
——- Gaeees o 
diagram | |r has a filler K — Xy, (K,L) being any simplicial pair with 
Kk —W_- Y 
#(K) <« and H,(|K|,|L|;G) = 0. 
[Choose a set of simplicial pairs (K;,L;) with #(K;) < « and H,(|K;|,|L,|;G) = 0 


which contains up to isomorphism all such simplicial pairs. Consider the set of pairs 
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de 322s Xx 
of morphisms (g,h) such that the diagram | |f commutes, define X f by the 
h 
i (g,h) : 
| | . and let pr : X# — Y be the induced simplicial map. 
t (g,h) 


pushout square 


HOMOLOGICAL MODEL CATEGORY THEOREM Fix an abelian group G—then 
SISET is a model category if weak equivalence=HG-equivalence, cofibration=HG- 
cofibration, fibration=AHG-fibration. 

[On the basis of Proposition 23, one has only to show that every simplicial map 
f : X — Y can be written as a composite poi, where 7 is an acyclic HG-cofibration 
and p is an HG-fibration. This can be done by a transfinite lifting argument, using the 
prefactorization lemma with « a regular cardinal > #(G) (cf. Proposition 24).] 

[Note: The fibrant objects in this structure are the HG-local objects, i.e., those X 
such that X — * is an HG-fibration.] 


PROPOSITION 25 Suppose that L > K is an inclusion of simplicial sets and X + B 
is an HG-fibration—then the arrow map(K, X) + map(L, X) Xmap(z,B) map(K, B) is an 
HG-fibration which is an HG-equivalence if this is the case of LD — K or X > B. 


EXAMPLE The model category structure on SISET provided by the homological model category 
theorem is generally not proper. Thus factor X > * as X > Xyq@— *, where X > Xyq is an acyclic 


HG-cofibration and Xyq@ — * is an HG-fibration. Assuming that X is fibrant and connected, define 
Euya — OXue 


Exe by the pullback square | | —then the arrow Exg > OX ya is not necessarily an 


xX — XuHe 
HG-equivalence. 


FACT Suppose given simplicial maps f: X > Y,g:Y — Z, where f is a Kan fibration and g, 
go f are HG-fibrations—then f is an HG-fibration. 


x 
Application: If f : X — Y is a Kan fibration and { are HG-local, then f is an HG-fibration. 
Y 


EXAMPLE The HG-local objects in SISET are closed under the formation of products and 
map(X,Y) is HG-local V X provided that Y is HG-local. Given a 2-sink X ER Z&€Y of HG-local objects 
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with f a Kan fibration, the pullback X xz Y is HG-local. Finally, for any tower Xo «+ X1 <--- of Kan 
fibrations and HG-local Xn, the limit lim X, is HG-local. 


A simplicial category is a SISET-category. So, to specify a simplicial category one 
must specify a class of objects O and a function that assigns to each ordered pair X,Y € O 
a simplicial set HOM(X,Y) plus simplicial maps C'x,y,z : HOM(X,Y) x HOM(Y, Z) > 
HOM(X, Z), Ix : A[0] > Hom(X, X) satisfying SISET-cat; and SISET-catz (cf. p. 
0-40). Here is an equivalent description. Fix a class O. Consider the metacategory CATo 
whose objects are the categories with object class O, the morphisms being the functors 
which are the identity on objects—then a simplicial category with object class O is a 


simplicial object in CATo. 


A category object (M,O) in SISET, where O is a constant simplicial set, is a simplicial category. In 
particular: A simplicial groupoid is a simplicial category (cf. p. 13-36). 


6; to d; 
EXAMPLE There is a functor ACP —} SISET which sends [n] to A[1]" and 2° “| where 
0; to 8; 
(a2,.-- Qn) (i = 0) 
di(ai,...,0n) = < (a1,...,max(aj41,03),--.,an) (O<i<n), 
(a1,...,Qn—1) (t= n) 
8i(Q1,.-.,Qn) = (a1,...,0;4,0,0%41,-...,Qn). Now fix a small category C. Given X,Y € ObC, 


let C = C(X,Y) be the cosimplicial set defined by taking for C(X,Y)” the set of all functors F : 
In +1] > C with Py = X, Fn41 = Y and letting Cd; : C™ > Cc™t+!l Co; : C™ + C”—! be the assign- 
ments (fo,.-. anh (fo,.--,fé-1, 10, fi,.-.., fn), (fo,---,fn) > Woe  Jit1° fi,;---,fn). Definition: 
n n 

HOM(X,Y) = / A[1]” x C(X,Y)”. Since HOM(X,Y)m = AU? x C(X,Y)”, one can intro- 
duce a “composition” rule and a “unit” rule satisfying the axioms. The upshot, therefore, is a simplicial 
category FRC with O = Ob C. 

[Note: The abstract interpretation of FRC is this. Observe first that the forgetful functor from 
CAT to the category of small graphs with distinguished loops at the vertexes has a left adjoint. Consider 
the associated cotriple in CAT—then the standard resolution of C is FRC and the underlying category 


UFRC is the free category on Ob C having one generator for each nonidentity morphism in C.] 


Let C be a category. Suppose that X,Y are simplicial objects in C and let K be 
a simplicial set—then a formality f : XOK — Y is a collection of morphisms f,(k) : 
Xr — Yn in C, one for each n > 0 and k € K,,, such that Yao fn(k) = fm((Ka)k) o Xa 
(a: [m] > [n]). Notation: For(XOK,Y). Example: For(X CAO], Y) can be identified 
with Nat(xX, Y). 
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[Note: As it stands, X OK is just a symbol, not an object in SIC (but see below).| 


PROPOSITION 26 Let C be a category—then the class of simplicial objects in C is 
the object class of a simplicial category SIMC. 

[Define HOM(X,Y) by letting HOM(X,Y),, be For(X OAI[n], Y).] 

[Note: SIC is isomorphic to the underlying category of SIMC.] 


A simplicial functor is a SISET-functor. Example: If ‘o are categories and Ff’ : 


D 
C —> Disa functor, then F' extends to a simplicial functor SF : SIMC > SIMD. 


EXAMPLE CAT is cartesian closed, hence can be viewed as a CAT-category. Since ner : CAT > 
SISET is a morphism of symmetric monoidal categories, ner,CAT is a simplicial category whose object 
class is the class of small categories, HOM(C,D) being ner[C,D] (cf. p. 0-41). One may therefore 


interpret ner as a simplicial functor ners C AT — SISET (for ner[C, D] © map(ner C, ner D)). 


Given a category C, a simplicial action on C is a functor O : C x SISET —> C, 
together with natural isomorphisms R and A, where Rx : XOA(0] — X, Ax Kr: 
XO(K x L) > (XOK)OL, subject to the following assumptions. 

(SAi) The diagram 


XO(K x (Lx M)) 4+ (XOK)O(L x M) “> ((XOK)OL)OM 
iaa| Jac id 

XO((K x L) x M) ——____,_—___> (x (Kk x L))0M 
commutes. 

(SA2) The diagram 

XO(A(0] x K) 44 (xo Af0/)oK 
iaa| [zo id 

commutes. 


[Note: Every category admits a simplicial action, viz. the trivial simplicial action.] 


It is automatic that the diagram 


XO(K x A[o]) > (xOK)OA(0] 


idar| |r 


XOK = XOK 
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EXAMPLE [If CO is a simplicial action on C, then for every small category I, the composition 
[1,0] 


[I, C] x SISET = [I, C] x [I, SISET] x [I, C x SISET] ————4[I, C] is a simplicial action on [I, C]. 
PROPOSITION 27 Let C be a category. Assume: C admits a simplicial action 
O—then there is a simplicial category OC such that C is isomorphic to the underlying 
category UOC. 
[Put O = ObC and assign to each ordered pair X,Y € O the simplicial set 
HOM(X, Y) defined by HOM(X, Y), = Mor (XO A[n], Y) (n > 0). 
(Composition) Given X,Y,Z, let Cxyz : HOM(X,Y) x HOM(Y,Z) —- 
HOM(X, Z) be the simplicial map that sends ee Sete 
XOA[n] 294, xo (Aln] x Alm) 4(X OA ln) OAln] $2 von] 4 Z. 
(Unit) Given X, let Ix : A[0] ~ HOM(X,.X) be the simplicial map that sends 
[n] + [0] to XO An] = XDA[o} 3 x. 
Call OC the simplicial category arising from this data. That C is isomorphic to the 


to the composite 


underlying category UOC can be seen by considering the functor which is the identity 
on objects and sends a morphism f : X > Y in C to XOA(O} Ee gue an element of 
Mor (XOA(O], Y) = HOM(X, Y)o & Nat(A[0], HOM(X, Y)).] 

[Note: HOM : C°? x C > SISET is a functor and the simplicial set HOM(X, Y) is 
called the simplicial mapping space between X and Y. Example: Take for 0 the trivial 
simplicial action—then in this case, HOM(X, Y) = siMor(X, Y).] 


Examples: (1) SISET admits a simplicial action: KOL = K x L (so HOM(K, L) = 
map(K, L)); (2) CGH admits a simplicial action: XOK = X x;,|K| (so HOM(X,Y), = 
all continuous functions X x, A" > Y); (3) SISET, admits a simplicial action: KOL = 
K#L., (so HOM(K, L) = map, (K, L)); (4) CGH, admits a simplicial action: XOK = 
X#r|K|4 (so HOM(X,Y), = all pointed continuous functions X#,A% > Y). 

[Note: If X,Y are in CGH, then HOM(X,Y) & sin(map(X,Y)) and if X,Y are in 
CGH,,, then HOM(X, Y) & sin(map, (X, Y)). In either situation, HOM(X, Y) is fibrant.] 


Neither TOP nor TOP. fits into the preceding framework (products or smash products are preserved 
in general only if the compactly generated category is used). This difficulty can be circumvented by 
restricting the definition of simplicial action to the full subcategory of SISE'T whose objects are the finite 
simplicial sets. It is therefore still the case that TOP (TOP...) is isomorphic to the underlying category of 
a simplicial category with HOM(X,Y)n = all continuous functions X x A" — Y (all pointed continuous 


functions X#A™ — Y). 
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Example: Let C be a category. Assume: C has coproducts—then SIC admits a 
simplicial action O such that OSIC is isomorphic to SIMC (cf. Proposition 26). 

[Define XOK by (XOK), = K,-X,, (thus for a : [m] > [n], Kn - Xp 73 Ky - 
Deen "6 - Xm). The symbol XOK also has another connotation (cf. p. 13-41). To 
reconcile the ambiguity, note that there is a formality in: XOK > XOK, where in, (k) : 
X, > (XOK),, is the injection from X, to K,-X,, corresponding to k € K,, (cf. p. 0- 
8). Moreover, in* : Nat(XOK,Y) > For(XOK,Y) is bijective and functorial. Therefore 
OSIC and SIMC are isomorphic.] 


[Note: O is the canonical simplicial action on SIC.] 


EXAMPLE Let I be a small category—then there is an induced simplicial action on [I, SISET] 
((FOK)i = Fix K (cf. p. 13-43)). And: HOM(F,G) ~ [meo(ri.ci. In fact, HOM(F,G)n © 


a 


Nat(FOA[n],G) x [sours x A[n],Gi) & [secon man(re. ci ~ Nat(Afnl, [map Fi, Gi) 


a a 


& (f 0018.60) 


A simplicial action O on a category C is said to be cartesian if V X € Ob C, the 
functor X O— : SISET — C has a right adjoint. 

Example: Let C be a category. Assume: C has coproducts—then the canonical 
simplicial action 0 on SIC is cartesian. 

[Let HOM(X,Y) be the simplicial set figuring in the definition of SIMC, so 
HOM(X,Y), = For(XOA[n], Y) (cf. Proposition 26). Define ev € For(X OHOM(X,Y), 
Y) by evn(f) = fn(id[nj) : Xn 4 Yn. Viewing ev as “evaluation”, there is an induced 
functorial bijection Nat(K,HOM(X,Y)) — For(XOK,Y). However, For(XOK,Y) & 
Nat(XOK,Y) (cf. supra), hence 0 is cartesian.] 


PROPOSITION 28 Suppose that the simplicial action O on C is cartesian—then 
V X € Ob C, HOM(X,—) : C > SISET is a right adjoint for X O—. 

[Given a simplicial set K, write K = colim;A[n;] : Mor(XOK,Y) & lim; 
Mor (XOA[nij,Y) & lim; HOM(X,Y),, ~*~ lim; Nat(A[n;],HOM(X,Y)) = Nat(K, 
HOM(X, Y)).] 


A simplicial action 0 on a category C is said to be closed provided that it is carte- 
sian and each of the functors —Ok : C > C has a right adjoint X + HoM(K, X), so 
Mor (XO K,Y) & Mor (X, HoM(K, Y)). 

[Note: The above defined simplicial actions on SISET, CGH, SISET,, and 
CGH, are closed.] 
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If C admits a closed simplicial action, then C°P admits a closed simplicial action. 

Example: grd admits a closed simplicial action: GOK = G x IkK(Hom(K,G) = 
[Ilk, G]). 

[Note: Recall that II: SISET — grd preserves finite products (cf. p. 13-2).] 


EXAMPLE [If UO isaclosed simplicial action on C, then for every small category I, the composition 
I 
[I, C] x SISET — [I, C] x [I, SISET] © [I, C x SISET] —27! 411, c] is a closed simplicial action on 


[L, C]. 


PROPOSITION 29 Suppose that the simplicial action O on C is closed—then 
HOM(XOK,Y) = map(kK, HOM(X, Y)) » HOM(X, Hom(K,Y)). 


F:C7>D 


G:D-C 
are functors and (F,G) is an adjoint pair. Assume: V X,V K : F(XOK) x» FXOK—then 


HOM(F X,Y) » HOM(X,GY) and GHom(K,Y) & HoM(K, GY). 


C 
FACT Let { be categories equipped with closed simplicial actions. Suppose that { 
D 


Notation: Given a category C and a simplicial object X in C, write hx for the 
cofunctor C + SISET defined by (hx A)n = Mor (A, X7). 
[Note: For all X,Y in SIC, Nat(X,Y) » Nat(hx, hy) (simplicial Yoneda).] 


PROPOSITION 30 Let C be a category. Assume: C has coproducts and is com- 
plete—then the canonical simplicial action O on SIC is closed (0 is necessarily cartesian 
(cf. p. 13-44)). 

[Given a simplicial set K, write K x A[n] = colim; A[n;] : Nat(k x Aln],hy A) & 
lim; Nat(A[n;], hy A) ~ lim; Mor (A,Y,,) ~ Mor (A, lim; Y;,) ~ Mor (A,HOM(K,Y),), 
where by definition HOM(K,Y), = lim; Y,,. In other words, HOM(K,Y), represents 
A — Nat(K x Aln],hy A). Varying n yields a simplicial object Hom(K,Y) in C with 
huom(K,y) © map(K,hy). Agreeing to let hyOK be the cofunctor C + SISET that 
sends A to hx A x K, we have Nat(XOK,Y) & Nat(hxox,hy) = Nat(hxOK,hy) & 
Nat(hx,map(K, hy)) © Nat(hx, hyomcK,y)) © Nat(X, HoM(K,Y)), which proves that O 


is closed. ] 
Example: The canonical simplicial action O on SIGR or SIAB is closed. 


EXAMPLE (G-Sets) Fix a group G—then SISETg admits a canonical simplicial action O, viz. 
XOK = X x K, with trivial operations on K. In addition, 0 is closed, HoM(K, X) being map(K, X) 
(operations in the target). Obviously, Fe(X OK) & Fe(xX)OK. 
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A simplicial model category is a model category C equipped with a closed simplicial 
action O satisfying 
(SMC) Suppose that A —- Y is a cofibration and X > B is a fibration—then 
the arrow HOM(Y, X) - HOM(A, X) XHomy4,B) HOM(Y, B) is a Kan fibration which is 
a weak homotopy equivalence if A > Y or X > B is acyclic. 


Observation: It is clear that SMC = MC~-4. Indeed, the commutative diagram 
A — X 


| | is a vertex of HOM(A, X) xHomca,B) HOM(Y, B), a filler Y + X is a preim- 


Y — B 
age in HOM(Y, X)o, and acyclic Kan fibrations are surjective. 


Example: SISET, CGH, SISET,, CGH, are simplicial model categories. 
[Note: CGH and CGH, are taken in their singular structures (cf. p. 12-11).] 


EXAMPLE Fix a small category I—then the functor category [I, SISET] is a simplicial model 


category (use structure L (cf. p. 13-37)). 


EXAMPLE Fix an abelian group G and take SISET in the model category structure furnished 
by the homological model category theorem. Since every HG-fibration is a Kan fibration, it follows from 


Propositions 23 and 25 that SISET is a simplicial model category. 


EXAMPLE (G-Sets) Fix a group G—then SISETg is a simplicial model category (cf. p. 13- 
34). 


In a simplicial model category C: (1) XOA[0O] ~ X; (2) Hom(A[O0], X) = X; (3) 
(OK x O; (4) nom(kK,*) & x; (5) HOM(O,X) = AlO]; (6) HOM(X,*) ~ AO]; (7) 
XOQ = @; (8) HoM(Q, X) & x. 


PROPOSITION 31 Suppose that O is a closed simplicial action on a model category 
C—then C is a simplicial model category iff whenever A — Y is a cofibration in C 
and L -— K is an inclusion of simplicial sets, the arrow AOK U YOL +> YOK isa 
cofibration which is acyclic if A > Y or L > K is acyclic. 


Application: Let C be a simplicial model category. 
(i) Suppose that A — Y is a cofibration in C—then for every simplicial set K, 
the arrow AO K — YOK is a cofibration which is acyclic if A > Y is acyclic. 
(ii) Suppose that Y is cofibrant and L — K is an inclusion of simplicial sets— 
then the arrow YOL — YOK is a cofibration which is acyclic if L > K is acyclic. 
[Note: In particular, Y cofibrant = YOK cofibrant.| 
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FACT Suppose that U1 is a closed simplicial action on a model category C—then C is a simplicial 
model category iff whenever A > Y is a cofibration in C, the arrows ADA[n] U YOA[n] > YOAIn] 
ADA[n] 
(n > 0) are cofibrations which are acyclic if A + Y is acyclic and the arrows AD A[1] 2 Uo = =YOA[i,1] > 
DA[i,1 


[i 


YOA[I1] (¢ = 0,1) are acyclic cofibrations. 


PROPOSITION 32 Suppose that O is a closed simplicial action on a model category 
C—then C is a simplicial model category iff whenever L — K is an inclusion of simplicial 
sets and X — B is a fibration in C, the arrow HoM(K,X) — HOM(L, X) Xyom(z,B) 
HOM(K, B) is a fibration which is acyclic if L + kK or X > B is acyclic. 


Application: Let C be a simplicial model category. 
(i) Suppose that L > K is an inclusion of simplicial sets and X is fibrant—then 
the arrow HOM(K, X) > HOM(L, X) is a fibration which is acyclic if L > K is acyclic. 
(ii) Suppose that X —> B is a fibration in C—then for every simplicial set K, 
the arrow HOM(K, X) > HOM(K, B) is a fibration which is acyclic if X — B is acyclic. 
[Note: In particular, X fibrant = HOM(K, X) fibrant.] 


FACT Suppose that U1 is a closed simplicial action on a model category C—then C is a simplicial 
model category iff whenever X — B is a fibration in C, the arrows HOM(A[n],X) > HoM(A[n],X) 
Saoath ss) HOM(A[n], B) (n > 0) are fibrations which are acyclic if X — B is acyclic and the arrows 


Hom(A{1],X) > Hom(A[Z, 1], X) Xyoucayi,a],B) HOM(A[1], B) (4 = 0,1) are acyclic fibrations. 


Example: Let C be a category. Assume: C is complete and cocomplete and there 


: — : F : SISET — SIC 
is an adjoint pair (FG), where 1e SIC > SISET’ 


preserves filtered colimits. Call a morphism f : X — Y a weak equivalence if Gf is a weak 


subject to the requirement that G 


homotopy equivalence, a fibration if Gf is a Kan fibration, and a cofibration if f has the 
LLP w.r.t. acyclic fibrations—then SIC is a model category provided that every cofibration 
with the LLP w.r.t. fibrations is a weak equivalence (cf. infra). Claim: SIC is a simplicial 
model category (O = canonical simplicial action (cf. Proposition 30)). To see this, note 
first that F(X x K) » FXOK, hence GHom(K,Y) + map(K,GY) (cf. p. 13-45). Let 
now L + K be an inclusion of simplicial sets and X — B a fibration in SIC. Apply 
G to the arrow HOoM(K, X) + HOM(L, X) Xyom(z,B) HOM(K, B) to get GHom(K, X) > 
GHOM(L, X) X@uom(t,B) GHOM(K, B) or still, map(K,GX) + map(L,GX) Xmap(z,qB) 
map(K,GB). Taking into account Proposition 22 and the definitions, the claim thus 


follows from Proposition 32. 
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[Note: Typically, such a setup is realized in “algebraic” situations (consider, e.g., 
C = GR). Consult Crans? for a variation on the overall procedure with applications to 


simplicial sheaves. ] 


The model category structure on SIC is produced by a small object argument. Thus one works with 
the FA[n] + FA[n] (n > 0) to show that every f can be written as the composite of a cofibration and an 
acyclic fibration and one works with the FA[k,n] > FA[n] (0 <k <n,n > 1) to show that every f can 
be written as the composite of a cofibration that has the LLP w.r.t. fibrations and a fibration. This leads 
to MC-5 under the assumption that every cofibration with the LLP w.r.t. fibrations is a weak equivalence, 


which is also needed to establish the nontrivial half of MC—4. In practice, this condition can be forced. 


x 
SUBLEMMA Let { be topological spaces, f : X — Y a continuous function; let 6: X'’ > X, 
Y 


a: Y — Y’ be continuous functions. Assume: fo ¢, wo f are weak homotopy equivalences—then f is a 


weak homotopy equivalence. 


LEMMA Suppose that there is a functor T : SIC > SIC and a natural transformation € : idg1cq > 
T such that V X, ex :X — TX is a weak equivalence and TX — «x is a fibration—then every cofibration 
with the LLP w.r.t. fibrations is a weak equivalence. 


[Let 7 : A — Y be a cofibration with the stated properties. Fix a filler w : Y — TA for 


A Bs opin A —-> nom(A(1],7Y) 
il ih . Consider the commutative diagram il | , where f is the arrow 
Y —> * Y —+ nom(A[I], TY) 

9 


y Sry 
Y4TASry 
Guom(A[1], TY) & map(A[1], GTY) 


1, 
Guom(A[1], TY) & map(A[1], GTY) 
22), thus our diagram admits a filler Y > Hom(A[1], TY). This in turn implies that Tiow is a weak equiva- 


ASYSTY & HOM(A[O], TY) > Hom(A[]1], TY) and g is the arrow { (nom(A[1], TY) & 


TY x TY). Since GTY is fibrant and { , Il is a fibration (cf. p. 13- 


Gi G GTi 
lence, i.e., |GTi|o|Gw| is a weak homotopy equivalence. Assemble the data: |GA| peal |GY | ae IGT A| a 
|GTY |. Because |Gw| o |Gi| = |Ge,| is a weak homotopy equivalence, one can apply the sublemma and 


conclude that |Gw| is a weak homotopy equivalence. Therefore |G2| is a weak homotopy equivalence which 


means by definition that 7 is a weak equivalence.] 


EXAMPLE The hypotheses of the lemma are trivially met if V X, X — x is a fibration. So, 
for instance, SIC is a simplicial model category when C = GR, AB, or A-MOD, G being the forgetful 


functor. 


+ J. Pure Appl. Algebra 101 (1995), 35-57. 
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Retaining the supposition that C is complete and cocomplete, let us assume in addition that C has a 
set of separators and is cowellpowered. Given a simplicial object X in C, the cofunctor C + SET defined 
by A > (ExHOM(A,X))n (n > 0) is representable (view A as a constant simplicial object). Indeed, 
HOM(—,, X) converts colimits into limits and Ex preserves limits. The assertion is then a consequence of 
the special adjoint functor theorem. Accordingly, 3 an object (Ex X)n in C and a natural isomorphism 
Mor (A, (Ex X)7,) & (Ex HOM(A, X))n. Thus there is a functor Ex : SIC + SIC, where V X, Ex X([n]) = 
(Ex X)n (n > 0), with HOM(A, Ex X) & Ex HOM(A, X) (since HOM(A, Ex X), & Nat(ADA[n], ExX) & 
Mor (A, (Ex X)n) & (Ex HOM(A, X))p). Iterate to arrive at Ex® : SIC > SIC and €© : idgig — Ex™. 


SMALL OBJECT CONSTRUCTION Fix a P € ObC such that Mor(P,—) : C > SET 
preserves filtered colimits. Viewing P as a constant simplicial object, define G : SIC — SISET by 
GX = HOM(P,X)—then G has a left adjoint F, viz. FK = PUK, and G preserves filtered co- 
limits (for (Gcolim X;)n * HOM(P,colim X;), % Nat(POA[n], colim.X;) % Mor (P,(colim X;)n) & 
Mor (P,colim(X;)n) & colim Mor (P,(Xi)n) & colimNat(POA[n],X;) & colimHOM(P,Xi)n & 
(colim GX;)n). In the lemma, take T = Ex™, € = «©. Because HOM(P, Ex® X) & HOM(P, colim Ex” X ) 
= colim HOM(P, Ex"X) & Ex°HOM(P, X), it follows that VX, «% : X > Ex°X is a weak equivalence 
(cf. p. 13-12) and Ex X — x is a fibration (cf. p. 13-21). Therefore SIC admits the structure of a 
simplicial model category in which a morphism f : X — Y is a weak equivalence or a fibration if this is 


the case of the simplicial map f. : HOM(P,X) > HOM(P,Y). 


EXAMPLE In the small object construction, take C = SISET—then every finite simplicial set 


P determines a simplicial model category structure on [AO?, SISET]. 


PROPOSITION 33 Let X,Y, and Z be objects in a simplicial model category C. 
(i) If f:X —-Y isan acyclic cofibration and Z is fibrant, then f* : HOM(Y, Z) 
— HOM(X, Z) is a weak homotopy equivalence. 
(ii) Ifg:Y — Z isan acyclic fibration and X is cofibrant, then g, : HOM(X,Y) 
— HOM(X, Z) is a weak homotopy equivalence. 


PROPOSITION 34 Let X,Y, and Z be objects in a simplicial model category C. 
(i) If f : X — Y is a weak equivalence between cofibrant objects and Z is 
fibrant, then f* : HOM(Y, Z) —~ HOM(X, Z) is a weak homotopy equivalence. 
(ii) Ifg:Y -— Z is a weak equivalence between fibrant objects and X is 
cofibrant, then g, : HOM(X, Y) — HOM(X, Z) is a weak homotopy equivalence. 
[Use Proposition 33 and the lemma prefacing the proof of the TDF theorem. | 


EXAMPLE Take C = CGH (singular structure)—then all objects are fibrant, so ifg:Y 7 Z 


is a weak homotopy equivalence and X is cofibrant, gx : HOM(X,Y) ~ HOM(X, Z) is a weak homotopy 
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equivalence. But HOM(X,Y) & sin(map(X,Y)), HOM(X, Z) & sin(map(X, Z)), thus gs : map(X,Y) > 
map(X, Z) is a weak homotopy equivalence (cf. p. 13-17). 


[Note: Contrast this approach with that used on p. 9-39.] 


Let 1: A— Y,p: X — B be morphisms in a simplicial model category C. Assume: 2 
is a cofibration and p is a fibration—then 27 is said to have the homotopy left lifting property 
with respect to p (HLLP w.r.t. p) and p is said to have the homotopy right lifting property 
with respect to 2 (HRLP w.r.t. 7) if the arrow HOM(Y, X) — HOM(A, X) xyHomya,B) 
HOMC(Y, B) is a weak homotopy equivalence. 


FACT Given a cofibration 7: A > Y and a fibration p: X — B in a simplicial model category C, 
each of the following conditions is equivalent to 7 having the HLLP w.r.t p and p having the HRLP w.r.t. 
a. 

(1) If L > K is an inclusion of simplicial sets, then p has the RLP w.r.t. the arrow 
a oe > YOK. 

(2) The fibration p has the RLP w.r.t. the arrows ADA[n] U YOA[n] —> YOA[n] 
pest ADAIn] 

(3) If L —- K is an inclusion of simplicial sets, then i has the LLP w.r.t. the arrow HOM(K, X) 
> HOM(L, X) Xyo.(1,B) HOM(K, B). 

(4) The cofibration i has the LLP w.r.t. the arrows HoM(A[n],X) — Hom(A[n],X) 
X vautAlal BY HOM(A[n], B) (n > 0). 

Let C be a simplicial model category. Agreeing to identify Mor (X, Y) and HOM(X, Y )o, 
one may transfer from SISET to C the notions of homotopic (f ~ g) and simplicially homo- 
topic (f ~g) leading thereby to HgC (thus [X, Y]o = Mor (X, Y)/~ (= mo(HOM(X, Y))). 

(Note: Mor (XO lon, Y) & Nat(len,HOM(X,Y)) & Mor (X,HOM(Jen,Y)) and 
Mor (XOA/1], Y) = Nat(A[1], HOM(X, Y)) & Mor (X, Hom(Al[1], Y)).] 

Example: Suppose that 7: A — Y is a cofibration and p: X — B is a fibration. 


A — X 
Assume: 7 has the HLLP w.r.t. p—then every commutative diagram | | has a 
Y — B 


filler and any two such are homotopic. 


PROPOSITION 35 Let C be a simplicial model category. Suppose that f ~ g—then 
f,g are left homotopic and right homotopic. 
[Note: Therefore Qf = Qg (cf. p. 12-25). Corollary: A homotopy equivalence in C 


is a weak equivalence (but not conversely).] 
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PROPOSITION 36 Let C beasimplicial model category. Assume: X is cofibrant and 
Y is fibrant—then the relations of homotopy, simplicial homotopy, left homotopy, and right 
homotopy on Mor (X,Y) coincide and are equivalence relations. Therefore “homotopy is 
homotopy” and [X,Y ]o © [X,Y]. 

[Note: HOM(X, Y) is necessarily fibrant (cf. SMC).] 


EXAMPLE Under the assumption that X is cofibrant and Y is fibrant, [XxUOK,Y] & [K, 
HOM(X, Y)] & [X,HomM(K, Y)]. 
[Note: Bear in mind that X OK is cofibrant (cf. p. 13-46) and HoM(K, Y) is fibrant (cf. p. 13-47).] 


PROPOSITION 37 Let X,Y, and Z be objects in a simplicial model category C. 
(i) Let f € Mor (X,Y)—then the homotopy class of the precomposition arrow 
f* :HOM(Y, Z) ~ HOM(X, Z) depends only on the homotopy class of f. 
[Note: Thus f* is a homotopy equivalence of simplicial sets if f is a homotopy equiv- 
alence.] 
(ii) Let g € Mor (Y, Z)—then the homotopy class of the postcomposition arrow 
g» : HOM(X,Y) > HOM(X, Z) depends only on the homotopy class of g. 
[Note: Thus g, is a homotopy equivalence of simplicial sets if g is a homotopy equiv- 


alence.] 


PROPOSITION 38 Suppose that C is a simplicial model category. Let f € Mor (X, 
HOM(Y, X) > HOM(X, X) 
HOM(Y,Y) — HOM(X,Y) 
topy equivalences—then f is a homotopy equivalence. 


Y). Assume: The precomposition arrows { are weak homo- 


[Note: The result can also be formulated in terms of the postcomposition arrows 
HOM(X, X) > HOM(X,Y) 
HOM(Y, X) > HOM(Y,Y) ° 


PROPOSITION 39 Let C be a simplicial model category—then a morphism f : 
X — Y isa weak equivalence if V fibrant 7, the precomposition arrow f* : HOM(Y, Z) > 
HOM(X, Z) is a weak homotopy equivalence. 


[Using the notation of Lemma FR (cf. p. 12-23), consider the commutative diagram 


xX 23. HOM(X,Z) <— HOM(Y,Z) 
ex | |+y and apply HOM(—, Z) to get T ij (Z 
RX >> RY HOM(RX,Z) <— HOM(RY,Z) 


fibrant). Since i are acyclic cofibrations, the vertical arrows are weak homotopy 
Y 


equivalences (cf. Proposition 33). Taking into account the hypothesis, it follows that 
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(Rf)* : HOM(RY, Z) ~ HOM(RX, Z) is a weak homotopy equivalence. But ae are 


fibrant, so one can let Z = RX,RY and conclude that Rf is a homotopy equivalence (cf. 
Proposition 38), hence a weak equivalence (cf. Proposition 35). Therefore f is a weak 
equivalence (cf. Lemma R).] 

[Note: The result can also be formulated in terms of the postcomposition arrows 
fx : HOM(Z, X) > HOM(Z,Y) (Z cofibrant).] 


Application: Let C be a simplicial model category. Suppose that f : X > Y isa 
weak equivalence between cofibrant objects—then V K, fOidgx : XOK > YOK isa weak 
equivalence between cofibrant objects (cf. p. 13-46). 

[Take any fibrant Z and consider the arrow HOM(YOK, Z) ~ HOM(XOK, Z) or 
still, the arrow HOM(Y, Hom(K, Z)) ~ HOM(X, HoM(K, Z)). Because HOM(K, Z) is fi- 
brant (cf. p. 13-47), the latter is a weak homotopy equivalence (cf. Proposition 34), so 
by the above, the arrow XO K + YOK is a weak equivalence.] 


EXAMPLE Fix a small category I and view the functor category [I°P,SISET] as a simplicial 


model category (cf. p. 13-46). Suppose that L > K is a weak equivalence, where L, K : 1°P _; SISET are 


a a 


cofibrant—then V F': I — SISET, the induced map Fix Lli-7 Fi x Ki of simplicial sets is a weak 


homotopy equivalence. To see this, use Proposition 39. Thus take any fibrant Z and consider the arrow 


v v 
mont f Fix Ki,Z) > mont | Fi x Li, Z), ie., the arrow [osocei x Ki,Z) > [maori x Li, Z), 
a a 


i.e., the arrow | map(Ki,map(F2,Z)) > | map(Li,map(Fi, Z)), i.e., the arrow HOM(K, map(F, Z)) > 
HOM(L, map(F’Z)) (cf. p. 13-44), which ie a weak homotopy equivalence (cf. Proposition 34). 

[Note: Here, map(F, Z) is the functor IOP 4 SISET defined by i > map(Fi, Z), thus map(F, Z) is 
a fibrant object in [IOP , SISET].] 


Let p: A > B be an inclusion of simplicial sets—then a fibrant object Z in SISET 
is said to be p-local if p* : map(B, Z) + map(A, Z) is a weak homotopy equivalence. 

[Note: Since Z is fibrant, p* is actually a simplicial homotopy equivalence (cf. Propo- 
sition 20).] 

Imitating the (A,B) construction in §9 (cf. p. 9-43 ff.), one can show that there 
is a functor L, : SISET — SISET and a natural transformation id + L,, where V X, 
[,X is p-local and 1, : X — L,X is a cofibration such that for all p-local Z, the ar- 
row map(L,X,Z) + map(X, Z) is a weak homotopy equivalence. Consequently, the full 
subcategory of HpSISET whose objects are p-local is reflective. 
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[Note: Observe that it is necessary to work not only with the A x A[n] U Bx 
AxA[n] 
A[n] > B x A[n] (n > 0) but also with the A[k,n] > A[n] (0 < k < n,n > 1) (this to 
ensure that LX is fibrant).| 


LEMMA Let f : X — Y bea cofibration in SISET. Assume: V p-local Z, f* : 
map(Y, Z) > map(X, Z) is a weak homotopy equivalence—then L,f : L,X — LpY isa 
homotopy equivalence. 

x ay xX map(X,Z) <<—  map(Y,Z) 
[Pass from | | to T T (Z p-local), take 
Lp)X ie LoY = map(L,X,Z) «<— map(L,Y, Z) 
p 
Z = L,X,L,Y, and quote Proposition 38.] 


Application: Suppose that f : X — Y is an acyclic cofibration—then L,f : L,X > 
L,Y is a homotopy equivalence. 

[Note: Therefore L, : SISET — SISET preserves weak homotopy equivalences (cf. 
p. 12-28) (all objects are cofibrant), hence LL, : HSISET — HSISET exists (cf. $12, 
Proposition 14).] 


EXAMPLE Fix an inclusion p: A > B of simplicial sets. Let f : X — Y be a simplicial map— 
then f is said to be a p-equivalence if Lpf : LpX — LpY is a homotopy equivalence (or just a weak 
homotopy equivalence (cf. Proposition 20)). Agreeing that a p-cofibration is an injective simplicial map, 
a p-fibration is a simplicial map which has the RLP w.r.t. all p-cofibrations that are p-equivalences. Every 
p-fibration is a Kan fibration (cf. supra). This said, SISET acquires the structure of a simplicial model 
category by letting weak equivalence = p-equivalence, cofibration = p-cofibration, fibration = p-fibration. 


[Note: The fibrant objects in this structure are the p-local objects.] 


Let C be a complete and cocomplete category—then in the notation of p. 0-18, the 
truncation tr) : SIC > SIC,, has a left adjoint sk‘) : SIC, — SIC, where V X in 
SIC,,, (sk™ X)m = colim X;, and a right adjoint cosk'”) : SIC,, 3 SIC, where V X in 


k<n 


SIC,,, (cosk™ X)m = lim Xp. 


[Note: The colimit and limit are taken over a comma category. | 


EXTENSION PRINCIPLE (OBJECTS) Let X be an object in SIC,,—\then a factor- 
ization (sk™ X)na1 3 Xno1 2 (cosk™ X)n41 of the arrow (sk X)n41 4 (cosk™ X)y41 


determines an extension of X to an object in SIC,,41. 
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xX : é 
EXTENSION PRINCIPLE (MORPHISMS) Let 2 be objects in SIC,41; let 


f : X|ASP — Y|A®P be a morphism—then an arrow Xn41 3 Yn41 determines an ex- 
(SRO ae SG ey Ce OI ces 
tension F': X + Y of f provided that | | | 


(kh Y pay 3 Vo Ss, Cask) 4 


commutes in C. 


Let X be a simplicial object in C. Recall that sk()X = sk (tr X) and cosk(™ X = 
cosk) (tr X) (cf. p. 0-18). 
(L) The latching object of X at [n] is L,X = (sk(-)X),, and the latching 
morphism is the arrow L,X > Xn. 
(M) The matching object of X at [n] is M,X = (cosk("-)) X),, and the match- 
ing morphism is the arrow X, ~ M,X. 
[Note: The connecting morphism of X at [n] is the composite L,X > X, > M,,X.] 
In particular: LoX is an initial object in C and MoX is a final object in C. 


PROPOSITION 40 Let C be a complete and cocomplete model category. Suppose 
that f : X — Y is a morphism in SIC such that V n, the arrow X, oe LInY — Yy is 
a cofibration (acyclic cofibration) in C—then V n, Lp f : InX — DnY is a cofibration 
(acyclic cofibration) in C. 

[One checks by induction that L, f has the LLP w.r.t. acyclic fibrations (fibrations) 
in C.| 

[Note: There is a parallel statement for fibrations (acyclic fibrations) involving the 
arrows X, > M,X x,y Yn-| 


PROPOSITION 41 Let C be a complete and cocomplete model category. Suppose 
that f : X — Y is a morphism in SIC such that V n, the arrow X, wy InY - Yn 
(X, > M,X x,y Y,) is a cofibration (fibration) in C—then V n, fn: Xn > Yn is a 


cofibration (fibration) in C. 
In,X — LnY 


[Consider the pushout square | | . Owing to Proposition 40, 
Xn — Xp wy L,Y 


the arrow L,X — L,Y is a cofibration. Therefore ‘the arrow Xn 2 Xn wy InY isa 


cofibration. But f,, is the composite X, > X, wey LnY > Y,.] 


PROPOSITION 42 Let C be a complete and cocomplete model category. Suppose 
that f : X — Y is a morphism in SIC such that V n, fp : Xn — Yn is a weak equiva- 
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lence in C and the arrow X, oe InY — Y, is a cofibration in C—then V n, the arrow 
Xe fo LnY — Y,, is an acyclic cofibration in C. 

[One checks by induction that L,f has the LLP w.r.t. fibrations in C.] 

[Note: There is a parallel statement for fibrations involving the arrows X,, > M,X 


XM,Y Yc 


Let C be a complete and cocomplete model category. Given a morphism f : X > Y 
in SIC, call f a weak equivalence if Vn, fy : Xn — Yn is a weak equivalence in C, a 
cofibration if V n, the arrow Xy uke InY — Y, is a cofibration in C, a fibration if V n, 
the arrow X, — M,X Xm,y Yn is. a Sablon in C. This structure is the Reedy structure 
on SIC. 


REEDY MODEL CATEGORY THEOREM Let C be a complete and cocomplete 
(proper) model category—then SIC in the Reedy structure is a (proper) model category. 

[The crux of the matter is the verification of MC-4 and MC-5. However, due to 
the extension principle, the requisite liftings and factorizations can be constructed via 
induction, using Propositions 40, 41, and 42.] 

[Note: Suppose further that C is a simplicial model category—then SIC is a sim- 
plicial model category. In fact, SIC admits a closed simplicial action derived from that 
on C (cf. p. 13-45), so it suffices to verify that SMC holds. For this, it is conven- 
ient to employ Proposition 31. Thus let X — Y be a cofibration in SIC and L > K 
an inclusion of simplicial sets. Claim: The arrow AOK WU YOL — YOR is a cofi- 
bration which is acyclic if X — Y or L > K is acyclic. Fix n and consider the arrow 


(XOK | UU py OE )nUt, (xoK u yor)L,(YOK) > (YOK), or, equivalently, the arrow 
xXUL 
(X, ee “T “y)OK L(x, (Ul Dn¥) Ob Y,OL > Y,0K. On the other hand, the canonical 


<itnplicial action O on SIC eee not be compatible with the Reedy structure on SIC. Thus 

let X — Y be a cofibration in SIC and consider the arrows X OA{1] 2 m4 i YOAi, 1] > 
OAs, 

YOA{1] (¢ = 0,1) (cf. p. 13-47). While cofibrations, they need not be weak equivalences. ] 


EXAMPLE Take C = TOP, (singular structure)—then according to Dwyer-Kan-Stover! there 
is a model category structure on SITOP. having for its weak equivalences those f : X — Y such that 
Vn>1, fe :tn(X) > mn(Y) is a weak equivalence of simplicial groups. Obviously, every weak equivalence 


in the Reedy structure is a weak equivalence in this structure (but not conversely). 


+ J. Pure Appl. Algebra 90 (1993), 137-152; see also J. Pure Appl. Algebra 103 (1995), 167-188. 
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The functor category [APP SISET] carries two other proper model category struc- 
tures (cf. p. 13-37). Every cofibration in the Reedy structure is a cofibration in structure 
R and every fibration in the Reedy structure is a fibration in structure L (cf. Proposition 
41). Therefore every fibration in structure R is a fibration in the Reedy structure and 
every cofibration in structure L is a cofibration in the Reedy structure. 

[Note: In reality, the cofibrations in the Reedy structure are precisely the levelwise 


injective simplicial maps, thus the Reedy structure is structure R.] 


I is the category whose objects are the finite sets n = {0,1,...,n} (mn > 0) with base point 0 and 
whose morphisms are the base point preserving maps. 
[Note: Suppose that y : m —> n is a morphism in !—then the partition al y71(j) = m of m 
O<j<n 
determines a permutation 6 : m — m such that y o @ is order preserving. Therefore y has a unique 
factorization of the form a@oo, where a : m — n is order preserving and o : m — m is a base point 
preserving permutation which is order preserving in the fibers of y.] 


Notation: Write TSISET. for the full subcategory of [[, SISET.] whose objects are the X :T > 
SISET.. such that Xo = * (Xn = X(n)). 


EXAMPLE Let G be an abelian semigroup with unit. Using additive notation, view G” as the 
set of base point preserving functions n — G—then the rule X, = siG” defines an object in TSISET.. 
Here the arrow G™ — G” attached to y:m — n sends (g1,... ,9m) to (91,--- ,Gn), where g; = :S Gi 

y@)=3 
if y~*(9) £9, 9; =9 if y-*(3) = 90. 

Let S,n(SISET..) be the category whose objects are the pointed simplicial left S,-sets—then 
S»(SISET..) is a simplicial model category (cf. p. 13-46). 

[Note: The group of base point preserving permutations n + n is Sp, and for any X in TSISET., 
Xv» is a pointed simplicial left Sp-set.] 

Let I, be the full subcategory of F whose objects are the m (m <n). Assigning to the sym- 
bol [, SISET. the obvious interpretation, one can follow the usual procedure and introduce tr(™ : 
PsISET. > T,,SISET. and its left (right) adjoint sk‘) (cosk() (cf. p. 0-18). Put sk(™ = sk(™ otr(™ 


(the n-skeleton), cosk(™) = cosk(” 0 tr(™ (the n-coskeleton). 


EXTENSION PRINCIPLE (OBJECTS) Let X be an object in T,SISET.—then a fac- 
torization (sk) X)n41 4 Xn41 2 (cosk(") X)n41 of the arrow (sk X)n41 4 (cosk(X)n41 in 


Sn+41(SISET.,) determines an extension of X to an object in P,4iSISET.. 


xX 
EXTENSION PRINCIPLE (MORPHISMS) Let { be objects in T,,4:,SISET,; let 
Y 


f : X|Pn 4 Y|[n be a morphism—then an Sp+41-equivariant arrow Xn+1 — Yn+1 determines an ex- 
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(sk) X)n44 EAGT, (cosk°).X)n44 
tension F.: X + Y of f provided that | | | commutes in 


(sk™Y)n41 —> Yng1 > (cosk™Y)n41 
Sn+1(SISET,.). 


Given an X in PSISET., write LyX = (sk@-Y)X)n, MnX = (cosk\"—-)X), for the latching, 
matching objects of X at n (cf. p. 13-54). 

Given a morphism f : X — Y, call f a weak equivalence if V n > 1, fn : Xn — Yn is a weak 
equivalence in S,(SISET..), a cofibration if Vn > 1, the arrow Xn eee LnY — Yn is a cofibration in 
Sn(SISET.), a fibration if V n > 1, the arrow Xn + MnX X myy Yn is a fibration in S,(SISET,). This 


structure is the Reedy structure on TSISET.. 


BOUSFIELD-FRIEDLANDER MODEL CATEGORY THEOREM [TSISET, in the 


Reedy structure is a proper simplicial model category. 


Observation: The opposite of a model category is a model category (cf. p. 12-3). 
So, if C is a complete and cocomplete model category, then by the above (Aer Shell is 
a model category. Therefore [ACP C°P)9P is a model category, i.e., COSIC is a model 


category (Reedy structure). 


EXAMPLE Take C = SISET—then the class of weak equivalences in [A, SISET] (Reedy struc- 
ture) is the same as the class of weak equivalences in [A, SISET] (structure L (cf. p. 13-37)) but the class 
of cofibrations is larger. Example: Ya = A (cf. p. 0-17) is a cosimplicial object in A which is cofibrant 


in the Reedy structure but not in structure L. 


PROPOSITION 43 Let C be a complete and cocomplete model category. Equip SIC 
with its Reedy structure—then the functor L,, : SIC — C preserves weak equivalences 
between cofibrant objects. 


[Inspect the proof of Proposition 42 and quote the lemma on p. 12-28.] 


Let C be a simplicial model category. Assume: C is complete and cocomplete. 
[n] 
Given an X in SIC, put |X| = X,,OA[n|—then |X| is the realization of X and 


the assignment X — |X| is a functor SIC > C. |?| is a left adjoint for sin : C > 
[7] 
SIC, where sin, Y = HOM(A[n], Y). In fact, Mor (|X|, Y) ~ Mor ( X,OA[n],Y) = 


Mor (X,0A[n],Y) ~ Mor (X,,, HOM(A[n], Y)) Mor (X,,,sin, Y) & Nat(X, 
[n] [n] [n] 
sinY). 
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EXAMPLE Take C = SISET and let X be a simplicial object in C. One can fix [m] and 


form |X/.|, the geometric realization of [n] + X([n], [m]) and one can fix [n] and form |X¥|, the geometric 
h 


[m] + |X2 


xX 
realization of [m] > X([n],[m]). The assignments { define simplicial objects in CGH 
XY 


xh 
and their realizations { | are homeomorphic to the geometric realization of |X|. 


|x| 


LEMMA Let X be a simplicial object in C—then |X| % colim|X|,, where |X|, = 


[k] 
/ X,OA[k|™. Moreover, V n > 0 there is a pushout square 


L,XOA[n] UU X,0A[n] — |[X|n-1 
L,X0A[n] 


i i 


X,OA[n] MM |X|n 


n 
[The functors X,,O— are left adjoints, hence preserve colimits, so |X| = X,OAl[n] 


[n] [n] [k] 
~ i X,,O colim, A[{n]™ = / colim, X,0A[n]™ colin f X,OAlR]™ = 


colim, |X|,. And: Relative to the inclusion A,, > A, the left Kan extension of [m] > A[m] 
[m] 


(m <n) is [k] > A[k]™, thus |X|, can be identified with X,OA[m] (m < n).] 


If X is a cofibrant object in SIC (Reedy structure), then the latching morphism 


L,X — X,, is a cofibration in C. Therefore the arrow L,X OA[n| us X,, OA[n] > 
L,X 0Al[n] 


X,OA[n] is a cofibration in C (cf. Proposition 31). Consequently, the arrow |X|,-1 > 
|X|, is a cofibration in C. 

[Note: It follows from Proposition 40 that L,X is a cofibrant object in C, hence X, 
is a cofibrant object in C. This means that L,X OA[n], L,X 0 A[n], and X,0A[n] are 


cofibrant objects in C, so L, X OA[n] LX, OA[n] is a cofibrant object in C (cf. p. 
L, X0A[n] 


13-46).] 


LEMMA Let C be a simplicial model category. Assume: C is complete and cocom- 


plete. Suppose that i are cofibrant objects in SIC (Reedy structure) and f: X > Y 


¥ 


is a weak equivalence—then the arrow L,X OAI[n| us X, OA[n] > L,Y OAn] 
Ly, XOA[n] 


Li: ¥,, DA[n] is a weak equivalence in C. 
L,Y OA[n] 
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[Consider the commutative diagram 
InXOA[n] <— L,XOA[n] — X,0Aln] 


InYOA[n])  LpaYOA[n]) — Y,0Aln] 


The horizontal arrows are cofibrations (cf. p. 13-46) and the vertical arrows are weak 
equivalences (cf. Proposition 43 and p. 13-52). Therefore Proposition 3 in §12 is applica- 
ble.| 


PROPOSITION 44 Let C be a simplicial model category. Assume: C is complete 
xX : 
y are cofibrant objects in SIC (Reedy structure) and 
f:X —Y is a weak equivalence—then |f|: |X| — |Y| is a weak equivalence. 


[Since { |Xlo = Xo and V n, { |X In — |X Inga is a cofibration in C, one may view 


and cocomplete. Suppose that 


\Vin=Yo 


{|X|n in > 0} : sf 
ee n> 0} as cofibrant objects in FIL(C) (cf. p. 12-5). So, to prove that |f| : 
|X| — |Y| is a weak equivalence, it need only be shown that V n, |fln:|X|n 7 |Y|n isa 
weak equivalence (cf. p. 12-30). For this, work with 


X,DA[n]) — Ly,XOAfn] uu  X,0A[n] — [X|n-1 
L,X0A[n] 


i i 


Y,OA[n] q— LpaYOA[n] uu Y,0A[n] — |¥|n-1 
LynY OAl[n]) 


and use induction (cf. §12, Proposition 3).] 


EXAMPLE Take C = SISET and suppose that f : X — Y is a weak equivalence, i.e., V n, 
fn : Xn + Yn is a weak homotopy equivalence—then |f| : |X| — |Y| is a weak homotopy equivalence. 

[All simplicial objects in A are cofibrant in the Reedy structure. ] 

[Note: Fix an abelian group G and consider SISET in the homological model category structure 
determined by G—then SISET is a simplicial model category (cf. p. 13-46), hence |f| : |X| — |Y| is an 


HG-equivalence if Vn, fn : Xn 2 Yn is an HG-equivalence.] 


EXAMPLE Suppose that C is a simplicial model category which is complete and cocomplete. Let 
X be a cofibrant object in SIC (Reedy structure). Assume: V a, Xa@ is a weak equivalence—then the 


arrow |X |g — |X| is a weak equivalence. 


Let C be a simplicial model category. Assume: C is complete and cocomplete. 


Given an X in COSIC, put tot X = | HOM(A[n], X,,)—then tot X is the totalization 
[ 


n 
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of X and the assignment X — tot X is a functor COSIC — C. tot is a right ad- 
joint for cosin : C + COSIC, where cosin, Y = Y,OA[n]j. In fact, Mor (Y, tot X) ~ 


Mor (Y, | om(Aln], Xn) = i Mor (¥, Hom(Afr], Xn). | Mon VGA) 


[n] 


Mor (cosin, Y, X,) * Nat(cosin Y, X). 
[7] 
Example: Take C = SISET—then tot X = HOM(Ya, X) (cf. p. 13-44). 


Example: Let X be a simplicial set. Given a cosimplicial object Y in A, the functor 


A — SISET that sends [n] to map(X, Y,,) defines another cosimplicial object in A, call it 
map(X,Y). And: tot map(X, Y) ~ | map(A[n], map(X, Y;,)) ~ | map(X, map(A[n], 
[n] [ 


n n 


Yn)) © map(X, | , map(A[n], Y,)) © map(X, tot Y). 


EXAMPLE Given a simplicial set K and a compactly generated Hausdorff space X, let X* be 
the cosimplicial object in CGH with (X*),, = Xkn—then map(|K|, X) = tot X*. 


EXAMPLE Fix a prime p—then there is a forgetful functor from the category of simplicial vector 
spaces over Fy, to SISET. It has a left adjoint, thus this data determines a triple in SISET. Write 
respX for the standard resolution of X : respX is therefore a cosimplicial object in A and tot respX is the 


F,,-completion F,X of X (Bousfield-Kan‘). 


PROPOSITION 45 Let C be a simplicial model category. Assume: C is complete 


and cocomplete. Suppose that are fibrant objects in COSIC (Reedy structure) and 


xX 
Y 
f :X —Y isa weak equivalence—then tot f : tot X > tot Y is a weak equivalence. 

[The proof is dual to that of Proposition 44. Of course, tot X ~ lim tot, X (obvious 


notation).| 
The simplex category grog K of asimplicial set K can be viewed as a comma category: 


A[n] ——> Alm] 
(cf. p. 13-17). Call this interpretation AK, AO? K being its opposite. 


K 
There is a forgetful functor AK : AK — SISET and K = colimAK (cf. p. 0-20). 


FACT The fundamental groupoid of AK is equivalent to the fundamental groupoid of K. 


+ SLN 304 (1972). 
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Given a category C, write K-SIC for the functor category [ACP K, C] and K-COSIC 
for the functor category [AK,C]—then by definition, a K-simplicial object in C is an 
object in K-SIC and a K-cosimplicial object in C is an object in K-COSIC. 


[Note: Take kK = AJ[0] to recover SIC and COSIC.] 


The preceding results can now be generalized. Thus if C is a complete and cocom- 
plete model category, one can again introduce latching objects and matching objects and 
use them to equip K-SIC (dually, K-COSIC) with the structure of a model category 


Reedy structure). Assuming in addition that C is a simplicial model category, there is 
g Ae g 


a realization functor |?|K : K-SIC — C that sends X to |X|x = X OAK, where 


XOAK : A°?K x AK = C is the composite AO? K x AK “2564 SISET Sc. 


So, in the notation of the Kan extension theorem, |?|K = |?| 0 lan, ie., the diagram 
K-SIC "+ SIC 
{rr commutes. Here, lan is computed from the arrow AO? K — AP in- 


|? lx 


C 
duced by the projection kK — AO]. |?|K is a left adjoint for sink : C > K-SIC. On 
the other hand, there is a totalization functor totk : K-COSIC — C that sends X to 
tothX = | Hom(AK, X), where Hom(AK, X) : AO? K x AK = C is the composite 
AK 


OP 
APP K x AK 4 *** , sige? x C24 o. So, in the notation of the Kan extension 
K-COSIC —“>+ COSIC 


theorem, totk = tot oran, i.e., the diagram [tot commutes. Here, 


totK 


C 
ran is computed from the arrow Ak — A induced by the projection K — A[O0]. totx isa 
right adjoint for cosing :C —+ K-COSIC. 


To check the claimed factorization of |?|K, represent |X|K as the coequalizer of the diagram 


[] “OAK = [[X,OAKk. Noting that (lanX)n = [] Xx, we have [] X,OAKk = [] 

kl k keKn kl n,m>0 
][ x:O4A[rn] = J] [[ Gan X)mOA[n] and [[xX,OAKk = [IT [[ X,OAln)] = 

[n]>[m] leKm n,m>0 [n]>[m] k n>0 keKn 

[| (an X)nOA[n], i-e., |X|x is naturally isomorphic to the coequalizer of the diagram | [| 

n>0 n,m20 [n]+[m] 

(lan X)mOA[n] = [] (an X)nOAln], i-e., to [lan X’. 

n>0 


Example: Take C = SISET—then | « |x = K. 


EXAMPLE Let B bea simplicial set. Fix an X in SISET/B—then V n & V bE Bn, there is a 
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Xp —_- xX 


pullback square i |p (cf. p. 13-3). This data thus determines a B-cosimplicial object Xz 
A[n] — B 
Ap 


in SISET. One has X & colim X pg and Xg is cofibrant in the Reedy structure. 


PROPOSITION 44 (K) Let C be a simplicial model category. Assume: C is com- 


plete and cocomplete. Suppose that are cofibrant objects in K-SIC (Reedy structure) 


xX 
y 
and f : X + Y is a weak equivalence—then |f|x :|X|xK — |Y|xK is a weak equivalence. 


PROPOSITION 45 (K) Let C bea simplicial model category. Assume: C is com- 


plete and cocomplete. Suppose that are fibrant objects in K-COSIC (Reedy struc- 


xX 
Y 
ture) and f : X — Y is a weak equivalence—then totx f : tothX — totKY is a weak 


equivalence. 


FACT sing preserves fibrations and acyclic fibrations. 


[Note: Therefore |?|« preserves cofibrations and acyclic cofibrations (cf. p. 12-3 ff.).] 


FACT  cosing preserves cofibrations and acyclic cofibrations. 


[Note: Therefore tot preserves fibrations and acyclic fibrations (cf. p. 12-3 ff.).] 


Notation: Let I be a small category. Put AI = Aner I and call it the simplex category 
[n] —— [ml] 


of I—then AT is isomorphic to the comma category |, Aq|: a ye (4: A— CAT). 


I 
There is a projection my : AI > I that sends an object [n| 41 to fn € ObI. Example: 
A1=A. 
[Note: A°?T is the opposite of AI. Example: A°?1 = A°?. Replacing I by 1°”, 
there is a projection r0P : ACPIOP —5 I that sends an object [n] A,7°P to fn€ ObT] 


EXAMPLE Let C be a complete and cocomplete model category. Suppose that F: I> Cisa 
functor such that V i, Fi is cofibrant (fibrant)—then F o tPP (Fo 77) is a cofibrant (fibrant) object in 
[APP IOP Cj ([AI, C]) (Reedy structure). 


Let I be a small category and C a simplicial model category. Assume: C is complete 
and cocomplete—then the functor colim : [I,C] — C (lim : [I,C] — C) need not pre- 


serve levelwise weak equivalences between levelwise cofibrant (fibrant) objects. To remedy 
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this defect, one introduces the notion of homotopy colimit (limit). Thus define a functor 
qoP 


hocolimy : [I, C] + C by hocolimy F' (or hocolim F’) = / FU ner(—\I)° and define a 


functor holimy : [I,C] — C by holimy F (or holim Ff’) = [rom(ner(t/—), F). 
I 


[Note: One has HOM(hocolimy FLY) ~% Hom( | FiOner(i\IOP,Y)  & 


[somcrionen(aye?.¥) [nav (ner(i\I)°?, HOM(Fi, Y)) =f map( ner (1°? /i), 
HOM(Fi,Y)) © holimyor HOM(F,Y), where HOM(F,Y) : 19? + SISET sends é to 
HOM(Fi, Y).] 

Remark: The functor hocolim has a right adjoint, viz. HoM(ner(—\I)°P, —), and the 
functor holim has a left adjoint, viz. —Oner(I/—). 

Remark: There are natural transformations hocolim — colim, lim — holim. 

[Note: It can be shown that Lhocolim and Rholim exist and that there are natural 
isomorphisms Lhocolim — Lcolim, Rlim + Rholim (Dwyer-Kan") (cf. p. 12-32).] 

Example: Take C = SISET, CGH, SISET,, CGH,—then FiOner(i\I)°P = 
Fixner(i\I)?, Fix; B(i\I)O?, Fi#ner(i\I)O?, Fi#,B(i\I)O? and Hom(ner(I/i), Fi) = 
map(ner(I/7), Fi), map(B(1I/7), Fi), map, (ner(I/i)+, Fi), map, (B(1/i)+, F%). 

[Note: Consider i: FiOner(i\I) and [ Finnen(a\ye?. When C = SISET or 
SISET.,, they are simplicial opposites of one another (cf. p. 13-1), hence are natu- 


rally weakly equivalent, and when C = CGH or CGH,, they are related by a natural 
homeomorphism (since V i, B(i\I) ~ B(i\I)°P (cf. p. 0-19)).] 


Place on [19 SISET] and [I, SISET] structure L (cf. p. 13-37)—then i > ner(i\I)°P is a cofibrant 
object in [I°?,SISET] and i > ner(I/i) is a cofibrant object in [I, SISET] (cf. p. 13-38). Observe too 
that V i € Ob I, the classifying spaces B(i\I)©P and B(I/i) are contractible (cf. p. 13-15). 


EXAMPLE Let F bethe functor I + SISET that sends i € Ob I to Fi = A[0|—then hocolim F x 
a a 
ner D>?’ ie,; [ao x ner(i\I)OP & nerI°P or still, aw x ner(I9P/i) = nerIOP. Similarly, 


4 


v v 
/ A[0] x ner(é\I) & nerI and i A[0] x ner(i\IOP) & ner IOP. In addition, / A[0] x ner(é\IOP)OP = 


a 
ner I or still, / A[0] x ner(I/i) & ner I. 


+ Model Categories and General Abstract Homotopy Theory, 
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EXAMPLE Let U : CGH. — CGH be the forgetful functor and consider a functor F : I > 
CGH... Question: What is the relation between hocolim F & hocolim UoF and holim F & holim UoF? The 
answer for homotopy limits is that there is essentially no difference (since map, (X+,Y) # map(X,UY)). 
Turning to homotopy colimits, assume that V i, F% is cofibrant—then there is a cofibration Biors 
hocolim U o F and a homeomorphism hocolim U o F/BI°P -+ hocolim F. 


[Note: If BI°P is contractible, the projection hocolimU o F - hocolimF is a weak homotopy 
BYOP — * 


equivalence. Proof: Consider the pushout square | | , bearing in mind that 


hocolim Uo F —+  hocolim F 
CGH (singular structure) is a proper model category. |] 


LEMMA Let X — B be a simplicial map. Suppose that for every commutative diagram 
Xp > XX, —_ xX 
| i |p , the arrow X,, > Xp» is a weak homotopy equivalence—then p is a 
A[n’]) — Afn] Pe B 
homotopy fibration. 


FACT Let F : I > SISET be a functor—then the arrow hocolim F — nerI9? is a homotopy 


fibration iff V 6 € MorI, Fé is a weak homotopy equivalence. 


PROPOSITION 46 Fix F € Ob[I, C]—then 


AI°P 
hocotine ~ | Fo nrOP OA ner IO? (= |F 0 PP |. gor) 


and 
holim F’ ~ | HOM(A nerI, Fo 74) (= totner1f © m1). 
AI 


Application: Let F,G : I > C be functors and let = : F + G be a natural 


transformation. Assume: V 2, =; : Fa — Gi is a weak equivalence—then hocolim® : 


hocolim F — hocolimG is a weak equivalence provided that V i, re is cofibrant and 


Gi 


[In view of the above result and the example on p. 13-62, this follows from Proposi- 
tions 44(K) and 45(K).] 


holimé : holim F' > holimG is a weak equivalence provided that V i, ee is fibrant. 


EXAMPLE Let F : I > SISET bea functor—then there is a natural homeomorphism | hocolim F' 


— hocolim |F'| of compactly generated Hausdorff spaces. 


13-67 


[Geometric realization is a left adjoint, hence preserves colimits.] 


EXAMPLE Let F : I~ CGH be a functor such that V 7, F7 is cofibrant—then there is a natural 
weak homotopy equivalence hocolim sin F' + sin hocolim F. 

[Consider the natural transformation |sinF| > F. Thanks to the Giever-Milnor theorem, V 4, 
|sin Fi] + Fi is a weak homotopy equivalence, thus the arrow hocolim|sin F| — hocolim F is a weak 
homotopy equivalence (cf. supra). But from the preceding example, | hocolim sin F| & hocolim | sin F'|, so 


taking adjoints leads to the conclusion.] 


EXAMPLE Let F: I > CGH be a functor—then there is a natural isomorphism sin holim F > 


holim sin F' of simplicial sets. 


EXAMPLE Let F': I> SISET be a functor such that V i, F% is fibrant—then there is a natural 


weak homotopy equivalence | holim F'| > holim |F'|. 


Another corollary to Proposition 46 is the fact that hocolim F & |lan F o 7p?| and 


holim F & totran Fo 7y. 


SIMPLICIAL REPLACEMENT LEMMA Fix F' € Ob[I, C]. Define [| F in SIC by 
CAa= I] F fn—then [| F ~ lanF onp?. 


[n] 4 10P 


COSIMPLICIAL REPLACEMENT LEMMA Fix F € Ob[I,C]. Define [| F in 
COSIC by (I] F)n = |] Ffn—then J] F = ran F o ny. 


In] SI 


FACT Let F,G:I-— SISET be functors and let & : F — G be a natural transformation. Assume: 
Vi, =; : Fi > Gi is a Kan fibration—then holim = : holim F > holim G is a Kan fibration. 

[The arrow |] =: [] F > [[G is a fibration in [A, SISET] (Reedy structure). But tot : [A, SISET] 
— SISET preserves fibrations (cf. p. 13-62).] 


Application: Let F : I > SISET be a functor. Assume: V i, Fi is fibrant—then holim F is fibrant. 


EXAMPLE Let p: A—- B be an inclusion of simplicial sets. Suppose that F : I — SISET is a 


functor such that V i, F7 is p-local—then holim F is p-local. 
ao ene map(A, F’) 
[Each Fi is fibrant, so holim F is fibrant. Denote by the functor I — SISET that 
map(B, F) 
map(A, Fi) ; map(A, holim F’) © holim map(A, F) 
sends 7 to , which are fibrant (cf. p. 13-22). Since 
map(B, Ft) map(B, holim F’) & holim map(B, F) 
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and each Fi% is p-local, the arrow map(B, holim F’) + map(A, holim F) is a weak homotopy equivalence 


(cf. p. 13-64).] 


EXAMPLE Let p: A- B be an inclusion of simplicial sets. Suppose that F,G:I— SISET are 
functors and =: F > G is a natural transformation. Assume: V i, &; : Fi > Gi is a p-equivalence—then 
hocolim = : hocolim F > hocolim G is a p-equivalence. 

[It is a question of proving that the arrow map(hocolim G, Z) — map(hocolim F, Z) is a weak ho- 
motopy equivalence V p-local Z or still, that the arrow holim map(G,Z) — holim map(F,Z) is a weak 


homotopy equivalence, which is true (cf. p. 13-64).] 


PROPOSITION 47 For any cofibrant object F in [I, SISET] (structure L), the arrow 
hocolim F' — colim F' is a weak homotopy equivalence. 

[It suffices to show that V fibrant 7, the arrow map(colim F, Z) + map(hocolim F, Z) 
is a weak homotopy equivalence (cf. Proposition 39). Since hocolim F' — colim F' is induced 
by the projection ner(—\I)°P — x, one need only consider the arrow HOM(F, map(«, Z7)) > 
HOM(F, map(ner(—\I)°P, Z)). But F isa cofibrant object in [I, SISET] and map(x, Z) > 
map(ner(—\I)°P, Z) is a weak equivalence between fibrant objects in [I, SISET], thus the 


assertion is a consequence of Proposition 34.] 


FACT Suppose that I is filtered—then V F in [I, SISET], the arrow hocolim F > colim F is a 


weak homotopy equivalence. 


EXAMPLE \V F in FIL(SISET), the arrow hocolim F —> colim F is a weak homotopy equivalence. 
Therefore | colim F'| is contractible if V n, |F'n| is contractible. 
[The arrow hocolim F > ner[N]°P is a weak homotopy equivalence. And: [N]°P has a final object, 


hence B[N]°P is contractible (cf. p. 13-15).] 


LEMMA If X is a cofibrant K-simplicial (K-cosimplicial) object in SISET, then 
V fibrant Y in SISET, map(X,Y) is a fibrant K-cosimplicial (A-simplicial) object in 
SISET. 


PROPOSITION 48 For any cofibrant K-simplicial (K-cosimplicial) object X in 


SISET, the arrow hocolim X —> colim X is a weak homotopy equivalence. 


EXAMPLE Let B be a simplicial set. Fix an X in SISET/B and determine the cofibrant B- 
cosimplicial object Xp in SISET as on p. 13-61 ff—then the arrow hocolim X g > colim Xp (® X) is a 


weak homotopy equivalence. 
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[Note: Suppose given nD fh such that Vn & V6 € Bn, Xp > Y, is a weak homotopy 
B 


equivalence—then hocolim X g — hocolim Yg is a weak homotopy equivalence (cf. p. 13-64). Since there 
hocolim Xp —~> X 


is a commutative diagram | | f , it follows that f is a weak homotopy equivalence. 


hocolimYg —> Y 
Example: p is a weak homotopy equivalence if the |X,| are contractible. ] 


Given a category C, write BISIC for the functor category [(A x A)°P,C] (ie, 
[ACP SIC])—then by definition, a bisimplicial object in C is an object in BISIC (i.e., 


are 


xy 
simplicial objects in C, the assignment ([{n],|m]) > X, x Ym defines a bisimplicial object 


XxY in. 
Specialize to C = SET—then an object in BISISET (= A x A) is called a bisimpli- 


cial set and a morphism in BISISET is called a bisimplicial map. Given a bisimpli- 


a simplicial object in SIC). Example: Assuming that C has finite products, if . 


cial set X, put Xpm = X([n],[m]) (= Xn([m]))—then there are horizontal operators 


a? : Xnm 7 Xn-1m . OK ihag eas 
, , 0 <i<_n) and vertical operators J peat as 
{ gh é Gita > 2 eee ( = _ ) p sy : Nig — Kevit A 


7 
j < m). The horizontal operators commute with the vertical operators, the simpli- 


(0< 


cial identities are satisfied horizontally and vertically, and thanks to the Yoneda lemma, 
Nat(A[n, m], X) © Xnjm, where A[n, m] = A[n]x A[m]. 
[Note: Every simplicial set X can be regarded as a bisimplicial set by trivializing its 


structure in either the horizontal or vertical direction, i.e., Xnjm = Xm or Xnm = Xn_.] 


EXAMPLE Any functor T : A + CAT gives rise to a functor X7 : CAT > BISISET by 
writing XI([n], [m]) = nern([T[m], 1) (& Nat([n],[T[m],1]) + Nat(T[m], [In], 1) © (Sr[[n],T)m, Sr the 


singular functor (cf. p. 0-16)). 


EXAMPLE Let C bea double category, i.e., a category object in CAT—then ner C is a simplicial 


object in CAT, hence ner(ner C) is a bisimplicial set. 


Viewing [n] as a small category, one may form its simplex category A[n] (= Aner[n] = 
AA[n] = A/|[n]). The assignments [n] > ner A[n], [n] + A[n] define cosimplicial objects 
Ya, Ya in SISET which are cofibrant in the Reedy structure and there is a weak equiva- 
lence Ya — Ya (cf. p. 13-17). 


13-70 


[7] [7] 
Let X be a bisimplicial set—then hocolim X = X, xner ([n]\A°P)OP = Mik 


[7] [7] 
ner (A/[n]) = i X,y, x ner A[n] +f Xp, X Alin] = |X|. 


PROPOSITION 49 The arrow hocolim X — |X| is a weak homotopy equivalence. 

[Bearing in mind Proposition 39, take a fibrant Z and consider the arrow map(|X|, Z) 
— map(hocolim X, Z) or still, the arrow HOM(X, map(Ya, Z)) ~ HOM(X, map(Ya, Z)). 
In the Reedy structure, X is necessarily cofibrant while map(Ya, 7) > map(Ya, Z) isa 
weak equivalence between fibrant objects (see the lemma prefacing Proposition 48). One 


may therefore quote Proposition 34.] 


Using the notation of the Kan extension theorem, take C = AS? D=AP% x AP, 
S = SET, and let K be the diagonal AC? + A°? x A°?—then the functor [K,S] = 


di: BISISET — SISET has both a right and left adjoint. One calls di the diagonal: 


pad? a) =dd? 
(diX), = X({n],[n]), the operators being a . aes 7 iat . Example: di(XxY) = 


KRY (SdiAla i) Ala Ala. 


PROPOSITION 50 Up to natural isomorphism, di and |?| are the same. 

[It suffices to prove that di is a left adjoint for sin : Nat(diX,Y) ~ Nat(X,sinY). But 
X & colim;,; A[n;,m,;| and one has Nat(A[n, mJ, sinY) * map(A[n],Y¥)m + Nat(A[n] x 
Alm], Y) = Nat(diA[n, m], Y).] 


Application: V bisimplicial set X, there is a weak homotopy equivalence hocolim X — 
dix. 


EXAMPLE Let F : I ~ SISET—\then in the notation of the simplicial replacement lemma, F’ 
determines a bisimplicial set []F by the rule ([]F)n = I] Ffn. And: hocolimF x ||] F| 
[n] 4, ;0P 


di] | F. 


EXAMPLE Place on CGH its singular structure and equip [AC? , CGH] with the corresponding 
Reedy structure. Take an X in SICGH which is both Reedy fibrant and Reedy cofibrant and let UX be 
the simplicial set obtained from X by forgetting the topologies—then the arrow |UX| — |X| is a weak 
homotopy equivalence. To see this, let sin X be the bisimplicial set defined by (sin X)n = sin Xn and write 
sin’ X for the “transpose” of sin X, i.e., (sin’ X)n,m = (sin X)m,n (=> (sin' X)o,« & UX). Since sin X is 
Reedy fibrant, V a, sin’ X(a) is a weak homotopy equivalence. Therefore the arrow | sin’ X|9 > |sin'’ X| 


is a weak homotopy equivalence (cf. p. 13-59). Write |sin X| for the simplicial object in CGH with 
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|sin X|, = |sin.X,,|. Because | sin X| is Reedy cofibrant, in view of the Giever-Milnor theorem, the arrow 
|| sin X || > |X| is a weak homotopy equivalence (cf. Proposition 44). So, putting everything together gives 


|UX| & || sin’ X|o|—> || sin? X|| = |disin' X| = |disin X| & || sin X|| 3 |X|. 


PROPOSITION 51 Suppose that f : X — Y is a bisimplicial map. Assume: V n, 
fn: Xn 2 Yn is a weak homotopy equivalence—then dif : diX — diY is a weak homotopy 
equivalence. 

[Since all simplicial objects in A are cofibrant in the Reedy structure, this is a conse- 
quence of Propositions 44 and 50.] 

[Note: In both the statement and the conclusion, one can replace “weak homotopy 


equivalence” by “HG'-equivalence” (cf. p. 13-59).| 


w —- Y 
Let X LgGey by a 2-sink in SISET—then a commutative diagram It |g is said to 
x — @Z 
f 


be a pullback up to homotopy if the arrow W > X xz Y is a weak homotopy equivalence. Example: 
Afi] — Afi,2] 


| | is not a homotopy pullback but is a pullback up to homotopy. 


All] — AP] 


FACT Let f: X > Y bea bisimplicial map. Assume: V m,n & V a: [m] > [n], the commuta- 


x 
Ree Ss Xn x A[n] —> dix 
tive diagram fn| | fm is a pullback up to homotopy—then V n, | | is a 
Yn, ae ¥ 3% Yn x A[n] — diY 
a 


pullback up to homotopy. 


PROPOSITION 52 BISISET carries a proper model category structure in which a 
bisimplicial map f : X — Y is a weak equivalence if dif is a weak homotopy equivalence, 
a fibration if dif is a Kan fibration, and a cofibration if f has the LLP w.r.t. acyclic 
fibrations. 

[This is an instance of the generalities on p. 13-47, the essential point being that 
di (which plays the role of “G”) has both a right and left adjoint. In particular: di 
preserves filtered colimits. The stage is thus set for a small object argument. Let D 
be the left adjoint of di normalized by the condition DA[n] = A[n,n]. Put A[n,n] = 
DA[n], A[k, n,n] = DA[k,n]—then the arrow A[n,n] > A[n,n] is a cofibration and the 
arrow A[k,n,n] — Al[n,n] is an acyclic cofibration (|diA|k,n,n]| is contractible). The 


requisite factorizations can therefore be established in the usual way. Let us note only 
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that every f admits a decomposition of the form f = poi, where p is a fibration and 7 is an 
acyclic cofibration that has the LLP w.r.t. fibrations (specifically, i is a sequential colimit 
of pushouts of coproducts of inclusions A[k,n,n] > A[n,n]). As for properness, the part 
of PMC concerning pullbacks is obvious while the part concerning pushouts follows from 


the observation that a cofibration is necessarily an injective bisimplicial map.| 


FACT Take BISISET in the model category structure supplied by Proposition 52—then the 
adjoint pair (D, di) induces an adjoint equivalence of categories between HSISET and HBISISET. 


For certain purposes, it is technically more convenient to use a modification of the 


homotopy colimit in order to minimize the proliferation of opposites. Definition: Given 
qoP 
F € Ob[I, C], put hocolimy F (or hocolim F’) = FOner(—\I). The formal properties 


of hocolim are the same as those of hocolim, the primary difference being that hocolim F' = 


|[[ F|, where now ({[ F)n = I] F fo. 


In] 41 


EXAMPLE Let F : I > CAT be a functor—then the Grothendieck construction on F is the 
category groyF whose objects are the pairs (1,X), where i € Ob I and X € Ob Fi, and whose mor- 
phisms are the arrows (6, f) : (¢,X) + (j, Y), where 6 € Mor (i,7) and f € Mor ((F'6)X,Y) (composition 
is given by (6’, f’) o (6, f) = (6’ 06, f’ o (Fé’)f)). Put NF = ner o F, so NF_: I + SISET. One 
can thus form hocolim NF and Thomasont has shown that there is a natural weak homotopy equiva- 


lence 7 : hocolim NF — nergro;F. The situation for homotopy limits is simpler. Indeed, holim NF & 


[saovvertro, (nero F)i) & [rottri.ra ~ ven fyi. F 
[Note: Here is the definition of 7. Representing hocolim NF as di] [VF, fix n and consider a 

6 Oy 
typical string (io 9 ix Se ee a ary in, Xo > X1 9 +++ > Xn-1 > Xn), where the X; € Ob Fig 
(0 <k < n)—then np takes it to the element of nerp groyF given by (i9, Xo) > (41, (F'69)X1) 9 ++: 


(in, (F5n—1 0--: 0 F69)Xn).] 


Let I and J be small categories, V : J > I a functor. 

Notation: Given i € Ob I, write i\V for the comma category |K;, V]- 

[Note: Dually, V/i stands for the comma category |V, K;|.] 
iV — J 

Observation: The commutative diagram | | is a pullback square in CAT. 
iI — I 


+ Math. Proc. Cambridge Philos. Soc. 85 (1979), 91-109; see also Heggie, Cahiers Topologie Géom. 
Différentielle Catégoriques 34 (1993), 13-36. 
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Vl) — J 
[Note: The fiber of V over 7 is defined by the pullback square | Lv. So: 


1 — I 
Kk; 


V—1(é) is the subcategory of J having objects 7 such that Vj =i, morphisms 6 such that 
V-1(i) —=i\V 
Vo = id;, and there is a commutative diagram | | al 
V /i ——— J 
EXAMPLE The arrow colim ner(—\V) — nerJ is an isomorphism. Viewed as an object in 


[IOP ,SISET] (structure L), ner(—\V) is free, hence cofibrant (cf. p. 13-38). Therefore the arrow 


hocolim ner(—\V) — colim ner(—\V) (& ner J) is a weak homotopy equivalence (cf. Proposition 47). 


a 
[Note: Take I = J and V = idj—then the arrow hocolim ner(—\I) = l ner(é\I) x ner(i\IOP) > 


a a 
/ ner(i\I) x A[O] & ner I is a weak homotopy equivalence, as is the arrow hocolim ner(—\I) = / ner(i\I) x 


ner(i\IOP) > i “AIO x ner(i\IOP) = ner 1°P J 


LEMMA Let I and J be small categories, V : J — I a functor—then V F in 
(1°, SISET], / map(ner(i\V), Fi) & i map(ner(j\J), (FoV°?P)j), ie., HOM(ner(—\V), 
F)x HOM (ner(—\J), FoV?P). ; 

[The left Kan extension of ner(—\J) along V°P is ner(—\V).] 


PROPOSITION 53 Let I and J be small categories, V : J > Ia functor—then V F 
J a 
in [I, SISET], the arrow / (FoV)j x ner(j\J) > i. Fi x ner(i\V) is a weak homotopy 


equivalence. 


[This is yet another application of Proposition 39. Thus fix a fibrant Z and pass to 
a J 
mnap( | Fixner(i\V),Z) > map( | (FoV)jxner(j\J), Z), i-e., to [map(ner(@\¥) map 
(Fi, Z)) > [ map(aer(a\9), map((F'o V)j, Z)), i-e., to HOM(ner(—\V), map(F, Z)) > 
j 
HOM(ner(—\J), map(F, Z) o V°P), which by the lemma is an isomorphism, hence a 


fortiori, a weak homotopy equivalence. | 


A small category is contractible if its classifying space is contractible. Example: Every 


filtered category is contractible. 


EXAMPLE Let C be a small category—then the cone [C of C is the small category with 
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ObT'C=ObC L[{9}. where @ is an adjoined initial object. Example: [0 = 1. So, 'C is contractible (cf. 
p. 13-15) and BTC x TBC. 


C 
[Note: Given small categories { , their join C * D is the full subcategory of [TC x TD with 
D mice 


Ob C xD = Ob C x Ob D] [ Ob C x {0} | [ {0} x Ob D. Under the join, CAT is a symmetric monoidal 
category (0 is the unit). One has B(C * D) & BC x, BD.] 


Given small categories . a functor V : J > I is said to be strictly final provided 


J? 
that for every i € Ob I, the comma category |K;,V| is contractible. A strictly final 
functor is final. In particular: V : J > I strictly final > colim Ao V & colimA, where 
A:I-—SISET (cf. p. 0-11). 

[Note: A subcategory of a small category is strictly final if the inclusion is a strictly 


final functor.] 


PROPOSITION 54 Let I and J be small categories, V : J — I a strictly final 
functor—then V F in [I, SISET], the arrow hocolim FoV — hocolim F is a weak homotopy 


equivalence. 


oe J 
[According to Proposition 53, the arrow hocolim Fo V = if (FoV)j x ner(j\J) > 


/ Fi x ner(i\V) is a weak homotopy equivalence. Claim: The arrow iy Fi x ner(i\V) > 
[pF x ner(i\I) = hocolimF is a weak homotopy equivalence. Indeed: ner(—\V), 


ner(—\I) are cofibrant objects in [[°P,SISET] and since V is strictly final, the arrow 
ner(—\V) — ner(—\I) is a weak equivalence. Therefore one may appeal to the example 
on p. 13-52.] 


FACT Let I and J be small categories, V : J — I a functor. Assume: ner V : nerJ —> nerI is a 
weak homotopy equivalence. Suppose that F : I + SISET sends the morphisms in I to weak homotopy 
equivalences—then the arrow hocolim F o VY — hocolim F is a weak homotopy equivalence. 

[]Fov — ][[F 
[The commutative diagram | | of bisimplicial sets is a pullback square, there- 
ial * —> ial * 
d[[Fov — dil[F 


fore the commutative diagram | | of simplicial sets is a pullback square (di is a 


di] [* —_- di] | « 
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hocolim FoV = —> _ hocolim F 
right adjoint). Accordingly, in SISET, the commutative diagram | | isa 


ner J — ner I 
pullback square. The result thus follows from the fact that the arrow hocolim F — nerI is a homotopy 


fibration (cf. p. 13-64).] 


EXAMPLE IfTis contractible and if F : I + SISET sends the morphisms in I to weak homotopy 


equivalences, then V i € Ob I, the arrow Fi — hocolim F is a weak homotopy equivalence. 


FACT (Homotopy Pushdowns) Let I and J be small categories, V : J > I a functor. Given a 
functor G : J + SISET, define an object hocolimy G in [I, SISET] by (hocolimy G)i = hocolimy /; GoUj, 
where U; : V/i > J is the forgetful functor—then the arrow hocolimy, hocolimy G —> hocolimg G is a weak 


homotopy equivalence. 


QUILLEN’S THEOREM A_ Suppose that I and J are small categories and V: J > I 
is a strictly final functor—then ner V : ner J — nerI is a weak homotopy equivalence, 
hence BV : BJ — BI is a homotopy equivalence. 

[In Proposition 54, let F' be the functor I > SISET that sends 7 € Ob I to Fi = A[0).] 


[Note: The same conclusion obtains if V is “strictly initial” .] 


EXAMPLE Let X be a topological space, sin X its singular set—then sin X can be regarded 


A™ ——— > A” 


A& 
as a category: < vA (a € Mor ([m],[n])) (cf p. 4-38). This category is isomorphic to 
xX 


A/X = grog sin X and there is a natural weak homotopy equivalence nerA/X — sin X (cf. p. 13-17), 
which thus gives a natural weak homotopy equivalence BA/X —> X (Giever-Milnor theorem). Let C be 
any small full subcategory of TOP/X containing A/X as a subcategory. Assume: V Y > X in C, Y 
is homotopically trivial—then the arrow Bu: BA/X — BC induced by the inclusion . : A/X > C is a 
homotopy equivalence. To see this, one can suppose that X is nonempty and appeal to Quillen’s theorem 
A. Claim: ¢ is a strictly initial functor, i.e., VY + X in C, the comma category 4/Y — X is contractible. 
Indeed, 1/Y > X is simply A/Y and the arrow BA/Y — x is a weak homotopy equivalence, hence a 


homotopy equivalence. 


Let C be a category—then the twisted arrow category C(~~) of C is the category 
whose objects are the arrows f : X — Y of C and whose morphisms f > f’ are the pairs 


Koy 
/ 
o,w): ore Morty »X) for which the square ¢ % commutes. Denote by 
w € Mor(Y,Y’) 
Ke Sse 
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Gis) ce 


3 ‘ boats 
. the canonical projections { C(m) 9 C 


EXAMPLE Suppose that C is a small category—then ners : nerC(~+) > nerC°P, nert : 
ner C(~+) > ner C are weak homotopy equivalences. 

[To discuss ner s, observe that V X, the functor X\C —> s/X that sends X AY to (Xx Ay, idx) (so 
3(X 4y) _ x x) has a left adjoint. Since X\C is contractible, s/X must be too (cf. p. 13-15), ie., 


s is strictly initial, thus by Quillen’s theorem A, ners is a weak homotopy equivalence. ] 


[Note: It is a corollary that ner C and ner C9? are naturally weakly equivalent. ] 


Let I and J be small categories, V : J — I a functor—then by V(~) we shall 
understand the category whose objects are the triples (i,6,7), where 6 : i > Vj, and 
whose morphisms (7, 6,7) — (2’,6’,7') are the pairs (¢, 7) : : : ae ne for which 

i> Vi 
the square ¢] | vv commutes. Example: idy(~+) = (~~). 
a = V7" 

QUILLEN’S THEOREM B_ Suppose that I and J are small categories and V : 
J — Lis a functor with the property that for every morphism 2’ > 7” in I, the arrow 
ner(?”\V) — ner(z’\V) is a weak homotopy equivalence—then V i € Ob I, the pullback 

ner(i\V) —> nerJ 
square | | is a homotopy pullback. 
ner(i\I) —> nerlI 
iV — V(i~) — J 
{ l { 
[Each of the squares in the commutative diagram i\I —> I(~) I 


i i 


i: . =s A0P 
pullback squares in CAT, hence each of the squares in the commutative diagram 


| 


ner(i\V) —> nerV(~) —  nerJ 


i i | 


ner(i\I) —> nerI(~) —  nerl 


i ’ 


A(0] — ner IOP 


are pullback squares in SISET (ner is a right adjoint). And, from the definitions, 


hocolimner(—\V) *& ner V(~»), hocolimner(—\I) ~ nerI(~). Since the arrows 
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hocolim ner(—\I) > nerI°?, ner(i\I) + A[0] are weak homotopy equivalences, the com- 
ner(i\I) —+  hocolimner(—\I) 
mutative diagram | | is a homotopy pullback (cf. p. 12— 
Ajo] — ner [°F 
14); since the arrows hocolimner(—\V) — nerJ, hocolimner(—\I) > nerI are weak 
hocolimner(—\V) —> ner J 
homotopy equivalences, the commutative diagram | | is a ho- 
hocolimner(—\I) —>_ nerI 
motopy pullback (cf. p. 12-14). Owing to our assumption on V, the arrow 
hocolim ner(—\V) — ner I°? is a homotopy fibration (cf. p. 13-64). Accordingly, the pull- 
ner(i\V) —>  hocolimner(—\V) 
back square | | is a homotopy pullback (cf. p. 12-16). 
A{0] — ner TOP 

The composition lemma _ therefore implies that the commutative diagram 
ner(i\V) —+ hocolimner(—\V) 

| | is a homotopy pullback. Finally, then, by another ap- 
ner(i\I) —>+  hocolimner(—\I) 
plication of the composition lemma, one concludes that the commutative diagram 
ner(i\V) —> nerJ 

is a homotopy pullback. | 

ner(i\I) —> nerI 

[Note: One can also formulate the result in terms of the V/i.] 


W—9 Y Iw] — |Y| 
LEMMA If | [9 is a homotopy pullback in SISET, then i {Isl 
re |X| a Z| 


is a homotopy pullback in CGH (singular structure) and the arrow |W| > Wi¢)19) is a 
homotopy equivalence (compactly generated double mapping track). 
[In the notation of p. 12-13, write YY — Z—then Y > Z Kan = |Y| - [Z| 
Serre and W + X xy Z goes to |W] > |X xy Z| = |X| x) |4| (cf. Proposition 1), 
IW] — |yY| 
so { {lo is a homotopy pullback in CGH. The double mapping track of the 


|X| —> |4| 
If 


2-sink |X| l¥| |Z lal Y calculated in TOP is a CW space (cf. §6, Proposition 8). Its image 
under k is Wj) ,)g|, thus W)F) 19) is a CW space. Therefore the arrow |W| > W(f) 14), which 


is a priori a weak homotopy equivalence, is actually a homotopy equivalence. | 
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Consequently, under the conditions of Quillen’s theorem B, V i € Ob 1: V~'(i) £0, 
there is a homotopy equivalence B(i\V) > Egy (compactly generated mapping fiber), 
so V 7 € V~1(i), there is an exact sequence --- > 7 941(BI,i) > mq(B(i\V), (j,id;)) > 
Tq( BJ, j) > 1q(BI,i) > ---. 

Remark: It is thus a corollary that theorem B => theorem A. 


Waldhausent has extended Quillen’s theorems A and B from CAT to [A°P, CAT]. 


w—- Y 
Fix an abelian group G—then a commutative diagram i {9 of simplicial 
xX ru Z 


sets is said to be an HG-pullback if for some factorization YY —» Z of g, the induced 
simplicial map W > X xz Y is an HG-equivalence. Here, the factorization of g is in 
the usual model category structure on SISET and not in that of the homological model 
category theorem, hence the choice of the factorization of g is immaterial and one can work 
with either g or f. Example: A homotopy pullback is an HG-pullback. 

[Note: When G = Z, the term is homology pullback.] 


WwW — Y 
Example: A commutative diagram | {3 of simplicial sets, where f is a weak 
xX r Z 


homotopy equivalence, is an HG-pullback iff the arrow W + Y is an HG-equivalence. 


e — e —_ e 
COMPOSITION LEMMA Consider the commutative diagram if | | 


e — e —_ e 
in SISET. Assume: The square on the right is a homotopy pullback—then the rectangle 


is an HG-pullback iff the square on the left is an HG-pullback. 
Rappel: SISET is a topos, so V B, SISET/B is a topos (MacLane-Moerdijk*), thus 
is cartesian closed. 


[Note: Similar remarks apply to BISISET.] 


PROPOSITION 55 Let F': I > SISET be a functor. Assume: V 6 € MorI, F° is 


+ CMS Conf. Proc. 2 (1982), 141-184. 


= Sheaves in Geometry and Logic, Springer Verlag (1992), 190. 
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Fi —>  hocolim F 


an HG-equivalence—then V i € Ob IJ, the pullback square | i) is an 
A(0] ae ner I 


a 


HG-pullback. 


[Factor A[0] ar ner Tas A(0] X —» nerI, where A, is a weak homotopy equivalence, 


the claim being that the arrow Fi > X Xperq hocolim F is an HG-equivalence. In view 
of the small object argument, one can suppose that A, is a sequential colimit of pushouts 
of coproducts of inclusions A[k,n] + A[n]. Because of this and the fact that the functor 
—Xnert hocolim F preserves colimits, it is obviously enough to prove that every diagram of 


hocolim F 


the form | leads to an HG-equivalence A[k,n] Xnert 
A{k,n] — Aln me ner I 
f 


hocolim F + A[n] Xnerq hocolim F. To begin with, A[n] pert hocolim F = hocolim F o f 
(f : [n] > I). Furthermore, the initial object 0 € [n] defines a natural transformation 


Fof(0) > Fo f, so there is a commutative diagram 


I] #efce)— JI Fef) 


ao Fam aoa 


EA[k,n] | EA[n] | 


I] F o f(ao) —— I] Fo f(a) 


a9 Fam a9 Om 
EA[k,n] EA[n] 


of bisimplicial sets. The hypothesis on F’, in conjunction with the appended note to 
Proposition 51, implies that the diagonal of either vertical arrow is an HG-equivalence. 
But the diagonal of the top horizontal arrow is the weak homotopy equivalence A|k,n] x 
Fof(0) > A[n|] x Fo f (0), therefore the diagonal of the bottom horizontal arrow is an HG- 


equivalence, i.e., A[A,] Xnert hocolim F — A[n] Xnerr hocolim F' is an HG-equivalence.| 


PROPOSITION 56 Suppose that I and J are small categories and V: J > Lisa 


functor with the property that for every morphism i’ — i” in I, the arrow ner(i’”\V) > 
ner(i\V) —> ner J 
ner(i/\V) is an HG-equivalence—then V i € Ob I, the pullback square — | | 
ner(i\I) —> nerI 
is an HG-pullback. 


[One has only to trace the proof of Quillen’s theorem B, using Proposition 55 to 
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ner(i\V) —> hocolimner(—\V) 
establish that the pullback square | | is an HG-pullback.] 
A{0] — ner [°F 
[Note: It follows that Vi € ObI: V~-l(z) 4 0, the arrow B(i\V) > Egy is an 
HG-equivalence (compactly generated mapping fiber).] 


Proposition 56 is the homological analog of Quillen’s theorem B. The same style of argument can 
also be used for it (in Proposition 55, replace “HG-equivalence” by “weak homotopy equivalence” and 


“HG-pullback” by “homotopy pullback”). 


Let (M,O) be a category object in SISET. Suppose that Y is a left M-object and 
tranY is the associated translation category—then the projection T : Y — O gives rise to 
an internal functor tranY — M from which a morphism ner tranY — ner M of simplicial 
objects in A or still, a bisimplicial map. Each 7 € Op determines a pullback square 

Y —- Y 


I) [7 in SISET and through e : O > M, arrows A[0] Ar netn M, thus there is 
A(0] 7. O ” 


Y, —~ nertranY 


a pullback square | | in BISISET (abuse of notation). 
A(0] x Oner M 


x 


sf € Op and A: M xo Y - Y defines an arrow Y,¢ — Yif-| 


[Note: Vv f © Mo, io 


PROPOSITION 57 IfV f € Mo, the arrow Y,¢ — Y;7 is an HG-equivalence, then the 
Y, —> |nertranY| 
pullback square | i (cf. Proposition 50) is an HG-pullback provided 
A{0| re |ner M| 
that O is a constant simplicial set. 


[Use the model category structure on BISISET furnished by Proposition 52 to fac- 
tor A[0] ce ner M as poi, where p is a fibration and 7 is an acyclic cofibration repre- 
sentable as a sequential colimit of pushouts of coproducts of inclusions A[k, n,n] + A[n, n]. 
Reasoning as in the proof of Proposition 55, it suffices to show that for any diagram 


ner tranY 


of the form i) , |A[k, n,]| X|ner my [ner tranY | > 
A[k,n,n] —> Aln,n] x? ner M 
f 
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|A[n, m]| Xjnerm} ner tranY| is an HG-equivalence. The arrow A; : A[n,n] — ner M cor- 


responds to xo go, ee a ee se ae where the 2; € O, (= O) and the f; € My. 


This said, consider the commutative diagram 


Alk, n,n] x Y,, ———— A[n, n] x Y;,, 


| | 


A[k,n, 7] Xnerm ner tranY ——> A[n, 7] Xnerm ner tranY 


which results from piecing together the definitions. The diagonal of the top horizontal 
arrow is an HG-equivalence (|diA[k,n, n]| is contractible), as is the diagonal of the two 
vertical arrows. | 

[Note: Changing the assumption to “weak homotopy equivalence” changes the con- 


clusion to “homotopy pullback” .| 


EXAMPLE Let (M,O) be a category object in SISET with O x AJ[0]. So: M is a sim- 
plicial monoid or, equivalently, M is a simplicial object in MONgpr. Let Y be a left M-object. 


Assume: Vm € Mo, ms : Hx({¥|;G) > H.(|Y|;G) is an isomorphism—then the pullback square 
Y = —+  |bar(*;M;Y)| 


| | is an HG-pullback. 


A[0] — > | |bar(*;M;*)| 


w—- Y 
Let | | be a commutative diagram of bisimplicial sets. Problem: Find condi- 
x = 2 


diw —> diY 
tions which ensure that | | is a homotopy pullback. To this end, assume that 
dix —> diZ 
W,. > Xa 
Vn, | | is a homotopy pullback. Using the Reedy structure on [AC SISET], 


Xn —_ Zn ss 
Ww — Y —- Y ~ 
; : YoY : 
construct a commutative diagram | | | , where 7 +G awe levelwise 
gS 2S. Z 


weak homotopy equivalences, \F are Reedy fibrant, and Y > Z is a Reedy fibration— 
Wn — Yn diw —> 
then V n, | | is a homotopy pullback. Form the commutative diagram | 


Xi, SZ dix —> 
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diY —> diY diY — diY 
| | . The square i} | is a homotopy pullback (cf. Proposition 
diZ — diZ diZ — diz 
diw —> diY 
51), so by the composition lemma, | | will be a homotopy pullback if this 


_ dix —> diz 

diw —> diY 
is the case of | | . Since Vn, Yn, 4 Zp is a Kan fibration (cf. Proposition 

dix —> diZ 
41), the induced map W > X xz/Y of bisimplicial sets is a levelwise weak homotopy 
equivalence, thus diW — diX x 7 diY is a weak homotopy equivalence (cf. Proposition 
51). Therefore the central issue is whether diY — diZ is a Kan fibration. However it is 
definitely not automatic that di takes Reedy fibrations to Kan fibrations, meaning that 


conditions have to be imposed. 


x x 
EXAMPLE Let be simplicial sets, f : X — Y asimplicial map. Extend to bisimplicial 
Y Y 
sets by rendering them trivial in the vertical direction—then the associated bisimplicial map is a fibration 


in the Reedy structure and its diagonal is f but, of course, f need not be Kan. 


PROPOSITION 58 Let . be bisimplicial sets, f : X — Y a Reedy fibration. 


Assume: V m, the arrow Xm — Yx,m is a Kan fibration—then dif : diX — diY is a Kan 
fibration. 

A[k,n] —— diX A[k, n,n] —— X 

[Convert the lifting problem | wee | to the lifting problem | pe | 

A|[n] ——— diY A[n, n] ——> Y 

(notation as in the proof of Proposition 52) and factor the inclusion A[k,n,n] > A[n, n] 

as A[k,n,n] > Alk,n]xA[n] > A[n,n]. Since f is Reedy, it has the RLP w.r.t. the first 


inclusion and since f is horizontally Kan, it has the RLP w.r.t. the second inclusion.| 


Let K be a simplicial set. Given a bisimplicial set X , the matching space of X at K is 
the simplicial set Mj X defined by theend | X". So: Mg X([m]) + Nat(A[m], i X Bn) 
[n] [n] 


~ / Nat(A[m], X#) = i Nat(A[m], X,)*" = Ee os Mor (Kn, Xnjm) © 
[n] [n] [n] [n] 
Nat(K, Xs,m). Obviously, MxX is functorial, covariant in X and contravariant in K. 


[Note: The functor X > Mx X is a right adjoint for the functor L > KxL.] 
Examples: (1) MafnjX([m]) = Nat(Al[n], Xa,m) *% Xnym > MamX & Xnx(= 
Xn); (2) Magny X (Lm) © Nat(A[n], Xsm) © Nat(sk-D A[n], Xam) % (cosk"-D X)n > 
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Mains © MnX. 
[Note: The inclusion A[n] —+ A[n] leads to an arrow Majn}X + Maj,)X or still, to 
an arrow X, — M,,X, which is precisely the matching morphism.] 

One can use an analogous definition for the matching space of X at K if X isa 


simplicial set rather than a bisimplicial set: Mh X = i, Xn (x Nat(K, X)). 
[n] 
[Note: Suppose that X is a bisimplicial set—then Mx X4m % (MkX)m.] 


Put Mg nX = MapenjX (O< k < n,n > 1). Because A[k,n] C A[n], there are arrows 
X, > M,X > M;,,,X natural in X. 


LEMMA Asimplicial map K — Lisa Kan fibration iff the arrows Ky, > MgnK X u,b 
L,, are surjective (0<k <n,n> 1). 
[Note: A simplicial map K — L is a Kan fibration and a weak homotopy equivalence 


iff the arrows K, > M,K xwm,,1 In are surjective (n > 0).] 


Y be bisimplicial sets, f : X — Y a Reedy fibration. 


Suppose that the arrows 7o(Xn,«) > to(MknX Xmy,.,Y¥ Yn,«) arising from the squares 
X nx —_— Vie 
| | are surjective (0 << k <n,n > 1)—then dif is a Kan fibration. 


Mg nX — Mg nY 
[Since SISET satisfies SMC, so does BISISET (Reedy structure) (cf. p. 13-55). 


Applying this to the cofibration A[k,n]xA[0] > A[n]x AO], it follows that the arrow 
HOM(A[n|xA[0], X) > HOM(A[k, n]x AO], X) X HOM(A[k,n] x A[0],Y) HOM(A[n|x AO], Y) 
is a Kan fibration. Therefore the arrow Xn. — MgnX Xmy..Y Yn,« i8 a Kan fibration. It 


XxX 
PROPOSITION 59 Let 


is surjective by the assumption on 79. The lemma thus implies that f is horizontally Kan, 


from which the assertion (cf. Proposition 58).] 


Convention: The homotopy groups of a pointed simplicial set are those of its geometric 


realization. 


Homotopy groups commute with finite products. Homotopy groups also commute with infinite prod- 


ucts if the data is fibrant but not in general (consider 71(S[1]”)). 


Let X be a bisimplicial set—then for n,q > 1 and x € Xy,9, there are homomorphisms 
(de: (Xn 2) A to(Xn—10, diz) 0S i <n). 
(mq) <X satisfies the 7,-Kan condition at x € Xp,9 if for every finite sequence 
(ao,.--,@%,---5Qn), where aj; € %q(Xn-i,x,d%x) and (d"),a; = (dP 4) G<j& 
i,j £k), da € tq(Xna, 2): (2). = 0; (14K). 


13-84 


[Note: If 2’, a” € X,,9 are in the same component of X,, then X satisfies the my-Kan 
condition at x’ iff X satisfies the 77-Kan condition at «”’.] 

Definition: A bisimplicial set X satisfies the 7,-Kan condition if V n,q > 1, X satisfies 
the mg-Kan condition at each x € Xpn,0. 


Example: Bisimplicial groups satisfy the 7,-Kan condition. 


EXAMPLE Let X be a bisimplicial set such that V n, Xn is connected—then X satisfies the 
Tx-Kan condition. 


[Consider the 7qg-Kan condition at x = s?_,---shxo (xo € Xo,0).] 


LEMMA Let be bisimplicial sets, f : X — Y a bisimplicial map. Assume: 


f is a levelwise weak homotopy equivalence—then X satisfies the 7,-Kan condition iff Y 


satisfies the z,-Kan condition. 


One can describe A[n] as the simplicial subset of A[n] generated by the djidtn) (0 < 
i <n) and one can describe A[k, n] as the simplicial subset. of A[n] generated by the d,idj,j 
(0<i<n,i#k). In general, if to,...,¢, are integers such that 0 < to <---<t, <n, 
let. A itor: *r) be the simplicial subset of A[n] generated by the d;,idjnj, .-- , d¢,,idfnj—then 


there is a pushout square 


Als; 


r-1 


ACY ] A (tors str—1) 


| | 


_ (toy... str) 
A[n 1] Apr] Aye 
[Note: Alto--t) is a simplicial subset of A{k,n] provided that k At; (¢=0,...,7r).] 
Given a bisimplicial set X , write Mor tr) ¥ for the matching space of X at Kor str) 
There are arrows X, > M,X > Milo) X natural in X. Example: MQ’ x = 
Mg ax 


[Note: Miter) X (Lm) consists of the set of finite sequences (x;,,...,24,) of ele- 
ments of Xp—1,m such that d'a; = mee for all i < 7 in {to,...,t,} (cf. p. 13-18). 
Moreover, the arrow Xp, — Mitor) X sends x € Xm 00 (di 2+. dP a) and 1 1s Kan 


if X is Reedy fibrant.| 


LEMMA Let X be a bisimplicial set. Assume: X is Reedy fibrant and satisfies the 
m,-Kan condition. Suppose that x = (a4,,.-. ,2¢,) € Mir *) X((0])—then Vq2>1, the 


map (Mion ee L) 4 Wq(Xn—1,%; ty) X°°* X Wq(Xn—1,%, Lt,) is injective and its range 
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is the set of finite sequences (a4,,--. ,@,) in the product such that (d?),a; = (dh 1) acu 
forall. <ey IM togee. tah 
[Work inductively with the pullback squares 
Mito yg a 
{ Ll 
Milomtr- yg itor stra) x 
[Note: The result also holds for ¢ = 0.] 


Given a bisimplicial set X, define a simplicial set mo(X) by mo(X)n = 70(Xn) (= 
m™0(Xn,«))- Example: Suppose that X is Reedy fibrant and satisfies the 7,-Kan condition— 
then T0(MgnX ) ~ Mgnto(X). 


EXAMPLE Let X be a bisimplicial set such that V n, the path components of |X| are abelian. 
Write [S%, X] for the simplicial set with [S%, X]n = [S%,|Xn|]then X satisfies the 7.-Kan condition if 
the simplicial map [S?%, X] — m0(X) is a Kan fibration V q > 1. 


FACT Let X be a bisimplicial set such that V n, Xn is connected—then diX is connected. 


dy 
[There is a coequalizer diagram 79(X1) > 70(X0) > m0(diX).] 
do 


be bisimplicial sets, f : X — Y a Reedy fibration with 


XxX 
PROPOSITION 60 _ Let Y 


fx : Mo(X) > m0(Y) a Kan fibration. Assume: ee are Reedy fibrant and satisfy the 


Y 
T.-Kan condition—then dif is a Kan fibration. 


[According to Proposition 59, it suffices to show that the arrows 7o(Xn,x) 4 7o(MknX 
Xn x =z ave 


X Mu.nY Yn,x) ave surjective (0 < k < n,n > 1). Consider the square | | — 


My nX — Mi nY 
then T0(Mg nX xX Mp nY Yes) ~ 110 (Mk nX ) Xaro(MgnY) ol Vase) In fact, a => Mi nY 


is a Kan fibration and the lemma implies that V y € Yn.o, Yn,» — MznY induces a 
surjection of fundamental groups (cf. infra). But mo(MgnX) Xao(Myny) TO(Yn x) © 
Mgn7(X) X Mynro(¥) TO(Yn,x) and To(Xn,x) 4 Me nto(X) X My n2o(¥) TO(Yn,*) is sur- 
jective, mo(X) > m0(Y) being Kan by assumption (cf. p. 13-81).] 


xX’ —> xX 
LEMMA Let | |p be a pullback square of topological spaces, where p: X > Bisa 
B' — B 


Serre fibration. Assume: V « € X, the homomorphism 71(X,x) > 71(B,p(x)) is surjective—then the 


arrow 70(X') + 70(B’) Xx9(B) 70(X) is bijective. 
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[Injectivity is a consequence of the 71-hypothesis. ] 


Ww — Y 
THEOREM OF BOUSFIELD-FRIEDLANDER Let | | be a commutative 
xX — Z 
Wn — Vn 
diagram of bisimplicial sets such that V n, | | is a homotopy pullback. As- 


Xn — Zn 
sume: 7(Y) — mo(Z) is a Kan fibration and Y, Z satisfy the 7,-Kan condition—then 
diw —> diY 
| | is a homotopy pullback. 
dix — diz 
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[Proceed as on p. 13-79 ff.: diY — diZ is a Kan fibration (cf. Proposition 60).] 
[Note: When Y,,, Z,, are connected V n, m(Y) — m0(Z) is trivially Kan and Y, Z 
necessarily satisfy the 7,-Kan condition (cf. p. 13-81).] 


Let K be a simplicial set. Given a bisimplicial set X, define a bisimplicial set map(K,X) by 
map(K, X)n = map(K, Xn). 


LEMMA There is a canonical arrow | map(K,X)| > map(K, |X|). 

[The evaluation K x map(K, Xn) > Xn defines a bisimplicial map K x map(K,X) > X or still, a 
simplicial map |K x map(K, X)| > |X|. However multiplication by K in BISISET is a left adjoint, hence 
|K x map(K, X)| x K x |map(K, X)|.] 


A bisimplicial set X is said to be pointed if an  € Xo,9 has been fixed and each Xy is equipped 
h 


with the base point s7_,--- sh xo. 


EXAMPLE Let X be a Reedy fibrant pointed bisimplicial set such that V n, Xn is connected— 
then X is m.-Kan, thus |X| diX is fibrant (cf. Proposition 60). Denote by OX (QX) the bisimplicial 
set which takes [n] to OXy (QX,) (it follows from Proposition 41 that Vn, Xn is fibrant). Specializing 


the lemma to K = A[1] provides us with canonical arrows |OX| > O|X| (JAX| > Q|X]) (|?| preserves 
|OAxX| —> |Ox| — |x| 


pullbacks) and a commutative diagram | | || . On the other hand, the theorem 
QYX| — Oo|x| — |x 
|AX| —> |Ox| 
of Bousfield-Friedlander says that | | is a homotopy pullback. Because the geometric 


Alo) —> |x| 
realization of |O.X| is contractible (cf. Proposition 51), the conclusion is that the canonical arrow |Q.X| > 


Q|X| is a weak homotopy equivalence. 


EXAMPLE Let X be a pointed bisimplicial set such that V n, |Xn| is simply connected—then 
|diX| is simply connected. 

[For this, one can suppose that X is Reedy fibrant. On general grounds, |diX| is path connected (cf. 
p. 13-83) and by the preceding example, 7o9(diQNX) & mo(QdiX). But Vn, OX» is connected, thus diNX 
is connected (cf. p. 13-83) and so |diX| is simply connected. 


[Note: It is clear that the argument can be iterated: |X| k-connected V n = |diX| k-connected.] 
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814. SIMPLICIAL SPACES 


After working through the foundations of the theory, various applications will be given, 
e.g., the James construction and infinite symmetric products. I have also included some 
material on operads and delooping procedures. 

A simplicial space is a simplicial object in TOP and a simplicial map is a morphism 
of simplicial spaces. TOP, in its standard structure, is a model category, thus SITOP is 
a model category (Reedy structure) (cf. p. 13-55). This fact notwithstanding, it will be 
simplest to proceed from first principles. 

There is a forgetful functor SITOP — SISET and it has a left and right adjoint (cf. 
p. 0-15). 

[Note: The purely set theoretic properties of simplicial spaces are the same as those 


of simplicial sets.] 
[n] 


Given an X in SITOP, put |X| = i X, x A"—then |X| is the geometric realization 


of X and the assignment X — |X| is a functor SITOP —> TOP. |?| has a right adjoint 
TOP — SITOP (compact open topology on the singular set). 


EXAMPLE (Star Construction) Let X be a nonempty topological space. Define a simplicial 


space AX by the prescription (AX) = Xx---xX (n+] factors) with d;(xo,... ,an) = (a0,.-- Bis... 5 Ln), 
8i(@0,-.-,%n) = ("0,--- ,Li,Li,--.,2n). Represent A” as the set of points (t1,...,tn) in R” such 
that 0 < ti < +++ < tm < 1 (which entails a change in the formulas defining the simplicial oper- 


ators). Form X* as on p. 1-28 and let An : xXnrtl x An _» X* be the continuous function that 
sends ((xo0,.-. ,2n),(t1,--..,tn)) to the right continuous step function [0,1[— X which is equal to x; 
on [t;, ti41[ (to = 0,tn41 = 1)—then the Ax combine to give a continuous bijection A: |AX| > X*. Since 
X Tz > X* To, |AX| is Hausdorff whenever X is and in this situation, the composite X > X x A® > |AX| 
is a closed embedding. 


[Note: Like X*, |AX| is contractible (cf. p. 14-17).] 


A simplicial space X is said to be Hausdorff, compactly generated ... if Vn, Xy is 
Hausdorff, compactly generated ... , i.e., if X is a simplicial object in HAUS,CG.... 
On general grounds, the geometric realization of a compactly generated simplicial space is 
automatically compactly generated but there is no a priori guarantee that the geometric 
realization of a Hausdorff simplicial space is Hausdorff. 

Observation: If X is a simplicial space and if a : [m] — [n] is an epimorphism, then 
Xa: Xp, Xm is an embedding and (Xa)X,, is a retract of Xp. 

Let X be a simplicial space—then X is said to satisfy the embedding condition if V n 
& Vi, $;: Xn-1 4 Xp is a closed embedding. Examples: (1) A Hausdorff simplicial space 
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satisfies the embedding condition; (2) A A-separated compactly generated simplicial space 


satisfies the embedding condition. 


X' xX 
LEMMA Suppose given a diagram v'| |p of topological spaces and con- 
B' —>» B 
7 
tinuous functions, where p is quotient and 7 is one-to-one. Assume: 4 a neighborhood 


finite collection {A;} of closed subsets of X and continuous functions f; : A; — X’ such 
that p~'(i(B’)) = UA; with p|A; =iop'o f; V j—then p’ is quotient and i is a closed 
j 


embedding. 


If X is a simplicial space, then |X| can be identified with the quotient [|] X,, x A"/-~, 
the equivalence relation being generated by writing ((Xa)zx,t) ~ (x, A*t). Let p: [] Xn x 
A” — |X| be the projection and put |X|, = p( [] Xm x A™). 


m<n 


PROPOSITION 1 Let X be a simplicial space. Assume: X satisfies the embedding 


condition—then V n, |X|, is a closed subspace of |X| and |X| = colim|X|,. 


LL Aw A” [] Xn x A” 
m<n'! n 
[Fix n’ and consider r| | . For each m < n’ and n, there 
|X |n’ a S| 


are but finitely many diagrams of the form [m] Ek] In], where a is a monomorphism 
and @ is an epimorphism. Put Ag = (Xa)71(XB)Xm x A*A® Cc X,, x A”, define 
fag : Aap 2 Xm x A™ by fap(z,t) = (y, A®u) (t = A®u (A! u € A*), (Xa)zr = 
(XB)y (Aly € Xm)), and apply the lemma.] 


FACT Suppose that X is a simplicial space satisfying the embedding condition. Define a simplicial 
set 1o(X) by mo(X)n = 7o(Xn)—then 70(|X|) & m0|70(X)]. 
Every point in |X| can be joined by a path in |X| to a point in Xo = |X|9. On the other hand, given 
x € Xi, o(t) = [x, (1 —t,t)] (0 <¢< 1) is a path in |X| which begins at dix and ends at doz.] 


Note: Therefore |X| is path connected if Xo is path connected.] 


Notation: Given an X in SITOP, write sX,,_1 for the union 5s) X,_1U---Us,_1Xn_1. 


PROPOSITION 2 Let X be a simplicial space. Assume: X satisfies the embedding 
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Ke INS Nor IN a eg 
condition—then V n, there is a pushout square | | 
Xr, Xx A™ = —— > |X|, 


Xn x A” ial Xm x A™ 
m<n 
[The arrow X,,x A” —> |X], is quotient. To see this, form | | 
|X|) ——————_ |[AIn 


Taking into account the lemma, let fy, : X, x A” > X, x A” be the identity. To define 
fim: Xm X A™ > X,, x A” ifm <n, fix a monomorphism a : [m] > [n], an epimorphism 
B:|n| > [m] such that 6 oa = idj,), and put f(z, t) = ((Xf)az, A*t).] 


Application: Suppose that X is a A-separated compactly generated simplicial space— 
then |X| is a A-separated compactly generated space. 

[|X|n is a A-separated compactly generated space (ADg (cf. p. 3-1)), thus the 
assertion follows from the fact that |X| = colim |X|, (cf. p. 1-36).] 


Let X be a simplicial space—then X is said to satisfy the cofibration condition if 
Vn & V1, 5; : Xn-1 7 Xn is a closed cofibration. Since the commutative diagram 
Xn-1 —> =Xn 
5; | | sien is a pullback square (0 < i < j < n—1), one can use Proposition 

Xn = Naty 
8 in 83 to see that the cofibration condition implies that the sX,_1 — X,y are closed 
cofibrations. 

Example: Given a topological space X, denote by siX the constant simplicial space 
d; = idx 


eee (V n)—then siX satisfies the cofibration condition 
i= idx 


on X, ie., siX([n]) =X & { 
and |siX| = X. 


Since L,X can be identified with sX,—-1, every X which satisfies the cofibration condition is neces- 


sarily cofibrant (Reedy structure). 


FACT Suppose that X is a simplicial space satisfying the embedding condition—then X satisfies 
the cofibration condition iff X is Reedy cofibrant. 


PROPOSITION 3. Let X be a simplicial space. Assume: X satisfies the cofibration 
condition—then V n, the arrow |X|,-1 — |X|, is a closed cofibration. 

[The arrow X,, x A" U 8Xn_1 x A” > X,, x A” is a closed cofibration (cf. §3, 
Proposition 7). Now quote Proposition 2 (cf. §3, Proposition 2).] 
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Application: Let X be a compactly generated simplicial space satisfying the cofi- 
bration condition. Assume: V n, X,, is Hausdorff—then |X| is a compactly generated 
Hausdorff space. 

[This follows from the lemma on p. 3-8 and condition B on p. 1-29.] 


Application: Let X be a simplicial space satisfying the cofibration condition. Assume: 
Vn, X,, is numerably contractible—then |X| is numerably contractible. 

[It suffices to show that the |X], are numerably contractible (cf. p. 3-13). But 
inductively, the double mapping cylinder of the 2-source X, x A" + Xp, x A" U 5Xn-1 X 
A” - |X|n—1 is numerably contractible and numerable contractibility is a homotopy type 


invariant (cf. p. 3-13).] 


EXAMPLE Let X be a Hausdorff simplicial space. Assume: V n, the inclusion Ax,, 4 Xn X Xn 
is a cofibration—then X satisfies the cofibration condition. 
[Vv i, s;Xn—1 is a retract of Xp, hence the inclusion s;Xn—1 — Xn is a closed cofibration (cf. p. 


3-15).] 


xo s x! 5 
LEMMA Let | | be a commutative ladder connecting two expanding 
yo s yl 5 
Xn 4 xnrtl 


sequences of topological spaces. Assume: V n, the inclusions are closed cofibrations, 
YR SY eet 


xn s xnrti 
| | is a pullback square, and the vertical arrows ¢” : X” > Y” are closed cofibrations— 


Ves hae 
then the induced map © : X° —+ Y@ is a closed cofibration. 


[Take any arrow Z — B which is both a homotopy equivalence and a Hurewicz fibration and con- 
Xm — > ZF 
struct a filler Y° + Z for | | via induction, noting that Y" U X"+1 + y+! is a closed 
xn 


YO. ==> B 
cofibration (cf. §3, Proposition 8).] 


Application: Let X° C X! C --- be an expanding sequence of topological spaces. Assume: V n, 


X” is in A-CG, X” > X"*! is a cofibration, and Ayn > X” x, X” is a cofibration—then Ayo > 


X* x, X© is a cofibration. 


EXAMPLE Let X be a A-separated compactly generated simplicial space. Assume: Vn, Ax,, > 
Xn X~ Xn is a cofibration—then X satisfies the cofibration condition (cf. p. 3-15) and A)x),, > |X|n Xx 


|X|n is a cofibration (cf. p. 3-16). Therefore A)x | > |X| xz |X| is a cofibration. 
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xX 
FACT Let be A-separated compactly generated simplicial spaces satisfying the cofibration 
Y 


condition. Suppose that f :X — Y is a simplicial map such that V n, fn : Xn > Yn is a cofibration—then 
|f|: |X| — |Y| is a cofibration. 
[Use the lemma on p. 3-15 ff. to conclude that Vn, |f|n : |X|n 2 |Y|n is a cofibration. And: 
IX |n— 1 =? IX |n 
| i) is a pullback square. ] 


IY In—1 2 IY In 


PROPOSITION 4 Suppose that are simplicial spaces satisfying the cofibration 


Y 
condition and let f : X — Y be a simplicial map. Assume: V n, fp, : Xn 7 Yn is a 


homotopy equivalence—then |f| : |X| — |Y| is a homotopy equivalence. 


: |X| = colim |X|, |X|n-1 2 |X|n : , 
[Since { Vv) =colim [¥'|s and the YIna1 2 |YIn are closed cofibrations, it need 
only be shown that the |X|, — |Y|n are homotopy equivalences (cf. §3, Proposition 15). 


This is done by induction, the point being that sX,_1 > sY,—1 is a homotopy equivalence. 


EXAMPLE Let X bea simplicial space such that V n, Xn has the homotopy type of a compactly 
generated space—then the arrow |kX| — |X| is a homotopy equivalence if X satisfies the cofibration 
condition. 


[Vn, kXn — Xn is a homotopy equivalence and kX satisfies the cofibration condition (cf. p. 3-8).] 


Given an X in SITOP, the homotopic realization of X is the quotient HRX = 


[[ Xn x A"/-~, where ~ is restricted to the monomorphisms in A, ie., ((Xa)z,t) ~ 
n 


(xz, A°t) (a € Ma). Write (HRX),, for the image of [] X,, x A™ under the projection 
m<n 
I] Xn x A"/ > HRX. 
Example: Viewing a simplicial set X as a “discrete” simplicial space, HRX = |UX|u 
(ef. p. 13-7): 


Example: | «| = * but HRx = “a large contractible space”. 


PROPOSITION 5 Let X be a simplicial space—then V n, (HRX),, is a closed sub- 
space of HRX and HRX = colim(HRX),,. 


PROPOSITION 6 Let X be a simplicial space—then V n, there is a pushout square 
Xn x A™ —+ (HRX)n-1 

| i and the arrow (HRX),-1 > (HRX),, is a closed cofibration. 
X,x A" — (HRX), 
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FACT Let X be a simplicial space. Assume: Xo is numerably contractible—then HRX is numer- 
ably contractible. 

[It suffices to show that the (HRX), are numerably contractible (cf. p. 3-13). This is done by 
induction on n, starting from (HRX)o9 = Xo. Suppose, therefore, that n is positive and (HRX)n-1 is 
numerably contractible. Choose distinct points u,v € A”. Because the arrow X x A” —> (HRX)n is 
surjective, (HRX), =U UV, where U = im(Xy, x A” — {u}), V = im(X,, x A” — {v}). But {U,V} is a 
numerable covering of (HRX), and the retractions A” — {u} > A", A” — {v} > A” induce homotopy 


equivalences U + (HRX)n-1,V > (HRX)n-1.] 


It follows from Propositions 5 and 6 that the homotopic realization of a Hausdorff 
simplicial space is a Hausdorff space and the homotopic realization of a (A-separated, 
Hausdorff) compactly generated simplicial space is a (A-separated, Hausdorff) compactly 
generated space. 

[Note: Another corollary is that if Vn, Xp, is a CW space, then HRX is a CW space 
(cf. §5, Propositions 7 and 8).| 


Notation: UW is the semisimplicial set defined by UWn = {(io,.-. in) : ij € Z>0 & to < +++ < inf, 
where dj : UWn + UWn-1 sends (io,... ,in) to (io,... ,j,--- yin). 


Let X bea simplicial space—then the unwinding UW X is the “homotopic realization” of the cofunctor 


Av > TOP which takes [n] to Xn x UWn (= [|] Xn). Example: UW« is the “infinite dimensional 
ig<-<in 
simplex” (Whitehead topology). 


EXAMPLE Let G be a topological group, G the topological groupoid having a single object 
* with Mor (*,*) = G—then nerG is a simplicial space and there is a canonical continuous bijection 
UWner G > Be. 


[Note: This arrow is not a homeomorphism (consider G = «) but it is a homotopy equivalence. ] 
FACT For every simplicial space X, the projection UWX — HRX is a homotopy equivalence. 


PROPOSITION 7 Let X be a simplicial space. Assume: X satisfies the cofibration 
condition—then the arrow HRX —> |X| is a homotopy equivalence. 


[The argument is similar to that used in the proof of Proposition 4 in §13.] 


Application: Let X be a simplicial space. Assume: Vn, X, is a CW space—then |X| 


is a CW space whenever X satisfies the cofibration condition. 


EXAMPLE Let X be a simplicial space satisfying the cofibration condition. Assume: Xo is 


numerably contractible—then |X| is numerably contractible (cf. p. 14-4). 
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[HRX is numerably contractible (cf. p. 14-6) and numerable contractibility is a homotopy type 
invariant (cf. p. 3-13).] 


FACT Equip TOP with its standard structure. Let f : X — Y be a simplicial map. Assume: 


Xa 
Xn — > Xm 


Ym,n & Va: [m] > [n], the commutative diagram fr | fm is a homotopy pullback—then 
Xo Yn 
Ya 
Xn X A™ —> HRX 
Vn, | | is a homotopy pullback. 


Yn xX A" —> HRY 
Xn X AT — (ARX)n 


[One first shows by induction that V n, | | is a homotopy pullback. To carry 


Yn X A” = (HRY )n 
Xn X A™ <— 


out the passage from n — 1 to n, observe that the squares in the commutative diagram | 


Yn xX A™ <— 
Xn x A™ —> (HRX)n-1 


| | are homotopy pullbacks, thus the squares in the commutative diagram 


Yn x AX —>+ (HRY)n-1 
2A —s (aR, <—§ GR 


| | | are homotopy pullbacks (cf. p. 12-15). So, Vn, 


Yn x A" —> (HRY)n <— (HRY)n-1 
(HRX), —> HRX 


| | is a homotopy pullback (cf. p. 12-15). Accordingly, both the squares in the 


(HRY)n —> HRY 
Xn x A" —> (HRX), —> HRX 


commutative diagram | ul | are homotopy pullbacks, hence by the 


Yn x A" — > (HRY), —> HRY 
XnxA"™ — > HRX 


composition lemma, | | is a homotopy pullback. ] 


Yn xX A" —> HRY 


HRX 


It follows from Proposition 7 that this result remains valid if { 
HRY 


xX 
are replaced by { | | provided 
¥, 
Xn xX A™ — 
x . 
that satisfy the cofibration condition. Proof: Consider the commutative diagram | 
Y 


Yn x A™ —> 
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HRX —> |X| 


i i 


HRY — |y| 


xX och cated 
PROPOSITION 8 Suppose that { are simplicial spaces and let f : X 7 Y 


Y 
be a simplicial map. Assume: V n, fn : Xn 2 Yp, is a homotopy equivalence—then 


HRf : HRX > HRY is a homotopy equivalence. 


PROPOSITION 9 Suppose that are simplicial spaces and let f : X — Y be 


xX 
Y 
a simplicial map. Assume: V n, fp, : Xn — Yy iS a weak homotopy equivalence—then 
HRf : HRX > HRY is a weak homotopy equivalence. ; 

AL” = Ge Ss 


[If the vertical arrows in the commutative diagram | | 
¥, <A" = Y,, x A” — 
(ARX),n—14 
| are weak homotopy equivalences, then the induced map (HR.X),, > (HRY), 
(HRY) n—1 


is a weak homotopy equivalence (cf. p. 4-51). Pass now to colimits via the result on p. 
4-48] 


Y be simplicial spaces satisfying the cofibration condition. Sup- 


pose that f : X — Y isa simplicial map such that Vn, fn : Xn — Yp, is a weak homotopy 


ee xX 
Application: Let { 
equivalence—then | f| : |X| — |Y| is a weak homotopy equivalence. 


Example: Let X be a simplicial space satisfying the cofibration condition. Consider 
k|X| —— |X| 

the commutative triangle ee | . By the above, |kX|— |X| is a weak homotopy 
AX | 

equivalence. Since the same is true of k|X|— |X|, it follows that the arrow |kX|— k|X| 


is a weak homotopy equivalence. 


EXAMPLE Given an X in SITOP, denote by |sin X| the simplicial space which takes [n] to 
|sin X,,|. Thanks to the Giever-Milnor theorem, the arrow of adjunction | sin Xn|— Xn is a weak homo- 
topy equivalence. On the other hand, | sin X| satisfies the cofibration condition. Consequently, the arrow 
|| sin X || + |X| is a weak homotopy equivalence if X satisfies the cofibration condition. 


[Note: sin X is a bisimplicial set and |disin X| & || sin X|].] 
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EXAMPLE (Homotopy Pullbacks) Equip CG with its singular structure and suppose given a 


We => We => Ya 
commutative diagram | |s of compactly generated simplicial spaces such that | | 
x at Z Xn — Zn 
is a homotopy pullback in CG V n, where Yn, Zn are path connected. The associated commutative 
snWw —  sinY sinW, —  sinYn 
diagram | i of bisimplicial sets then has the property that V n, i) | 
sinX —\ sinZ sin Xn — sinZn 


disinW —~+ disinY 
is a homotopy pullback in SISET with sin Y,, sin Z, connected. Accordingly, | | 


disinX —> disinZ 
|disinW| —> |disin Y| 
is a homotopy pullback in SISET (theorem of Bousfield-Friedlander), so | | is a 


ldisinX| —3 |disin Z| 
4 ie ca | 
homotopy pullback in CG (cf. p. 13-75). Therefore | {ial is a homotopy pullback in CG if 


|X| ra |4| 
W, X,Y, Z satisfy the cofibration condition. 


w— Y 
[Note: Equip TOP with its singular structure and suppose given a commutative diagram | |g 
xX —Z 
f 
Wn — Yn 
of simplicial spaces such that | is a homotopy pullback in TOP V n, where Yn, Zn are path 
Xn —> Zn 
[Val ose iY 
connected—then | {Is! is a homotopy pullback in TOP if W,X,Y, Z satisfy the cofibration 
[A], <r [4] 
If | 
|kW| —> |kY| 
condition. To see this, observe that | | lea! is a homotopy pullback in CG, thus the arrow 
|kX| —> |k2| 
Ikf| 
[Wl > Wig. 
|kW| > Wie f],Je9| 18 @ weak homotopy equivalence. In the commutative diagram T T ; 


k|W] —> Wars) alol 
the vertical arrow on the left is a weak homotopy equivalence, as is the vertical arrow on the right. Therefore 


|W| + WF) \g| is a weak homotopy equivalence iff k|W| > Wy f),n)9| is a weak homotopy equivalence. 
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[kf | lkg| 
|kX| —> |kZ| <— |kY| 


Working in the compactly generated category, form | | | . The vertical arrows 
k|X| —> klZ| <— &lY| 


kif| klg| 
are weak homotopy equivalences (cf. p. 14-8), so Wiefl.lkg| > Wel fl,k lg is a weak homotopy equivalence 


Wikflikal ——* Wel f trial 
(cf. p. 4-48). Examination of | T 7 then implies that k|W| + Weisj,19) is a 


|kW| — k|W| 
weak homotopy equivalence. | 


PROPOSITION 10 _ If cc are Hausdorff simplicial spaces and if f : X — Y is 


a simplicial map such that V n, fn : Xn — Yn is a homology equivalence, then HRf : 
HRX — HRY is a homology equivalence, thus so is |f| : |X| — |Y| subject to the 


cofibration condition on : , 

[By Mayer-Vietoris and the five lemma, the arrow (HRX), > (HRY), is a homology 
equivalence V n.] 

[Note: The Hausdorff assumption can be replaced by A-separated and compactly 


generated. ] 
Notation: Given an X in SITOP, put JX = X x si[0, 1], so Vn, IX)n = IXn. 


LEMMA For every simplicial space X, |X| + I|X]. 
[The functor — x [0,1]: TOP — TOP has a right adjoint, thus preserves colimits, 


in particular, coends. | 


Application: Let X,Y be simplicial spaces, H : TX — Y a simplicial map—then 
|H 0 io| ms |H 0 iy]. 


Example: Suppose that X is a simplicial space. Define simplicial spaces TX, X by 
(TX), =TXp, (OX )p = UX,_,—then |TX| &T|X], [EX] xe UX]. 
xX, => oo OX, ILX, => elle 
[The diagrams | | ‘ i) | determine pushout squares 
IXy — > TXe Xn — UX, 
|X| — * |X|U|xX| —> «I+ 
in [AC TOP], thus the diagrams i | ‘ | | are pushout 
\IX| —> |PX| |\IX| — |[UX| 
squares in TOP and, from the lemma, |[X|  I|X|.] 
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[Note: When dealing with a pointed simplicial space X, one can work with either 
[n] 
its unpointed geometric realization X, x A” or its pointed geometric realization 


[n] 
X,#A‘. However, both give the “same” result (consider right adjoints). There- 


fore if one defines pointed simplicial spaces [X, UX by (TX), = TX, (UX)n = UXy 
(pointed cone, pointed suspension), then it is still the case that |[TX| #T|X|, |EX| x U|X| 


(unpointed geometric realization).] 


EXAMPLE Let X bea pointed simplicial space satisfying the cofibration condition (give |X| the 
base point ro € Xo = |X|o). Assume: Vn, Xp is path connected. Denote by OX (QX) the simplicial 
space which takes [n] to OXn (QXy,)—then OX (Q.X) satisfies the cofibration condition (inspect the proof 

|OX| —> |Ox| 
of Proposition 6 in §3), hence | i is a homotopy pullback in TOP (singular structure). 


{to} —> |X 
Iax| —> |Ox| — |x| 


Because there is a commutative diagram | i | and |@X| is contractible, it 


QIxX| — e|xX| — |x 
follows that the arrow |Q.X|— Q|X| is a weak homotopy equivalence. 


FACT Let X be a pointed simplicial space satisfying the cofibration condition (give |X| the base 
point xo € Xo = |X|o)—then Xo n-connected, X1 (n — 1)-connected, ..., Xn—1 1-connected => |X| 
n-connected. 

[If n = 1, one can suppose that V m > 1, Xm is path connected, thus |Q.X| is path connected and 
«= To(|OX|) & ro(Q|X|) & m1 (|X|). If n > 1, show that Hg(|X]) =0 (q <n) and quote Hurewicz.| 


Recall that if X is a locally compact space and g: Y > Z is quotient, then idx x g: 
Xx Y—- X x Z is quotient (cf. §2, Proposition 1 (X is cartesian)). Here is a variant in 
which X is allowed to be arbitrary. 


WHITEHEAD LEMMA Let g: Y — Z be quotient. Assume: V z € Z and V 
neighborhood V of z, there exists an open subset U C Y with U compact and contained in 
g—*(V) such that g(U) is a neighborhood of z—then for any X, idx xg: X xY 39 XxZ 
is quotient. 

[Writing p = idx x g, the claim is that a subset O C X x Z having the property that 
p‘(O) is open in X x Y is itself open in X x Z. Fix (xo, 20) € O and choose an open 
Yo CY : {29} x Yo = {20} x Y)Mp7}(O). If Vo = g(Yo), then Yo = g~!(Vo), so Vo is open 
in Z. Per zp & Vo, take Up as in the assumption and let Xo = {x : {x} x Up C p-1(O)}. 
Since Xo is open in X and (0, Zo) € Xo x g(Uo) C O, it follows that O is open in X x Z.] 
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[Note: The argument goes through for any arrow X — W which is quotient.] 
Application: For every topological space X, |siX x A[1]] ~ X x [0, 1]. 


LEMMA For every simplicial space X, |X x A[1]| ¥ |X| x [0, 1]. 
[rn] pl] 


[rn] ple] 
Ixxaql~ f Xn x All jm XA" XA" a f ( An X All XA") XA" 


[n] [n] 
Xp, X [0,1] x A” & (| Xn, x A”) x [0,1] & |X| x [0, 1].] 


FACT Let X,Y be simplicial spaces and let f,g : X — Y be simplicial maps. Suppose that V n, 


there are continuous functions hy: Xn 3 Yn41 (0 <i<n) such that do oho = fn, dng1°hn = gn and 


hj-10d; (i<j) 
eee hj4108;) (t <3) 
djohj = 4 djohj-1 (¢=j>0), si,0h; = : ss 
tess hjosi1 (@>J) 
hj 0 dj_-1 (a> 741) 


Then |f| = |g| in the homotopy category. 


EXAMPLE Given a triple T = (T,m,e) in TOP, V T-algebra X, |bar(T;T; X)| and X have the 


same homotopy type (cf. p. 0-46 ff.).] 


EXAMPLE Let X be a simplicial space—then the translate TX of X is the simplicial space 
with T,X = Xn+41, where if a: [m] > [n], TX(a) : TyX 9 TmX is X(Ta) : Xn41 7 Xm41, 
Ta:[m+1] > [n+ 1] being the rule that sends 0 to 0 and i to a(i— 1) +1 (4 > 0). There are simplicial 
stth : Xo > Xngi, dpt! : Xn41 4 Xo, and the composition 
siXo + TX — siXo is the identity. On the other hand, if hj : TnX > Tn41X is defined by hy = sit! odi 
(0 <i <n), then di oho = id, dn42 ohn = 80" od} *! and 


maps siX9 —~ TX, TX — siXo, viz. 


hjy-1°di41 (@< 3) 
di41°hj = 4 dig410hi-1 (6=9>0) , 


{ hj41°8i41 (i <3) 
Sit10hj = 
hj od; G>j+1) 


hj © 8% (i>) 
Therefore |T-X| and Xo have the same homotopy type. In particular: Xo contractible = |T-X| contractible. 


While the general theory of simplicial spaces does not require a compactly generated 
hypothesis, one can say more with it than without it. A key point here is that CG 
admits a closed simplicial action, viz. XOK = X x, |K|, relative to which CG satisfies 
SMC in either its standard or singular model category structure. Note, however, that 


the formal definition of, e.g., hocolimy : [I, CG] — CG depends only on O(hocolimy— = 


a 


es x B(i\I) (cf. p. 13-70)) and not on the underlying simplicial model category 


structure. 
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LEMMA Let F,G:I-—- CG be functors and let =: F > G be a natural transformation. Assume: 
Vi, =; : Fi — Gi is a weak homotopy equivalence—then hocolim = : hocolim F — hocolim G is a weak 


homotopy equivalence. 
hocolim F' & F 
[One has pat 
hocolim G x ||| G| 
addition, V n, (Il Syict (I P)n- (lI G)n is a weak homotopy equivalence. Therefore IT] ce [FI > 


F 
(cf. p. 13-70) and tae satisfy the cofibration condition. In 


| ial G| is a weak homotopy equivalence (cf. p. 14-8).] 
Note: Changing the assumption to “homotopy equivalence” changes the conclusion to “homotopy 
g 


equivalence” (cf. Proposition 4).] 


EXAMPLE For any compactly generated simplicial space X, hocolim X and HR.X have the same 
weak homotopy type. To see this, consider |sin X| (cf. p. 14-8 ff.)—then the arrow hocolim |sin X| > 
hocolim X is a weak homotopy equivalence (by the lemma) and the arrow HR| sin X| 3 HRX is a weak 
homotopy equivalence (cf. Proposition 9). But |hocolim sin X| is homeomorphic to hocolim | sin X| (cf. 
p. 13-64) and the homotopy type of |hocolim sin X| is the same as that of |disin X| & ||sin X|| (cf. p. 
13-68), the homotopy type of the latter being that of HR| sin X| (cf. Proposition 7). 

[Note: More is true: hocolim X and HRX have the same homotopy type. Thus take CG in its 
standard structure and equip SICG with the corresponding Reedy structure—then V Reedy cofibrant X, 
the arrow hocolim X — |X| is a homotopy equivalence (cf. §13, Proposition 49) and |X| has the same 
homotopy type as HRX (cf. Proposition 7). To handle an arbitrary X, pass to LX (cf. p. 12-22). 
Because the arrow LX — X is a levelwise homotopy equivalence, hocolim £X and hocolim X have the 
same homotopy type (cf. supra). However LX is Reedy cofibrant, so hocolim £X has the same homotopy 
type as HRLX, i.e., as HRX (cf. Proposition 8).] 


Let { - and I be small categories. 
(®1) This is the functor [C x 19°, CG] x [I x D, CG] > [C x D, CG] given 
by (F @ G)xy = [re i) xp G(i, Y). 
(Hom) This is the functor [C x I, CG]°? x [I x D, CG] > [C°? x D, CG] 
given by Hom(F,G)x y = [ok 


a 


= 1. Special cases: * @y — & 


[Note: In either situation one can, of course, take { D 


colimy —, Homy(*, —) & limy —.] 

Examples: (1) (Ff ®@1 G) ®j H = F ®; (G ®j H); (2) Homj(F ®, G,H) 
Homyor (fF, Hom; (G, H)). 

Example: Suppose that X is a compactly generated simplicial space—then X @, A’ = 
|X |. 


2 
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[Note: A? : A> CG sends [n] to A”.] 

Example: Suppose that X is a compactly generated simplicial space—then X yy ®a,, 
Ai, = HRX. 

[Note: Xy, is the restriction of X to Ay and A‘, : Ay — CG sends [n] to A”.] 


Given Y, Z in [I, CG], put ZY = Homy(Mor x Y, Z), where Mor x Y : I9P x I> CG sends (j,i) to 
Mor (j,i) x Yj. So, e.g., Homy(Mor, Z); = | ZMor(G-) — 7, (integral Yoneda). 
a 
FACT The functor category [I, CG] is cartesian closed. 
[Let X,Y, Z be in [I, CG]—then Nat(X x Y, Z) © Nat(X @,op (Mor x Y), Z) & Nat(X,Hom (Mor x 
Y, Z)) & Nat(X, Z*).] 


LEMMA Let I and J be small categories, V : J > Ia functor—then FoV°? @3G = 
F @1 lanG. 


: :I + CG, write F'x,G for the 


Notation: Given a small category I and functors 


functor I x I > CG that sends (7,7) to Fi xz Gj. 
LEMMA Relative to the diagonal A > A x A, lan A’ = A’ x, A’. 


PROPOSITION 11 If X and Y are compactly generated simplicial spaces, then |X x, 
Y| = |X| xz |Y]- 

[One has |X x, Y| © (X xg Y) @a A? & (XX,Y) @axa Ax, A! & (X Gy A’) xy 
(Y @a A®) & |X| xz |Y].] 


[Note: Therefore |?| preserves finite products so long as one works in [A°?, CG].] 


It is not true that HR preserves finite products. However hocolim(X x, Y) and hocolim X x, 
hocolim Y are homeomorphic, thus HR(X x; Y) and HRX x; HRY have the same homotopy type (cf. p. 
14-13). 


FACT Let X be a simplicial object in CG/B; let Y be an object in CG/B. Assume: B is 
A-separated—then |X Xgig siY| & |X| xB Y. 
[Since B is A-separated, the functor — x gp Y has aright adjoint (cf. p. 1-35).] 


FACT |?|:[A°?, A- CG] > A- CG preserves finite limits. 
[It suffices to deal with equalizers. For this, let u,v : X — Y be a pair of simplicial maps—then 


|eq(u, v)| is closed in |X|, which is enough.] 
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Let C be a small category—then C is said to be compactly generated if OO = Ob C and 
M = MorC are compactly generated topological spaces and the four structure functions 
s:M—>5O0O,t:M—>O0O,e:075M,c:MxoM — MM are continuous. One appends the 
terms A-separated or Hausdorff when O and M are, in addition, A-separated or Hausdorff. 
Example: Every compactly generated semigroup with unit (= monoid in CG) determines 
a compactly generated category. 

[Note: Any small category can be regarded as a compactly generated category by 
equipping its objects and morphisms with the discrete topology. 


If C, D are compactly generated categories, then a functor F : C — D is said 
Ob C > ObD hae aad 


are 


to be continuous provided that the functions . PX ff 


continuous. 
If C, D are compactly generated categories and if F,G : C — D are continuous 


functors, then a natural transformation = : F — G is said to be continuous provided that 
Ob C + MorD 


the function = is continuous. 
XO x 
In other words, per CG, compactly generated category = internal category, continuous functor = 
internal functor, continuous natural transformation = internal natural transformation. 


[Note: If (MM, O) is a category object in SISET, then (|M|,|O]) is a category object in CG. Con- 
versely, if (IM, O) is a category object in CG, then (sin M, sin O) is a category object in SISET.] 


Let C be acompactly generated category—then ner C is a compactly generated simpli- 


cial space: nerp C = O, ner; C = M,... , ner, C = M xo---xoM (n factors) (fiber prod- 


uct in CG), an n-tuple (fn—1,... , fo) corresponding to Xo IG easy Xo g ES NS, 


Thus one can form either the geometric realization or the homotopic realization of ner C. 
These two spaces are necessarily compactly generated and they have the same homotopy 
type if ner C satisfies the cofibration condition (cf. Proposition 7). 

[Note: Meyer? has established versions of Quillen’s theorems A and B for compactly 


generated categories. | 


EXAMPLE Let C be a compactly generated category, where O has the discrete topology—then 
C is a CG-category and V X,Y,Mor (X,Y) is a clopen subset of M, so nerC satisfies the cofibration 


condition provided that V X, the inclusion {id } + Mor (X,X) is a closed cofibration. 


EXAMPLE Let C be a compactly generated category. View M as an object in CG /O x, O via 


+ Israel J. Math. 48 (1984), 331-339. 
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. Assume: The CG embedding e : O > M is a closed cofibration over O x, O—then ner C 
t:M—-O 


satisfies the cofibration condition. 


eee 


Example: Given an internal category M in CG, and a right M-object X and a left 
M-object Y, consider bar(X;M;Y), the bar construction on (X,Y). So: bar(X;M; Y) & 
ner Mx y, where Mx y = tran(X,Y), the translation category of (X,Y). 

[Note: Suppose that I is a small category. Let F : PCG. G2 US CG be 
functors—then F' determines a right I-object Xp, G determines a left I-object Ye, and 
there is a canonical arrow |bar(Xr;1; Y¢)| > F @1G.] 


To simplify the notation, write bar(F';1;G) in place of bar(X ;1; Ye). 

Examples: (1) The assignment j — |bar(Mor (—, j);1; G)| defines a functor PG : I > CG and the 
arrow of evaluation (PG)j — Gj is a homotopy equivalence; (2) The assignment 7 — |bar(F’; I; Mor (7, —))| 
defines a functor PF : 19? + CG and the arrow of evaluation (PF)i + Fi is a homotopy equivalence. 


Observation: |bar(F;1;G)| x PF @1 Gx F @, PG. 
EXAMPLE hocolim G = B(—\I) @1 G & Px @1G & * ®1 PG & colim PG. 


Working with the unit interval, one can define a notion of homotopy (~) in the functor category 
[I, CG] that formally extends the special case I = 1. This leads to a quotient category [I,CG]/ ~. Agreeing 
to call a morphism in [I,CG] a homotopy equivalence if its image in [I,CG]/ ~ is an isomorphism, it 
is seen by the usual argument that [I,CG]/ ~ is the localization of [I,CG] at the class of homotopy 
equivalences. 


[Note: The functor P : [I, CG] — [I, CG] respects the homotopy congruence. ] 


LEMMA Let G’,G” : I > CG be functors and let = : G’ — G” be a natural transformation. 
Assume: V j, 5; : G’j — Gj is a homotopy equivalence—then PE : PG’ + PG" is a homotopy 


equivalence. 
Application: V G, the arrow of evaluation PPG — PG is a homotopy equivalence. 


Application: Assume: V j, G’j,G’"j are contractible—then there is a homotopy equivalence PG’ > 
PG". 
[The arrows PG’ + Px, PG” > Px are homotopy equivalences. ] 
[Note: There is only one homotopy class of arrows PG’ — PG’. Thus suppose that ©,W : 
P® PT 
PPG’ —> PPG” —> Px 


PG' > PG" are not homotopic and form the commutative diagrams | | | ; 
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PW PT 
PPG —>+ PPG" —> Px 
| | | . Since the vertical arrows in the squares on the left are homotopy 
PG' — PG" —~—* 
wv T 
equivalences, P®, PW are not homotopic. On the other hand, To ® = To > PT oP®= PToPV => 


P® ~ PW (T is a levelwise homotopy equivalence, hence PT is a homotopy equivalence). Contradiction. ] 


C : 
p we compactly generated categories. Let 
F,G:C—+D be continuous functors, = : fF > G a continuous natural transformation— 


PROPOSITION 12 Suppose that 


then |ner F|, |ner G| : |ner C| > |ner D] are homotopic via |ner =y| (cf. p. 13-15). 
[Note: A topological category is a category object in TOP. And: The analog of 
Proposition 12 is true in this setting as well (since |? x A[1]| + |?| x [0,1] (cf. p. 14-12)).] 


EXAMPLE Let X bea nonempty compactly generated space. View grdX as a compactly gener- 
ated category—then |ner grdX | is contractible. 

[Note: For any nonempty topological space X, grdX is a topological category and |ner grdX | (= |AX| 
(cf. p. 14-1)) is contractible.] 


Given a monoid G in CG with the property that the inclusion {e} —> G is a closed 
cofibration, write G for the associated compactly generated category and put XG = 
|bar(*; G;G)| ((XG)n = |bar(*; G;G)|n), B@ = |bar(*; G; *)| (BG)n = |bar(*; Gs *)|n)— 
then there are projections XG > BG((XG),, > (BG),,) and closed cofibrations G > XG, 
{e} > BG. 

[Note: The assumption on G implies that bar(*;G;G), bar(*;G; x) satisfy the cofi- 


bration condition.| 


EXAMPLE bar(«*;G;G) is isomorphic to Tbar(*; G; «), the translate of bar(*;G;*) (cf. p. 14- 
12). 
[Use the transposition bar(*; G; G) al Tbar(*; G; «) defined by barn (*; G; G) ie Tn bar(*; G; *), where 


Tn(go,---39n—1;9n) = (gn, 90;--- 5 9n—1)-] 


LEMMA XG is contractible. 


[Consider the compactly generated category tranG. It has an initial object, viz. e (the 
G->Gx,G 


is continuous. 
g — (g9,€) 


unique morphism from e to g is (g,e)). But the assignment { 


Therefore |bar(*; G;G)| is contractible (cf. Proposition 12).] 
[Note: XG is a right G-space.] 
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LEMMA BG is path connected (cf. p. 14-2) and numerably contractible (cf. p. 
147): 

[Note: BG is called the classifying space of G but I shall pass in silence on just what 
BG classifies (for an abstract approach to this question, see Moerdijk').] 


Remark: XG and BG are abelian monoids in CG provided that G is abelian. 


The formation of |bar(X;G;Y)] is functorial in the sense that if 6: G — G’ is a continuous homo- 
morphism and ee are ¢-equivariant, then there is an arrow |bar(X;G;Y)| > |bar(X’; G’; Y’)]. 
In particular: ¢ induces arrows XG > XG’, BG > BG". 

The formation of |bar(X;G;Y)| is product preserving in the sense that the projections define a 
natural homeomorphism |bar(X x, X';G xz G’;Y xz Y’)| > |bar(X;G;Y)| x, |bar(X’; G’; Y’)]. 

[Note: In the compactly generated category, B(Gx;,G’) % BGx, BG’ but in the topological category 


all one can say is that the arrow B(G x G’) + BG x BG’ is a homotopy equivalence (Vogt?).] 


EXAMPLE Let G bea compactly generated group with {e} > G a closed cofibration—then XG 
is a compactly generated group containing G as a closed subgroup, the action XG x, G > XG agrees 
with the product in XG, BG is the homogeneous space XG/G, and XG is a numerable G-bundle over 


BG (in the compactly generated category). 


A cofibered monoid is a monoid G in CG for which the inclusion {e} > G is a closed 


cofibration. 


LEMMA Let G,K be cofibered monoids in CG, f : G > K a continuous homo- 
morphism. Assume: f is a weak homotopy equivalence—then Bf : BG —> BK is a weak 
homotopy equivalence. 

[Apply the criterion on p. 14-8 to bar f : bar(*;G;*) — bar(*; K; *).] 


Vv 
Let G be a monoid in CG. If the inclusion {e} + G is not a closed cofibration, consider G (cf. p. 

Vv Vv Vv 
3-33)—then by construction, the inclusion {e} > G is a closed cofibration. Moreover, G is a monoid in 
CG: Take for the product in [0,1] the usual product and extend the product in G by writing gt = g = tg 


Vv 
(g € G,O<t< 1). The retraction r: G > G is a morphism of monoids and a homotopy equivalence. 
EXAMPLE (Wreath Products) Let G be a cofibered monoid in CG—then the wreath product 


Sn A G is the cofibered monoid in CG with S, f G = S,xG" as aset, multiplication being (0, (g1,-.- ,gn)): 


+ SLN 1616 (1995). 
t Math. Zeit. 153 (1977), 59-82. 
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(7, (hi,..- ,hn)) = (07, (Gr(ayhi,--+ 5 9r(nyhn) (so (id, (e,...e)) is the unit). Generalizing the fact that 
BS, &% XSn/Sn, one has B(Sn f G) & XSin Xs, (BG)”. 

[Note: Embedding S, in S41 as the subgroup fixing the last letter and embedding G” in G"*! as 
G” x {e} serves to fix an embedding of Si, i G in Sn41 i Gand Soo f G is by definition U Sn i G (colimit 
topology). Another point is that if X is a compactly generated space on which G Speidtes fe the right, then 
X” is acompactly generated space on which Sy, i G operates to the right: (71,... ,@n)-(0,(g1,---,9n)) = 


(£o(1) “G91,+-+5Xe(n)° gn)-] 


A discrete monoid is a monoid G in SET equipped with the discrete topology. If G is 
a discrete monoid, then G is a cofibered monoid and BG = BG. Example: Suppose that 
G is a discrete group—then BG is a K(G, 1). 


EXAMPLE Let G be a discrete monoid; let ¢,~ : G — G be homomorphisms—then ¢, 7 cor- 
respond to functors ®,¥ : G — G and there exists a natural transformation = : ® > W iff ¢,y are 
semiconjugate in the sense that £6 = wé for some € € G. Semiconjugate homomorphisms lead to homo- 
topic maps at the classifying space level (cf. p. 13-15). To illustrate, suppose that X is an infinite set 
and let Mx be the monoid of one-to-one functions X > X. Fix. € Mx : #(u(X)) = #(X — (X)). 
Define a homomorphism ¢: My > Mx by $(f)(x) = u(f(e71(a))) if « € (X), (f) (a) = @ if x ¢ L(X). 

eet awn) Mx > Mx 
Obviously, tidizy = du. Fix an injection i: X 4 X —1(X) and let Cia, : , 80 1Cigy = ot. 


f —> idx 
Conclusion: BM y is contractible. 


EXAMPLE Every nonempty path connected topological space has the weak homotopy type of 
the classifying space of a discrete monoid (McDuff). Consequently, if G is a discrete monoid, then the 
tq(BG) can be anything at all. 


[Note: Compare this result with the Kan-Thurston theorem. | 


PROPOSITION 13 Let G be a cofibered monoid in CG. Assume: G admits a 
homotopy inverse—then the sequence G > XG — BG is a fibration up to homotopy (per 
CG (standard structure)). 


[The fact that G has a homotopy inverse implies that V m,n & Va: [m] > [nl], the 
Grrl ee qr 


commutative diagram | | is a homotopy pullback, which suffices (cf. p. 
Gr —>» G™ 
14-7 ff.).] 


+ Topology 18 (1979), 313-320. 
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[Note: If the inclusion {e} — G is a closed cofibration, 7o(G) is a group, and G is 


numerably contractible, then G admits a homotopy inverse (cf. p. 4-27).| 


Notation: Given a pointed compactly generated space X, put O,X = X!1,0,X = 
xs" (pointed exponential objects in CG,.) (dispense with the “sub k” if there is no question 
as to the context). 

Returning to G, there is a morphism of H spaces G — QBG which sends g to the loop 
og: [0,1] + BG defined by o,(t) = [g, (1—t#,t)] (O<t <1). 

[Note: The base point of BG is |e, 1].] 


PROPOSITION 14 Let G be a cofibered monoid in CG. Assume: G admits a 


homotopy inverse—then the arrow G — QBG is a pointed homotopy equivalence. 


— XG 
[There is an arrow XG — OBG and a commutative diagram | | 
QBG — OBG 
— BG 
|| . Since XG is contractible, the arrow from the compactly generated mapping 
— BG 


fiber of XG — BG to the compactly generated mapping fiber of OBG — BG, i.e., to 
QBG, is a homotopy equivalence. Therefore by Proposition 13, the arrow G > QBG 
is a homotopy equivalence or still, a pointed homotopy equivalence, both spaces being 


wellpointed.| 


Example: Let G be an abelian group—then BG is an abelian compactly generated 
eroup, so B)G = BBG is a K(G,2) and by iteration, B™G is a K(G,n). 


Let X be a pointed compactly generated simplicial space. Given n > 1, there are maps 7; : [1] > [n] 
(¢=1,...,n), where 7;(0) = i—1, m;(1) =?%. Definition: X is said to be monoidal if Xo = * and Vn > 1, 
the arrow Xn > X1 Xp-°°: Xz4-X1 determined by the a; is a pointed homotopy equivalence. Example: Let 


G be a monoid in CG—then ner G is monoidal. 


EXAMPLE There is a functor sp: CGs > [ACe, CG.,| that assigns to each pointed compactly 
generated space (X, 20) a monoidal compactly generated simplicial space spX , where, suitably topologized, 
sp,X is the set of continuous functions A” — X which carry the vertexes v; of A” to the base point xo 
of X. In particular: spy; X = OX. 

[Consider [0,n] as the segmented interval consisting of the edges of A” connecting the vertexes 
U0,-++ ;Un——then [0, n] is a strong deformation retract of A” and a continuous function f : [0,n] + X such 


that f(v;) = xo can be identified with a sequence of n loops in X.] 
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[Note: spX generally does not satisfy the cofibration condition.] 


d 
If X is monoidal, then Xi is a homotopy associative H space: X1 xz X1 7 X2 KG (relative to 
some choice of a homotopy inverse for X2 — X1 X,% X1), thus 79(X1) is a monoid. Moreover, one has 
an arrow 1X1 — |X| (2 = pointed suspension), hence, by adjunction, an arrow X1 — Q|X| (which is a 


morphism of H spaces). 


FACT Let X be a monoidal compactly generated simplicial space. Assume: X satisfies the cofi- 
bration condition and X1 admits a homotopy inverse—then the arrow X1 > Q|X| is a pointed homotopy 
equivalence. 

[The role of XG in the above is played here by the contractible space |TX|, where TX is the translate 
of X (cf. p. 14-12), and the sequence X1 > |TX| — |X| is a fibration up to homotopy (per CG (standard 
structure)).] 


[Note: The dp : Xn41 > Xn define a simplicial map TX > X.] 


Remark: If C is a pointed category with finite products and if X is a monoidal simplicial object in 


C (obvious definition), then X1 is a monoid object in C. 


DOLD-LASHOF THEOREM Let G be a cofibered monoid in CG—then the arrow 
G > QBG is a weak homotopy equivalence iff 79(G) is a group. 


[The necessity is clear. To establish the sufficiency, note that |sinG| is a cofibered 
|snG| — QB|sinG| 


monoid in CG. Form now the commutative diagram | | . Thanks 


G — QBG 
to the Giever-Milnor theorem, the arrow of adjunction |sinG| > G is a weak homotopy 


equivalence. Because 7(|sinG]) is a group and | sinG'| is a CW complex, hence numerably 
contractible (cf. p. 5-10 (TCW4,)), the arrow | sinG| > QB|sinG| is, in particular, a weak 
homotopy equivalence (cf. supra). Finally, B| sinG| > BG is a weak homotopy equivalence 
(cf. p. 14-18), thus QB|sinG|] > QBG is a weak homotopy equivalence (cf. p. 9-39). 
Therefore the arrow G > QBG is a weak homotopy equivalence. 


Example: Let G,AK be path connected cofibered monoids in CG, f:G—7> Ka 
continuous homomorphism. Assume: Bf: BG —+ BK is a weak homotopy equivalence— 


then f is a weak homotopy equivalence. 
G — QBG 


[Consider the commutative diagram | | and apply Dold-Lashof. | 
kK — OBK 
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Modulo obvious changes in the definitions, Propositions 13 and 14 are valid for cofibered monoids in 
TOP. The same holds for the Dold-Lashof theorem. Indeed, if G is a cofibered monoid in TOP, then kG 
is a cofibered monoid in CG and the arrow kG — G is a weak homotopy equivalence. Suppose in addition 
that 7o(G) is a group—then 70(kG) is a group, so the arrow kG > 0, BkG is a weak homotopy equivalence. 


On the other hand, BkG > BG is a weak homotopy equivalence (cf. p. 14-8), thus ONBkG > OBG is a 
kG — QO,BkG 


weak homotopy equivalence, as is 0,BkG > QBkG. Since the diagram | | commutes, 


G — QOBG 
it follows that the arrow G > OBG is a weak homotopy equivalence. 


EXAMPLE (The Moore Loop Space) Let (X,x0) be a pointed topological space—then 2X is 
a monoid in TOP. As such, it admits a homotopy inverse and there is a canonical arrow BQO j;yX — X such 
that the composite OX > Oy X 3 OBO, X > OX is the identity. Assume now that X is path connected, 
numerably contractible, and the inclusion {ro} — X is a closed cofibration (so Qa, X is cofibered (cf. §3, 
Proposition 21)). Owing to Proposition 14, the arrow QywX —- QBOQywxX is a homotopy equivalence. 
But the retraction Qj, X — QX is a homotopy equivalence. Therefore the arrow NDBOQ,yX > OX is a 
homotopy equivalence. Since BQy.X is numerably contractible (cf. p. 14-7), the delooping criterion on 
p. 4-27 then says that the arrow BOyX — X is a homotopy equivalence. 

[Note: The same reasoning shows that BQ jy, X — X is a weak homotopy equivalence provided that 


X is path connected and the inclusion {xo} — X is a closed cofibration.] 


LEMMA Let M bea simplicial monoid, Y a left M-object—then |Y| is a left |M|- 
object and the geometric realization of |bar(*; M; Y)| can be identified with |bar(*; |M]; |Y])|. 

[One has bar,(*;M;Y) = Mx---x Mx Y. The geometric realization of [m] > 
barn (43M; Y)m = Mm <--> x Mm X Ym is |M|" xp |Y| = barn (*; |M]; |Y]), which, when 
realized with respect to [n], gives |bar(*; |M]; |Y|)|.] 

[Note: As a special case, ||bar(*;M; *)|] (= |/ner M|]) + B|M|. Alternatively, |[m] > 
\[n] + bar, (+; M3 *) || © |[m] > |ner M,,|| & |[m] > BM,,| » B|M].] 


EXAMPLE (Algebraic K-Theory) Let A be a ring with unit. Put M(A) = |] ner GL(n, A) 


n>0 
(ner GL(0, A) = A[0])—then M(A), = |] GL(n,A)*, thus M(A) acquires the structure of a sim- 
n>0 
siiasty € GL(n, A)* 
plicial monoid from matrix addition, ie., if (915--- +9) a IO ede SOB ATG ac 
(hi,... ,he) € GL(m, A)* 


; 0 
0 h; 
cation by the vertex 1 € nergGL(1,A) determines a simplicial map — @ 1: M(A) > M(A) whose 


restriction to nerGL(n, A) is the arrow nerGL(n, A) — nerGL(n + 1, A) induced by the canonical 
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inclusion GL(n, A) > GL(n+1,A). The colimit of the diagram M(A) —°4 M(A) —24.--- is iso- 


morphic to the simplicial set Y(A) = [ [ner GL(A). It is a left M(A)-object and the pullback square 
Z 
Y(A) —+_ |bar(*;M(A); ¥(A))| 


| | is a homology pullback (cf. p. 13-79). In fact, left multiplication by 


A[0] | —+ _|bar(*; M(A); *)| 

a vertex n € M(A) shifts the vertexes of Y(A) (the term indexed by z € Z is sent to the term indexed 
by n+ z) and the corresponding map of simplicial sets ner G@L(A) — ner GL(A) is induced by the ho- 

GL(A) > GL(A) ee 
momorphism (In, = rank n identity matrix), so ns : Hx(|Y(A)|) ~ H+(/Y(A)|) is 
g7In@®g 
an isomorphism. But bar(*;M(A);Y(A)) & colim/ny bar(*; M(A); M(A)) = |bar(*;M(A); Y(A))| & 
colim jy |bar(*; M(A); M(A))| and, by the lemma, the geometric realization of |bar(*; M(A); M(A))| 
is |bar(*;|M(A)|; |7(A)|)| = X|M(A)|, a contractible space. Therefore the geometric realization of 
|bar(*;M(A);¥(A))| is contractible (cf. p. 13-66). Consequently, |Y(A)| = |] BGL(A) has the ho- 
Z 

mology of QB|M(A)| (|M(A)| = [] BGL(n, A)) and a model for BGL(A)* is the path component of 


n>0 
QB|M(A)| containing the constant loop. 


[Note: An analogous discussion can be given for the simplicial monoid Ma = al ner Sy that one 
n>0 
obtains from the symmetric groups S;,. Spelled out, if Soo is as on p. 5-28, ial BS has the homology 
Z 


of QB|Moo| (|Moo| = [] BSn) and a model for BS& is the path component of 2B|M,.| containing the 
n>0 
constant loop.] 


A left G-object Y is a compactly generated space on which G operates to the left and 
Y — > |bar(*;G;Y)| 


there is a commutative diagram | | 
* — > |bar(*;G;*«)| = BG 


PROPOSITION 15 Let G be a cofibered monoid in CG. Let Y be a left G-object 
such that V g € G, the arrow y > g-y is a weak homotopy equivalence—then the sequence 
Y = |bar(*x;G; Y)| > BG is a fibration up to homotopy (per CG (singular structure)). 

[Pass to the simplicial monoid sinG, noting that sinY is a left sin G-object. Since 


every g € sing G induces a weak homotopy equivalence sin Y — sin Y, the pullback square 
snY —+ |bar(*;sin G; sin Y)| 


| | is a homotopy pullback (cf. p. 13-79). Therefore, 


A[0] —> _ |bar(*; sin G; «)| 
taking into account the lemma, the sequence | sin Y| — |bar(«; |sin G|;| sin Y|) > B] sinG| 


is a fibration up to homotopy (per CG (singular structure)) (cf. p. 13-75). The obvious 
comparison then implies that the same is true of the sequence Y —> |bar(*x;G;Y)| — BG] 


[Note: Similar methods lead to a homological version of this proposition. ] 
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EXAMPLE Given a cofibered monoid G in CG, let UG be the associated discrete monoid— 
then the mapping fiber of the arrow BUG — BG at the base point has the weak homotopy type of 


|bar(*; UG; G)| whenever 79(G) is a group. 


The forgetful functor from the category of groups to the category of monoids has a 
left adjoint that sends a monoid G to its group completion G. Example: Let G be any 
monoid with a zero element (0g = g0 = 0V g € G), e.g., G = Z¥ then G = «, the trivial 
group. 

[Note: G abelian > G abelian.] 


LEMMA _ The functor G > G preserves finite products. 


EXAMPLE Suppose that G is a discrete abelian monoid. In this situation, a model for G is the 
quotient of G x G by the equivalence relation (g’,h’) ~ (g”,h’’) iff 4 k’,k”’ € G such that (g’k’,h’k’) = 


(gk! ,h"k'’), the morphism G > G being induced by g > (g,e). Let G operate on G x G via the diagonal 
di:Gx(GxG)-~GxG 


and form |bar(*; G; Gx G)|—then mo (|bar(*; G; Gx G)|) is the coequalizer of 
do:Gx(GxG)>~GxG 


(cf. p. 13-3), which, from the definitions, is precisely G. 
[Note: There is an arrow |bar(x;*; G)| > |bar(*;G;G x G)| corresponding to (*, *,g) > (*,e, (g, e)) 
and G & 70(G) & mo0(|bar(«; *; G)|).] 


FACT Let M bea simplicial monoid, M its simplicial group completion—then the arrow m(M) > 
mo(M) is a morphism of monoids and 79(M) & mo(M). 


[Representing m9(M) as coeq(d1, dg) (cf. p. 13-3), one has m9(M) = coeq(d1, do) & coeq(d1,do) = 
mo(M).] 


LEMMA Let X be a pointed simplicial set. Assume: Xo = *—then cX is a monoid 
and 71(X) x cX. 


Application: Let M be a simplicial monoid—then c|ner M| & 7(M), hence 7 (|ner M]) 


~ T™o(M) or still, 7™1(B|M]) iw To(M). 


PROPOSITION 16 Let G be a cofibered monoid in CG—then 71(BG) & 7(G). 
[In the above, take M = sinG to get 71(B| sinG|) © mo(sinG).| 
[Note: If G is a discrete monoid, then 7,(BG) ~ G & 7(BG).] 


Let M be a simplicial monoid, M its simplicial group completion—then m(M) & m0(M), so 
m1(B|M|) & m1(B/M|). When a9(M) is a group, |M| and |M| admit a homotopy inverse (cf. p. 4- 


27) (CW complexes are numerably contractible (cf. p. 5-10 (TCWa4))), thus the rows in the commutative 
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|M| — xX|M| — B|M| 
diagram | | | are fibrations up to homotopy per CG (standard structure) 
|M| —> xX|M| —> B|M| 
(cf. Proposition 13). Therefore the arrow |M| —> |M| is a pointed homotopy equivalence iff the arrow 
B|M| > B|M| is a pointed homotopy equivalence, i.e., iff the arrow B|M| > B|M| is acyclic (cf. 85, 
Proposition 19). Of course, the arrow |M| — |M| cannot be a pointed homotopy equivalence if 1o(M) 
is not a group. Since the fundamental groups of B|M| and B|M| are isomorphic, the general question is 
whether the arrow B|M|— B|M| is acyclic and for this one has the criterion provided by Proposition 22 
in §5. 


EXAMPLE Suppose that G is a discrete monoid—then the arrow BG -— BG is a pointed ho- 
motopy equivalence iff Tor2!l(z, Z[G]) & TorZ!l(z,, Z(G), i.e., iff Tor !@1(z,, Z[G]) =0Vq> 1 and 
Z @ziq] Z[G] = Z. For instance, this will be true if G is abelian. It also holds when G is free (Cartan- 
Eilenberg?). 

[Note: Tor?!“l(Z, Z[G]) = Z@zqq ZIG] & (Z[G]/I[G]) @z1c ZIG] © Z[G]/1[G]- ZG] ~ Z, I[G]-Z[G] 


being I[G].] 


FACT Let M be a simplicial monoid, M its simplicial group completion. Suppose that V n, the 
arrow BM, + BMr, is a pointed homotopy equivalence—then the arrow B|M| > B|M| is a pointed 
homotopy equivalence. 

[Given a mo(M)-module A, compare the spectral sequence E}, , © ToriMn] (Z, A) > Hnim(B|M|, A) 


with the spectral sequence Ej, », © Torin] (ZA) => Hn+m(B|M|, A).] 


Application: If Vn, My is abelian or free, then the arrow B|M| > B|M| is a pointed homotopy 


equivalence. 


According to the Dold-Lashof theorem, for a cofibered monoid G in CG, the arrow 
G > QBG is a weak homotopy equivalence iff 79(G) is a group. What happens in general? 
To give an answer, one replaces “homotopy” by “homology”, the point being that the arrow 
G — QBG is a morphism of H spaces, thus the arrow H,(G) > H,(QBG) is a morphism of 
Pontryagin rings. Viewing 7o(G) as a multiplicative subset of H,(G), the image of 79(G) 
in H,(QBG) consists of units (since m9(QBG) is a group) and under certain conditions, 
H,(QBG) represents the localization of H,(G) at 7o(G). 


GROUP COMPLETION THEOREM Let G bea cofibered monoid in CG. Assume: 
mo(G) is in the center of H,(G)—then H,,(G)[m(G)~1] » H,(QBG). 


+ Homological Algebra, Princeton University Press (1956), 192. 
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Z[mo(G)] — Zlmo(G)] 
[Note: The diagram | | is therefore a pushout square in the 


H,(G) — 4,(QBG) 
category of graded associative Z-algebras. | 


EXAMPLE The group completion theorem is false for an arbitrary cofibered monoid in CG. 
Thus choose a discrete monoid G whose classifying space BG has the weak homotopy type of S"(n > 1) 
(cf. p. 14-19)—then if the group completion theorem held for G, one would have H.(QS") & Ho(QS”), 


an absurdity. 


To eliminate topological technicalities, we shall work with |sinG| and argue simpli- 


cially. 


LEMMA Let A be a ring with unit. Suppose that S is a countable multiplicative 
subset of A which is contained in the center of A—then A[S~'] is isomorphic as a (left or 
right) A-module to the colimit of A a A ee is -, where ps, is right multiplication by 
s; and {s,;} is an enumeration of the elements of S, each element being repeated infinitely 


often. 


PROPOSITION 17 Let M be a simplicial monoid—then H,(|M])[to(|M|)7*] & 
H,(QB|M)|) provided that 7o(|M]|) is contained in the center of H,(|M]). 

[As functors of M, both sides of the purported relation commute with filtered colimits. 
Because M can be written as a filtered colimit of countable simplicial submonoids M;, such 
that 7o(|M,|) is contained in the center of H,.(|M,|), one can assume that M is countable. 
Pick a vertex in each component of M and, with an eye to the lemma, arrange them in 
a sequence {m,;} subject to the proviso that every choice appears an infinity of times. 
Consider M°™s My... -, where pm, : M — M is right multiplication by m;. This 
sequence defines an object in FIL(SISET). Form its colimit to get a left M-object Y such 
that the geometric realization of |bar(*;M; Y)| is contractible (compare the discussion in 
the example preceding Proposition 15). By construction, H.(|Y|) ~ H.(|M|)[70(|M|)~“4], 


hence Vm € Mo, m,. : Hy(|Y|) + H.(|Y]|) is an isomorphism. This means that the 
Y  —+_ |bar(*;M;Y)| 

pullback square | | is a homology pullback (cf. p. 13-79), so the 
A[0] —>_ |bar(*;M; *)| 

arrow from |Y| to the mapping fiber F of |bar(*;|M)];|Y|)| > B|M| over the base point 

is a homology equivalence. Working with the standard model category structure on CG 

(cf. p. 12-2), factor the projection X|M| — B|M| into an acyclic closed cofibration 

X|M| — X followed by a CG fibration X — B|M| to get the commutative diagram 
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|M| —> X|M| —> B|M| 
i) | || , F denoting the fiber. Choose a filler X + OB|M| for 
F —- XxX —> B|M| 


|M| —- xX|M| — BIM 
X|M| —> ©B|M| ‘ { | 
| | —then F — xX — B/M| commutes, the com- 
X —> B|M| i | | 
QB|M| — OB|M| — BIM 


posite |M| > F + QB|M| being our morphism of H spaces. There is also a commutative 
|M| —> X|M| — B|M| 
diagram | | || , where Y|M| = |bar(x;|M|;|Y])|. Putting ev- 
lY| —> Y|M| — B|M| 
|M|——- |Y | 
erything together leads finally to the commutative diagram , a | | : 
QB|M|<—\— F —— E 
Since the arrows QB|M| <— F —> E are homotopy equivalences, the result then falls out 
by applying H,.| 


|smnG) — QB|sinG| 
Upon forming the commutative diagram | | , the group com- 


G — QBG 
pletion theorem is seen to follow from Proposition 17. 


[Note: The centrality hypothesis on 7o(G) is automatic if G is homotopy commuta- 


tive.] 


The group completion theorem remains in force when Z is replaced by any commutative ring k with 


unit as long as 70(G) is in the center of H.(G;k). 


EXAMPLE (Strict Monoidal Categories) CAT is a monoidal category (® = x,e = 1) anda 
monoid therein is a strict monoidal category (strict in the sense that multiplication is literally associative 
(not just up to natural isomorphism) and the unit is a two sided identity). A strict monoidal category 
is therefore a category object in CAT with object element 1. When considered as a discrete category, 
every monoid in SET becomes a strict monoidal category. Fix now a strict monoidal category M. View- 
ing M as an internal category in CAT, one can form bar(1;M;1) (cf. p. 0-45), which is a simplicial 
object in CAT. On the other hand, viewing M as a small category (= internal category in SET), 
one can form ner M (a simplicial monoid) and BM (a cofibered monoid in CG). Bearing in mind that 
bar(1;M;1) : APP _, CAT, put GM = gro, op bar(1; M;1)—then there is a weak homotopy equiva- 


lence hocolim Nbar(1;M;1) > nerGM (cf. p. 13-70). But there is also a weak homotopy equivalence 
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hocolim Nbar(1;M;1) > |Nbar(1;M;1)| (cf. §13, Proposition 49). Since Nbar(1;M;1) = bar(*; ner M; *) 
and ||bar(*; ner M; «)|| ~ Blner M|, it follows that B|nerM| and BGM have the same homotopy type. 
Therefore H.(BM)[79(BM)~'] s H.(QBGM) if M is in addition symmetric (for this condition implies 
that BM is homotopy commutative). 

[Note: A symmetric strict monoidal category is said to be permutative. Every small symmetric 
monoidal category is equivalent to a permutative category (Isbellt). Examples: (1) I is a permutative cat- 
egory under wedge sum. Thus mVn = m-n in blocks (the empty wedge sum is 0) and for { fee P 

y/:m!/ > n/ 


F . V(k) (l<k<m) 
(yV 7')\(k) = 0 if y(k) = 0 or y/(k) = 0, otherwise (y V y’)(k) = { : eS 
Vik-m)+n (m<k<m+m’) 


(2) T is a permutative category under smash product. Thus m#n = mn via lexicographic ordering of 
yim-—7n i , : : 
» (Y#7')(( — Im! + 7) = 0 if 74) = 0 or 
m/ > n/ 


y'(i') = 0, otherwise (y#7')((t — 1)m’ +7’) = (y(2) . In’ +7’) A <i<m1<i<m’),.] 


pairs (the empty smash product is 1) and for 


EXAMPLE (Algebraic K-Theory) Let A be a ring with unit. Denote by M(A) the category 
whose objects are the A” (n > 0), there being no morphism from A” to A™ unless n = m, in which case 
Mor (A",A”) = GL(n,A)—then M(A) is a permutative category and nerM(A) = M(A) = 


[| ner GL(n, A) (cf. p. 14-22 ff.). Here, Zs9 & mo(BM(A)), Z & mo(BM(A)) © mo(QB|M(A))), 
n>0 
and H,(BM(A))[m0(BM(A))~4] = H.(QB|M(A))|). 


[Note: Write M.o for the category whose objects are the finite sets n = {0,1,...,n} (n > 0) with 
base point 0, there being no morphism from n to m unless n = m, in which case Mor (n,n) = Sp, (thus 
Ma = isor (cf. p. 0-16)). Again, Moo is permutative and the discussion above can be paralleled (cf. p. 
14-23).] 


The compactly generated analog of the “free topological group” on X ((X,20)) is 
meaningful on purely formal grounds (cf. p. 1-37) but the situation is simpler since one has 
a direct description of the topology on F,,X (Fer(X,2o)), the free compactly generated 
group on X ((X,2%q)). To be specific, consider an (X,%o) in CG,. Let (X-1,25') be 
a copy of (X,zo). Put X = Xv X71, X" = X xx--- x_ X (n factors)—then with 
F,,(X,2o) the free group on X — {xo}, there is a surjection p : [] X" > Fy,(X, 20) 
sending X” to F(X, 29), the subset of Fy,(X, 20) consisting of those words of length at 
most n, and Fy,(X, xo) is equipped with the quotient topology derived from p. When X 
is A-separated, F,,(X,2o) is A-separated, the arrow of adjunction X — F,,(X,2%o) is a 
closed embedding, Fyi(X,29) is closed, pp : AVS Fy(X, 2) is quotient (pp = p\X”), 


+ J. Algebra 13 (1969), 299-307. 
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gr 
Fig,(X,%o) = colim Fy.(X, xo), and the commutative diagram | | 
x —S FX Xo) 


is a pushout square (X71! = p,'(F2-1(X, 2o))). 

[Note: A reference for this material is La Martin’. Incidentally, it is false in general 
that k applied to the free topological group on (X,29) is the free compactly generated 
group on (X,2o9) but if X is the colimit of an expanding sequence of compact Hausdorff 
spaces, then the free compactly generated group on (X, Zo) is a topological group, hence 


is the free topological group on (X, Zo).| 


EXAMPLE The structure of Fy,(X,20) definitely depends on whether one is working in the 
topological category or the compactly generated category. This can be seen by taking X = Q. For the 
free topological group on (Q,0) is not compactly generated and its topology is not the quotient topology 
associated with the projection ]]Q” — F,r(Q,0). Moreover, Fgr(Q, 0) is not the colimit of the Fz.(Q, 0). 

n 
Still, Vn, Fy(Q,0) is closed in Fyr(Q,0) and every compact subset of Fgr(Q,0) is contained in some 


Ff.(Q,0). Nevertheless, pn :Qr > F.(Q, 0) is not quotient ifn >> 0. 


[Note: Details can be found in Fay-Ordman-Thomas?.] 


The intent of the preceding remarks is motivational, our main concern being with free 
compactly generated monoids, not free compactly generated groups. Thus fix (X, 29) in 
CG,,, call JX the free monoid on X— {xo}, and give JX the quotient topology coming from 
[| x” Ey OS Letting a be the multiplication in JX, consider the commutative diagram 


[]X” xy [] X” PS IX x, IX 


n n 
| | . Since 70(pxXxp) is continuous and px, p: is quotient, 7 is 


Lx” 7 IX 


n 
continuous. Therefore JX is a monoid in CG. Suppose now that G is a monoid in CG and 


f :X > G is a pointed continuous function. On algebraic grounds, there exists a unique 
X —— JX 
morphism of monoids Jy : JX — G rendering the triangle n\ J , commutative. 


Claim: Jy is continuous. Indeed, there is a continuous function pr : [] X" > G with 
n 


+ Dissertationes Math. 146 (1977), 1-36; see also Ordman, General Topology Appl. 5 (1975), 205-219. 


= General Topology Appl. 10 (1979), 33-47. 
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Jpop =pr. But p is quotient, so Jy is continuous. Therefore JX is the free compactly 
generated monoid on (X, Zo). 


[Note: JX is the James construction on (X, x0).] 


n 


JX can be represented as a coend, viz. JX & X” x; Jn, Jn the James construction on the 


pointed finite set n = {0,1,... ,n} (cf. p. 13-56). 


LEMMA Let X be a pointed compactly generated simplicial space. Define a simplicial space JX 
by (JX)n = JXp—then |JX| x J|X|. 
n n m m n 
[In fact, |JX| = / JX xX A” ~| f (Xn)™ X_ Jm) x A" & / (f (Xn)™ x A") X,Jm & 


m 


IX!" x, Im x J|X|,] 


Put J”7X = p(X”) and consider p~!(J"X) X™. Obviously, m <n > p71(J"X) 
x™ = X™. On the other hand, n < m > p-'(J°7X)N X™ = UX®, where for S Cc 
Ss 


{1,...,m}: #(S) =m—n, XP = {(21,...,2m) : 24 = Zo (i € S)}. Consequently, J7X 
is closed in JX if {xo} is closed in X. 


LEMMA Assume: {xo} is closed in X. Let A be a subset of J” X such that p~'(A)N 
X” is closed in X"—then A is closed in JX. 

[Case 1: m < n. Denoting by im,» the insertion X™ — X” that sends (#1,... ,%m) 
tO cox Poy eae pao) one hasip = (A) a) po A) oe". Case 2s mn. 


Write p-1(A)N X™ = U(ps'(p71(A)N X”)), ps : XB  X” the striking map (ie., 
S 
ps(@1,---,2m) retains only those «;, where i ¢ S).| 


Accordingly, when {zo} C X is closed, the arrow X" —> J”X is quotient and the 
Xr —+ Jr 1x 
commutative diagram | | is a pushout square (X? = UX (#(S) = 
S 
Dey eS, GEE 
1) => X"/X?P & X#x~--- xX (n factors)). It therefore follows that if X is A-separated, 
then each J”X is A-separated (ADg (cf. p. 3-1)), hence JX = colimJ"X is A-separated 
(cf. p. 1-36). 
[Note: The arrow of adjunction X — JX is a closed embedding. Reason: The 


continuous bijection X > J'X is quotient.| 


PROPOSITION 18 Let (X,20) be a wellpointed compactly generated space with 
{to} C X closed—then (JX, 20) is a wellpointed compactly generated space with {xo} C 
JX closed, thus is a cofibered monoid in CG. 
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[In fact, by the above, Vn, J7~'X > J™X is a closed cofibration.] 


LEMMA If (X,2z0) is a wellpointed compactly generated Hausdorff space, then (JX,x0) is a 
wellpointed compactly generated Hausdorff space. 


[Vn, J" X is Hausdorff (cf. p. 3-8) and condition B on p. 1-29 can be applied.] 
FACT Suppose that (X,x0) is a pointed CW complex—then (JX, x0) is a pointed CW complex. 


If X is a wellpointed compactly generated space with {xo} C X closed, then the 
pointed cone [X and the pointed suspension +X are wellpointed compactly generated 


spaces with closed basepoints. 
XxXp,SX —> JX 


Define E’ by the pushout square | | , where X x, JX > JX is 


TX x,JX — E 
multiplication. 


LEMMA FE is contractible. 
[Letting FE, be the image of [X x, J” X in FE, there is a pushout square 


TX xz Fy ae, {xo} Xp I"™X —> En-i 


{ | ? 


[TX x, J"X ay 


so the arrow E,_1 — Ey is a closed cofibration. But E,/E,_1 ~ TX#,(J"X/JI"-'X), 
hence E,/Ep—1 is contractible. Since Ey ~ IX, it follows by induction that E,, is con- 
tractible (cf. p. 3-24). Therefore F = colim E,, is contractible (cf. p. 3-20).] 


Notation: Given a pointed compactly generated space X, let Ogu X (Qe X) be the 
compactly generated Moore mapping (loop) space of X (dispense with the “sub &” if there 


is no question as to the context). 


There are two ways to place a compactly generated topology on Oy X (Qy7X). 
(1) View Oy X (QMX) as a subset of C(R>0,X) xX R5o (cf. p. 3-31 ff.) and take the 
“k-ification” of the induced topology. 
(2) Form kC(R50,X) Xp R50 = kC(R50,X) xX Rso, equip Oy X (QW X) with the induced 
topology, and pass to its “k-ification” . 
Both procedures yield the same compactly generated topology on @yyX (Qy,X), from which Oz .7X 
(Opus X). 
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EXAMPLE Let X be a pointed compactly generated space. Write moX for the nerve of the 
category associated with the compactly generated monoid 2 j;y X—then there is a canonical arrow moX —> 


spX which is a levelwise homotopy equivalence. 


Let X be a wellpointed compactly generated space with {xo} C X closed. Choose a 
continuous function ¢: X — [0,1] such that 6~'(0) = {xo} (cf. §3, Proposition 21)—then 
the meridian map m: X + QyX is the pointed continuous function specified by the 
rule m(x)(t) = [x,t/d(x)] (0 < t < O(x)), where [x9, 0/0] is the base point of UX. Since 

X — JX 
QyXX isa monoid in CG, m extends to JX : m\ ie , Jm being the arrow of James. 


OQwux 
[Note: The composite X 4 QyuX > OUX is x > [x, —.] 


Ostensibly, the meridian map depends on 4, call it mg. Suppose, however, that my, is the meridian 
map corresponding to another continuous function ~ : X — [0,1] such that #—1(0) = {ao }—then Mg ~ 
Ma. 

[Let H : IX + Qy=uX be the homotopy given by H(z,t) : [0,(1 — t)d(x) + ty(ax)] > UX, where 
H(«,t)(T) = [x,T/((1 — t)¢(x) + t(a))]. Write G: X 3 (Q)1, EX)! for its adjoint, view (Q4yUX)IOH 

xX — JX 
as a monoid in CG, determine G via the commutative triangle a\, a , and consider its adjoint 


(QyDX)!04 
H:IJX 3 Qy=X)] 


Let T, : TX + Oy™XX be the continuous function defined by the prescription 
Tn([z,t)(T) = [x#,T/d(x)) (0 < T <_ td(x))—then there is an arrow 


TX x, jx aes Box Xk QyExX 5Oy0K and a commutative diagram 


X xp JX ——— JX 
| | OO seg This leads in turn to an arrow FE > Oy XX anda 


TX xz JX — 3 OyXuiXx 
E —> OyXuX 


commutative triangle a # (OywuX — XX is the CG fibration that evaluates 
ux 
a Moore path at its free end). 


PROPOSITION 19 Let (X,20) be a wellpointed compactly generated space with 
{to} C X closed. Assume: X is path connected and numerably contractible—then the 
arrow of James JX > Qy=X is a pointed homotopy equivalence. 
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TX xpJX ¢<— XxXpSIX — JX 


[In the commutative diagram | | | , the arrows 
Tx <— X a 
TX xp JX¢—X x, JX 
XXpJIX OTXxX,SIX, X TX are closed cofibrations and | i is a ho- 
TX <¢- X 


X Xp SX SX 


motopy pullback, as is | | (the shearing map sh : { XxXpIX OX xX,SIX 


eres (x,y) > (x, ry) 


is a homotopy equivalence (cf. p. 4-27)). Consequently, the sequence JX > E > UX is 


a fibration up to homotopy (per CG (standard structure) (cf. p. 12-15)). Since E is con- 
ee ee De DP, 


tractible, it remains only to consider the commutative diagram | | the] 
QywuX 0 yuX UX 


Application: Under the hypotheses of Proposition 19, the composite JX ola QwuX > 
QXX is a pointed homotopy equivalence. 


PROPOSITION 20 Let (X,20) be a wellpointed compactly generated space with 
{to} C X closed. Assume: X is path connected—then the arrow of James JX > QyuX 
is a weak homotopy equivalence. 


[Thanks to the cone construction (cf. p. 4-56 ff.), the arrow E > XX is a quasi- 
JX — E — LX 


fibration. Work with | | || and compare the long exact 


Qyux —- Oyrix — UX 
sequences of homotopy groups.| 


[Note: In the case at hand, /X is simply connected.| 


Application: Under the hypotheses of Proposition 20, the composite JX BL QWuX > 


QU X is a weak homotopy equivalence. 


EXAMPLE Let X be the broom pointed at (0,0)—then X is path connected. But JX and QUX 


do not have the same weak homotopy type (~X is not simply connected). 


(X, Xo) 
(Y, yo) 


closed; let f : X — Y be a pointed continuous function. Assume: f is a 


PROPOSITION 21 Let { be wellpointed compactly generated spaces with 


{ {xo} CX 
{yo} CY 
homotopy equivalence (weak homotopy equivalence)—then Jf : JX — JY is a homotopy 


equivalence (weak homotopy equivalence). 


Xe ea OC. a OL 
[Arguing by induction from | | | , one finds that Vn, J"X > 
ye. fe SY ae af 
J”Y is a homotopy equivalence (cf. p. 3-24 ff.) (weak homotopy equivalence (cf. p. 4— 
51)), hence JX — JY is a homotopy equivalence (cf. §3, Proposition 15) (weak homotopy 
equivalence (cf. p. 4—-48)).] 


Convention: Given a cofibered monoid G in CG, G — BG is the adjoint of G > 
QBG (cf. p. 14-20). 


LEMMA Let (X,2%o) be a wellpointed compactly generated space with {ao} C X 
closed. Assume: X is discrete—then the composite }X — “JX + BJX is a weak 


homotopy equivalence. 


[Since X = VY 8°, JX = J] JS®° (]] the coproduct in the category of 
X—{zo} X—{2o} 
UZ>o —= BZ>o 


monoids), where JS° = Z>o, thus it suffices to consider 5S° | .| 
“Z =— #£«=#BZ 


PROPOSITION 22 Let (X,29) be a wellpointed compactly generated space with 
{to} C X closed—then the composite UX > NJX > BJX is a weak homotopy equiva- 
lence. 

[The lemma implies that V n, the composite “sin, X > UJsin, X > BJsin, X 
is a weak homotopy equivalence (sin,, X being supplied with the discrete topology), thus 
the composite |n > Usin, X| > |n > UJsin, X| > |n > BJsin, X| is a weak ho- 
motopy equivalence (cf. p. 14-8). But jn > Usin, X| © U]sin X| (cf. p. 14-10 ff.), 
ln > “J sin, X| + Lin > Jsin, X| ~ LJ| sin X| (cf. p. 14-30), |n — BJsin, X| ~ 
Bln > Jsin, X| (cf. p. 14-22) & BJ|sin X| and there is a commutative diagram 
u|snX| —> DXJ|sinX| — BJ|sinX| 

| | | . The arrow &|sin X| > ©X is a weak ho- 


Xx — IX — BIX 
motopy equivalence (cf. infra). According to Proposition 21, the same holds for the arrow 


J|sin X| + JX or still, for the arrows LJ|sinX| > JX, BJ|sinX| — BJX (cf. p. 
14-18). Combining these facts yields the assertion.| 


(X, x0) {xo} C X 


(Y, yo) {yo} CY 
{zo} C Z closed and let f : X — Y be a pointed continuous function. Assume: f is a weak homotopy 


LEMMA Let { , (4,20) be wellpointed compactly generated spaces with { 


equivalence—then f#,idz : X#,4,Z > Y#,.Z is a weak homotopy equivalence. 
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(X, x0) ; {zo} C X 
be wellpointed compactly generated spaces with closed 
(Y, yo) {yo} CY 


and let f : X — Y be a pointed continuous function. Assume: f is a weak homotopy equivalence—then 


Application: Let { 


uf :uX + XY is a weak homotopy equivalence. 
[Note: Recall too that Of : AX — QY is a weak homotopy equivalence (cf. p. 9-39).] 


LEMMA Let (X,20) be a wellpointed compactly generated space with {xo} C 


X closed—then there is a canonical arrow BOyX — X and a commutative diagram 
YOyw xX — BOyX 


fee 


xX 


[Note: BOywX — X is a weak homotopy equivalence provided that X is path con- 
nected (cf. 14-22).] 


PROPOSITION 23 Let (X,20) be a wellpointed compactly generated space with 
{to} C X closed—then the arrow of James J, : JX 3 Quy X induces a weak homotopy 
equivalence BJ, : BJX > BOQyXX. 

[The composite EX 8 OOQyDX 3 UX is idyx. Proof: [x,t] — [m(az),t] > m(x) 
(td(x)) = [x, td(x)/o(x)] = [x,t]. With this in mind, the commutative diagram 


“JX —— BJX 


ee | | Bm 


YX — YOy LX —> BOYyrXiX 


le 


UX 


shows that UX 7— NIX 7 BINS BOX > YX is also idyx. On account of 
Proposition 22, the composite UX — UJX — BJX is a weak homotopy equivalence. 
However *X is path connected, hence BOyXX — XX is a weak homotopy equivalence. 
Therefore BJ, : BJX > BOyw™sX is a weak homotopy equivalence. 

[Note: One can view Proposition 23 as the mo(X) 4 * analog of Proposition 20.] 


FACT Let (X, 29) be a wellpointed compactly generated space with {ro} C X closed. Assume: X 
is A-separated and Ay > X x, X is a cofibration. Put GX = Fgr(X, x0) (cf. p. 14-28)—then the arrow 
BJX — BGX is a weak homotopy equivalence. 

[Note: It follows that the arrow JX — GX is a weak homotopy equivalence whenever X is path 


connected (cf. p. 14-21).] 


14-36 


It is also of interest to consider the free abelian compactly generated monoid on 
(X, 2%), denoted by SPX and referred to as the infinite symmetric product on (X, Z). 
Like JX, SP~X carries the quotient topology coming from [[X”" > SP°X. Put 


SP" X = p(X")—then if {xo} is closed in X, SP"X is closed in SPX and the arrow 
X”" — SP"X is quotient, hence SP~X = colimSP"X and X"/S, ~ SP"X. Example: 
SPS = Zo. 


Under certain conditions, it is possible to identify X”/S,. For instance, S?/5, is homeomorphic to 
P”(C), therefore SPS? is homeomorphic to P®(C), a K(Z,2) (cf. p. 14-38). 


[Note: A survey of this aspect of the theory has been given by Wagner? .] 


EXAMPLE Let X be a compact metric space with dim X < oo. Assume: X is an ANR—then 
X”/S,, is an ANR (Floyd?). 


PROPOSITION 24 Let (X,20) be a wellpointed compactly generated space with 


{to} C X closed—then (SP°X,29) is a wellpointed compactly generated space with 
{to} C SP*X closed, thus is an abelian cofibered monoid in CG. 


LEMMA If (X, 20) is a wellpointed compactly generated Hausdorff space, then (SP°X,z0) is a 


wellpointed compactly generated Hausdorff space. 


FACT Suppose that (X,20) is a pointed CW complex—then (SP°X,x0) is a pointed CW com- 
plex. 

[It is enough to place a CW structure on each SP” X in such a way that SP"—-!X is a subcomplex 
of SP"X (cf. p. 5-25). For this, it is necessary to alter the CW structure on X” in order to reflect the 


action of Sy.] 


PROPOSITION 25 Let (X,20) be a wellpointed compactly generated space with 
{to} C X closed—then there is an isomorphism BSP°X x SP°SX of abelian monoids 


in CG. 
SP@©X —> XSP?X —> 


[Analogously, XSP°X = SPTX and the diagram || | 


SP@X —> SPTX —> 
BSP@X 


| commutes. | 
SPU X 


t Dissertationes Math. 182 (1980), 1-52. 
= Duke Math. J. 22 (1955), 33-38. 
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PROPOSITION 26 Let (X,20) be a wellpointed compactly generated space with 
{to} C X closed. Assume: X is path connected and numerably contractible—then the 
arrow SP@X > QBSP™X is a pointed homotopy equivalence. 

[Vn, SP"X is numerably contractible, so SPX = colimSP”"X is numerably con- 
tractible (cf. p. 3-13). Since the inclusion {%9} + SPX is a closed cofibration and 
SP°X is path connected, it follows that SP°°X admits a homotopy inverse (cf. p. 4— 
27). Therefore the arrow SP?™X — QBSP*X is a pointed homotopy equivalence (cf. 
Proposition 14).] 


Application: Under the hypotheses of Proposition 26, the composite SP°X —> 
QBSP?X + OSP?™SX is a pointed homotopy equivalence. 


DOLD-THOM THEOREM Suppose that (X, 2) is a pointed connected CW complex 
—then Vn > 0, m(SP°X) = H,,(X). 

[There are pointed homotopy equivalences |SP® sin X| > SP°|sin X|, SP°°| sin X| > 
SPX. One has H,(|sin X|) © H,(X) and, in the notation of p. 13-17, «(Fan (sin X, x0)) 
~ H,(|sin X|) (Weibelt). But SP sin X = F,,(sin_X, a9), thus the arrow |SP® sin X| > 
|F.p(sin X,2%)| is a pointed homotopy equivalence (cf. p. 14-25). Accordingly, 
T(|SP™ sin X|) © mx (|Fan(sin X, v0)|) © 7«(Fap(sin X,20)), from which the assertion.] 


EXAMPLE  Dold-Thom can fail if X is not a CW complex. Example: Take for X the Hawaiian 
earring pointed at (0,0), form its cone 'X and consider TX Vv [X—then Hi(TX VPX) £ 0, so either 
m(SP°TX) # Ai(TX) or m1(SP~(TX VEX)) 4 A(X VX). 


Remark: If (X, xo) is a pointed connected CW complex, then (SP° X, xo) is a pointed 
connected CW complex (cf. p. 14-36) and SPX = (w) [] K(m(SP*X),n)) (cf. p. 5- 
1 


43) or still, by the Dold-Thom theorem, SP°X & (w) |] K(Hn(X), 7). 
1 


EXAMPLE Let 7 be an abelian group and let X = M(z,n) (realized as a pointed connected CW 
complex)—then SP®@M(z,n) is a K(a,n). In particular: SP°S” is a K(Z,n). 


Tj, is the category whose objects are the finite sets n = {0,1,...,n} (n > 0) with 
base point 0 and whose morphisms are the base point preserving injective maps. 
Example: Let (X,20) be a wellpointed compactly generated space with {ro} C X 


closed. Viewing X” as the space of base point preserving continuous functions n > X, 


+ An Introduction to Homological Algebra, Cambridge University Press (1994), 266-267. 
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define a functor pow X : Ti, + CG, by writing pow, X = X”, stipulating that the arrow 
xX™ — X” attached to y:m — n sends (71,...,£m) to (f1,..-,%,), where 7} = 25-15) 
ty) £0, Sto ty GH eh 

[Note: colim pow X can be identified with SP°X.] 


EXAMPLE Forn > 0, colim pown } SP°n & Z50 X +++ X Z>o0 (n factors). On the other hand, 
hocolim pow n has the homotopy type of BM. X4:-+X% BMoo (n factors), Moo the permutative category 


of p. 14-28 (so BMx = [| BSn). 
n>0 
[Note: colim pow0 x SP™0 x {0} while hocolim pow0 & BI jy, a contractible space (cf. p. 13-15).] 


Definition: A creation operator is a functor C : re — CG such that Cp = *. 


[Note: Vn, C, is a right S,,-space.] 


EXAMPLE Every nonempty compactly generated Hausdorff space Y gives rise to a creation 
operator CY whose n‘® space is Y" (Y° = *), the arrow Y" — Y™ determined by 7 : m > n being the 


map (y1,--- , Yn) > (Yy(1)> +++ + ¥y(m)):- 


If C is a creation operator and if (X, 20) is a wellpointed compactly generated space 
with {xo} C X closed, then the realization C[X] of C at X is ij Cn X~X” (=C@p,, pow X). 
Example: Suppose that C, = * V n—then C[X] = *@p,, pow X & colim pow X » SP°X. 


EXAMPLE Let Cy, = Sp Vn. Given a morphism 7 : m > n in Tin, specify Cy : Sn + Sm as 
follows: V o € Sn, there exists a unique order preserving injection y’ : m — n such that y/(m) = (c07)(m) 
and (Cy)o € Sm is the permutation for which y’0(Cy)o = coy. This data thus defines a creation operator 
and V X, C[X] x JX. 


PROPOSITION 27 Suppose that (X, 20) is a wellpointed compactly generated space 
with {ro} C X closed and let C be a creation operator. Denote by C,,[X] the image of 
LL Cm X~ X™ in C[X]—then C,,[X] is a closed subspace of C[X] and C[X] = colim C,,[X]. 


m<n 


Cy Xs, XF — Ch_-i[X] 
In addition, the commutative diagram | | is a pushout square 


Ch X Sn X”™ —> Ch [X] 
and the arrow C,,_1[X] — C,[X] is a closed cofibration. 


[Note: The base point of C[X] is [*, zo] and the inclusion {[*,2o]} — C[X] is a closed 


cofibration.| 


Remark: X A-separated +C,, A-separated V n = C[X] A-separated. 
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The validation of the above remark depends on Proposition 27 and the following lemma. 


LEMMA Let G be acompact Hausdorff topological group. Suppose that X is a A-separated right 
G-space—then X/G is A-separated. 

[It is a matter of proving that {(z,x-g): «2 € X,g € G} is closed in X xz X (cf. p. 1-35). However, 
G acts to the right on X x, X, viz. (x, y)-g = (x,y-g), and Ax is closed in X xz X, hence Ax : G is 
closed in X x, X, G being compact Hausdorff. ] 


(X, xo) ; {zo} CX 
be wellpointed compactly generated spaces with closed; let 


(Y, yo) {yo} CY 
f:X — Y bea pointed continuous function. Assume: f is a closed cofibration—then V creation operator 


FACT Let { 


C, the induced map C[X] — C[Y] is a closed cofibration. 

[Use the lemma on p. 3-15 ff. and the lemma on p. 14-4.] 

[Note: The conclusion of the lemma on p. 3-15 ff. is “closed cofibration” rather than just “cofibra- 
tion” provided that this is so of the vertical arrow on the right in the hypothesis. To see this, observe 
that the argument there can be repeated, testing against any arrow Z — B which is both a homotopy 


equivalence and a Hurewicz fibration (cf. p. 4-22).] 


PROPOSITION 28 Let ¢:C — D be a morphism of creation operators. Assume: 


Vn, dn : Cn > Dy is an S,-equivariant homotopy equivalence—then ¢ induces a homotopy 
equivalence C[X] > D[X]. 


By definition, hocolim pow X ~ B(—\Tin) @p,, pow X. Problem: Exhibit models for 
hocolim pow X in the homotopy category. 

[Note: Strictly speaking, B(—\I,) is not a creation operator (since B(O\Tin) 4 *).] 

A compactly generated paracompact Hausdorff space X is said to be S,,-universal if it 
is a contractible free right S,,-space. The covering projection X — X/S,, is then a closed 
map, hence X/S,, is a compactly generated paracompact Hausdorff space. Therefore X/S,, 
is a classifying space for S,, (in the sense of p. 4-60). Examples: (1) Xg° is S,,-universal; 
(2) B(n\Tin) is S,-universal; (3) XS, is S,-universal. 

A creation operator C is said to be universal if Vn, C, is S,-universal. 

Example: Let C be a universal creation operator—then for any cofibered monoid G 
in CG, C, xs, (BG)" has the same homotopy type as B(S;, f G) (cf. p. 14-19). 


PROPOSITION 29 Suppose that C is a universal creation operator—then there exists 
an arrow B(—\I;,) > C such that Vn, B(n\Tin) > C, is an S,-equivariant homotopy 


equivalence. 
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[In the notation of p. 14-16 ff., compose the homotopy equivalence B(—\Tin) > PC 


and the arrow of evaluation PC — C.] 


Application: Let (X, 20) be a wellpointed compactly generated space with {zo} C X 
closed—then V universal creation operator C, C[X] and hocolimpow X have the same 


homotopy type. 


FACT Let 6:C — D be a morphism of creation operators. Assume: C and D are universal—then 


@ induces a homotopy equivalence C[X] + D[X]. 


Given a nonempty compactly generated Hausdorff space Y, let F'(Y, n) be the subspace 
of Y” consisting of those n-tuples (y1,... ,Yn) such that 1 4 j > y; A yj—then F(Y,n) 
is open in Y”, hence is a compactly generated Hausdorff space, and S,, operates freely to 
the right by permuting coordinates. 

[Note: F(Y,n) is the configuration space of n-tuples of distinct points in Y. Consult 
Cohen! for additional information and references.] 

Notation: con Y is the creation operator that sends n to F(Y,n), the arrow F(Y,n) > 
F(Y,m) determined by y:m — n being the map (y1,--- , Yn) > (Yy(1)s-++ + Yy(m))- 

[Note: Therefore conY is a subfunctor of CY (cf. p. 14-38).] 

Observation: The points of conY[X] are equivalence classes of pairs (S, f), where 
S CY isa finite subset of Y, f: S > X is a function, and (S, f) ~ (S — {y}, f|S — {y}) 
iff f(y) = xo. 

[Note: All pairs (S, f), where f(S) = {xo}, are identified with (0, 0).] 

Examples: (1) conR°[X] = X; (2) conY[S"] © {S CY: #(S) < w}. 


LEMMA F(R®,n) is S,-universal. 

[((R°®)” is a polyhedron. But F(R™,n) is an open subset of (R™)”, thus it too is 
a polyhedron (cf. p. 5-3). Therefore F(R™,n) is a compactly generated paracompact 
Hausdorff space. Contractibility is clear if nm = 0 or 1, so take n > 2 and represent 
F(R™,n) as colim F(R%,n). Since for gq >> 0, F(R%,n) is the complement in R®” of 
certain hyperplanes of codimension g, F'(R‘%,n) is (q — 2)-connected, and this implies that 
F(R, n) is contractible.] 


PROPOSITION 30 conR® is a universal creation operator. 


+ J. Pure Appl. Algebra 100 (1995), 19-42. 
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Application: Let (X, 20) be a wellpointed compactly generated space with {zo} C X 
closed—then hocolim pow X and conR®™[X] have the same homotopy type. 


EXAMPLE conR®™[S°] = J] F(R®,n)/Sn  [] BSn, which agrees with the fact that the 
n>0 n>0 
homotopy type of hocolim pow S° is BM (cf. p. 14-38). 


A q-dimensional rectangle in [0, 1]? is a product of the form R = [a1, bi] x--- x [ag, bg], 
where 0 < a; < bj < 1. Call R(q) the set of such and topologize it as a subspace of [0, 1]?4. 
Note that there is a closed embedding R(q) > R(q+ 1) defined by multiplication on the 
right by [0,1] and put R(co) = colim R(q). Let BV(R(q),n) be the subspace of F'(R(q), n) 
consisting of those n-tuples (1,...,R,) with the property that the interior of R; does 
not meet the interior of R; if i # j—then there is a closed embedding BV(R(q),n) > 
BV(R(q4+ 1),n) and BV(R(oo), n) = colim BV(R(q), n) is a free right S,,-space. 

Notation: BV is the creation operator that sends n to BV(R(oo), 7). 


LEMMA BV(R(oo), 7) is S,-universal. 

[It follows from condition C on p. 1-29 that BV(R(co),n) is a compactly generated 
paracompact Hausdorff space. Since the closed embedding BV(R(q),n) > BV(R(q+1), n) 
is a cofibration, one need only establish that it is also inessential in order to conclude that 
BV(R(oo), n) is contractible (cf. p. 3-20). To define H : IBV(R(q),n) — BV(R(q+1),n), 
represent an n-tuple (21,...,R,) by a 2n-tuple (Ai, Bi,..., An, Bn) of points in [0, 1]%. 
Here Ry © (Ax, Be) and Ap = (x1,--- ,@kq), Be = (bk1,--- beg) (1 < & <n). Now write 
A((Ay, Bi,..., An, Bn), t) = (Ai(t), Bi(t),.-. , An(#), Bn(t)), where 


<2 Gy 2 Gig, ZUR = 1) 10) (0<t< 1/2) 
Axl) = { (2 2)ae...(2—2)aga (k-V/n) /2<t<) 


and 


“= 


—_ § (nr, .-- 5 begs 1 — 2t(1 — &/n)) 0<t<1/2) 
Bilt) = ee 1+ Q 2t)bei,...,2#—1+(2—2t)byq,k/n) (1/2<t<1).] 


[Note: At the opposite extreme, each path component of BV(R(1),n) is contractible 
and mo(BV(R(1),n)) & Sy.] 


PROPOSITION 31 BV” is a universal creation operator. 


Application: Let (X, 29) be a wellpointed compactly generated space with {ro} C X 
closed—then hocolim pow X and BV™[X] have the same homotopy type. 
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Let BV“ be the creation operator that sends n to BV(i2(q), n)—then BV™ = colim BV? 
=> BV™[X] = colim BV?[X]. 


FACT The arrow BV2[X] > BV2*1[X] is a closed cofibration. 


PROPOSITION 32 The map BV(R(q),n) > F(R%,n) which takes (1,..., Rp) to 
its center is an S,,-equivariant homotopy equivalence, hence induces a homotopy equiva- 
lence BV?[X] > con R4[X]. 


The elements of R(q) are in a one-to-one correspondence with the functions [0, 1]? > 
[0, 1]* of the form R=r, x --- x rg, where r;(t) = (b; — aj)t + a; (0 < a; < b; < 1). Thus 
R(q) can be viewed as a subspace of C'((0, 1]%, [0, 1]2) (compact open topology), there being 
no ambiguity in so doing since the two interpretations are homeomorphic. 

Representing S% as [0, 1]?/fr [0,1]%, adjust the definitions of N¢X and Q9N4X corres- 
pondingly—then the arrow of May is the continuous function m, : BV?[|X] > Q@U¢X 
specified by the rule 

[eet] if Ret) ='s 
rl Roe Bene tate) =f if s ¢ im R; - 


MAY’S APPROXIMATION THEOREM Let (X, 2%) be a wellpointed compactly gen- 
erated space with {xo} C X closed. Assume: X is path connected—then m, : BV7[X]—> 
QIV4IX is a weak homotopy equivalence. 

[Note: If X has the pointed homotopy type of a pointed connected CW complex, 
then BV“[X] is a pointed CW space, as is Q7U:7X (loop space theorem), thus under these 


circumstances the arrow of May is a pointed homotopy equivalence. | 


The proof of this result is fairly lengthy and will be omitted. In principle, the argument 
is an elaboration of that used in Proposition 20 and can be summarized in a sentence: There 
is a commutative diagram 

BV7X] — EVEX,X) — BV9""|DX] 
QO ex = O09" etx =) OF ex 
where E4(I.X, X) > BV%~*[SX] is a quasifibration with fiber BV@|X] and E4(I.X, X) is 


contractible, thus one may proceed by induction. Details are in May’. 


+ SLN 271 (1972), 50-68. 
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[Note: When q = 1, BV°[=X] = ¥X and mp is the identity map.] 


Notation: Given a pointed A-separated compactly generated space X, let Q°H°X = 
colimQ@U 2X. 

[Note: The reason for imposing the A-separation condition is that it ensures the 
validity of the repetition principle: QQ°USUX = OSTUOX. Proof: (Qe DOD) a 
(colimQ7N2E.X)S' x colim(QIEIEX)S' x colim QM! DIAtLX x NCH X,] 


The arrow 0959X > 09+! Nat! X ig the result of applying 0% to the arrow of adjunction 5¢X —> 
Q=UDIX. It is a closed embedding but it need not be a closed cofibration even if X is wellpointed (in which 


case, of course, 29744X is wellpointed V q). 


EXAMPLE Suppose that X and Y are pointed finite CW complexes—then N® UW X and IC UCY 
are homotopy equivalent iff UYX and H¢Y are homotopy equivalent for some q >> 0 (Bruner-Cohen- 


McGibbon?). 


Notation: Given a wellpointed A-separated compactly generated space X, put Mo = 
colimm, : BV°[X] + Q°ELX. 

[Note: BV®[X] is wellpointed (since Vq, the arrow BV2[X] + BV2*"[X] is a closed 
cofibration (cf. p. 14-42)) but it is problematic whether this is true of Q°LU°X without 


additional assumptions on X.] 


PROPOSITION 33 Let (X,20) be a wellpointed compactly generated space with 
{to} C X closed. Assume: X is A-separated and path connected—then mo : BV™[X] > 


Ove X is a weak homotopy equivalence. 
BV'[X] — BV’[X] —> 


[In the commutative ladder il | , the vertical arrows 


OLX. 92) Pex = 
are weak homotopy equivalences and the spaces are T,, so the generality on p. 4-48 can 


be quoted. | 


A compactly generated space X is said to be A-cofibered if the inclusion Ax > X x,X 
is a closed cofibration. 
[Note: It is automatic that V x9 € X, {xo} — X is a closed cofibration (cf. p. 3-15).] 


FACT Let K bea pointed compact Hausdorff space. Suppose that X is pointed and A-cofibered— 


then the pointed exponential object X* is A-cofibered. 


* Quart. J. Math. 46 (1995), 11-20. 
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Example: Let (X,20) be a pointed compactly generated space. Assume: X is A- 
cofibered—then “X is A-cofibered (cf. p. 3-16), as is OX. 


LEMMA Let (X,2) be a pointed compactly generated space. Assume: X is A- 
cofibered—then the arrow of adjunction X — Q%X is a closed cofibration. 


Application: Let (X,2%o) be a pointed compactly generated space. Assume: X is 
A-cofibered—then V q, the arrow Q9X4X — 02+! NI! YX is a closed cofibration. 
[Note: It is a corollary that Q° UX is A-cofibered (cf. p. 14—-4).] 


LEMMA Let (X,2z0) be a pointed compactly generated space. Assume: X is A-cofibered—then 
for every pointed A-cofibered compact Hausdorff space K # *, the arrow X > (X#;,K)* 


identity X#;,K — X#; K is a closed cofibration. 


adjoint to the 


[Note: Specialize and take K = S! to see that the arrow of adjunction X — Q¥UX is a closed 


cofibration. ] 


X,£0 
FACT Let { ( ) be pointed compactly generated spaces. Assume: X is A-cofibered and Y 


(Y, yo) 
is A-separated—then for every pointed A-cofibered compact Hausdorff space K # *, the arrow X — Y* 


adjoint to a closed cofibration X#;K — Y is a closed cofibration. 


[Factor the arrow X + Y* as the composite X > (X#,K)* 3 Y* |] 


FACT Suppose that A > X is a closed cofibration, where X is A-cofibered—then A is A-cofibered 
(cf. §3, Proposition 11) and the arrow N° UCA + NP U*OX is a closed cofibration. 
QImIA —> Qatiyatl,a 


[All the arrows in the pullback square i | are closed cofibrations, so one 


QIIx —» Oa@tiyatlyx 
can appeal to the lemma on p. 14-4.] 


PROPOSITION 34 Let (X,20) be a pointed compactly generated space. Assume: X 
is A-cofibered and has the pointed homotopy type of a pointed connected CW complex— 
then Mo : BV [|X] = Q°UYX is a pointed homotopy equivalence. 

BV'[X] —> BV?[X] —> 
[In the commutative ladder | | , the horizontal arrows 


OSI. Ss OP AX. Ss 
are closed cofibrations and the vertical arrows are pointed homotopy equivalences. Now 


cite Proposition 15 in §3.] 
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HOMOTOPY COLIMIT THEOREM Let (X,20) be a pointed connected CW com- 
plex or a pointed connected ANR—then hocolim pow X and Q°°X have the same ho- 
motopy type. 

[One has only to recall that hocolim pow X and BV™[X] have the same homotopy 
type (cf. p. 14-42).] 

[Note: For the validity of the condition on the diagonal, cf. p. 3-14 & p. 6-14.] 


EXAMPLE Connectedness is essential here. For example, the homotopy type of hocolim pow S° 
is represented by BM. (cf. p. 14-38) but the homotopy type of N° S°S° is represented by OB|Mo| 


(cf. p. 14-61) ([Moo| = BMeo = [| BSn). 
n>0 


Given a cofunctor C : isoOl! + CG, let C(m,n) = [J] [J C(#(y~2(/))) (here 4 
ym-n l<j<n 

ranges over the morphisms m — n in and C(m, 0) is a point indexed by the unique arrow 

m — 0)—then with the obvious choice for the unit, [(isol)°?, CG] acquires the structure 


of a monoidal category by writing Co D(m) = [] C(n) xs, D(m,n). 
n>0 


LEMMA The functor —oD has a right adjoint HomM(D, —), where HOM(D, €)(n) = 
[] hom(D(m, n), €(m))$"(hom = kCy, the internal hom functor in CG (cf. p. 1-33)), 


m>0 


so Nat(C oD, €) = Nat(C, HOM(D, &)). 


An operad O in CG is a monoid in the monoidal category [(isol)°?, CG]. Examples: 
(1) Let O, = * Vn; (2) Let O, = S;, Vn. 


The definition of an operad makes sense if CG is replaced by any symmetric monoidal category C 
which is complete and cocomplete. 

[Note: Agreeing to write OPERc for MON (liso POP cy: one can show that OPER c is complete 
and cocomplete and that the forgetful functor OPERc => [(isol)°?, C] has a left adjoint, the free operad 


functor (Getzler-Jones? ).] 


Equivalently, an operad O in CG consists of compactly generated spaces O,, equipped 
with a right action of S,, a point 1 € O, (the unit), and for each sequence j1,.-.., jn of 
nonnegative integers, a continuous function A : On x% (Oj, XK--: XK Oj,) 4 Oj ge-tin 


satisfying the following conditions. 


+ Operads, Homotopy Algebra, and Iterated Integrals for Double Loop Spaces, Preprint. 
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(OPER?) “Given-@ 2° Sn3.06 6 Se kh = Lawa),and_f € On, ge] Oj. 
one has A(f +0; 91,---59n) = A(f3 96-1(1) aie :9o-1(n)) -O(51,---sJn) (O(1,--- Jn) the 
permutation in S;,4...4;, that permutes the n blocks of 7, successive integers per o, the 
order within each block staying fixed) and A(f;91-01,---,9n-On) = A(f391,---59n) (i U 
---Ilo,) (0, U--- Uo, the permutation in S;,4...4;, that leaves the n blocks invariant 
and which restricts to a, on the k*® block). 

(OPER:) Given f € On, gn € O;, (K = 1,...,n), ha € O 
one has A(f;A(gx; hat)) = ACACLS gie)s hx): 

(OPER3) Given f € O,, one has A(f;1,...,1) = f and given g € O,, one has 
AQ; 9) = 9. 

Example: BV‘ is an operad in CG. Thus with O,, = BV(R(q), n), write (Ri,..., Rn): 
o = (Rgq1),---, Rony) (6 € Sn), take for 1 € BV(R(q),1) the identity function, and let 
A: BV(R(q),n) Xp (BV(R(q), 91) Xk ++ X& BV(R(Q), je)) @ BV(R(Q), 91 +--+ + Jn) be 
defined on elements via composition 7; -[0,1]/2]]---[[ jn - [0,1]% — n- [0, 1]% — [0, 1]. 
[Note: con R4 is not an operad in CG.] 


ikl (J = ee Tie) 


EXAMPLE Let © be an operad in CG such that V n, On # 9. Definition: grdO is the op- 
erad in CG with grd,O = |nergrdO,| (cf. p. 14-17). To specify the right action of S,, note that 
there is a simplicial map siS, — nergrdS,, hence |nergrdOn| x Sn — |nergrdO,| x |nergrdS,| & 
|ner grd(On X Sp)| > |nergrdO,|. Next, O1 = |nergrdQ1|o, so the choice for 1 is clear. Finally, A is 
defined by |ner grdOn| Xz (|ner grdOj;,| Xp--- Xz |ner grdO;,,|) & |ner grd(On Xz (Oj, Xk °° Xk Ojn))| > 
|ner grd(Oj,4---+jn)|. Example: Let On = Sn V n—then grd,O & |nertranS;,| (cf. p. 0-45 ff.), ie., 
grd,,O & XSq. 


In terms of the A, a morphism O -> P of operads in CG is a sequence of S,,-equivariant 
O, Xk (Oe XE-°° XE O;,) =? 


continuous functions O, + P, such that the diagrams | 


PaeXe CP Xe-+ XE P;,) —2 
0; 


ate jn 


| commute and O; — P; sends 1 to 1. 


an 


Example: V q, the arrow BV? > BV%*" is a morphism of operads in CG. 


EXAMPLE If 0 is an operad in CG, then sin O is an operad in SISET. Its geometric realization 


|sin O| is an operad in CG and the arrow | sin O| > O is a morphism of operads in CG. 


An operad O in CG is said to be reduced if Oo = x. 
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PROPOSITION 35 Let O bea reduced operad in CG—then O extends to a creation 
operator TP > CG. 

[It suffices to define O on the order preserving injections (cf. p. 13-56) or still, 

for each n, on the n + 1 elementary order preserving injections 0; : n + n+1, where 

i aa? (j <%) 

paPrl Goo 

ments f > A(f; (1°, *,1"~*)).] 


(0 <i<n), the requisite arrows O,41 > O,, thus being the assign- 


Notation: CG, is the full subcategory of CG, whose objects are the (X,29) such 
that * + (X, 20) is a closed cofibration. 

[Note: The standard model category structure on CG, is that inherited from the 
standard model category structure on CG (cf. p. 12-3) and the cofibrant objects therein 
are the objects of CG,x.<.] 

Observation: For any creation operator C, C|?] is a functor CGy< > CGxe (cf. Propo- 
sition 27). 


PROPOSITION 36 Let © be a reduced operad in CG—then © determines a triple 
To = (To, m, €) in CGxe. 

[Take To = O[?] and for each X, define mx : O?[X] > O[X], ex : X > O[X] by the 
formulas mx [F,:|91; #1) ,22°-3 Onsen l= [AG O15 4 Ons 81-245 Al LF © Onyoe Oj, :& 
rp & XI* (1<k<n)), ex(x) = [1,2] (2 € X).] 

[Note: A morphism O — P of reduced operads in CG leads to a morphism To > Tp 
of triples in CGyx¢.| 


Examples: (1) With O, = * Vn, ToX = SP©X; (2) With O, = S, Vn, ToX = JX. 


FACT Let X bea pointed compactly generated simplicial space satisfying the cofibration condition 
such that Vn, Xp is in CG.<. Given a reduced operad O in CG, define a pointed compactly generated 
simplicial space O[X] by O[X]n = O[Xn]—then |O[X]| % O[|X|]. 


[Work with the arrow [[f,21,... ,2%],t] > [f,[z1,t],.-. ,[xx,t]], where f € Ox, 2} EC Xn (1 <j <k), 
te A” ] 
|O?[x]| —> O7]|X]] lex} , LOLI 
[Note: The diagrams Imx1{ [i = 18] | commute. Consequently, if 
ex 
OX] — Ox] ml“ olxl 


X is a simplicial To-algebra, then |X| is a To-algebra (by the composite O[|X|] > |O[LX]| > |X]).] 


Let O be a reduced operad in CG—then an O-space is an object (X, 29) in CG,,. and 


continuous functions 0, : On, x~ X" > X (n > 0) subject to the following assumptions. 


14-48 


(O-SP1) Given ao € Sy, f € On, and x, € X (k = 1,...,n), one has 0,(f - 
OM: o5 Fi) — Cadet eeH Ga): 

(O-SP2) Given f € On, gx € O;, (K=1,...,n), ee € X (= 1,..., 5x), one 
Has pani GMT Gian Gis fitout Se nro tag). = On Otol ids ots 
Dig, yet GOR AG Teac tae. | )s 

(O-SP3) 60(*) =o and (1,4) =axVreEXx. 

[Note: In practice, one sometimes encounters objects in CG, satisfying all the as- 
sumptions that define an O-space but, strictly speaking, are not O-spaces because they 
may not be in CG,,.. Up to homotopy equivalence, this is not a problem. Thus let 
X be an O-space in CG, and consider xX (cf. p. 3-33). Define Bn O04. k X” + X 


by ba diye) = rae er a yo te a 


O-space in CG,. and the retraction r : KAN Se morphism of O-spaces.| 


Examples: (1) If O,, = * V n, then the O-spaces are the abelian cofibered monoids in 
CG; (2) If O, = S, Vn, then the O-spaces are the cofibered monoids in CG. 

Example: V X in CGy,., 27X is a BV%-space. 

[Define 0, : BV(R(q),n) xp (QIX)” 4 OQIX by sending ((R1,..., Rn), fi,.--,fn) to 
that element of Q7X which at s is f,(t) if R;(t) = s lies in the interior of R; and is xo 


otherwise. | 


EXAMPLE Let S be the operad in CAT with S, = tranS;, V n—then in suggestive terminology, 
a permutative category C is an S-category, thus its classifying space BC is a BS-space. 


[Note: BS, = BtranS;, = |ner tranS,| = |bar(*;Sn; Sn)| = XSn.] 


O-SP is the category whose objects are the O-spaces and whose morphisms X — Y 
On XpX" — 


are the pointed continuous functions X — Y such that the diagrams | 
xX areas 
On Xk yin 
| commute. 
¥ 


Example: O-SP = CG,. if Oo = *, O1 = {1}, On = 9 (n> 1). 


EXAMPLE If X is an O-space, then so are OX and OX. Moreover, the inclusion OX — OX is 


a morphism of O-spaces, as is the CG fibration OX > X. 


PROPOSITION 37 Let O be a reduced operad in CG—then the categories O-SP 


and To-ALG are canonically isomorphic. 
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[There is a one-to-one correspondence between the O-space structures on X and 
the To-algebra structures on X, encapsulated in the commutativity of the diagrams 
On X~X” —— O,|X] —— O[X] 
|e for all n, i.e., the 6, combine to define an arrow @ : 
xX 
O[X] > X satisfying TA; and TAg (cf. p. 0-27 ff.) and vice versa). 

[Note: The endomorphism operad End X of X is defined by (End X),, = X*" (pointed 
exponential object in CG,), supplied with the evident operations. Taking adjoints, the 


On 


To-algebra structures on X correspond bijectively to morphisms of operads O + End X 
in CG.] 


Example: V X, O[X] is a To-algebra, hence is an O-space. 


EXAMPLE The functors U¢: CG, > CG,, 29: CG, — CG. both respect CGue and (12,02) 
is an adjoint pair, thus V X, there is an arrow of adjunction X > Q754X. As noted above, QYU49X is a 
BV4-space or still, isa Tpyq-algebra. The composite BV?|X] > BV@[O9=4X] > 09N4X is mq, the arrow 
of May. It is a morphism of Tpya-algebras. On the other hand, V X, there is an arrow of adjunction 
uI0IX + X, from which OYHINIX + OYX. Viewing the BV?%-space Q°X as a Tpya-algebra, its 
structural morphism BV2[Q¢X] > 07X is the composite BV2[Q2X] “Yormia1x = 04x. 


FACT Let X bea pointed compactly generated simplicial space satisfying the cofibration condition 
such that Vn, Xp is in CG.s¢—then the arrow |Q¢X| > 04|X| is a morphism of Tpy¢-algebras. 

[The structural morphism BV4[|[Q¢X|] > |Q¢X| is the composite BV9[|Q¢X|] > |BV4[Q¢7X]| > 
|Q7X| (cf. p. 14-48), thus one has to check that the diagram 


BV4[|Q2X |] ————___—__> BV 2[02| X |] 
[BV@[04X]] — [7x] ——> 04) x| 
commutes. ] 
FACT Let X bea pointed compactly generated simplicial space satisfying the cofibration condition 
IBV2[X]| —> Bv4|X]] 
such that Vn, Xp is in CG.4-—then the diagram mal | [ma commutes. 
Jarsax| —> Q@~4]X| 
Let O be a reduced operad in CG, F': CG, — CG,,. a right To-functor—then for 
any To-algebra X, bar(f’;To; X) is a simplicial object in CG,. (cf. p. 0-46) and one 
writes B(F;O;X) for its geometric realization (or just B(O; O;X) if F = To = O[?)). 
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PROPOSITION 38 Let O be a reduced operad in CG such that {1} + Oj is a closed 
cofibration. Suppose that F': CG,,. > CG,, is a right To-functor which preserves closed 
cofibrations—then V O-space X, bar(F’; To; X) satisfies the cofibration condition, hence 
B(F; 0; X) is in CGue. 

[On general grounds, O[?] preserves closed cofibrations (cf. p. 14-39). Moreover the 
assumption on the unit of O implies that ex : X — O[X] is a closed cofibration V X, so 
the conclusion follows from the definition of the s; and the fact that F’ preserves closed 


cofibrations. | 


EXAMPLE %is aright T,,,1-functor and preserves closed cofibrations. If G is a cofibered monoid 
in CG, then G acquires the structure of a T,,,,1-algebra via the composite BV![G] — JG > G. Thus it 
is meaningful to form bar(©; Tpy1; G). Since {1} + BV(R(1), 1) is a closed cofibration, bar(X=; T,y1; G) 
satisfies the cofibration condition (cf. Proposition 38) and its geometric realization B(X=;BV1;G) is the 
classifying space of G in the sense of May. It is true but not obvious that B(=;BV?!;G) and BG have the 


same weak homotopy type (Thomasont). 


EXAMPLE Suppose that X is a path connected BV2-space—then X has the weak homotopy type 
of a q-fold loop space. In fact, /4% is a right Tpyq-functor, as is 27D%, so one can form B(X4; BV2; X) 
and B(Q?h4; BV4; X), where now X is viewed as a Tpyq-algebra. Consider the following diagram 
in the category of Tpy¢-algebras: X «+ B(BV2;BV!;X) > B(QIN9; BVI; X) > 0OIB(NI; BV?; X). 
Owing to the generalities on p. 0-46 ff., the arrow X « B(BV2;BV%2;X) is a homotopy equivalence 
(cf. p. 14-12). Next, according to May’s approximation theorem, V n, mq : BV2[(BV2)"[X]] > 
0273N7(BV2)"[X] is a weak homotopy equivalence. Therefore, on account of Proposition 38, the ar- 
row B(BV!;BV?2;X) > B(OQIN4; BVI; X) is a weak homotopy equivalence (cf. p. 14-8). As for 
the arrow B(Q7h49; BV2; X) > 0O¢B(NI; BV; X), it too is a weak homotopy equivalence. Indeed, all 
data is path connected and bar(Q?h%; Taya; X) = O%bar(H4; Taya; X), thus |O%bar(22; Taya; X)| > 
Q4|bar(S4; Taya; X)| is a weak homotopy equivalence (cf. p. 14-11). 

[Note: The composite X > B(BV!; BV2; X) > B(QIE4: BVI; X) > NIB(H4; BV4; X) is the adjoint 
of 4X + B(X4;BV42; X) but it is not a morphism of Tpya-algebras and one cannot expect to always 
find a morphism X — 07Y of Tpye¢-algebras which is a weak homotopy equivalence. Take, e.g., g = 1 
and let X be a path connected cofibered monoid in CG (thought of as a T,,,1-algebra). Claim: The only 


morphism X — QY of T,,,1-algebras is the constant map X — j(yo). Proof: Inspect the commutative 


+ Duke Math. J. 46 (1979), 217-252; see also Fiedorowicz, Amer. J. Math. 106 (1984), 301-350. 
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BV(R(1),1) x, X — ~~ BV(R(1),1) x, OY 
diagram | | 
xX a 2 QY 


EXAMPLE Let O bea reduced operad in CG such that {1} —- O1 is a closed cofibration. Assume: 
Vn, On > * is an Sp-equivariant homotopy equivalence—then every O-space X has the homotopy type of 
an abelian cofibered monoid in CG. Indeed, X and B(O;O; X) have the same homotopy type. Moreover, 
Yn, the arrow O[O"[X]] >~ SP@O”[X] is a homotopy equivalence (cf. Proposition 28), so the arrow 
B(O;0;X) > B(SP™;O;X) is a homotopy equivalence (cf. Proposition 4 and Proposition 38). But 
B(SP©;O;X) is an abelian cofibered monoid in CG. 


Let O be a reduced operad in CG—then O is said to be an Eo operad if Vn, On 
is a contractible compactly generated Hausdorff space, the action of S,, is free, and the 
inclusion {1} — QO, is a closed cofibration. 

Example: BV® = colim BV is an E,, operad, the Boardman-Vogt operad. 

[In view of Proposition 31, the only thing that has to be checked is the cofibration 
condition on the unit. However, by definition, BV(R(oo),1) = colim BV(R(q), 1) and 
BV(R(q),1) > BV(R(q + 1), 1) is a closed cofibration. In addition, the diagonal embed- 
ding BV(R(q), 1) ~ BV(R(q), 1) x_ BV(R(q), 1) is a closed cofibration (BV(R(q), 1) is a 
polyhedron), thus the diagonal embedding BV(R(co), 1) — BV(R(co), 1) xp BV(R(co), 1) 
is a closed cofibration (cf. p. 14-4). Therefore the inclusion {1} — BV(R(oo),1) is a 
closed cofibration (cf. p. 3-15).] 


EXAMPLE Let On = Sn V n—then grdO is an Eoo operad (cf. p. 14-46), the permutation 
operad PER. 
[Note: In the notation of p. 14-49, PER = BS.] 


dimU <w 
dimV <w 
finite topology, let Z(U,V) be the set of linear isometries U > V. Endow Z(U,V) with 
the structure of a compactly generated Hausdorff space by relativising the compact open 


topology on C(U,V) and taking its “k-ification” . 


Given two real inner product spaces { with { , each equipped with the 


LEMMA Fix a real inner product space V with dimV = w—then V real inner 


product space U with dimU < w, Z(U,V) is contractible. 
[Let {u;}, {v;} be orthonormal bases for U,V and let ne Sy 
inclusions onto the first, second summands. Choose a homotopy F' through isometries 


be the 


between 21 and zz and choose a homotopy ® through isometries between idy and ¢: V > 
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V, where (vj) = vo;. Leth: V +>V @V be the isometry ee fi cae , fix fo € 
ga) AMS Us 

FO, Vi endasans 12 ILO TOY) by GE Hee. ce Pcie 

pete 1y then H(F0) = f, Hf 1/2) = bof = bt ohodof=h ojo f = 

h-1o(f @fo)oi1, and H(f,1) = h-1o0(f@ fo) cig =h-10(fo® fo)o%2, which is independent 


of f.] 


FACT Suppose that dimU < w and dimV = w—then Z(U,V) is a CW complex, hence the 
diagonal embedding Z(U, V) > Z(U, V) x4 Z(U, V) is a closed cofibration (and, by the lemma, a homotopy 


equivalence). 


LEMMA Fix a real inner product space V with dimV = w—then the diagonal 
embedding Z(V,V) > Z(V,V) x, Z(V,V) is a closed cofibration. 
[Write V = colim V,, where V n, dimV, = n and V, C Vry1 C V. Consider the 


commutative diagram 


L(V,, V) —————_—_—- TV, 41, V) 


| | 


L(Vn,V) Xz Z(Vn, V) —— L(Vn41, V) X~ Z(Vn41, V) 


Here, the horizontal arrows are CG fibrations and the vertical arrows are closed cofi- 
brations and homotopy equivalences. Since Z(V,V) = limZ(V,,V), the assertion is a 


consequence of the generality infra.] 


Application: The inclusion {idy } + Z(V,V) is a closed cofibration. 
ae —— aoe 


LEMMA Let | | be a commutative ladder of compactly generated spaces. 


Y «—- YN <— 
Assume: V n, the horizontal arrows are CG fibrations and the vertical arrows are closed cofibrations and 


homotopy equivalences—then the induced map lim X, — lim Yp, is a closed cofibration and a homotopy 


equivalence. 


Example: Let V be a real inner product space with dim V = w and write V” for the 
orthogonal direct sum of n copies of V—then the assignment n > L, = I(V", V) defines 
an E. operad L, the linear isometries operad. 

[The left action of S,, on V” by permutations induces a free right action of S, on Ly, 
the unit 1 € L, is the identity map V > V, and A: Ly x4 (Ly, Xk XR Lj) Lj tin 
sends (f391,---,9n) to fo(g1 ®---@ Gn).-] 
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EXAMPLE Take V = R®—then 2°E@©S° is an L-space. Indeed, NAPUS"? & colimN"S” = 
colim(S”)$”" and V m,n, there is a smash product pairing (S’)8” x, (S")S” — (S™#;,S")S" #8”, 
where S”#,S" = S™+t” (cf. p. 3-28).] 

[Note: Boardman-Vogtt have given a systematic procedure for generating various classes of examples 


of £-spaces. | 


LEMMA Let G bea finite group and let X be a right G-space. Assume: Each x € X 
has a neighborhood U with the property that U-gQU =@V g #4 e—then the projection 
X — X/G is a covering projection. 


Application: Let G be a finite group and let X be a right G-space. Assume: The 
action of G is free and X is Hausdorff—then the projection X — X/G is a covering 
projection. 

[Note: Subject to these conditions on X, given any other right G-space Y, the product 
X XY satisfies the hypotheses of the lemma, as does X x; Y, hence the projection X x Y > 
(X x Y)/G is a covering projection, as is X x, Y — (X xz Y)/G.] 


PROPOSITION 39 Let O — P be a morphism of E, operads—then V X, the 
induced map O[X] — P[X] is a weak homotopy equivalence. 


[Consider the commutative diagram 


On Xs, X" <— Onxg, XE — On_-i[X] 


i ' i 


Pn Xs, X" <— Pnxs, Xf — Pn-ilX] 


Arguing inductively, the arrow O,_1[X] > Pn_—i[X] is a weak homotopy equivalence. But 
the same is also true of the other two vertical arrows (compare the long exact sequences 
in homotopy of the relevant covering projections). Therefore, since the horizontal arrows 
on the left are closed cofibrations, it follows that O,[X] > P,[X] is a weak homotopy 
equivalence (cf. p. 4-51), thus O[X] > P[X] is a weak homotopy equivalence (cf. p. 
4—48).] 


/ 


be Ex operads—then their product O/ x O” is an E,, operad and 


O'LX] oO! 
oO" [X] oO” 


Example: Let { = 


VY X, the arrows (O’ x O”)[X] > { induced by the projections O! x O” — { 


are weak homotopy equivalences. 


+ SLN 347 (1973), 207-217; see also May, SLN 577 (1977), 9-24. 
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Example: Let O be an Ex operad—then | sin O| is an E,, operad (cf. p. 14-47) and 
V X, the arrow |sin O|[X]— O[X] is a weak homotopy equivalence. 


[Note: Viewed as a creation operator, O need not be universal (but | sin O| is).] 


FACT Let { be creation operators, where V n, { is a compactly generated Hausdorff space 
and the action of Sp is free. Suppose given an arrow ¢: C aD such that Vn, dn : Cn > Dn is a weak 
homotopy equivalence—then V X, ¢ induces a weak homotopy equivalence C[X] > D[X]. 

[Note: By the same token, if f : X — Y is a weak homotopy equivalence, then Cf : CLX] > C[Y] 


is a weak homotopy equivalence provided that Vn, Cn is a compactly generated Hausdorff space and the 


action of S, is free.] 


PROPOSITION 40 Let O be an E,. operad—then every O-space X is a homotopy 
associative, homotopy commutative H space. 

[To define the product, fix f2 € Oz and consider 42(f2,—) : X? + X (up to homotopy, 
the product is independent of the choice of fz € O2).] 

[Note: If X > Y isa morphism of O-spaces, then X — Y is a morphism of H spaces.] 


EXAMPLE Let O = PER ®& BS and take fe = e € Sg C XSg—then with this choice for the 


product, every O-space is a homotopy commutative cofibered monoid in CG. 


Working in the compactly generated category, let X be a homotopy associative, ho- 
motopy commutative H space—then a group completion of X is a morphism X — Y of H 
spaces, where Y is homotopy associative and 79(Y) is a group, such that m(X) & 70(Y) 
and H,(X;k)[mo(X)~'] ~ H.(Y;k) for every commutative ring k with unit. 

Example: Let G be a cofibered monoid in CG. Assume: G is homotopy commutative— 
then according to Proposition 16 and the group completion theorem, the arrow G > QBG 


is a group completion. 


EXAMPLE Take X = Q (discrete topology), Y = Q (usual topology)—then the identity map 


X — Y is a group completion but it is not a homotopy equivalence. 
xX 
[Note: Suppose that X — Y is a group completion, where are pointed compactly generated 
Y 
CW spaces—then X — Y is a weak homotopy equivalence if 7o9(X) is a group. Proof: One has mo(X) & 
X > Xo x m0(X) Xo 
, where 
Yo Yo x 70 (Y) Yo 
component of the identity element, thus the assertion follows from Dror’s Whitehead theorem. ] 


To(X) & mo({Y) and there are homotopy equivalences { is the path 
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EXAMPLE Given a permutative category C, let C+ be the simplicial object in CAT defined by 
n+2 
ct = I] C, where 
1 


(Xo @X1, Xp @ X1,X2,...,Xn) (i = 0) 
di (Xo; X65 his8 ss An) = (Xo; XG) Mistet 4 Ae @ Appi, Aw) (Q<i<n), 
(Xpy Agi tes ,Xn—1) (i= n) 


8i(Xo0,X4,X1,.-. Xn) = (Xo, XG, X1,-.. Xi,€, Xi41,--- ,Xn)—then there is a functor C + gro,opCt 


and Thomason? has shown that the arrow BC > B(gro, op C+) is a group completion. 


EXAMPLE Let X be a monoidal compactly generated simplicial space. Assume: X satisfies the 
cofibration condition and X, is homotopy commutative—then the arrow X1 > Q|X| is a group completion 


(Quillen). 


LEMMA Let X be a homotopy associative, homotopy commutative H space. Sup- 
pose that X — Y is a morphism of H spaces, where Y is homotopy associative and 79(Y) 
is a group, such that m(X) % mo(Y) and H,(X;k)[mo(X)7!] © H.(Y;k) for all prime 
fields k—then the arrow X — Y is a group completion. 


SUBLEMMA Let 7 be pointed CW complexes, f : K — LE a pointed continuous function. 
Assume: f is a pointed homology equivalence—then Xf : UK — UL is a pointed homotopy equivalence. 

[Given (X, x0) in CW.x, let X;,, X; (4 € I) be its set of path components, where ro € Xj). Choose 
a vertex x; in each X;—then up to pointed homotopy, XX = V UX; V Uno (X).] 


a 


xXx 
LEMMA Let { , Z be A-separated pointed CW spaces in CG.ue, f : X — Y a pointed 
Y 


homology equivalence. Suppose that Z is a homotopy associative H space such that 70(Z) is a group— 
then the precomposition arrow f* : [Y,Z] > [X, Z] is bijective. 
[Take Z path connected and fix a retraction JZ > Z. Since [SY,UZ] x [DX,UZ], the arrow 


[Y,QUZ] > [X,QZ] is bijective, so the assertion is true for JZ (cf. Proposition 19). Now use the 
[Y, JZ] —  [X,JZ] 


commutative diagram | | to see that the assertion is true for Z.] 


[eZ] ty. [AS 4] 
[Note: To define a retraction JZ —+ Z, make a choice for associating iterated products. Continuity 


is ensured if the homotopy unit is a strict unit, which can always be arranged (since ZV Z + Z X,%Z isa 


closed cofibration (cf. p. 3-27)).] 


+ Math. Proc. Cambridge Philos. Soc. 85 (1979), 91-109. 
= Memoirs Amer. Math. Soc. 529 (1994), 89-105. 
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Y; 
FACT Let X, { » he A-separated pointed CW spaces in CG.sc. Assume: m9(X) = Zo and 
Yo = 


xX > Y, 
{ are group completions—then J a pointed homotopy equivalence Yi —> Yo. 
X-> Yo 


MAY’S GROUP COMPLETION THEOREM Let (X, 2%) be a wellpointed compactly 
generated space with {279} C X closed. Assume: X is A-separated—then m. : BV®|X] > 
O° X is a group completion. 


[Note: When specialized to a path connected X, one recovers Proposition 33.] 


Homological calculations of this sort have their origins in the work of Dyer-Lashof". 
Details are in May?. 

Example: X A-cofibered > Q° X°°X A-cofibered (cf. p. 14-44). And: Q° XX is a 
BV®-space. The composite BV [X] > BV? [Q%° EX] 4 OPUS X is moo, the arrow of 
May. It is a morphism of Tpy~-algebras. 


PROPOSITION 41 Let O be an E, operad—then there is a functor G : O-SP > 
CG,,.. and a natural transformation id + G such that for every O-space X, the arrow 
X — GX is a group completion. 

[The product O x PER is an E,, operad and X is an O x PER-space (through the 
projection O x PER — QO). Consider the arrows X «+ B(O x PER;O x PER; X) > 
B(PER; O x PER; X) in the category of Toxppr-algebras. The generalities on p. 0-46 
ff. imply that the arrow X <— B(O x PER; O x PER; X) is a homotopy equivalence (cf. 
p. 14-12) and Propositions 38 and 39 imply that the arrow B(O x PER; O x PER; X) > 
B(PER;O x PER; X) is a weak homotopy equivalence (cf. p. 14-8). Since B(PER;O x 
PER; X) is a PER-space, it is a homotopy commutative cofibered monoid in CG (cf. 
p. 14-54). Put GX = QBB(PER;O x PER; X) and let X — GX be the composite 
X — B(O x PER; O x PER; X) > B(PER;O x PER; X) > GX.] 


FACT Let O be an Eq operad. Suppose that A — X is a closed cofibration, where A,X are 
A-separated O-spaces—then GA — GX is a closed cofibration. 

[The arrow B(PER;O x PER; A) > B(PER;O x PER; X) is a closed cofibration (cf. p. 14-5 & p. 
14-39). ] 


+ Amer. J. Math. 84 (1962), 35-88. 


= SLN 533 (1976), 39-59. 
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PROPOSITION 42 Let O bean E. operad such that Vn, O, isan S,-CW complex— 
then V A-cofibered X, O[X] is A-cofibered. 

[By induction, V n, O,,[X] is A-cofibered (cf. p. 3-16). Therefore OLX] = colim O,,[.X] 
is A-cofibered (cf. p. 14-4).] 

[Note: If O is an E,, operad, then | sin O| is an E,, operad such that V n, | sin O,| is 
an S,-CW complex.| 


Given an E,, operad O, put O° = O x BV™—then every O-space X is an O%- 
space. On the other hand, |sin X| is a |sinO|-space, hence is a |sinO™|-space. The 
arrows |sin O° [|sin_X|] > | sin BV] [| sin_X|], | sin BV°| [| sin _X|] — BV°|| sin _X|] are 
weak homotopy equivalences (cf. Proposition 39), thus the composite | sin O*| [| sin _X|] > 
Q°x| sin X| is a group completion. 

[Note: The diagram 


| sin X] ——+ B(|sin O°]; | sin O°°|; | sin X]) 


| | 


X ——————> B(O™; 0; X) 


commutes. Here, the horizontal arrows are homotopy equivalences and the vertical arrows 


are weak homotopy equivalences. | 


PROPOSITION 43 Let O be an E, operad. Suppose that X is an O-space—then 
the arrow B(|sinO™|; | sinO%|; | sin X|) > B(Q°Eh; | sin O°]; | sin_X|) is a morphism of 
| sin O° |-spaces (cf. p. 14-48) and a group completion. 


[Consider the commutative diagram 


| sin _X | <——— B(| sin O° |; | sin O° |; | sin X]) ——> B(Q°U; | sin O°]; | sin _X]) 


| 


G| sin X| —— B(G|sin O°]; | sin O°]; | sin X]) —— B(GO°EX™; | sin O° |; | sin _X]) 


The arrow |sinX| < B(|sinO™|;|sinO%|;|sin X|) is a homotopy equivalence, as is 
the arrow G|sinX| <— B(G|sinO%™|;|sinO™|;|sin X|). But |sinX| — G|sin X| is a 
group completion, so B(|sinO°|;|sinO%|;|sinX|) > B(G|sinO™|; | sin O°; | sin-X|) 
is a group completion. Since Q°° preserves closed cofibrations between A-cofibered 
objects (cf. p. 14-44), Proposition 42 implies that bar(Q?°X°°; Ty gin oc); | sin X|) satis- 
fies the cofibration condition (see the proof of Proposition 38). Analogous remarks ap- 
ply to bar(GQ°E°°; Ty gin ov]; | Sin X|) and bar(G| sin O%|; T) gin oe); | Sin X|). Therefore 
the arrows B(Q°L™; | sinO™|; | sin. X]) > B(GO*U™; | sinO~|; | sin-X|), B(G| sinO™|; 
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| sin O°°|;| sin X|) > B(GQ*?=™; | sin O°]; | sin X|) induce isomorphisms in homology V k 


(cf. Proposition 10) and the assertion follows.| 
Maintaining the preceding assumptions, put OY = O x BV%. 


LEMMA Let © be an E, operad. Suppose that X is a A-separated O-space— 
then the arrow B(Q°h;|sinO*|;|sin.X|) > B(Q°U®; O°; X) is a weak homotopy 
equivalence. 

[Since BOL; |sinO|;|sinX]) & colim B(OQIE; | sin O4; | sin X]), B(Q°U%; 
O%;X) & colim B(QIN4; OF; X), where B(Q7E%;| sin O4;|sinX|) > B(Qet!rs+}; 
| sin O9t"|; | sin X|), B(Q7H4; OF; X) 4 B(QIt1 Na+! OF. X) are closed embeddings, it 
will be enough to show that V q, the arrow B(Q?7E4; | sin O4|; | sin X|) > B(QIN4; OF; X) 
is a weak homotopy equivalence (cf. p. 4-48). However, bearing in mind Proposition 
38, Vn, |sinO2|"|| sin X|] > (O7)"[X] is a weak homotopy equivalence (cf. p. 14-54), 
hence V n, Q9N4| sin O2|"|| sin X|] > Q9U9(O02)"|X] is a weak homotopy equivalence (cf. 
p. 14-34 ff.), so the generality on p. 14-8 is applicable.] 

[Note: While B(Q°h™; | sinO|; | sin X]) is in CG,., this is not a priori the case of 
B(Q’U*: O°: X) (both spaces are, of course, A-separated). Still, B(Q°U~; O~%; X) is 
an O°-space in CG, (see the remarks on p. 14~48).] 


PROPOSITION 44 Let O be an E, operad. Suppose that X is a A-separated O- 
space—then the arrow B(O™; O™; X) > B(Q’U™~; O°; X) is a morphism of O°°-spaces 
(cf. p. 14-48) and a group completion. 


[In the commutative diagram 


B(|sin O%|; | sin O°]; | sin X|) ——> BQH; | sin O°]; | sin X]) 


B(O™; O°; X) ————— Bras; O°; X) 


the vertical arrows are weak homotopy equivalences and, by Proposition 43, the top hori- 
zontal arrow is a group completion. | 
[Note: When X is path connected, the arrow B(O™;O™; X) > B(Q*E*; O%; X) 


is a weak homotopy equivalence (cf. Proposition 33).] 


A spectrum X is a sequence of pointed A-separated compactly generated spaces X, 


and pointed homeomorphisms Xg mess QX 41. SPEC is the category whose objects are the 
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spectra and whose morphisms f : X — Y are sequences of pointed continuous functions 


Ke - ye 


fq: Xq > Yq such that the diagram — | | commutes V q. 
QXe41 — OY g41 
Ofq+1 

[Note: The indexing begins at 0.] 

There is a functor US : SPEC — A-CG, that sends X = {X,} to Xo. It has a left 
adjoint Q* : A-CG, — SPEC defined by (Q* X), = Q°U’CUEX. 

[Note: The repetition principle implies that NQ°UCUIATX x QQ°UNCUUIX & 
Oe eee xX. 

An infinite loop space is a pointed A-separated compactly generated space in the 
image of U™. Example: VX, Q°°°X is an infinite loop space. Every infinite loop space 
is a BV™-space (in the extended sense of the word (cf. p. 14-48)). 


EXAMPLE If X = {Xj} is a spectrum such that Xo is wellpointed, then V q, there is an arrow 
QNIINIX, + OFX, from which an arrow NY UY Xo + Xo. Viewing the BV™-space Xo as a Tpyoo- 


algebra, its structural morphism BV™[Xo] > Xo is the composite BV™[Xo] TH NOHO Ky > Xp. 


A spectrum X is said to be connective if X; is path connected and X, is (q — 1)- 
connected (q > 1). 

Example: Given an E,, operad O and a A-separated O-space X, the assignment 
q > B,X =colimQ"B(X"t4; O"F4; X) specifies a connective spectrum BX. 

[To check that B,X is A-separated, it need only be shown that the arrow 0” B(Uu"T?; 
Orta; X) = Ort B(yint1 +4, Or+1+4; X) is a closed embedding (cf. p. 1-36). To see this, 
note that ©B(="+9; OP +9; X) ~ Bit +9; Or+4; X) (cf. p. 14-11) and B(X"*1+9; On+9; 
X) > B(="t!*4; Ort! +4; X) is a closed embedding (in fact, a closed cofibration). There- 
fore B(="*4; O" +4; X) = QB(Uurt +4, Ort1+4; X) is a closed embedding. And: Q” pre- 


serves closed embeddings. | 


[Note: That BX is connective is implied by the generalities on p. 14—11.] 

Remark: The arrow colim B(Q?N4; O42; X) > colim 0Q2B(X4; OF; X) is a morphism of 
A-separated O°°-spaces (cf. p. 14-49 ff.) and a weak homotopy equivalence. 

[In fact, bar(Q9h2; Toa; X) = O%bar(H4; Toa; X), so [Q%bar(H2; Toa; X)| 
Q4|bar(%4; Toa; X)| is a weak homotopy equivalence (cf. p. 14-11).] 


PROPOSITION 45 Let O be an EX operad. Suppose that X is a A-separated O- 
space—then the composite X + B(O™;O™; X) > B(Q’ U°; OM; X) > BoX is a group 


completion. 
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[Taking into account Proposition 44, this follows from what has been said above.] 
[Note: It is not claimed that BoX is wellpointed.| 


Therefore every A-separated O-space X group completes to an infinite loop space. 

[Note: Consequently, if X is path connected, then X has the weak homotopy type of 
an infinite loop space.] 

Remark: Proposition 45 is true for any A-separated O°°-space (same argument). 


[Note: Observe that every BV°-space is an O°-space.| 


EXAMPLE Specializing to O = PER, one sees that the classifying space BC of a permutative 


category C group completes to an infinite loop space. 


PROPOSITION 46 Let O be an E operad. Suppose that X = {Xj} is a spectrum 

such that Xo is wellpointed—then there is a morphism b : BX9 — X in SPEC such that 
B(O™: O°: Xo) > BUOY EO: Xa) 
the diagram | | commutes. 
Xo SS BoXo 

[Proceeding formally, use the arrow B(X"*4; OPT9; OTIX, 14) + Xn4q to define 
bg : ByX0 > Xq.] 

[Note: It is a corollary that the composite Xo > BoXo al Xo is the identity. Another 


corollary is that bo is a weak homotopy equivalence provided that Xo is path connected.| 


PROPOSITION 47 Let O be an Ej operad—then V A-cofibered X in CG,, there is 
a morphism f : BO™|X] > Q°.X of spectra such that V q, fg : BgO™ |X] 4 ASUS UIX 
is a pointed homotopy equivalence. 

[The arrow B(U"*42; O"F4; OV F4X]) > U"tIX is a pointed homotopy equivalence 
(cf. p. 0-46 ff.). Apply Q” and let n — oo. In this connection, the assumption that X 
is A-cofibered guarantees that QPU"t7X 3 041 "+144 is a closed cofibration (cf. p. 


14-44), so Proposition 15 in §3 is applicable.] 


[Note: Working through the definitions, one finds that f is equal to the composite 
BO”[X] + BBV™[X] 3 BO©re7x 2Q°x] 


EXAMPLE Take O = PER & BS and let X = S°—then O[S°] & |Mx| = |] BSn and 
n>0 
the projection O©[S°] — O[S°] is a weak homotopy equivalence. On the other hand, the composite 


O~[S°] = ByO™[S®] = N&EU~S? is a group completion (cf. Propositions 45 and 47), as is the arrow 
|Moo| > QB|Mq|. Therefore N° E~YS° and OB|M| have the same pointed homotopy type (cf. p. 14- 


56). The homotopy groups 73 of N° 5°S° are the stable homotopy groups of spheres. Since NB|Moo| & 
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Z x BSE, it follows that 78 & m.(BSL). Example: a§ & m(BS%) = Soo/Awo & Z/2Z. There 
is also a connection with algebraic K-theory. Thus Soo C GL(Z), Ao C E(Z), so there is an arrow 
BSx, ~ BGL(Z)+. The associated homomorphism r§ + Kny(Z) (= tm(BGL(Z)t+)) can be bijective 
(e.g., if n = 1) but in general is neither injective nor surjective (see Mitchell? for a discussion and more 


information). 


[Note: Let C = Mq = isol—then another model for N° H&S? is B(gro, op Ct) (cf. p. 14-55).] 


EXAMPLE Given a discrete group G, form So f G (cf. p. 14-19)—then a model for the plus 
construction on BS oo f G is the path component of N° U° BG containing the constant loop. E.g.: When 
G = «, APS BE, is NCES? and when G = Z/2Z, APU BE, is NSUCP”(R)4. 


II is the category whose objects are the finite sets n = {0,1,...,n} (mn > 0) with base 
point 0 and whose morphisms are the base point preserving maps y : m — n such that 
#(y~'(7)) <1 A <j <n). So: Tin is a subcategory of II and II is a subcategory of I. 

[Note: Let (X,29) be a wellpointed compactly generated space with {ro} C X 
closed—then the formulas that define pow X as a functor [;, + CG, serve to define 
pow X as a functor II > CG,.| 

A category of operators is a compactly generated category C such that Ob C —> 
Mor C is a closed cofibration, where Ob C = ObT (discrete topology), subject to the 
requirement that C contains II and admits an augmentation ¢ : C > I which restricts to 
the inclusion II > I’. One writes C(m,n) for the set of morphisms m > n. Example: [ 
is a category of operators, as is II. 

Every category of operators is a CG-category. 

[Note: A morphism of categories of operators is a continuous functor F : C + D such 

aoe 


that Fn =n for alln and C—“~—+D commutes. | 


II 


FACT Let C be a category of operators. Suppose that X is a right C-object and Y is a left 
C-object—then bar(X;C; Y) satisfies the cofibration condition. 


A cofibered operad in CG is a reduced operad O in CG for which the inclusion 
{1} — Oj is a closed cofibration. Example: Every E. operad is a cofibered operad in 
CG. 


+ In: Algebraic Topology and its Applications, G. Carlsson et al. (ed.), Springer Verlag (1994), 163-240 
(cf. 182-183). 
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Notation: Given morphisms y:m —>n,d:n— pinT, let o;%(6,7) be the permutation 
on #((d07)~!(k)) letters which converts the natural ordering of (S07)~1(k) to the ordering 


associated with (J) y~'(j) (all elements of y~'(j) precede all elements of y~1(j’) if 7 < J’ 
o(j)=k 
and each y~'(j) has its natural ordering). 


PROPOSITION 48 Let O be a cofibered operad in CG—then O determines a cate- 
gory of operators O: 
[Put O(m, n) = JJ [I O44 'G))) (cf p. 14-45). Here composition O(m, n) 


ym—n 1<j<n 

x O(n, p) > O(m, p) is the rule (53 91,..- 9p) 0 (9; fis» fn) = (607; hay --- Rp)s Be 

being A(gg; f;(0(7) = &)) - on (0,7), and (idn;1,...,1) is the identity element in O(n, n). 

The augmentation e€ : O Tis obvious, viz. €(7; f1,---, fn) = y. To define the inclusion 
a f;=1 Q€imy) 

II > O, send y:m — n to (7; fi,.--, fn), where a (Gein) | 

Examples: (1) Let O, = * V n—then O=T; (2) Let Op = *, O1 = {1}, O, = 0 
(n > 1)—then O =I. 

A Ifspace is a functor X : If > CG, and a I-map is a natural transformation 
f:X7Y. 

Given n > 1, there are projections 7 :n > 1 (i = 1,...,n), where 7;(j) = 
‘i ee A ILspace X is said to be special if Xp = x and V n > 1, the arrow 
Xn > X1 Xk-+* XR Xi determined by the 7; is a weak homotopy equivalence. 

Given an injection y :m — n, let S, be the subgroup of S,, consisting of those o such 
that o(imy) =imy. A IF-space X is said to be proper if Xy9 = * and Vy:m—ninTin, 
Xy: Xm > Xy is a closed S,-cofibration (cf. infra). In particular: « + X,, is a closed 
S,,-cofibration, so Vn, X,, is in CGy¢. 

[Note: Associated with each o € S, is a permutation o € S,, such that coy = yoo 
and the assignment o — ¢o is a homomorphism S, — S,,. Thus X, and X,, are left 
S,-spaces and X7: Xm, — X,, is equivariant. | 

Example: V X in CG,., pow X is a proper special II-space. 


Let G be a finite group. Let A and X be left G-spaces—then an equivariant continuous function 


i: A — X is said to be a G-cofibration if it has the following property: Given any left G-space Y and 


F:x ~+Y 
any pair (F,h) of equivariant continuous functions x such that Foi = ho ig, there is an 
h:IA7>Y 


equivariant continuous function H: IX > Y such that F = H oig and Holi=h. 


[Note: Every G-cofibration is an embedding and the induced map G\A > G\X is a cofibration.] 
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The theory set forth in §3 has an equivariant analog (Boardman-Vogt'). For example, Proposition 
1 in 83 becomes: Let A be an invariant subspace of X—then the inclusion A > X is a G-cofibration iff 
ioX UIA is an equivariant retract of IX. The notion of an equivariant Strgm structure on (X, A) is clear 
and there is a G-cofibration characterization theorem. 


[Note: A G-cofibration is thus a cofibration.] 


EXAMPLE Suppose that (X,xo0) is in CG.-—then the inclusion X? — X” is a closed Sp- 


cofibration. 


LEMMA Let A be an invariant subspace of the left G-space X. Suppose that A = A; U---UAn, 


where each A; is closed in X, and suppose that G operates on {1,... ,n} in such a way that g- A; = Ag.;. 
Put Ag = () A; (SC {1,... ,n})—then A > X is a closed G-cofibration if VS #0, Ag > X is a closed 
ieS 


Gg-cofibration, Gg C G the stabilizer of S. 


[Note: Take for G the trivial group to recover Proposition 8 in §3 (with 2 replaced by n).] 


EXAMPLE Let X bea proper I-space. Put sXn-1 = so Xn—-1U---Usn—1Xn-1, where s; = Xo; 


j p<a 
and o;(j) = : G <? (0 <i < _n)—then the inclusion sXpj_1 + Xn is a closed S,-cofibration. 
j+1 (G>%) 


Notation: ps H-SP is the category of proper special II-spaces. 


PROPOSITION 49 Let L be the functor from psII-SP to CG,, that sends X to 
X, and let R be the functor from CG,. to psII-SP that sends X to pow X—then (L, R) 
is an adjoint pair. 

[Note: The arrow of adjunction LRX — X is the identity and the arrow of adjunction 
X — RLX has for its components the map induced by the 7;.] 


Let C be a category of operators—then a C-space is a continuous functor X :C > 


CG,, and a C-map is a natural transformation f: X > Y. 


Continuity in this context means that Vm,n, the arrow C(m,n) x, Xm — Xn is continuous. To 


clarify the matter, let E = xX™ (exponential object in CG), Ey = xXm (pointed exponential object 


C(m,n) —— E, 


in CG.,,)—then there is a commutative triangle | , where Ey — E is a CG-embedding. 
E 


+ SLN 347 (1973), 231-239. 
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Thus the arrow C(m,n) > E, is continuous iff the arrow C(m,n) > E is continuous or still, iff the arrow 


C(m,n) Xp Xm > Xn is continuous. 


A C-space is said to be special or proper if its restriction to II is special or proper. 


Example: A [-space is an O-space, where O, = * V n. Every abelian monoid G in 


CG gives rise to a special [-space (cf. p. 13-56), the I-nerve of G : T-nerG (which is 
proper if G is cofibered). 


LEMMA Let O be a cofibered operad in CG—then an O-space with underlying 
space pow X determines and is determined by an O-space structure on X. 

[To specify an O-space structure on X is to specify a morphism O — End X of 
operads in CG (cf. p. 14-49), from which an O-space O23 CG, with underlying space 
pow X. Conversely, let 7, : n > 1 be the arrow j > 1 (1 < j < n) and view O, as the 
component of 7, in O(n, 1). Per an O-space with underlying space pow X, restriction of 
O(n, 1) > X*" to O,, defines a morphism O — End X of operads in CG_] 


Let O be a cofibered operad in CG—then by restriction, = n) defines a functor 
WW? + CG Vn> 0. Given a IE-space X, put O,[X] = O(—,n) @q X (so Op[X] = Xo) 
and call OLX] the I-space which takes n to O,[X]. Composition in © leads to maps 
O(m, n) x Om [X] > On[X] or still, to an arrow mx : O2[X] > OLX], while the identities 
in O induce an arrow ex : X > OLX ]. Both arrows are natural in X and with T5 = O[?], 
it is seen that Ts = (te m, €) is a triple in [I], CG, ]. 

Notation: Let E(m,n) be the set of base point preserving maps « : m — n such 
that «—1(0) = {0} andi < # => e(2) < «(#’). Put S, = S., x--- x S., C Sm, where 
6 = HG). 

[Note: Let o € S,,—then €o0 € E(m,n) iff o € S,.] 


PROPOSITION 50 Suppose that X is a proper I-space. Denote by Om nl X] the 
image of [| O(m’, n) X~% Xm’ in O,,[X]—then Ona X| is a closed subspace of On 
m'<m 


and O,[X] = colim OnnlX |. In addition, the commutative diagram 


ial Oz; XS. 8Xm-1 a Oren pd 
c€€(m,n) 1<j<n | | 


I] Oz; XS. XG —— _—_*« Onn 
e€E(m,n) 1<j<n 


is a pushout square and the arrow On LX |7- Onl X ] is a closed cofibration. 
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[Note: For the definition of “s”, see p. 14-63.] 


Remark: X,, A-separated Vn + O,, A-separated V n => O, [X] A-separated V n (cf. 
p. 14-39). 


FACT If X is a proper II-space, then OLX] is a proper I-space and ex :X > OLX] is a levelwise 


closed cofibration. 


PROPOSITION 51 Fix an X in CG,,—then LO[RX] (= O,[pow X] (cf. Proposi- 
tion 49)) + O[X] and O[RX] © RO[X]. 


LEMMA Let © be a cofibered operad in CG. Assume: V n, Oy, is a compactly 
generated Hausdorff space and the action of S,, is free. Suppose given a II-map f : X > Y 
such that Vn, fn : Xn — Y;, is a weak homotopy equivalence—then V n, Onf : On [Xx] > 
on [Y] is a weak homotopy equivalence provided that X and Y are proper. 


[This is a variant on the argument used in the proof of Proposition 39.] 


PROPOSITION 52 Let © be a cofibered operad in CG. Assume: V n, O, is a 
compactly generated Hausdorff space and the action of S,, is free. Suppose that X is a 
proper special II-space—then OLX ] is a proper special II-space. 

[OLX] is necessarily proper (cf. supra). To check that OLX] is special, consider the 

O,[X] — O,[RLX] 
commutative diagram | | , bearing in mind the lemma and the 
(Oi[X]” —+ (O.[RLX])” 
fact that the arrow of adjunction X — RLX is a levelwise weak homotopy equivalence 
(Proposition 51 supplies an identification O;, [RLX] & (O1 [RLX])”).] 


Application: Let O be an E,, operad—then the triple Ts = (T5,m, e) in [II, CG, ] 
restricts to a triple in psH-SP and its associated category of algebras is canonically iso- 


morphic to the category ps O-SP of proper special O-spaces (cf. Proposition 37). 


Suppose that X is a simplicial I-space—then the realization |X| of X is the I-space 
defined by |X|(n) = |[m] > Xm(n)|. 

Example: If O is an E, operad and if X is a proper special O-space, then the 
realization B(O;: O: X) of bar(T3; Les X) is a proper special O-space. 


LEMMA Suppose that F : CG,. > V is aright To-functor—then F'oL :psTI-SP—> 
V is aright T o functor. 
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[The relevant natural transformation F oLoTs + Fo L is the composite F LO[X| > 
FLO[RLX] = FLRO|[LX] = FO[LX]| “53 FLX] 


Let O be an Ey operad, F : CGue 4 CGyxe a right To-functor—then for any Le 
algebra X, bar(F'o L; aie X) is a simplicial object in CG, and one writes B( Fo L; O: X) 
for its geometric realization. 


[Note: It is clear that there is a version of Proposition 38 applicable to this situation.] 


PROPOSITION 53 Let O be an E,, operad—then there is a functor U from ps O-SP 
to ps O-SP and a functor V from ps O-SP to O-SP plus O-maps X «+ UX > RVX 
natural in X such that X «+ UX is a levelwise homotopy equivalence and UX — RV X is 
a levelwise weak homotopy equivalence. 

[Put UX = B(O; O; X) and VX = B(TooL; O: X). So, in obvious notation, RV X = 
B(RoTooL;O; X) and the arrow UX —» RV X is defined in terms of the arrows O,|X] > 
(O|X,])", hence is a levelwise weak homotopy equivalence (see the proof of Proposition 
52).] 

[Note: Suppose that X is an O-space—then B(O; O: RX) = RB(O;O0;X) (=> LB(O; 
O; RX) = B(O;O; X)) and VRX = B(O;O;X) (cf. Proposition 51).] 


Remarks: (1) X A-separated > UX,V X A-separated; (2) X > UX is not an O-map 
(but it is a II-map). 


FACT Let O be an Eq operad, e : O + T the augmentation—then there are functors e* : 
ps[-SP — ps O-SP, €x : ps O-SP > psI-SP respecting the A-separation condition and an O-map 


UX — e*e,X natural in X which is a levelwise weak homotopy equivalence. 


Let O be an E,, operad—then there is a functor B from the category of A-separated 
O-spaces to the category of connective spectra (cf. p. 14-59) and this functor can be 
extended to the category of A-separated proper special O-spaces by writing ByX = 
colim 0" B(U"t4L; On+4, X). To see that this prescription really is an extension, consider 
any A-separated O-space X : B(U"*9L; On+4, RX) = B(U"*4; O"'r4; X) (cf. Proposition 
51) > BRX ~ BX. 


PROPOSITION 54 Let O be an Eq operad. Suppose that X is a A-separated proper 
special O-space—then the composite B(To~x o L; O~: X) > BQ’? U~L; Ox: X) > Box 
is a group completion. 


[Rework the discussion leading up to Proposition 45.] 
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Let O be a cofibered operad in CG—then an infinite loop space machine on O consists 
of a functor B from the category of A-separated proper special O-spaces to the category of 
connective spectra, a functor K from the category of A-separated proper special O-spaces 
to the category of homotopy associative, homotopy commutative H spaces, a natural trans- 
formation L + K such that VX, the arrow LX —+ KX is a weak homotopy equivalence, 
and a natural transformation K — Bo such that V X, KX — BoX is a group completion. 


PROPOSITION 55 Let O be an E, operad—then there exists an infinite loop space 
machine on 0, the May machine. 

[Take B as above and put KX = B(Tox~ o L; O~: X). The composite X — 
B(O™: O~: X) > RB(Tox o L; O~: X) is a levelwise weak homotopy equivalence, hence 
LX — KX is a weak homotopy equivalence. On the other hand, thanks to Proposition 
54, the composite KX > B(Q° UL; O~; X) — BoX is a group completion.| 


Let O be an E, operad—then, using the augmentation e€ : = T, a A-separated 
proper special I-space can be regarded as a A-separated proper special O-space. Therefore 
an infinite loop space machine on O defines an infinite loop space machine on [. However, 
there is another ostensibly very different method for generating connective spectra from 
A-separated proper special I’-spaces which is completely internal and makes no reference 
to operads. The question then arises: Are the spectra thereby produced in some sense the 
“same”? As we shall see, the answer is “yes” (cf. Proposition 62), a corollary being that 
infinite loop machines associated with distinct E. operads O and P attach the “same” 


spectra to a A-separated proper special I’-space. 


LEMMA AQ®? is isomorphic to the category whose objects are the ny (j < *,0 < 
j <n) and whose morphisms are the order preserving maps @ : m;, — ny, such that 
a(0) = 0 and a(x) = x. 


The composite [n] > ny > n,/0 ~ * =n defines a functor S[1]: AC’ > TL. 
[Note: To justify the notation, observe that the pointed simplicial set AON 28 Te 
SET, thus displayed is in fact a model for the simplicial circle (cf. p. 13-29).] 


EXAMPLE Suppose that a: [n] > [m] is a morphism in A. Put y = S[l]la (soy: m—7n 
is a morphism in ')—then 7 is given by y~!(j) = {i : a(j —1) < i < al(j)} A < gj <n), y71(0) = 
n 
m— |) y~*(j). Examples: (1) The oj : [n + 1] > [n] of p. 0-16 are sent by S[1] to the oj:n—4+n+1 
j=l 
of p. 14-47 (n > 0,0 <i <n); (2) The x; : [1] > [n] of p. 14-20 are sent by S[1] to the 7; : n > 1 of p. 
14-62 (n>1,1<i<n). 
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Notation: Call pow X the functor T°? + CG, corresponding to a cofibrant X in 
CG,, (standard model category structure). 


EXAMPLE let Y : I > CG be a functor—then V X, one can form bar(powX;T;Y) and 
denoting by B(X;T;Y) its geometric realization, there is a canonical arrow B(X;T;Y) — powX @p Y 
(cf. p. 14-16). Example: V n, (PY)n = B(n;T;Y), Y(n) & pown @p Y and the arrow of evaluation 


(PY)n > Y(n) is a homotopy equivalence. 


EXAMPLE Let ¢: ror — I be the functor which is the identity on objects and sends y:m—>n 
to Cy :n > m, where ¢7(j) = y71(j) if y~1(9) 4D, Cv) = 0 if y~1(3) = Othen for any X in CGxe, 
pow X o COP = pow X. The assignment n — hocolim pown defines a functor y° : TT +4 CG. And: 
hocolim pow X ~ pow X @p y~. 

[The left Kan extension of B(—\Tj,) along ¢ is y°, hence hocolim pow X = B(—\Fin) Sp. pow XS 
pow X Spor B(—\Tin) © Pow X 0 COP ®por B(—\Tin) ® pow X @p 7~.] 

[Note: Let X be a pointed connected CW complex or a pointed connected ANR—then the homotopy 
colimit theorem says that hocolim pow X and N° UX have the same homotopy type, thus by the above, 


pow X @p y~ and N° UX have the same homotopy type.] 
LEMMA Relative to S[1]°? : A > T°”, lan A’ ~ powS!. 


Let X : TI — CG be a functor—then the realization |X|p of X is by definition 
|X o S[1]|, the geometric realization of X o S[1]. And: |X o S[1]] = X o S[1] @,a A? & 
X @por lan A’? ~ X @por pow S' & powS' @p X. 

Example: Let G be an abelian cofibered monoid in CG—then (I-ner G) o S[1] = 
ner G = |[-ner G|p = BG. 


Given an abelian cofibered monoid G in CG, let SP™(?; G) be the functor CGue 4 CGe that sends 
X to pow X @p T-ner G—then SP™(X;G) is an abelian cofibered monoid in CG, the infinite symmetric 
product on (X,2x0) with coefficients in G. Example: Take G = Z>0o to see that SP°X & ft X” Xz, 
SP~n ® SP°(X;Z>so9) (the choice G = Z leads to the free abelian compactly generated group on 
(X, x0)). 


LEMMA V X,Y,SP°(X#z£Y;G) = SP@(X;SP™(Y;G)) Gsomorphism of abelian monoids in 
CG). 


EXAMPLE Let G be an abelian cofibered monoid in CG—then SP™(S°; G) } G, SP™®(S!;G) & 
BG, and in general, SP©(S"+!; G) = BO +DG, where B+) G = B(B™G). 
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[Representing S"+! as the smash product S”#;S!, the lemma implies that SP*~(S"t!:G) & 
SP©(S"; BG)).] 


Let X be a proper special I-space—then X o S[1] satisfies the cofibration condition. 
Moreover, if X o S[{1] is monoidal, then X, is a homotopy associative, homotopy commu- 
tative H space and the arrow X; > Q|X|p is a group completion (cf. p. 14-55). 

[Note: sin X is an object in TSISET, (cf. p. 13-56) and | sin X| is a proper special T- 


space. The simplicial space | sin X| 0 S[1] is monoidal and there is a commutative diagram 
|sinX;| —> Q||sin X||p 


| | . Since the vertical arrows are weak homotopy equivalences 


Xi —2 Q|X |p 
(Giever-Milnor (cf. p. 14-8 ff.)) and since the arrow |sin X;| > Q||sin X||p is a group 


completion, it follows that the arrow X; > Q|X|p is a weak group completion (Xj is 
not necessarily an H space) (but V k, mo(X1) is a central submonoid of H,.(X,;k) and 
H,(X1;k)[m0(X1)~*] © As (Q|X |p; k).] 


Remark: If C is a pointed category with finite products and if X is a special T-object in C (obvious 


definition), then X 1 is an abelian monoid object in C (cf. p. 14-21). 


FACT Let X be a proper special T-space. Assume: V n > 1, the arrow Xn > X1 Xz°°: XR X1 
determined by the z; is an S,-equivariant homotopy equivalence—then there exists an abelian cofibered 


monoid G in CG and a levelwise homotopy equivalence X — I-nerG. 


LEMMA Let X bea proper special I’-space—then X 1 path connected => |X |p simply 
connected and X; n-connected = |X |p (n + 1)-connected (cf. p. 14-11). 


Let 2 “3.0xTP be the functor defined by p > (n, p) on objects and y > (idn, y) on mor- 
phisms. Given a proper special I'-space X, call X,, the composite lf 3T xT Layee CG,, 
# being the smash product (cf. p. 14-28). So: X,(p) = Xn» and X,, is a proper special 
T-space. 

[Note: Suppose that y:m — n is a morphism in TI’. Set 7, = y#idp : mp > np— 
then the y, induce a l-map Xj, 4 Xp, thus X is a functor from I to psl-SP.] 

The classifying space of a proper special [-space X is the proper special I-space BX 
which takes n to B,X = |X,|p. In particular: ByX = |X|p is path connected, hence 
B,X > Q|BX |p is a weak homotopy equivalence. 


FACT Let G be an abelian cofibered monoid in CG—then the classifying space of the I-nerve of 
G is the [-nerve of BG. 
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Notation: Given a proper special I-space X, write BO). X = X, B+) X = B(BOX), 
and put SpX = Q|X|p, Sg41X = |B X |p (q > 0). 


EXAMPLE Let X be a proper special T-space—then V q > 0, SgX & powS! @p X. 


A prespectrum X is a sequence of pointed A-separated compactly generated spaces X q 
and pointed continuous functions Xq oe QX 941. PRESPEC is the category whose objects 
are the prespectra and whose morphisms f : X — Y are sequences of pointed continuous 

Ken 2s OY, 
functions fy : Xqg — Yq such that the diagram | | commutes V q. 
OXg¢1 => OY g41 
; OQfq+1 
Every spectrum is a prespectrum. 


[Note: The indexing begins at 0.] 


EXAMPLE Let O be an Ew operad. Suppose that X is a A-separated proper special O-space— 
then the assignment gq > B(X?L; O4: X) is a prespectrum. 


Remark: PRESPEC is complete and cocomplete (limits and colimits are calculated 


levelwise). 


PROPOSITION 56 Equip A- CG, with its singular structure—then PRESPEC is 
a model category if weak equivalences and fibrations are levelwise, a cofibration f: X > Y 


being a levelwise cofibration with the additional property that V q, the arrow P41 — Yq4i 
DN Seo YE, 
is a cofibration, where P41 is defined by the pushout square | | 
Xqti — > Poy 
[Note: In the presence of the condition on the Pj41 — Yq41, to describe the cofibra- 


tions in PRESPEC, it suffices to require that fo : Xo — Yo be a cofibration.| 


If C is a category and if F,G : C ~ PRESPEC are functors, then a natural transformation 
=: F > Gis a function that assigns to each X € Ob C an element Ex € Mor(FX,GX) natural in X. 
FX = {Fx,q} 


Ex = {Ex q}, the fact that 2y € Mor (FX, GX) is expressed by the 
GX = {Gx,q} 


Using the notation { 


EX,q 
Fx,q —={-7" Gx,q 
commutativity of oF.q| | 74.4 Vq. A pseudo natural transformation =: F > G is 
QFxX.¢t41 TO OG x, 941 
QF x,q+1 


a function that assigns to each X € Ob C a sequence of pointed continuous functions Ex 9 : Fx,q 4 Gx,q 


natural in X and a sequence of pointed homotopies Hx, between QE yx 441 °0Rr gq and og,,°=x,,q natural 


14-71 


in X (thus natural = pseudo natural (constant homotopies)). A pseudo natural homotopy between pseudo 


natural transformations =o, =; : F — G is a pseudo natural transformation YT : F#I4 — G such that 


To 10 = =o 
a _  _ , where (F#I4)(X) = FX#14 (= {Fx,q#I+}) (cf. p. 3-28). 
Ott S11 


[Note: A natural (pseudo natural) transformation = is called a natural (pseudo natural) weak equiv- 


alence if the Ex, are weak homotopy equivalences. ] 


EXAMPLE (Cylinder Construction) There is a functor M: PRESPEC > PRESPEC with 
the property that V X, the arrows (MX)q > Q(MX),q+41 are closed embeddings. And: 
(M1) danatural transformation r: M — id such that V X, rx,q: (MX)q > Xq is a pointed 
homotopy equivalence. 
(Mz) da pseudo natural transformation j : id + M such that V X, jx,q: Xq 7 (MX)q isa 


pointed homotopy equivalence. 


(M3) The composite ro 7 is idjyg and the composite j o r is pseudo naturally homotopic to 
id. 
Construct M by repeated use of pointed mapping cylinders (this forces the definitions of r and 7). 
g 


[Note: V X, the rule g > colimQ”(MX)n+q defines a spectrum, call it eMX.] 


FACT (Conversion Principle) Let C be a category and let F,G: C —~ PRESPEC be functors. 
Suppose given a pseudo natural transformation = : F — G—then there exists a natural transformation 


MFx “= max 


M=:MoF + MoG such that the diagram ‘al |r is pseudo naturally homotopy 


FX — GX 


commutative. 


A prespectrum X is said to be connective if X; is path connected and Xq is (q — 1)- 
connected (q > 1). 

Example: Given a A-separated proper special I-space X, the assignment q — S,X 
specifies a connective prespectrum SX. 

[The arrow SoX > 05,X is the identity map Q|X|p > Q|X|p. For gq > 0, the arrow 
SX + 08 941X is the weak group completion By(BY-)X) (= |BY-YVX |p) — QOIBOX|p 
of p. 14-69.] 

[Note: That SX is connective is implied by the generalities on p. 14—11.] 

A prespectrum X is said to be an (-prespectrum if V q, the arrow Xq FE OX jay is a 
weak homotopy equivalence. 

Example: Given a A-separated proper special I’-space X, the assignment q — S,X 


specifies an Q-prespectrum SX. 
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EXAMPLE (Algebraic K-Theory) Let A be aring with unit—then the prescription q > Ko(=7A) 
x BGL(=2A)t attaches to A an Q-prespectrum WA. Proof: 0Q(Ko(=9+1A) x BGL(=2ttA)t) & 
QBGL(=4+1A)+ (trivially) & Ko(Z1A) x BGL(Z4A)+ (cf. p. 5-75 ff.). 

[Note: As it stands, a morphism A’ > A” of rings does not induce a morphism WA’ > WA” of 


Q-prespectra (the relevant diagrams are only pointed homotopy commutative).] 


xX : : 
PROPOSITION 57 Let Y be connective (2-prespectra—then a morphism f: X > 


Y is a weak equivalence provided that fo : Xo — Yo is a weak homotopy equivalence. 


LEMMA Let - be homotopy associative H spaces such that mo(X) 
Y TO (Y) 


under the induced product; let f : X — Y be a pointed continuous function such that 


is a group 


To(f) : mo(X) — mo(Y) is bijective—then f is a weak homotopy equivalence if f is a 
homology equivalence. 
| sin X | puke | sin Y | 
[Consider the commutative diagram | i} . Since the hypotheses on 


xX — y 
| sin X’| 
| sin Y| 

|sin.X| > | sin X|o x mo(| sin X|) | sin X|o 
antes { ai) = hain V lgeag (aie i Oe (Sia Ip 
identity element, Dror’s Whitehead theorem implies that | sin f| is a homotopy equivalence, 


f 
{ . and f are also satisfied by { and | sin f| and since there are homotopy equiva- 


is the path component of the 


hence f is a weak homotopy equivalence (Giever-Milnor).] 


Example: Suppose that X — Y is a group completion—then X — Y is a weak 
homotopy equivalence if 79(X) is a group. 

[Note: Let X be a proper special [-space such that 79(X1) is a group. Because 
mo(|sin_X,|) is likewise a group, the group completion |sin X1| > Q||sin X||p is a weak 
homotopy equivalence, thus the same is true of the weak group completion X; > Q|X|p 
(cf. p. 14-69).] 


EXAMPLE Let O be an Eo operad. Suppose that X is a A-separated O-space. Assume: 70(X) 
is a group—then X has the weak homotopy type of an infinite loop space. 
[The group completion X > BoX is a weak homotopy equivalence. ] 


xX : : 
PROPOSITION 58 Let { be connective Q-prespectra—then a morphism f : X > 


Y 
Y is a weak equivalence whenever fp : Xo — Yo induces a bijection 79(Xo) — mo(Yo) and 


is a homology equivalence. 


Xp: Se 
[There is a commutative diagram | | and, in view of the lemma, (2 f; is 
OQX, — QY, 
Of1 


a weak homotopy equivalence. So, fo is a weak homotopy equivalence and one can quote 


Proposition 57.] 


: eee : xX 
PROPOSITION 59 Suppose given an infinite loop space machine on T. Let e be 


A-separated proper special [-spaces, f : X — Y aT-map. Assume: f; :X1 — Yj is a weak 
homotopy equivalence or Kf: KX — KY is a group completion—then Bf: BX > BY 


is a weak equivalence. 
X41 — KX —- BoX 


[Work with | | | and apply Proposition 58.] 


Yy— KY —-> BoY 
[Note: There is an evident analog of this result for S.] 


: ee ‘ xX 
PROPOSITION 60 Suppose given an infinite loop space machine on T. Let ee be 


A-separated proper special I’-spaces—then the arrow B(X x Y) > BX x BY is a weak 
equivalence. 
[To begin with, the arrow K(X x Y) — KX x, KY is a weak homotopy equiva- 
K(X x Y) — KX x, KY 
lence (examine | | ). This said, form the commutative diagram 
DX SY) == XG LY 
K(X x Y) —+ KX x, KY 
| | . By definition, K(X x Y) 3 Bo(X x Y) is a group com- 
Bo(X x Y) — BoX xz BoY 
pletion. The same is true of KX x, KY — BoX x, BoY. Proof: mo(KX x, KY) & 
To(KX) X mo(KY) & mo(KX) x mo(KY) & 10(BoX) X to(BoY) & m0(BoX xp BoY) 
(cf. p. 14-24) and, using the Kiinneth formula, H,(KX x, KY;k)[mo(KX xp KY)7'| & 
H,(BoX x, BoY;k) for all prime fields k (cf. p. 14-55). It now follows that mo(Bo(X x 
Y)) © mo(BoX X~ BoY) and H,(Bo(X x Y)) » H,(BoX x, BoY), from which the assertion 
(cf. Proposition 58).] 


Let X be a A-separated proper special -space—then an infinite loop machine on [ 
defines a sequence of functors Bix : TI + A-CG,, viz. n > Bex a3 It is not claimed 


that ByX is special. However, ByXo is homotopically trivial and V n > 1, the arrow 
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Boxy > ByX1 Xk Xk ByX1 determined by the 7; is a weak homotopy equivalence (cf. 
Propositions 59 and 60). 


A T-space X is said to be semispecial or semiproper if the requirement Xo = * is relaxed to Xo ho- 


motopically trivial, the other conditions on X|II staying the same. Example: V q > 0, Bix is semispecial. 


LEMMA Suppose that X is a A-separated semispecial P-space—then there exists a A-separated 
semiproper semispecial T-space WX and aT-map 7: WX — X such that Vn, mn : WnX 9 Xn isa 
weak homotopy equivalence. 

[Equip [0,1] with the structure of an abelian cofibered monoid in CG by writing st = min{s,t}. 
Put J =T-ner[0,1], so for y: m > n, Iy : Im > In is the function (s1,...,8m) — (t1,...,tn), where 
t; = min {s;} (a minimum over the empty set is 1). Set WoX = Xo and define a subfunctor WX of 
Ix re [-map 7: WX — X as follows. Given an order preserving injection y : m — n, let [0, 1]% 
be the subspace of [0,1]” consisting of those (¢1,...,tn) such that t; = 0 if j € imy, t; > 0 if j ¢ imy. 


Now form W,X = lo, 11" x (Xy)Xm C [0,1]” x Xn : Xn embeds in W,,X (consider y = idn) and 


the homotopy H((th,. .. tn, 2),T) = (t1T,... ,tnT,x) (0 < T <1) exhibits X, as a strong deformation 
retract of W,X (hence mn(ti,...,tn,2) = (0,...,0,x2)). Therefore the A-separated P-space WX is 
semispecial. To establish that WX is semiproper, one has to show that for each injection y : m — n, 
(WX)y:WmX > W,X is a closed S.-cofibration. This can be done by observing that im(WX)y admits 
the description {(t1,...,tn,#):t; =1Vj Zimy&z € (Xy)Xm}-] 

[Note: W is functorial and z is natural: For any P-map f : X — Y between A-separated semispecial 


Ww 
WX wi wy 


I’-spaces, the diagram | | commutes. | 


xX — Y 
f 


Observation: The arrow WoX — W,X corresponding to 0 > n is a closed cofibration. Put W,X = 
WX /WoX—then WX is a proper special I-space, the projection WX — WX is a levelwise weak 


homotopy equivalence, and the diagram X «+ WX > WX is natural in X. 


Notation: If X is a prespectrum, then 2X is the prespectrum specified by (QX)g = 
QX,, where OX, 4 NOX +1 is the composite OX, ts OOK. NOOK: T being the 
twist (Tf) (s)(t) = f(t)(s). 


EXAMPLE Let X bea A-separated proper special P-space. Assume: X1 is path connected—then 
V q, |B(O X|p is (q + 1)-connected, hence QSX is a connective Q-prespectrum. 


LEMMA For any proper special P-space X, (1X is a proper special I’-space and there 
is a canonical arrow |QX |p Q|X|p. 
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[Note: Here, of course, QX takes n to OX,.] 


PROPOSITION 61 Let X be a A-separated proper special [-space—then there is a 


OX, 
morphism s : SQX > QSX in PRESPEC such that the triangle vA \ 


commutes. 


OX, 
[Explicated, the oblique arrow on the left is yee and the composite 


Q|QX |p 
QX, 
OX, 9 OQ|OX|p “O0)X|p 4,020|XIp is Q of X, > Q|X |p, the oblique arrow ~. 
QQ/X|p 
on the right. Definition: so = T 0 Qy. To force compatibility, take s, = y : Sy,QX > 
SoQX > OSX 
QS,X, thereby ensuring that the diagram | | commutes. The ar- 
QS, OX a QOS, X 
rows B,QX = |OX,|p3O|Xz|p = QB,X yield a T-map b : BAX > OQBX. Setting 


(q-1) 
b) = idgx, let b (q > 0) be the composite BOX 225 BOBU-DX 50BOX. 


(q-1) 
Definition: sy = y° |b") |p (q > 1). This makes sense: $,QX = |BO-DOX|p 
SgQx = QS,X 
JOBU-YX |p 40Q|\BO-YX|p = QS,X and the diagram | | 
QS 941 0X rar QS G41 OX 
Sq+1 


commutes. | 
[Note: If X1 is path connected, then QSX is a connective Q-prespectrum (cf. p. 14— 
75) and so is a weak homotopy equivalence (cf. p. 14-72), thus s is a weak equivalence 


(cf. Proposition 57). It is also clear that s is natural.] 


LEMMA Suppose that X is a A-separated semispecial I'-space—then there exists a I-map w : 
WX —*—> O0WX 


WQX — QWX such that the triangle ~ Jon is homotopy commutative, thus V n, 
OX 


wn: WnQX 9 QOW,X is a weak homotopy equivalence. 
[Represent a typical element in W,QX by (t1,... ,tn,0) (o € WnX = OX) and let 


(u1(t),... ,un(t),o(0)) (0<t< 1/3) 
wn(ti,...,tn, o)(t) = < (t1,...,tn,o(8t—1)) (1/3 < t < 2/3), 
(v1(t),.--,u(t),o()) (2/3 < t <1) 
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where uj;(t) = 1 — 3t + 3tt;, vj(t) = 3t -2 + (3 — 3t)t; (1 <j <n). The prescription 


o(0) (0<t< (1/3)T) 
H.,((t1,...,tn,), T)(t) = os) (AT <t< 1 (173)7) 
o(1) (1—(1/3)T <t <1) 


is a homotopy between 7 and Oz ow.] 


[Note: w and H,, are natural.] 


wax “> owx 
Observation: The diagram | i) commutes and W is a levelwise weak homotopy 


Wax — OQWX 
equivalence. oe 


A biprespectrum X is a sequence of prespectra X, and morphisms X, a4 OX o41 (¢ => 
0). Spelled out, a biprespectrum is a doubly indexed sequence of pointed A-separated 
compactly generated spaces X,,, and pointed continuous functions 09,) : Xq,p) > QXq41,p; 


Ogp ? Xqp 7 QXg,p41 Such that the diagram 


X Caq.p X 
a 
ap Q q,pt1 


an |Sa.n41 


OX +19 Gey NOX at ptt ZF NOX G 41,941 
commutes V q,p. BIPRESPEC is the category whose objects are the biprespectra and 
whose morphisms f : X — Y are doubly indexed sequences of pointed continuous functions 


fap : Xap — Yop Such that fg. & fx, are morphisms of prespectra V q, p. 


THE UP AND ACROSS THEOREM Let X be a biprespectrum. Assume: V q, Og 
X0,x 
*,0 


is a weak equivalence and X, is an ()-prespectrum—then the (2-prespectra { are 


naturally weakly equivalent. 
[Let C be the full subcategory of BIPRESPEC whose objects X have the property 


/ 


that V q, @q is a weak equivalence and X, is an Q-prespectrum. Denote by { Bl the functor 


/ 


C — PRESPEC that sends X to eo —then the claim is that we are naturally 
*,0 


? 


weakly equivalent. For this, it suffices to construct functors D’, D” : C ~ PRESPEC 
and a pseudo natural weak equivalence Ex : D’/X — D”X together with natural weak 
el : E'X 4 DIX 


es EUK 3 DX" Reason: Consider the diagram 


equivalences { 


MD'X “= MD"X 


E'X ——} D'X —— D"X -— E"Xx 
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furnished by the conversion principle. Definition: D'X = 04X44 = D”X, the ar- 
rows of structure oj : DUX > QD)1%, 99 + DEX 3 ODE AX being the composites 


ee, q 
Q409,4 Oq,q+1 QF o4,q 


O1X a4 9 Xa ql 3 Qattx qqtl —— oe Xotiaty, Q8Xg¢ 
f 


OX SOK ye eX ey and { pie = = 0% f,4, where f: KX 3 Y 
(faa: Xaq — Yaq)- Here Tg is given by twisting the last goordinate past the first g coor- 
dinates: (T4f)(s)(t) = f(t)(s)(s € S%,t € 8S’). If Sx. : Q9X qq 4 21Xqq is the identity 
for even q and the negative of the identity for odd q (i-e., reverse the first coordinate), then 
there are pointed homotopies Hx,, between QEx 441 0 01 


q 
is natural in X, =x : D'/K — D"X is a pseudo natural weak equivalence. Introduce weak 


and oj 0 Ex,q. Since the data 


homotopy equivalences Gay > Xgp > 1P-4IX, 5, taking Cr = id and inductively letting 
Qe! 
Cp (4 < p) be the composite Xq,p ay OX 9 41,p — 2P-41X,, ». Call wg,» the composite 
Qrpri—- 


QP-4 qd 
OPTIX et OPH IX p+ 1, PEI py. $s PPIX vp — 
then for each q, the e(,, (¢ < p) specify a morphism {X4q,p Ras QX eg n+1} > {0P-1 Xp» ae 
0?+?2-4X 41 »41} of prespectra (use induction on p — q) (note the shift in the indexing). 


Put ex =e, and define ex analogously. | 


COMPARISON THEOREM Suppose given an infinite loop space machine on [T— 
then V A-separated proper special [-space X, BX is naturally weakly equivalent to SX. 
[Note: S is a functor from the category of A-separated proper special I-spaces to the 
full subcategory of PRESPEC whose objects are the connective Q-prespectra while B 
is a functor from the category of A-separated proper special [-spaces to the full subcat- 


egory of PRESPEC whose objects are the connective spectra. It is therefore of interest to 
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observe that the proof goes through unchanged if the definition of infinite loop space 
machine is weakened: It suffices that B take values in the category of connective (- 


prespectra.] 


Application: Let O be an E, operad. Suppose given an infinite loop space machine 
on O (e.g., the May machine)—then V A-separated proper special [-space X, B(e* X )(= 
B(X o€)) is naturally weakly equivalent to SX. 


FACT Let O be an Ew operad. Suppose given an infinite loop space machine on O—then V A- 
separated proper special O-space X, BX and S(e.X) are naturally weakly equivalent. 

[Recalling that ¢. : ps O-SP > psI-SP respects the A-separation condition (cf. p. 14-66), BX is 
naturally weakly equivalent to BUX or still, is naturally weakly equivalent to B(e*e.X) which is naturally 


weakly equivalent to S(e.X).] 


Heuristics: The proof of the comparison theorem is complicated by a technicality: The 
ByX are not necessarily A-separated proper special [-spaces (but are A-separated semi- 
special [-spaces). However, let us proceed as if they were—then one can form the connec- 
tive Q-prespectra SB,X and there are morphisms 6, : SB,X Bea SOB gx mee OSByi1X 
(cf. Proposition 61). Since V g, o, is a weak equivalence, it follows from the up and across 
theorem that the connective Q-prespectra SBoX (= {S_~BoX}), SoBX (= {S0B,X}) are 
naturally weakly equivalent. The idea now is to show that SX is naturally weakly equiv- 
alent to SByX and BX is naturally weakly equivalent to SsBX. 

(SBoX) Vn, there are arrows LX, 3 KXn, KXn — BoXn, ie., there are 
I-maps LX > KX, KX > BoX. Because LX; > KX, is a weak homotopy equivalence 
and KX, — BoX, is a group completion, the arrow SLX — SKX is a weak equivalence, 
as is the arrow SK X — SBoX (cf. Proposition 59). But LX =X. 

(SoBX) The weak group completions ByX = ByX1 3 O|ByX|p = SoByX 
define a morphism BX — S BX of connective Q-prespectra (cf. Proposition 61) which 
we claim is a weak equivalence. In fact, 7o(BoX) is a group, thus By X > SpBoX isa 


weak homotopy equivalence (cf. p. 14-72), so Proposition 57 is applicable. 


To establish the comparison theorem in full generality, one first has to extend the basic definitions 
from the context of proper special T-spaces to that of semiproper semispecial T'-spaces. Thus let X be a 
semiproper semispecial F-space—then there is a closed cofibration Xo + |X|p and it is best to work with 
the quotient |X |= = |X|r/Xo. Again one has a canonical arrow ©X1 — |X| whose adjoint X1 > Q|X|F 
is a weak group completion. It still makes sense to form X and the classifying space BX of X takes n to 


ByX = |Xn|g. The definition of B() X is as before but SoX = 0|X|g, Sq41X = |BO X|z (q > 0). 
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Turning to the proof of the comparison theorem, let X be a A-separated proper special P-space—then 
Vq, WByX is a A-separated semiproper semispecial P-space (cf. p. 14-74), SWB xX is a connective 2- 
prespectrum, and there are morphisms og : SW ByX ae SWB q41X as, SQW By4i1X -; OSW Bg4i1X 
(cf. Proposition 61) (w as in the lemma on p. 14-76). Since V q, Gq is a weak equivalence, it follows 
from the up and across theorem that the connective Q-prespectra SW BoX (= {SqWBoX}), SOWBX 
(= {SoWB,X}) are naturally weakly equivalent. The idea now is to show that SX is naturally weakly 
equivalent to SW.BoX and BX is naturally weakly equivalent to S)WBX. 
(SWBoX) There is a natural weak equivalence SW.X — SX. On the other hand, there are 
natural weak equivalences SWLX > SWKX, SWKX > SWBoX and LX =X. 
(SSWBX) Let WBX be the connective Q-prespectrum specified by q > WB ,X and 
W1 Bg X ee i, QBq41X —> QW1Bg41X—then there is a natural weak equivalence WBX — SoWBX. 
But there is also a pseudo natural weak equivalence WBX — BX, hence BX is naturally weakly equiv- 


alent to WBX (conversion principle). 


LEMMA Let X be a A-separated proper special [-space—then ©_X 1 is homeomor- 
phic to (|X|p)i, thus the arrow X, > Q|X|p is a closed embedding. 


Application: Let X be a A-separated proper special I’-space—then V q, the arrow 
SgX — QS q41X is a closed embedding. 


Consequently, if X is a A-separated proper special T-space, then the rule q — 
colimQ”"S,,4 9X defines a spectrum, call it eSX. 


PROPOSITION 62 Suppose given an infinite loop space machine on [—then V A- 
separated proper special I-space X, BX is naturally weakly equivalent to eSX. 
[There is an obvious natural weak equivalence SX — eSX, so the assertion follows 


from the comparison theorem.| 


Remark: It is a fact that SPEC carries a model category structure in which the 
weak equivalences are the levelwise weak homotopy equivalences (cf. §15, Proposition 8). 
One can therefore interpret Proposition 62 as saying that BX and eSX are isomorphic in 
HSPEC (a.k.a. “the” stable homotopy category). 
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815. TRIANGULATED CATEGORIES 


Because the theory of triangulated categories lies outside the usual categorical experi- 
ence, an exposition of the basics seems to be in order. Topologically, the rationale is that 
the stable homotopy category is triangulated. 

Let C be an additive category—then an additive functor © : C > C is said to be a 
suspension functor if it is an equivalence of categories. 

[Note: Thus there is also a functor Q : C + C which is simultaneously a right and left 
adjoint for © and the four arrows of adjunction Yo Q ide, ide 5005, QOD Zan ide, 
ide “SoM are natural isomorphisms. | 

Let C be an additive category, © a suspension functor—then a triangle in C consists of 
objects X, Y, Z and morphisms u,v, w, where X 4Y,Y 4 Z, Z-4X, a morphism of tri- 

X > Y > FZ UX 
angles being a triple (f, g, h) such that the diagram \f |g {a [=F com- 
Dae ne > Zi —+ UX! 


uU v! w 


mutes. 

Let C be an additive category—then a triangulation of C is a pair (%, A), where © 
is a suspension functor and A is a class of triangles (the exact triangles), subject to the 
following assumptions. 

(TRi) Every triangle isomorphic to an exact triangle is exact. 
(TR2) For any X € Ob C, the triangle X ‘ex X 30 > DX is exact. 
(TR3) Every morphism X 4 Y can be completed to an exact triangle X 4 Y 
ZAUX. 
(TR4) The triangle X 4Y 474™X is exact iff the triangle Y 4 74™DX 
—, SY is exact. 
(TRs) If XSY%Z%4%0xX, X'4y'%s 7)“ DX" are exact triangles and if 
X —> Y —> Z > UX 
in the diagram \f |g [=F ,gou=u' of, then there is a 
Xu + Yo —y Zo —y EX" 


morphism h: Z — Z' such that (f,g,h) is a morphism of triangles. 


EXAMPLE Suppose that X $Y + Z4™X is exact. Let f: X 9 X’,g:Y OY’, h: ZZ! 

v / y 
be isomorphisms. Put u! = gouo f~!, v' =hovog-!, w! = Uf owoh-!—then X’ SY! 4 Z!4UXx’ 
is exact (cf. TR). Examples: (1) X + Y + Z3 UX is exact; (2) YS ZY UX —", oY is exact (cf. 


TRa4). 
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id 
EXAMPLE VX € Ob G, the triangle 0 > X —*+X - 0 (= XO) is in A (cf. TRo & TR). 


EXAMPLE Suppose that X4Y3Z 4X is exact—then there is a commutative diagram 
-1 


ov 
-1 
Vv ov 


V 
5g Sy 2 i ee ae 
1 | [vz | , thus the triangle x Sy 2 407 “4 =x is exact (cf. 
xX — Y — Z —_ dX 
uU Vv Ww 


— (ux! ow) ti vz lov 
TR1) and so, by TRa, the triangle QZ —————> X 4 Y ——> N0Z is exact. 


[Note: Under the bijection of adjunction Mor (Z,UX) & Mor (QZ, X), w corresponds to lig o Ow 


and D(ux' o Qw) equals wo vz.] 


EXAMPLE Suppose that X4Y34Z 5X is exact—then there is a commutative diagram 


ale 


—~(nyoQw) u 

QZ eee Sa a xX Y TOY DQv TOZ 
=(uytoQw) — vytou 

| | x | , thus the triangle OZ +X “+ SOY 
QZ ———+ X —+ Y —+ =r0z 

— (uy oQw) 4 vz lov 

=], aii 
=rQv ‘ : _Qv —-WUy oQw) Usp ou 
—" B0Z is exact (cf. TRi) and so, by TRa, the triangle QY — 0Z me 4 5 SQY is 
—loaw volou 


bE 
x Y 
> X 


Q 
exact or still, the triangle QY 07 —> NOY is exact. 


A triangulated category is an additive category C equipped with a triangulation 
(ayA): 

[Note: The opposite of a triangulated category is triangulated. In detail: The suspen- 

OP OP OP 

sion functor is Q°P and the elements of AC? are those triangles X “4 Y > Z "> QOPX 
. —w v vy! ou : 
in C°P such that OX —¥ ZY > NOX is exact.] 

Example: Let C be a triangulated category. Call a triangle X SY 4 Z74DX anti- 


exact if the triangle X > Y 4 Z —¥ SX is exact—then C endowed with the class of antiex- 


act triangles is triangulated. 


EXAMPLE Let A be an abelian category. Write CXA for the abelian category of cochain 


complexes over A. Let © : CXA — CXA be the additive functor that sends X to X[1], where 
Xa 
de Sade 
X[l 
eateoory K(A) of CXA per cochain homotopy is an additive category and the projection CKA — K(A) 


—then »% is an automorphism of CXA, hence is a suspension functor. The quotient 


is an additive functor. Moreover, © induces a suspension functor K(A) — K(A). Definition: A triangle 


/ / / 7 
X'S y's 7!" DX’ in K(A) is exact if it is isomorphic to a triangle X Ay4 Cy +, =X for some f. Here 
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dx 0 0 
Cy is the mapping cone of f : C? = X"t'@Y™, dh. = Ci ,” = (id nti, 0)); 
i opts idyn 


With these choices, one can check by direct computation that K(A) is triangulated (a detailed explanation 


can be found in Kashiwara-Schapirat). 
U VU 


PROPOSITION 1 Let C bea triangulated category. Suppose that 
> ee ie 


Z—> =x 
is a diagram with rows in A. Assume: hov = v’ o g—then there is a 


|h 
vhs = Xx! 

morphism f :X — X' such that (f,g,h) is a morphism of triangles. 

ee Se ey 

[29 and apply 


|h 


[Bearing in mind TR4, pass to |g 
lee More ee Ze iY" 
TRs.| 
Xx > Y > 


UV 


PROPOSITION 2 Let C be a triangulated category. Suppose that ie 
X' —» Y' —+ 
u' / 


Z— UX 
[nh [=F is a diagram with rows in A. Assume: “if ow = w’ oh—then there is a 
Zi — XxX! 
w' 
morphism g: Y — Y’ such that (f,g,h) is a morphism of triangles. 
PROPOSITION 3 Let C be a triangulated category—then for any exact triangle 
XSY3Z53E0X,v0u=Oand wov=0. 
xX = X — 0— EX 
[It suffices to prove that vou = 0. But the diagram || a i || 
X a= Y a 4 ap UX 


must commute (cf. TRs), thus vou = 0.] 


Application: Every morphism X + Y admits a weak cokernel. 
an exact triangle X SY 4 Z 3X and vou=0. On the other 


[Thanks to TR3, 4 


+ Sheaves on Manifolds, Springer Verlag (1990), 35-38; see also Weibel, An Introduction to Homological 


Algebra, Cambridge University Press (1994), 376. 
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xX > Y—> FZ =X 
hand, if gou =0 (g: Y — W), then the diagram i |g | has 
0 — W ae Ww — 0 
idw 


a filler h: Z — W such that hov = g (cf. TRs).] 


Suppose that a triangulated category C has coproducts—then C has weak pushouts, hence weak 
colimits. One can be specific. Thus let A: I > C beadiagram. Given 6 € MorT, say i> j, put sd = 7, t6 = 
id 


—A6d 
j. Define an arrow ial As5 > ial A; by taking the coproduct of the arrows A,s ————> A,5 TH Ays— 
MorlI ObI 
then a candidate for a weak colimit of A is any completion L of al Ass > al A; to an exact triangle 
Mor I ObI 
(cf. TR3). 


Let C be a triangulated category, D an abelian category—then an additive functor 
(cofunctor) F : C > D is said to be exact if for every exact triangle X 4“Y 5Z4DX, 
the sequence FX > FY > FZ (FZ — FY > FX) is exact. 

[Note: An exact functor (cofunctor) generates a long exact sequence involving © and 


PROPOSITION 4 Let C bea triangulated category—then V W € Ob C, Mor (W, —) 
is an exact functor and Mor (—, W) is an exact cofunctor. 

[Take any exact triangle X “4 Y 4 74 5X and consider Mor (W, _X) “3 Mor (W,Y) “3 
Mor (W, Z). In view of Proposition 3, imu, C ker v,. To go the other way, assume that 
vow = 0 (w € Mor(W,Y))—then 4 @ € Mor(W,X) : YW = uo ¢@. Proof: Examine 
w “¥ w—0— =W 


\¢ |» | {xd (cf. Proposition 1).] 
X ap Y = 4 a UX 
X >» Y —» Z > =X 
Application: If \f |g ja [=r is a commutative diagram with 


Xu —+ YY" —+ ZU —y UX! 
rows in A and if any two of f,g,h are isomorphisms, then so is the third. 
[For instance, suppose that f and g are isomorphisms—then the five lemma implies 
that h, : Mor (Z', Z) + Mor (Z’, Z'), h* : Mor (Z', Z) — Mor (Z, Z) are isomorphisms, so 
@, W € Mor (Z', Z) : hod =idz:, Woh = idg, i.e., h an isomorphism. | 


EXAMPLE [Let C be a triangulated category with finite coproducts—then V X, Y € Ob C, the 
triangle X 3 XUY > Y%5X isin A. 
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[According to TR3, the morphism X — X LLY can be completed to an exact triangle X — X IY > 
id 
Z—+ ZX. Compare it with the exact triangle 0 > Y —>Y — 0 to get a filler hk: Z + Y (cf. TRs). 


Consideration of 


0 — > Mor(W,=X) —> Mor(W,DX ISY) — Mor(W,=Z) —> 0 
| [en 
Mor (W, ZY) ————— Mor (W, XY) 


allows one to say that (Zh), is an isomorphism V W, hence Nh is an isomorphism or still, h is an 


isomorphism. | 


EXAMPLE Let C be a triangulated category with finite coproducts—then any exact trian- 
gle of the form X %y%Z°5X is isomorphic to X 3 X IZ — > Z4EX. Indeed, the triangle 
YS A oe ens XY is exact (cf. TR4) and there is a morphism Y + X LI Z rendering the diagram 

ete i, SSN ty 
i || || { commutative (cf. Proposition 1). 


XUZ — Z— XX — TXUUZ 
0 


[Note: Analogously, an exact triangle of the form xSyvy4z4 Ex is isomorphic to X aS ge 


Vilsx ox 


EXAMPLE Let C be a triangulated category with finite coproducts. Suppose given a morphism 


i: X — Y that admits a left inverse r : Y — X—then there exists an isomorphism Y > X Il Z anda 


xX ——> Y 
commutative triangle Tks, | 
XUZ 
x > 
[Complete X ->Y to an exact triangle X >Y 4 Z45X (cf. TR3) and choose a filler || 
a idx 


SS Ze 
|| (cf. TRs) to see that w = 0.] 
— 0— XX 
EXAMPLE Let C bea triangulated category with finite coproducts—then the triangles X = en 
u O v O w O 
a5 Wiis hil nati 0 wu! 0 vw 0 w’ 
Z>uX, X'>Y' > Z' > UX’ are exact iff the triangle X UX’ © — °° YUY’ * 37% ZZ’ — 
oX IDX’ is exact. 


Vv Ww 


EXAMPLE Let C be a triangulated category with finite coproducts. Suppose that X SY S37 


es g ) 

=X is exact—then for any Y’ € Ob C and any g € Mor(Y,Y’), the triangle Y’ IY ey u 
u(g ou) 
ey 


o-— 
gOS ge NE ey iy Ge exc: 


FACT Let C bea triangulated category—then a morphism X 4, Y is an isomorphism iff the triangle 


X4Y 30 =X is exact. 


FACT Let C be a triangulated category. Suppose that es eee ory 4 (2 = 1,2) are exact 
triangles—then w1 = we2 if Mor (=X, Z) = 0. 


PROPOSITION 5 Let C be a triangulated category. Fix a morphism X -Y in C 
and suppose that X SY 4Z5™X,X4Y%7Z'“UX are exact triangles (cf. TR3)— 


then Z & Z’. 
x4 yoZz-s4 rx 
[Any filler for || || || is an isomorphism (cf. p. 15~—4).] 


LY 


X—>Y—> 24 > UX 


Let C be a triangulated category—then a full, isomorphism closed subcategory D of 
C containing 0 and stable under © and 2 is said to be a triangulated subcategory of C if 
V X “SY in MorD, there exists an exact triangle X SY 4 74 0X with Z in Ob D. 

[Note: D is, in its own right, a triangulated category (the suspension functor is the 
restriction of © to D and the exact triangles X $Y 4 Z4™X are those elements of A 
such that X,Y, Z € Ob D).] 


EXAMPLE Let A be an abelian category. Write CX A? for the full subcategory of CX A consist- 
ing of those X which are bounded below (X” = 0 (n << 0)), write CX A7 for the full subcategory of CK A 
consisting of those X which are bounded above (X" = 0 (n >> 0)), and put CKA> = CKAtTNCXA-~— 
then, in obvious notation, K*(A), K~(A), and K>(A) are triangulated subcategories of K(A). 


PROPOSITION 6 Let C be a triangulated category. Suppose that O is the object 
class of a triangulated subcategory of C—then for any exact triangle X $Y 37 33UX, 
if two of X,Y, Z are in O, so is the third. 

[Assuming that X,Y € O, choose Z’ € O: X4Y 25 Z's OX is exact. On the 
basis of Proposition 5, Z = Z', hence Z € O (O is isomorphism closed). Next assume 
that Y,Z € O and fix an exact triangle YZ —3 W > SY with W € O. By TRg, 
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Y 4Z40X —4SY is exact. Therefore W ~ =X (cf. Proposition 5) + QW = QEX. 
But QW €OS OXX €O> X €O. The argument that X,7€¢ O=> Y € O is similar. 


PROPOSITION 7 Let C bea triangulated category. Suppose given a nonempty class 
O Cc Ob C—then O is the object class of a triangulated subcategory of C provided that 
for any exact triangle X $Y > 74DX, if two of X,Y, Z are in O, so is the third. 

(1) 0€O. Proof: VX € 0, X “4X 40 EX is exact (cf. TR2). (2) O is 
isomorphism closed. Proof: If X € O and if X “+ X’ is an isomorphism, then the triangle 
X 4 X' + 0 > =X is exact (cf. p. 15-6). (3) ZO Cc O. Proof: For any X € O, 
X 303 DX S24, 0X is exact (cf. TR4), thus UX € O. (4) QO CO. Proof: For any 


XE€O0,07X 


idx 


> X — 0 is exact (cf. p. 15-2), hence OX > 0 > X “X . SOX is exact 
(cf. p. 15-2), thus OX € O. The final requirement that O must satisfy is clear.] 


EXAMPLE Let C bea triangulated category, D an abelian category. Suppose that fF: C > D is 
FU"w 
an exact functor. Let Sp be the class of morphisms X —+ Y such that V n > 0, - is an isomorphism 
n 
u 
and let Of be the class of objects Z for which there exists an exact triangle X 4Y 4 Z3 =X with 


u € Sp—then Of is the object class of a triangulated subcategory of C. 
FXU"Z=0 


[Note: Op is the class of objects Z such that Vn > 0, : 
FO"Z=0 


EXAMPLE Let A be an abelian category with a separator. Suppose that A is a Serre class in 
A—then coer exists (cf. p. 0-39) and the composite K(A) i A> SUA is exact, hence determines 
a triangulated subcategory K4(A) of K(A) whose objects X are characterized by the condition that 
A" (X)E AV n. 


Let C,D be triangulated categories—then an additive functor F' : C — D is said to 
be a triangulated functor if there exists a natural isomorphism ® : Fo —+ No F such 
that X SY %Z4EX exact > FX "¥ FY 3 FZ AX", SPX exact. 


Example: The inclusion functor determined by a triangulated subcategory of a trian- 


gulated category is a triangulated functor. 


FACT Let C,D be triangulated categories, F : C — D a triangulated functor. Assume: G : D > 
C is a left adjoint for F—then G is triangulated. 
[Note: The same conclusion obtains if G is a right adjoint for F. Proof: GOP is a left adjoint for 


FP, hence G°P is triangulated, which implies that G is triangulated.] 
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Let C,D be triangulated categories—then a triangulated functor F : C > D is said 
to be a triangulated equivalence if there exists a triangulated functor G : D > C and nat- 
Gry Se Serx 


, : pride ~GoF : 
ural isomorphisms { Us RoG@— ids such that the diagrams pox | [Enx, 
2), St 
pes Se arey 
vey | [ze commute. 


[Note: ® and W are the natural isomorphisms implicit in the definition of F and G.] 


FACT Let C,D be triangulated categories, F : C + D an additive functor. Suppose that there 


F F 
exists a natural transformation ® ;: FoX > NoF such that X 5Y 3 Z74EX exact > FX + FY $ FZ 
Py ofw 
~*~, SFX exact—then © is a natural isomorphism. 


[For any X € Ob C, the triangle X > 0 > 0X SEE 18 exact. | 


FACT Let C, D be triangulated categories, F : C — D a triangulated functor. Assume: F is an 
equivalence—then F is a triangulated equivalence. 
biida 9 GoF 


[Given G and natural isomorphisms , consider the inverse of (Gv) o (G®G) o 
v:FoGidp 
(WEG), 


Let C be a triangulated category—then C is said to be strict if its suspension functor 


» is an isomorphism (and not just an equivalence). 
[Note: When C is strict, the role of Q is played by =~!.] 
Example: For any abelian category A, K(A) is a strict triangulated category. 


EXAMPLE Let C be a strict triangulated category. Suppose that X SY3Z3 =X is exact— 


as a1 
then 5-1Z—>—¥ x 4y 4 Z is exact (cf. p. 15-2). 


Given a triangulated category C, let ZC be the additive category whose objects 
are the ordered pairs (n,X) (n € Z,X € Ob C), the morphisms from (n, X) to (m, Y) 


being colim Mor (X2-"X, S2-™Y). Composition in ZC comes from composition in C : 
q>n,m 


yI-nX + YImmy 5 YI-*Z. To equip ZC with the structure of a strict triangulated 
category, take for the suspension functor the isomorphism (n, X) — (n — 1, X) and take 
for the exact triangles the (n,X) > (m,Y) > (k,Z) > (n—1,X) associated with the 
yx Samy 4 yak ZA ya-"X such that (u,v, (—1)4w) is exact. 


PROPOSITION 8 The functor fF : C > ZC that sends X to (0, X) is a triangulated 


equivalence of categories. 
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[Note: The natural isomorphism ® : Fo! + NoF is defined by letting ®x : (0, UX) > 
(—1, X) be the canonical image of idyx in Mor ((0, 2X), (—1, X)).] 


(Octahedral Axiom) Let C be a triangulated category. Suppose given exact 
thiatigles 05 VY S32" XY 7 XS DY, XS ey = eX them there 
exists an exact triangle Z’ — Y' > X'— SZ’ such that the diagram 


XS SA Se OO Se. UX 


| {e l | 


xX —- FZ —- Y' —> EX 


VOU 


a) ! l i 


Y —> ZF —-> X' -—-y» sy 


t ! 


Lh sae OVE ee KE as 


commutes. 


[Note: An explanation for the term “octahedral” is the diagram 


Here U -<+V° stands for an arrow U > XV_] 
Example: Let A be an abelian category—then the triangulated category K(A) satis- 


fies the octahedral axiom. 
The stable homotopy category is a triangulated category satisfying the octahedral axiom. 


EXAMPLE Let C bea triangulated category satisfying the octahedral axiom. Suppose that O is 
the object class of a triangulated subcategory of C and write So for the class of morphisms X “SY which 
can be completed to an exact triangle X 4SY3Z35X with Z in O—then So admits a calculus of left 
and right fractions. 

[So contains the identities of C (V X € ObC, ae 4 > 0 -> =X is exact and 0 € O). To 


check that So is closed under composition, let X $Y > Z’ > UX and Y->Z —> X! > SY be exact 
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triangles with Z’, X’ € O. Choose a completion of X “4 Z to an exact triangle X “3 Z = Y’ 4 DX 
(cf. TR3)—then by the octahedral axiom, there exists an exact triangle Z’ — Y’ — X' + XZ’. Since 
Z', X' € O, it follows from Proposition 6 that Y’ € O. The remaining verifications do not involve the 
octahedral axiom.] 


[Note: So contains the isomorphisms of C.] 


EXAMPLE Let C be a triangulated category satisfying the octahedral axiom. Given classes 
O1,02 C Ob C, denote by O; * O2 the class consisting of those X which occur in an exact triangle 
X13 X > Xe 7 UX (X1 € O1, X2 € Oz2)—then the octahedral axiom implies that operation * is 
associative. 


[Note: Given a class O C Ob C, an extension of objects of O is an element of Ext O = U Ox---*O 
1>0 
(1 factors), the elements of O * ---* O being the extensions of objects of O of length 1.] 


FACT Let C be a triangulated category with finite coproducts satisfying the octahedral axiom— 
then, in the notation of TRs, Janh: Z + Z’ such that (f,g, h) is a morphism of triangles and the triangle 


0 —-v 0 -—w 0 —-du 
XxX!’ IY ~—_4Y!" I 4 ——_4 7! I © X 4M—W_5 5X’ LI &Y is exact. 
PROPOSITION 9 Let C bea triangulated category satisfying the octahedral axiom— 
xX — Y 
then every commutative square | | can be completed to a diagram 
XO a 


X — YY — fF —> YX 


uX —> SY + YZ — WX 


in which the first three rows and the first three columns are exact and all the squares 


commute except for the one marked with a minus sign which anticommutes. 


EXAMPLE Let C be a triangulated category satisfying the octahedral axiom. Suppose that O 
/ / / 
is the object class of a triangulated subcategory of C. Let X SY 3 SEX. X'S vi Ss 7's EX be 
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xX —> Y —> Z “> =X 
exact triangles. Assume: There is a diagram |f |s [= where f,g € So 
xX’ —> Y’ —+ Zo —>+ Ex! 
u! v! w! 
and gou=w’' o f—then Jan h: Z > Z' in So such that (f,g,h) is a morphism of triangles. 

[Note: The metacategory ee © is triangulated and satisfies the octahedral axiom. For instance, 
consider K(A), where A is an abelian category. Let O = {X : H"(X) =0Vn} then So is the class of 
quasiisomorphisms of A (i.e., the f such that H”"(f) is an isomorphism V n or, equivalently, the f such 
that H"(C) = 0V n) and the derived category D(A) of A is the localization S5'K(A). But there is a 
problem with the terminology. Reason: A priori, D(A) is only a metacategory. However, the assumption 
that A is Grothendieck and has a separator suffices to ensure that. D(A) is a category (Weibel). One can 
also form D+(A), D~(A), and D>(A). Here D+(A) will be a category if A has enough injectives and 


D(A) will be a category if A has enough projectives.] 


The derived category D(A) of Freyd’s? “large” abelian category A is not isomorphic to a category, 
hence exists only as a metacategory. Therefore one cannot find a model category structure on A whose 


weak equivalences are the quasiisomorphisms (cf. p. 12-32). 


Let C be a triangulated category—then a subcategory D of C is said to be thick 
provided that it is triangulated and for any pair of morphismsi: X > Y,r:Y — X with 
rot=idx,Y €ObD=S>X € ObD. 


PROPOSITION 10 Let C be a triangulated category with finite coproducts—then a 
triangulated subcategory D of C is thick iff every object of C which is a direct summand 
of an object of D is itself an object of D,ic., YE ObD&YRxxXUZ> X € ObD. 

[Necessity: Since D is isomorphism closed, X I] Z € Ob D, so one only has to consider 
Dee Giese @ 

Sufficiency: There exists an isomorphism Y > X I Z and a commutative diagram 
X —— Y 

TS | (cf. p. 15-5), hence X € Ob D.] 
XUZ 


PROPOSITION 11 Let C be a triangulated category with finite coproducts satis- 
fying the octahedral axiom—then a triangulated subcategory D of C is thick iff every 


+ An Introduction to Homological Algebra, Cambridge University Press (1994), 386-387. 
= Abelian Categories, Harper & Row (1964), 131-132. 
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X —4*— Y 
morphism X -+Y in C admitting a factorization ~ We through an object W of D 
WwW 
and contained in an exact triangle X 4 Y “> Z4 UX, where Z € Ob D, is a morphism in 
D, ie., X,Y € Ob D. 
[Necessity: Complete X 4.W to an exact triangle X 2w ew sox (cf. TR3)— 
idy w vu 
( 0 2) ) _(0-w") (5) 
then the triangle Y WW —-—————_-> Y IW > ux >Y LEW is exact (cf. 
lt Sy 
p. 15-5 ff.), thus the triangle X war YUW ee Se YUW' Was) “X is exact (cf. 
TR4). On the other hand, the triangle Y UW — Y ° SW > SYISW is exact (cf. p. 15- 
5), as is the triangle X $Y + 74 DX (cf. p. 15-1). So, in the notation of the octahedral 
axiom, taking Z’ = Y IW’, X' = UW, and Y’ = Z, one concludes that there is an exact 
triangle Y UW! = Z > SW > SY UUW’. But Z, SW € ObD SY UW’ € ODD (cf. 
Proposition 6) = Y € Ob D (cf. Proposition 10) = X € Ob D (cf. Proposition 6). 
Sufficiency: Suppose that Y € Ob D& Y & X I Z—then the triangle X — X IZ > 
Z*°DX is exact (cf. p. 15-5), thus the triangle QZ > X + XILZ > DOZ is exact (cf. p. 
QZ —? +x 
15-2). But 0 € Ob D and there is a factorization % F . Our assumption implies 
0 


that X € Ob D, so D is thick (cf. Proposition 10).] 


FACT Let C be a triangulated category with finite coproducts satisfying the octahedral axiom. 
Suppose that O is the object class of a thick subcategory of C—then u € So iff 4 f,g € MorC: uof € So, 
gou€ So. 

[Complete X YY to an exact triangle X $Y 3 Z4 UX (cf. TR3), the claim being that Z € O. By 
hypothesis, there are exact triangles X’ ay —> Zp > UX’, es Zqg — UX, where Zy, Zg € O. 
Since vo (uo f) = (vou) o f = 0 (cf. Proposition 3) and Mor (Zs,Z) — Mor (Y,Z) > Mor (X’, Z) 

y —.—Z 
is exact (cf. Proposition 4), 4 a factorization A fee . Complete Y -4Y’ to an exact triangle 
ay 
Y 4Y’ > W > SY (cf. TR3) and use the octahedral axiom on X 4+Y 3 Z 4 =X,Y4Y'’ + W => SY, 


fGen ae Zy — UX to get an exact triangle Z > Z, > W > XZ or still, an exact triangle 


W + 4Z + XZ + UW. From the above, the arrow W — %Z factors through ©Zr € O. But also 
uZ, € O, thus, as O is thick, UZ € O (cf. Proposition 11), i.e., Z € O.] 


[Note: The condition implies that So is saturated: So = So (cf. p. 0-30), hence X € O iff Lgax 
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is a zero object.| 


Given a triangulated category C, call a class S C Mor C multiplicative if (1) S admits a calculus of left 
and right fractions and contains the isomorphisms of C; (2)uE S> Su&Que S;(3)f,gEeSs> ARES 
(data as in TRs); (4) ue Sif af,ge€ MorC:uofeE€S,goueS. 

Example: Let C be a triangulated category with finite coproducts satisfying the octahedral axiom— 
then So is multiplicative provided that O is the object class of a thick subcategory of C. In fact, the 
assignment O — So establishes a one-to-one correspondence between the object classes of thick subcate- 
gories of C and the multiplicative classes of morphisms of C. 

[Note: To place this conclusion in perspective, recall that in an abelian category there is a one-to-one 
correspondence between the Serre classes and the saturated morphism classes which admit a calculus of 


left and right fractions (Schubert*).] 


PROPOSITION 12 Let C be a triangulated category. Assume: C has coproducts— 
then for any collection {X; > Y; ~ Z; > “X;} of exact triangles, the triangle [| X; > 
i 


1% 4s Le is exact. 


(Note: The piapeision functor preserves coproducts, so X ft Xi ft X;.| 


Let C be a triangulated category with coproducts—then an X € Ob C is said to be 
compact if V collection {X;} of objects in C, the arrow @ Mor (X, X;) > Mor (X, [|] X;) 
is an isomorphism. 


[Note: X compact >= LX & QX compact. 


EXAMPLE Let A be a commutative ring with unit—then the compact objects in D(A- MOD) 
are those objects which are isomorphic to bounded complexes of finitely generated projective A-modules 


(Békstedt-Neeman*). 


FACT If C is a triangulated category with coproducts, then the class of compact objects in C is 
the object class of a thick subcategory of C. 


Notation: Let C be a triangulated category with coproducts. Suppose given an object 
(X, f) in FIL(C)—then tel(X, f) is any completion of [] Xn “+ [] Xp to an exact triangle 
n n 


+ Categories, Springer Verlag (1972), 276. 
= Compositio Math. 86 (1993), 209-234. 
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3) 


cf. TR3), the n*® component of sf being the arrow X,, 4 X,, J] Xn41.- 
+ 


PROPOSITION 13 Let C be a triangulated category with coproducts. Fix an (X, f) 
in FIL(C)—then V compact X, the arrow colim Mor (X,X,,) — Mor (X, tel(X, f)) is an 
isomorphism. 

[First consider the exact sequence Mor (X, [] Xn) 3 Mor (X, tel(X, f)) — Mor (X, 
[]=X,) — Mor (X,[[©X,,) (cf. Proposition 4). Due to the compactness of X, in the 
. " @) Mor (X,EXn) —+ @ Mor (X,EX,) 
commutative diagram " | : | , the vertical arrows are 

Mor (X,[[UX,n) — Mor (X,[][=X,) 
isomorphisms. Because the horizontal arrow on the top is injective, the same holds for 
the horizontal arrow on the bottom. Therefore ® is surjective. Now write down the 


commutative diagram 


@ Mor (X,Xn) —» @Mor(X,X,) 


i i 


Mor (X,[[Xn) —3> Mor(X,[]X,) > Mor(X,tel(X,f)) —> 0 


n n 


and observe that colim Mor (X, X,,) can be identified with the cokernel of ¢.| 


FACT Let C be a triangulated category with coproducts. Fix an (X,f) in FIL(C)—then V Y, 
there is an exact sequence 0 — lim! Mor (©Xn, Y) — Mor (tel(X, f), Y) > lim Mor (Xn, Y) > 0. 


A triangulated category C is said to be compactly generated if it has coproducts and 
Ob C contains a set U¢ = {U} of compact objects such that Mor (U,X) =OVU EUs 
X =0. 
[Note: The closure U = {U} of U is the set U{"U : n > OF} UL{"U : n > O}.] 
U U 


The stable homotopy category is a compactly generated triangulated category. 


EXAMPLE Let X be a scheme, Ox its structure sheaf. Denote by Ox-MOD the category of 
Ox-modules and write QC/X for the full subcategory whose objects are quasicoherent—then Ox-MOD 
and QC/X are abelian categories and the inclusion QC/X — Ox-MOD is exact. In addition, Ox- 
MOD is Grothendieck and has a separator, thus the derived category D(Ox-MOD) exists. When X 


is quasicompact (= compact) and separated, QC/X is Grothendieck and has a separator, thus in this 
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situation, the derived category D(QC/X) also exists. Moreover, D(QC/X) is compactly generated, the 


compact objects being those objects which are isomorphic to perfect complexes (Neemant). 


BROWN REPRESENTABILITY THEOREM Let C be a compactly generated tri- 
angulated category—then an exact cofunctor F' :C — AB is representable iff it converts 
coproducts into products. 

[The condition is clearly necessary and the proof of sufficiency is a variation on the 
argument used in Proposition 27 of §5. Thus setting X) = [] FU -U, one has FXp9 = 

U 


FU)F". Call &o that element of the product defined by £, 7 = id, V U and let Eo : 
= 0,U FU 


Mor (—, Xo) — F be the natural transformation associated with &) via Yoneda. Note that 

Son: Mor (U, Xo) > FU is surjective VU. Proceeding inductively, we shall construct an 

object (X, f) in FIL(C) and natural transformations =, : Mor (—, X,) > F such that V n, 
Mor (—,, Xp) 

the triangle | =" commutes. To this end, put K,, = [](ker =D) -U and 


Mor (—, Xn41) aay F 7 

complete the canonical arrow K, > X, to an exact triangle Ky, > Xn Ly aT > Ky, 

(cf. TR3). If €&, € FX, corresponds to =,, then €, € ker(FX, — F'K,,) and since the 

sequence FX,41 > FX, — FK,, is exact, 3 En4i € FPXn41 : En41 > €n- Definition: 

Enti © &n41, which finishes the induction. Abbreviating tel(X,f) to X,, there is a 
Mor (—, X,) 

natural transformation ©, : Mor (—, X,,) > F rendering the triangle | Ne 
Mor (—, X») =? F 

PX) = PO Be Boe) 


n 


commutative V n. Proof: Consider the diagram 
[[f#xX, — J[[FX, 
n n 
Because |] €, lies in the kernel of [[ FX, > [| FXn, exactness gives a €, € FX, : &y > 
n n n 
T]én, hence =, — &, has the stated property. The final step is to establish that Ex : 
n 


Mor (X, X..) > FX is bijective V X. But it is certainly true that ©, 7 is bijective VU 
(injectivity follows from the construction of X,, (cf. Proposition 13)) while Mor (U, Xo) 3 
FU surjective + Mor (U,X,,) — FU surjective) and this turns out to be enough (cf. 


infra).] 


+ J. Amer. Math. Soc. 9 (1996), 205-236. 
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The assumption that Mor(U,X) =0VU €©€Uu => X = 0 has yet to be employed. 
To do so, let Cpr be the full, isomorphism closed subcategory of C whose objects are 
those X such that =, 5.x : Mor (X"X, X,,) ~ FX"X is bijective Vn > 0 and Ey. onx : 
Mor (Q”.X, X.5) 9 FOQ"X is bijective Vn > 0. Obviously, Cr contains 0 and U. 

Claim: Cr is stable under © & 2. 

[To check stability under %, fix an X € Ob Cp—then V n > 0, Mor (U"XX, X,,) = 
Mor (©"*1X, X,,) & FH"t}X = FU"YX. On the other hand, the arrow of adjunction 


X — Q=X is an isomorphism, thus one sees inductively from the commutative diagram 
Mor (Q°=X, Xy) —> Mor (0"-1X, X,,) 


| i) that Mor (Q"ZX, X,,) + FQ"XX. Therefore 
FOTO X — Rt x 
UX € Cr.| 


Claim: If X S5¥Y4Z4™X is an exact triangle with X,Y € Ob Cp, then Z € 
Ob Cr. 

[Use the five lemma.] 

Claim: Cr is closed under the formation of coproducts in C. 

[E.g.:Mor (X" [] Xj, X.) © Mor ([] Xj, ".X,,) & [] Mor (Xj, 2" X,,) & T] Mor (2".45, 
X,) © [[ FE"X, © F([E"X) © FOE" X)] 


7 
In summary, Cr is a triangulated subcategory of C containing Y/ and closed under 


the formation of coproducts in C. To conclude that &,,,x : Mor (X, X,,) + FX is bijective 
V X, it need only be shown that Cr = C, which is a special case of the following result. 


PROPOSITION 14 Let C be a compactly generated triangulated category. Suppose 
that D is a triangulated subcategory of C containing U and closed under the formation of 
coproducts in C—then D = C. 

[Let D be the smallest triangulated subcategory of C containing U/ and closed under 
the formation of coproducts in C. Fix an X in C—then the restriction of Mor (—, X) to D 
is an exact cofunctor. Applying what has been proved above about Brown representability 
to Mor (—, X), one concludes that there exists an X,, in D and a natural isomorphism 
Mor (—, X.,) > Mor (—, X) (the minimality of D enters the picture at this point). Accord- 
ingly, J a morphism X,, > X such that V X in D, the arrow Mor (X, X,,) > Mor (X, X) 
is bijective. Complete X,, + X to an exact triangle X, >~ X > Y > UX, in C (cf. 
TR3)—then V X in D, Mor (X,Y) =0 > VU €U, Mor(U,Y) =0 => Y = 0. Conse- 
quently, the morphism X,, + X is an isomorphism (cf. p. 15-6), so X € Ob D (D is 


isomorphism closed), hence D = C > D = C_] 
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Application: Let C be a compactly generated triangulated category. Suppose that 
= : Mor(—,Y) + Mor (—, Z) is a natural transformation such that V U € U, Ey is 
bijective—then for all X in C, Ey : Mor (X,Y) — Mor (X, Z) is bijective. 

[Note: If =¢ : Mor (—, Y) > Mor (—,, Z) is the natural transformation corresponding 
to f: Y > Z, then f is an isomorphism whenever ra is bijective VU € U.] 


Example: Suppose that C is a compactly generated triangulated category. Let A : 
I > C be a diagram—then a weak colimit L of A is said to be a minimal weak colimit 
provided that VU € U, colim Mor (U, A;) © Mor (U, L). If L is a minimal weak colimit of 
A and if K is an arbitrary weak colimit of A, there are arrows DL 2 KALE andvVU EU, 
= oot : Mor (U,L) + Mor (U, L) is bijective, thus by the above, wo ¢ is an isomorphism. 
Corollary: L is a direct summand of K (cf. p. 15-5). 

[Note: LD & K minimal > L = K. Example: V (X, f) in FIL(C), tel(X, f) is a minimal 
weak colimit of (X, f) (cf. Proposition 13).] 


EXAMPLE Suppose that C is a compactly generated triangulated category. Fix a compact object 
X—then for any divisible abelian group A, Hom(Mor(X,—), A) is an exact cofunctor which converts 


coproducts into products, thus is representable. 


EXAMPLE (lIdempotents Split) Suppose that C is a compactly generated triangulated category. 
Let e € Mor (Y,Y) be idempotent—then 4 X, Z and an isomorphism Y > X I Z such that the diagram 
y ————_- y 
| | commutes. 
xX WU Z— X —— XZ 
[Using suggestive notation, write Mor (—, Y) as a direct sum eMor (—, Y) @ (1—e)Mor (—, Y) of two 
exact cofunctors which convert coproducts into products and choose X,Z : eMor (—,Y) & Mor (—,X), 
(1 — e)Mor (—, Y) & Mor (—, Z).] 
[Note: Defining r: Y + X andi: X — Y in the obvious way, one has e = ior and roi = idx. 


Moreover, r : Y — X is a split coequalizer of e, idy : Y — Y, as can be seen from the diagram 
idy i 


y—Sy—>+x, 


| 


Y 


EXAMPLE (The Eilenberg Swindle) Suppose that C is a compactly generated triangulated cat- 
egory. Let D be a triangulated subcategory of C. Assume: D is closed under the formation of coproducts 


in C—then D is thick. 
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[Fix a pair of morphismsi: X > Y,r:Y > X with roi = idx and Y € Ob D. Put e= ior. Sincee 
is an idempotent, by the preceding example Y % XIIZ for some Z. Write W = XU(ZILX)U(ZUX)I--- & 
(XI Z)U(XUZ)U--- toget WE ObD. BuUuWexXUWaewix =>WILIX € ObD. Because the 
triangle W > WIX >= X “, SW is exact (cf. p. 15-4 ff.), it follows that X € Ob D.] 


EXAMPLE Suppose that C is a compactly generated triangulated category—then C has prod- 
ucts. Proof: Given a set of objects X;, apply the Brown representability theorem to the exact cofunctor 
Y > [| Mor (Y, X;). 


a 


[Note: The morphism ¢ : Lx: > [x of p. 0-34 is an isomorphism iff VU € U: #{i : 
a a 
Mor (U, X;) # 0} < w. Tosee this, consider the arrow Mor (UV, | | X;) = GB Mor (U, X;) > | [ Mor (U, X;) = 


Mor U, [J X1).] 


PROPOSITION 15 Let C be a compactly generated triangulated category and let D 
be an arbitrary triangulated category. Suppose that F': C > D is a triangulated functor 
which preserves coproducts—then F' has a right adjoint G: D > C. 

[Given a Y € Ob D, the cofunctor X — Mor (FX, Y) is exact and converts coproducts 
into products, thus is representable: Mor (F—, Y) * Mor (—, GY).] 


FACT Let C beacompactly generated triangulated category and let D be an arbitrary triangulated 
category. Suppose that F : C > D is a triangulated functor which preserves coproducts—then its right 


adjoint G : D > C preserves coproducts iff VU € U, FU is compact. 
[Necessity: A Mor (FU, Y;) & GB Mor (U, GY;) & Mor (U, |] GY;) © Mor (U,G][Y;) & Mor (FU, 
Jj Jj Jj Jj 
[¥3). 
Jj 
Sufficiency: The natural transformation © : Mor (—, |] GY;) + Mor (—, G[] Yj) corresponding to 
Jj J 
the arrow ial GY; > GI] Yj has the property that Sy, is bijective V U € YU, hence ial GY; = GI] Y; (ef. 
‘] Jj Jj J 


p. 15-16).] 


Notation: U+ is the class of objects in C that are coproducts of objects in U. 
Definition: An object (X,f) in FIL(C) is completable in U* if Xo € Ut and Vn > 0, 
there is an exact triangle X, fs Xnii 7 Za UXy with Z, in Ut. 


PROPOSITION 16 Let C be a compactly generated triangulated category. Suppose 


that F : C > AB is an exact cofunctor which converts coproducts into products—then 4 
an object (X, f) in FIL(C), completable in Ut, such that tel(X, f) represents F’. 
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[This is implicit in the proof of the Brown representability theorem. Thus by defini- 
tion, Xo € Ut. Consider the exact triangle K,, > pe ae + DK,. Since UK, = 


X([] (ker =, 7)-U) = [] (ker =, =)-NU, there is an exact triangle X,, is Mai Lg ae kg 


U U 
with Z,, € UT.] 


[Note If = O°U (> 1), then, SU = YOPU = YOO") 08" 6] 


Application: Fix an X € Ob C—then J an object (X,f) in FIL(C), completable in 
Ut, such that X & tel(X, f). 
[In Proposition 16, take F = Mor (—, X).| 


Let C be a compactly generated triangulated category satisfying the octahedral axiom— 
then one may form ExtU/ and ExtU+ (cf. p. 15-10). Example: Using the notation of 
Proposition 16, Vn > 0, X, € Ext. 


LEMMA Let C be a compactly generated triangulated category satisfying the oc- 
tahedral axiom. Fix a compact object X and suppose that Z'’ > Z > Z" > DZ’ is an 


xX 
exact triangle with Z” © Ext&/*—then every diagram | can be completed 
——— aes 
xX' —> X 
to a commutative diagram | | in such a way that there is an exact triangle 
Z—- Z 


X' +X 3X" 5 UX! with X” € Ext. 
[Argue by induction on the length | of 7”. 


Case 1: 1 =1. Here Z” € Ut. Since X is compact, the composition X — Z > 
XC 0 


Z" factors through a finite coproduct X” C Z” and | | 
A=) ZS 2 = 
xX’ —>» X — X" —+ EX! 
extends to a morphism of exact triangles | | | | (cf. Propo- 


Ac —— a a Lar ce Dy Al 
sition 1). 


Case 2: | > 1. By assumption, 7” occurs in an exact triangle Z > Z" > Zi! > 

“Zi, where Zi, Z1/ € ExtU* and have length < /. Complete the composite Z > Z” + Z// 
to an exact triangle Z > Zi! > W — XZ (cf. TR3). Using the octahedral axiom on 
Z'—+Z 

ZZ" + OZ! 3 UZ, Z" > ZY > UZ - 42", construct a factorization | 
Z 
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of Z' + Z and exact triangles Z’ > Z > Zf 4 OZ', Z = Z > Zi — XZ. Owing 


Me Eas aM, ee Ue 
to the induction hypothesis, there is a commutative diagram | | | and 
Ze Ss J. ee 


exact triangles X’ + X > Xj! — UX', X — X — Xi! 3 UX, where Xf, X!! € Ext. 
Complete the composite X' + X + X to an exact triangle X' — X 4 X" > UX’ (ef. 
TR3)—then the octahedral axiom implies that X” € Ext U/.] 


PROPOSITION 17 Let C be a compactly generated triangulated category satisfying 
the octahedral axiom—then every compact object X in C is a direct summand of an object 
in Ext UY. 

[Write X % tel(X, f) (cf. supra). Since colim Mor (X, X,,) © Mor (X, X) (cf. Proposi- 

) ee 4 
tion 13), idx factors through some X,, : \ vA . On the other hand, X, € Ext U* 
Xn 


xX 
id 
and 0 > X, 25 Xn — 0 is exact. One may therefore apply the lemma to | 
0 > Xy 
X' —>» X 
and produce a commutative diagram | | plus an exact triangle X’ + X > 


0 —> Xy 
X" —» YX! with X” € ExtU. But the arrow X’ > X is the zero morphism, thus 


X" = XWUX’ (cf. p. 15-5).] 
Notation: cpt C is the thick subcategory of C whose objects are compact. 


THEOREM OF NEEMAN-RAVENEL Let C be a compactly generated triangulated 
category satisfying the octahedral axiom—then the thick subcategory generated by U is 
cpt C. 

[This is a consequence of Proposition 10 and Proposition 17.] 

[Note: The thick subcategory generated by U is, of course, the intersection of the 


conglomerate of thick subcategories of C containing U/.] 


The proof of the Neeman-Ravenel theorem depends on the octahedral axiom (by way 
of Proposition 17) but its use can be eliminated. Thus let A be the thick subcategory 
generated by U and fix a skeleton A of A—then A is small (since U/ is a set) and for any 


15-21 


X inC, A/X is the category whose objects are the arrows K — X and whose morphisms 
k —— L 


(k + X) > (L— X) are the commutative triangles AS Io (K,L in A). 
xX 


LEMMA VX, the category A/X is filtered. 


[Note: The assignment X > A/X defines a functor C > CAT] 


In what follows, colim stands for a colimit calculated over A/X. 


PROPOSITION 18 Let C be a compactly generated triangulated category. Suppose 
that F : A > AB is an exact functor. Given an X € Ob C, put FX = colim FkK—then 


F:C— AB is an exact functor which converts coproducts into direct sums. 


15-22 


[Note: VK in A, FK = FK,] 


Remark: Suppose that F : C > AB is an exact functor which converts coproducts 


into direct sums—then the natural transformation F|A — F is a natural isomorphism. 


FIAU"X > FYUO"X 
Proof: The X such that the arrows 1 Fhe 5» FO"X 


constitute the object class of a triangulated subcategory of C containing Y/ and closed 


are isomorphisms V n > 0 


under the formation of coproducts in C, thus is all of C (cf. Proposition 14). 


THEOREM OF NEEMAN-RAVENEL (bis) Let C be a compactly generated trian- 
gulated category—then the thick subcategory generated by U is cpt C. 

[Vv compact X, the exact functor Mor (X,—) converts coproducts into direct sums. 
Therefore, by the above remark, Mor (X,—)|A = Mor (X,—), so idx factors through some 


j= 
Kinki \ A | 
K 


PROPOSITION 19 Let C be a compactly generated triangulated category—then 
cpt C has a small skeleton. 


Let C be a compactly generated triangulated category—then the additive functor cat- 
egory [(cpt C)°P, AB]+ is a complete and cocomplete abelian category and has enough pro- 
jectives (cf. p. 0-38). Call EX[(cpt C)°P, AB]* the full subcategory of [(cpt C)°P, AB]* 
whose objects are the exact cofunctors F' : cptC — AB. 


PROPOSITION 20 Let C be a compactly generated triangulated category—then all 
the projective objects of [(cpt C)°P?, AB]* lie in EX[(cpt C)°P, AB]. 
[Every projective object of [(ept C)°P, AB]* is a direct summand of a coproduct. of 


representable cofunctors.| 


PROPOSITION 21 Let C be a compactly generated triangulated category—then 
every object in [(ept C)OP, AB]* of finite projective dimension belongs to EX[(cpt C)°?, 
AB)t. 


Notation: Write hx for the restriction Mor (—, X)|cpt C and write hy : hx — hy for 
the natural transformation induced by the morphism f :X > Y. 


FACT Let C be acompactly generated triangulated category—then the functor h : C > [(cpt C)°P, 


AB]* is exact, conservative, and preserves products & coproducts. 
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Let C be a compactly generated triangulated category—then C is said to admit 
Adams representability if the following conditions are satisfied. 


(ADR) Every exact cofunctor F : cptC — AB is representable in the large, 


i.e., Jan X € Ob C and a natural isomorphism hx > F. 
(ADR2) Every natural transformation hy — hy is induced by a morphism 


f:X 7Y. 


FACT Suppose that C admits Adams representability—then IND(cptC) is equivalent to 
EX[(cpt C)°P, AB]*. 


LEMMA _ Let C be a compactly generated triangulated category. Assume: C admits 
Adams representability—then hx ~ hy > X & Y, thus an object representing a given 


exact cofunctor F' : cpt C + AB is unique up to isomorphism. 


Suppose that C admits Adams representability—then V X,Y € Ob C, there is a 
surjection Mor (X,Y) — Nat(hx,hy), viz. f — hy. Definition: f is said to be a 
phantom map provided that hy = 0. So, if Ph(X,Y) is the subgroup of Mor (X,Y) 
consisting of the phantom maps, then the sequence 0 > Ph(X,Y) — Mor(x,Y) > 
Nat(hx, hy) — 0 is short exact. 

[Note: Let f € Ph(X,Y)—then for any ¢: X' > X, fog © Ph(X’,Y), and 
for any W : Y > Y', dof © Ph(X,Y’). This has the consequence that it makes 
sense to form the quotient category C/Ph, where the set of morphisms from X to Y 
is Mor (X,Y) /Ph(X, Y).] 


LEMMA Let C be a compactly generated triangulated category. Assume: C admits 
Adams representability—then hx is projective iff X is a direct summand of a coproduct 


of compact objects. 


EXAMPLE Consider any exact triangle W 4 [[ x: 4 [ [i — =W (¢ as on p. 0-34)—then w is 
i i 


a phantom map. 


FACT Suppose that C admits Adams representability—then f : X — Y is a phantom map iff V 


compact K and every ¢: K > X, the composite f o ¢ vanishes. 


EXAMPLE Given an X € Ob C, complete al K — X to an exact triangle al K>xX ox > 
A/X A/X 
al “kK (cf. TRs)—then © is a phantom map. Moreover, every f € Ph(X,Y) factors through 0. 
A/X 


15-24 


Corollary: All phantom maps out of X vanish iff © = 0. And, when © = 0, X is a direct summand of 


I] *. 
A/X 
[Note: Therefore © is a “universal” phantom map (cf. p. 5—-90).] 


FACT Suppose that C admits Adams representability—then f : X — Y is a phantom map iff V 


exact functor F : C — AB which converts coproducts into direct sums, Ff = 0. 


PROPOSITION 22 Let C be a compactly generated triangulated category. Assume: 
C admits Adams representability. Let A : I — C be a diagram, where I is filtered and 
Vi € Ob I, A; is compact—then A has a minimal weak colimit. 

[Put F = colim ha, (thus V compact K, FK = colim Mor (K,A;)). Since AB is 
Grothendieck, F’ is exact, so by ADR ,, 4 an X € ObC and a natural isomorphism 


hx — F. Claim: X is a minimal weak colimit of A. Indeed, V 7, there is a natural 


transformation =; : ha, + hx and, by ADR», 5; = hy, (4 fi; : A; + X). Moreover, f; is 
determined up to an element of Ph(A;,X). But A; compact = Ph(A;, X) = 0, hence f; 
is unique. Consequently, {A; Kx } is a natural sink. If now {A; ss Y} is another natural 
sink, then J = € Nat(hx, hy) : Vi, hg, = Zohyz,. However = = hg for some ¢: X > Y (cf. 
ADRg) and this means that g; = ¢o f;. Therefore X is a weak colimit of A. Minimality 


is obvious. | 


EXAMPLE Suppose that C admits Adams representability. Fix an X € Ob C and consider the 
functor A/X — C that sends K + X to K. Since A/X is filtered, this functor has a minimal weak colimit 
Lx (cf. Proposition 22). There is an arrow Ly > X and VU €U, Mor (U, Lx) & colim Mor (U, K) & 
Mor (U, X) > Ly & X (cf. p. 15-16). 


FACT Let C be a compactly generated triangulated category. Assume: Every functor from a 
filtered category I to C with compact values has a minimal weak colimit—then C admits Adams repre- 


sentability. 


LEMMA _ Let C bea compactly generated triangulated category. Assume: C admits 
Adams representability—then for any X in C, there is an exact triangle P > Q > X > 


=P such that hp & hg are projective and the sequence 0 > hp > ha > hx — 0 is short 
exact. 

[The functor A/X — C that sends K + X to K has a minimal weak colimit, viz. X 
(see the preceding example). It also has a weak colimit Y constructed via the procedure 


onp. 15-4: [[ K-> J] K>Y- J] &K. Since X is minimal, 5 arrows d: X > Y, 
KL A/X KL 
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|| « ———x 
w:Y —+ X such that ~o ¢ is an isomorphism and the triangles ie he | 
Y 


k ——- Y 


aye e r commute (cf. p. 15-16 ff.). Define P by requiring that P > [|] K > 


A/X 


xX 
X — UP be exact. Using Proposition 1, determine arrows f:P— [[ K,g: [J] K7> 
KAoL KL 
P such that the diagram 


PJ] K—] x —— Pp 


Yr “ok OF 


al k ——> ial k —> Y ——> al NK 
KoL A/X | KoL 
p 


| | [ps 


P —— > || kK —~ xX ——>»P 
A/X 
commutes—then go f is an isomorphism (cf. p. 15-4), hence hp is a direct summand 
of |] hx which implies that hp is projective. And with Q = |[[ K, the sequence 
KL A/X 
0— hp > hg — hx — 0 is short exact. 


Remark: The arrow X > “P is a phantom map and if f : X > Y isa phantom map, 
X ——P 
then there is a commutative triangle s| a (el p. 15-22). 
¥ 
Example: f € Ph(X,Y) & g € Ph(Y,Z) > go f =0. Proof: hp projective > hyp 
projective > Ph(UP, Z) = 0. 


PROPOSITION 23 Let C be a compactly generated triangulated category. Assume: 
C admits Adams representability—then EX[(cpt C)°?, AB]* is the full subcategory of 
[(cpt C)OP, AB]+ whose objects have projective dimension < 1. 

[On account of Proposition 21, it need only be shown that every F in EX[(cpt C)°?, 
ABJ]* has projective dimension < 1. But by ADR, 4 X : hx ~ F and the lemma implies 
that hx has a projective resolution of length < 1.] 


FACT Suppose that C admits Adams representability—then V X,Y € ObC, Ph(QX,Y) & 
Ext(hx, hy). 
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LEMMA Let C be a compactly generated triangulated category—then every exact 
cofunctor F' : cpt C — AB of projective dimension < 1 has a projective resolution 0 > 


H—+G-—F 50, where G, H are coproducts of representable cofunctors. 


[By hypothesis, there is a projective resolution 0 > F” —+ F’ > F — 0. Here F’ 


is a coproduct of representable cofunctors, while F’” is a direct summand of a coproduct 
—— CO CO 

of representable cofunctors, say F” IF” = ®. Noting that [[® ~ F” I []®, consider 
I I 


0—- F’Ul[®o- F'uUl[@e- FF 0] 
I I 


PROPOSITION 24 Let C be a compactly generated triangulated category. Assume: 
Every exact cofunctor F : cptC — AB has projective dimension < 1—then C admits 
Adams representability. 

[It is a question of checking the validity of ADR: and ADRe. 

Re: ADR . Fix an exact cofunctor F : cptC — AB and resolve it per the 
lemma: 0 —- H ~ G > F > 0. Write G = I Mor (—, K), H = I Mor (—,, L)—then the 
arrow H — G gives rise to a morphism HL — UK which can be completed to an exact 
triangle UL — Uk > X > UNL (cf. TR3) and hx & F. 


Re: ADR». Fix a natural transformation = : hy — hy. Choose projective 


resolutions 0 —> Hx > Gx ~ hx >0,0—- Hy > Gy > hy — 0 per the lemma and lift 
0 — Ay —- Gyr — hx — O 


= to a commutative diagram | | |= . Write Gy = 
0 — Ay — Gy — hy — O 
Il Mor (—, Kx), Hx = UMor(—,Lx), Gy = IU Mor (—, Ky), Hy = UMor (—, Ly)— 
UL, — UK, 
then there is a commutative diagram | \\ in C. Complete it to a morphism 


ULy — UKy 
ly — UKy — xX’ —> IDSLx 


| | eg | of exact triangles (cf. TR3 & TRs5). The 


Uly — UkKy — Y' —> IDLy 
0 — Ay — Gr —> hx — 0 


rows in the commutative diagram | | |r f! are short 


0 — Ay — Gy — hy — 0 
exact. Working with X, the composite ULxy — UKx — X is a phantom map, hence 
IkKy —— Xx’ 


vanishes, thus 4 a commutative triangle | wae and hg : hx: + hx is a natural 


isomorphism, so ¢ : X' — X is an isomorphism (h is conservative (cf. p. 15-21)). 
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ha She 
Similar considerations apply to Y. Since hy | | commutes, it follows that = = 
hy: —— hy 
hy 
hpoftog-*] 


Let C be a compactly generated triangulated category—then Propositions 23 and 24 
tell us that C admits Adams representability iff every object of EX[(cpt C)°P, AB]* has 
projective dimension < 1 in [(ept C)°P, AB]+. And this condition can be realized. Indeed, 
it suffices that cpt C possess a countable skeleton (cf. infra). 


[Note: Recall that in any event cpt C has a small skeleton (cf. Proposition 19).] 


NEEMAN’S COUNTABILITY CRITERION Let C be a triangulated category with 
finite coproducts and a countable skeleton—then every object of EX[c®?, ABJ]* has pro- 
jective dimension < 1 in [C°”, ABJ*. 

[Note: EX[C°”, AB]* is the full subcategory of [C°”, AB]*+ whose objects are the 
exact cofunctors F :C > AB.| 


The stable homotopy category is a compactly generated triangulated category and its full subcategory 
of compact objects has a countable skeleton. Therefore the stable homotopy category admits Adams 


representability. 


The proof of Neeman’s countability criterion requires some preparation. Call an object 
of [c°P, AB]t free if it is a coproduct of representable cofunctors. Definition: V F in 
[c°?, AB]+, #(F) is the smallest infinite cardinal « for which there is a free presentation 
F" ~ F’ + F +0, where F’, F"” are coproducts of < « representable cofunctors. 

Observation: If 0 > F” > F’ > F — 0 is a short exact sequence in [C°?, AB]+ and 
if #(F") < 6, #(F) < «, then #(F) < k. 

Let « be an infinite cardinal—then C is said to satisfy condition « if for any F in 
EX[C°?, AB]+ and any morphism ® — F, where #(®) < «, there is a factorization 
® > UV > F such that V > F is a monomorphism and W has a free resolution 0 4 UW” > 
wv’ + UV > 0, where W’, Y” are coproducts of < « representable cofunctors (=> #(W) < &). 

Observation: Suppose that C satisfies condition «—then every object F' of EXic 
AB]* with #(F) < « has a free resolution 0 — F” > F’ + F — 0, where F’, F” are 
coproducts of < « representable cofunctors. In particular: The projective dimension of F’ 
iges 


LEMMA _ Suppose that C satisfies condition k. Let F — G be a monomorphism of 
exact cofunctors, where #(F) < «, #(G) < «—then for any free resolution 0 > F” > 


15-28 


F' + F + 0 of F, there exists a free resolution 0 > G” + G’ += G — 0 of G and 
0 — FU —+» F' —+4 F —>+ 0 


a commutative diagram | | ih such that F” > G", 


0 —-+> GY + @G—~ G— 0 
F' + G' are split monomorphisms. 


[Complete F — G to a short exact sequence 0 > F > G > H — 0. Since F,G are 
exact, so is H. Moreover, #(F) < k, #(G) < « => #(A) < « (cf. supra). Fix a free 
resolution 0 — H"” — H' + H — 0, where H', H” are coproducts of < « representable 


cofunctors, and extend 0 


0 — HA" —+ H' —+ H —>+ 0 


\v 


0 


in the obvious way: 0 > F"” @ H" > F’@ H’ >G-0.] 
[Note: Therefore if F’, F” are coproducts of < « representable cofunctors, then 
G' = F' @ H’, G" = F" © H" are coproducts of < « representable cofunctors.| 


MAIN LEMMA Let C bea countable triangulated category with finite coproducts— 
then C satisfies condition « for every k, hence Neeman’s countability criterion is valid. 
[Fix an F in EX[C°?, AB]* and a morphism ® > F. 

##(@) = w. There is a free presentation &” + ®’ > ® > 0, where ©’, 6” are 
countable coproducts of representable cofunctors. Accordingly, one can assume without 
loss of generality that ® is a countable coproduct of representable cofunctors (replace 
® > F by ® > © > F), say ® = [] Mor (—, X;), the morphism ® — F corresponding 


to a sequence of natural transformations Mor (—,X;) > F. Put XP? = X;. Since C 


k 
is countable, VX € Ob C, Mor (X, J] X°) is countable, thus its subset Sx, consisting 
i=0 


k 
of the arrows for which the composite Mor (—, X) > [] Mor(—,X?) > F vanishes is 
i=0 
k 
countable. Enumerate the elements of LJ) Sx. Supposing that X — |] X? is the [*® 
Xk i=0 


k 
such, define X/ by the exact triangle X + [] X? — X/ — UX (cf. TR3). The natural 
i=0 
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k k 
transformation ]] Mor (—, X?) > F determines an element x € F[] XP? that, under the 
i=0 i=0 


k 
arrow F |] X? + FX, is sent to 0. Since F is exact, 4 an element of FX} mapping to x. 
1=0 


This means that if Mor (—, X°) > F factors as U Mor (—, X?) — Mor (—, X/) > F. 
i=0 =0 
Iterate the procedure: From the set {Xj} one can produce the set {X7?}. Continuing, the 


upshot is a countable filtered category I whose objects are the xP and whose morphisms 
xP > xe are the identities and the composites arising from the construction. There 
is a functor I > [C, AB]*+ that sends X} to Mor (—, X}). The natural transformations 
Mor (—, XF) > F constitute a natural sink and the arrow colim Mor (—, X#) > F isa 
monomorphism. Definition: Y = colim Mor (—, X}). It is clear that the Mor (—, X;) > F 
factor through VY. To show that WV has a free resolution 0 — UW” + W + WU — 0, 


where W’, UW” are countable coproducts of representable cofunctors, fix a final functor 


V :[N] > I (see below)—then WV ~ colim Mor (—, V,,) and there is a short exact sequence 
0 — [| Mor (—, Vn) = 1] Mor ( ,Vn) > VY > 0. Here the n** component of sf is the 


Si) 


arrow Vn ———> Vn U Vana (fn: Vn 2 Vn41)- 


#(®) = « (>w). The induction hypothesis is that C satisfies condition «’ for 
all infinite cardinals Kk’ < «. One can assume from the start that ® is a coproduct of < k 
representable cofunctors. If ® is the coproduct of < « representable cofunctors, we are 


done. Suppose, therefore, that @ = [][ Mor(—, XQ). The idea then is to define for each 

a € [w, «| asubobject Va C F such Hite < 8B => Vy C %¢ and which has a free resolution 

07> W 4 wWl > YU, — 0, where U!,, UW are coproducts of < #(a) representable 

cofunctors. Matters will be arranged so as to ensure that U Mor (—, X;) — F factors 

as [[ Mor (—, X;) > Va — F. In addition, when a < Bs hei’ will be a commutative 
i<a 


ee a ee en i | nD 

diagram | i) | with UW > W,, Uy > Wz split 
Oi Se eg a 

monomorphisms, sd whe a< 9 < y, the composite 


0a Wwe vw SO & — 0 


i i i 


08 SS A ae Wy, Wg 


i 


Oa, BUR Se. A as A ae 
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ee en ee i a Pr a) 
will equal | | | . Thus determine WV, by applying 
OS MW er 0 
the above to the arrow [|] Mor(—,X;) > F. Proceeding, let w < a, the supposition 
being that the UV; have been defined V i < a. If a is a successor ordinal, say a = 6 +1, set 
k/ = #(Wg) and consider the morphism Vg © Mor (—, Xg) — F. Appeal to the induction 
hypothesis secures a factorization Ug @ Mor (—,Xg) > Vg41 — F. Wg is obviously 


a subobject of Yg41 and since C satisfies condition «’, the lemma guarantees that the 


free resolution 0 > UW > W!, > Vg > 0 can be extended to a map of free resolutions 
B B B 
Gs See eae ee ee 0) 
| | | with Wi, > Wy, WY + WY. split 
0 — Vo41 ee age et Wg 
monomorphisms and W,.,, U3.) (as well as UW, .,/V,, U3.,/V;) a coproduct of < x! 


representable cofunctors. If a@ is a limit ordinal, put UV. = colim U;, Ui, = colim VW, 
Ww! = colim WU’. That U1, WY are in fact coproducts of < #(a) representable cofunctors 


follows upon observing that U!, = U/, @ { u Vii /Vi}, VA =U Of u Wi / i}. 
WTtca woi<a 


Conclusion: C satisfies condition «.] 


LEMMA Suppose that I is a countable filtered category—then J a final functor [N] > I. 
[One can find a directed set (J, <) and a final functor J > I (cf. p. 0-11). Since I is countable, so 
is J (this fact is contained in the passage from I to J (Cordier-Portert)). Arrange the elements of J in a 


sequence jo, j1,-.. , and take ko = jo, kn > kn—1, jn (n > 1) to get a final functor [N] > J.] 


EXAMPLE Consider D(A-MOD), where A is commutative and noetherian—then if D(A-MOD) 
admits Adams representability, every flat A-module has projective dimension < 1 (Neeman*). Example: 
Take A = C[x,y]—then the projective dimension of C(z,y) is 2, therefore in this case D(A-MOD) does 
not admit Adams representability. 

[Note: Recalling the characterization of compact objects in D(A-MOD) mentioned on p. 15-13, 
Neeman’s countability criterion implies that D(A-MOD) admits Adams representability provided that A 


is countable. ] 


Let C be a compactly generated triangulated category. Suppose that D is a reflective 
subcategory of C, R a reflector for D. Put T = 10 R, where 1: D > C is the inclusion, 


+ Shape Theory, Ellis Horwood (1989), 42-44. 
= Topology 36 (1997), 619-645. 
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and let (S,D) be the associated orthogonal pair (cf. p. 0-22)—then T is said to be a 
localization functor if T is a triangulated functor. 

[Note: The elements of S are the T-equivalences. The elements of D (i.e., the X such 
that ex : X — TX is an isomorphism) are the 7-local objects and the elements of ker T 
(i.e., the X such that TX = 0) are the T-acyclic objects.] 

Mor (="X,Y) = 0 


Mor (Q"X,¥) =0 (2%. 


Observation: If X is T-acyclic and if Y is T-local, then { 


PROPOSITION 25 Let C be a compactly generated triangulated category. Suppose 
that T is a localization functor—then V X € Ob C, dan exact triangle Xp = X STX > 


UX, where X7 is T-acyclic. 
[Place X “TX in an exact triangle Xp — X S TX > DX7 and apply T to get an 
exact triangle TX; — TX TEX T2X _, “TX. Since Tex is an isomorphism, TX = 0.] 


The following lemma has been implicitly used in the proof of Proposition 25. 


LEMMA Let C be a triangulated category. Suppose that X 4SY3Z35X is an exact triangle, 
where v is an isomorphism—then X = 0. 


[The triangle Y + Z + 0 + XY is exact (cf. p. 15-6), thus the triangle 0 + Y + Z — 0 is exact 
Vv 
o> Y 


vou=0>u=0 


(cf. p. 15-2) and { (cf. Proposition 3). Therefore the diagram | | 


wov=0>w=0 
xX — Y — 
0 v 
LZ —> 0 
| | commutes, so 0 + X is an isomorphism (cf. p. 15-4).] 


Z— OX 
0 


PROPOSITION 26 Let C be a compactly generated triangulated category. Sup- 
pose that T is a localization functor—then the T-acyclic objects are the object class of a 
coreflective subcategory of C, the coreflector being the functor that sends X to Xr. 

[Note: There is a natural isomorphism (UX )r — UXp and X — Y — Z > XX exact 
=> Xp 9 Yr > Zp — UX7 exact.| 


PROPOSITION 27 Let C be a compactly generated triangulated category. Suppose 
that T is a localization functor—then X is T-local iff Mor (Y, X) = 0 for all T-acyclic Y 
and X is T-acyclic iff Mor (X,Y) =0 for all T-local Y. 

[To see that the condition characterizes the T-local objects, take Y = Xv. Thus 
the arrow X; — X is the zero morphism, so the isomorphism (X7r)r > Xr is the zero 


morphism, hence X77 = 0, which implies that ¢x : X — TX is an isomorphism.] 
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Using the notation of p. 15-48, take for 7 the class of T-acyclic objects and take for F the class of 
T-local objects—then Anny F = 7 and Anng 7 = F (cf. Proposition 27), i.e., the pair (7, F) is a torsion 


theory on C. 


PROPOSITION 28 Let C be a compactly generated triangulated category. Suppose 
that T is a localization functor—then the class of T-local objects is the object class of a 


thick subcategory of C which is closed under the formation of products in C. 


[Given an exact triangle X > Y > Z — XX, there is a commutative diagram 
xX > YY == 2 => BX 


ex lev [ez | Zex of exact triangles, thus if two of ex, ey, ez are 


TX — TY — TZ — XTX 
isomorphisms, so is the third (cf. p. 15-4). Therefore D is a triangulated subcategory 


of C (cf. Proposition 7). Next, for any pair of morphisms i: X > Y,r:Y — X with 
Ren ee eS ae. 
rozt= idx, there is a commutative diagram [ex lev Re . Accordingly, 


TX —\ TY —» TX 
Ti Tr 


ex is a retract of ey (cf. p. 12-1) and if ey is an isomorphism, then the same is true of 
ex, hence D is thick.] 
[Note: Analogously, the class of T-acyclic objects is the object class of a thick subcat- 


egory of C which is closed under the formation of coproducts in C.] 


Remark: D is not necessarily compactly generated. In fact, there may be no nonzero 


compact objects in D at all. 


EXAMPLE Suppose that C is a compactly generated triangulated category. Let K = {K} bea 
set of compact objects. Denote by K the thick subcategory generated by K and denote by L the smallest 
triangulated subcategory of C containing K and closed under the formation of coproducts in C—then K is 
a subcategory of L (via the Eilenberg swindle) and there is a localization functor Tx whose acyclic objects 
are the objects of L. Moreover, every compact object in C which lies in L must lie in K. 

[Write K = {K} for the set J{="K :n > 0} UL{N"K : n > 0} and let K+ be the class of objects 
in C that are coproducts of sitene in K—then V X oi C, 4 an object (X,f) in FIL(C), completable 
in K+ (obvious definition), and an arrow tel(X,f) + X such that Mor (Y, tel(X, f)) & Mor (Y, X) for all 
Y in L (proceed as in the proof of the Brown representability theorem) (cf. Proposition 16)). Taking 
Xi = tel(X, f), define Tx, X by the exact triangle Xm 7 X 7 TeX > UX kK.) 


[Note: The Ty are the compact localization functors. | 


Let C be a compactly generated triangulated category—then a localization functor T is said to be 
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smashing if it preserves coproducts or, equivalently, if D is closed under the formation of coproducts in C 
(recall Proposition 12). 

Example: A compact localization functor is smashing. 

[Note: The telescope conjecture is said to hold for C if every smashing localization functor is compact. 
In the stable homotopy category, the telescope conjecture is false but in the derived category D(A-MOD), 


where A is commutative and noetherian, the telescope conjecture is true.] 


FACT Suppose that C is a compactly generated triangulated category. Let T be a localization 


functor—then T is smashing iff K compact in C > RK compact in D. 
Application: If T is smashing, then D is a compactly generated triangulated category. 


FACT Suppose that C admits Adams representability. Let T be a localization functor—then D 


admits Adams representability provided that T is smashing. 


Notation: Let C be a triangulated category with products. Suppose given an object 
(X,f) in TOW(C)—then © mic(X, f) is any completion of ieee ee to an exact 
n n 


triangle (cf. TR3), where pr,, osf = pr, —fn © PIy41- 


EXAMPLE Suppose that C is a compactly generated triangulated category. Let T be a local- 
ization functor and let (X,f) be an object in TOW(C) such that Vn, Xn is T-local—then mic(X, f) is 
T-local. 


Let C be a compactly generated triangulated category. Suppose that F' : C > AB is 
FXu"u : 
FA" * 
an isomorphism—then (1) Sp admits a calculus of left and right fractions and contains the 
isomorphisms of C; (2) u € Sp > Su & Qu € Sp; (3) f,g © Sp > Sh € Sp (data as in 


TRs); (4) u € Sp iff f,g © MorC: uo f € Spr, gou € Sp. Therefore the metacategory 


an exact functor. Let Spr be the class of morphisms X —>Y such that Vn > 0, { 


SC is triangulated and Lg, :C > Cg & is a triangulated functor. 
[Note: In the terminology of p. 15-12, Sr is multiplicative.] 


PROPOSITION 29 Let C be a compactly generated triangulated category. Suppose 
that F : C > AB isan exact functor which converts coproducts into direct sums. Assume: 
The metacategory i ® is isomorphic to a category—then Ce is the object class of a 
reflective subcategory of C. 

[Argue as in the example on p. 5-79. Thus the triangulated functor Lg, : C > Sa C 
preserves coproducts, so V Y € Ob Sa, Mor (Ls,—, Y) is an exact cofunctor C > AB 
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which converts coproducts into products, hence by the Brown representability theorem, 
4Ys5, € Ob C: Mor (Lg, X,Y) & Mor (X, Yg,).] 
[Note: The procedure generates an idempotent triple Tr = (Tp, m,e¢) in C (Tr: C > 


C is a localization functor, Sp is the class of Tr-equivalences, and Or = ker Tr (i.e., X is 
roe FU"X =0 
Tr-acyclic iff Vn > 0, nee = (cf. p. 15-7))).] 


Maintaining the assumption that C is a compactly generated triangulated category, 
given any X € Ob C, put kx = %#(Mor (U, X)) and for « an infinite cardinal > Ky = 
U 


ky, let C,, be the full subcategory of C whose objects are the X such that &#x < «—then 
U 


C,, is a thick subcategory of C which is closed under the formation of coproducts in C 
indexed by sets of cardinality < « and C = UC,. 
RK 


[Note: C,, contains YU, hence C,, contains cpt C (by the theorem of Neeman-Ravenel).] 
Notation: Uz is the class of objects in C that are coproducts of < « objects in U. 


LEMMA Let {G,,} be a sequence of abelian groups. Assume: V n, #(Gn) < &, 


where « is an infinite cardinal—then the cardinality of QG,, is bounded by &. 


[Note: Another triviality is the fact that if G’ — G — G" is an exact sequence 
of abelian groups and if #(G’) < «k, #(G”) < «, where « is an infinite cardinal, then 
#(G) < 62 =k] 


PROPOSITION 30 Let C be a compactly generated triangulated category. Fix an 
infinite cardinal k > Ky—then X € Ob C,, iff X ~ tel(X, f), where (X, f) is completable 
in Uy. 

[The sufficiency is clear (cf. Proposition 13) and the necessity can be established by 
reworking the proof of Proposition 16 (with F = Mor (—, X)).] 

[Note: It is a corollary that C,, has a small skeleton C,,..] 


LEMMA Let C be a compactly generated triangulated category. Suppose that F': 
C — AB is an exact functor which converts coproducts into direct sums. Put H = 


QD Fol" ® @® FoQ"—then H : C > AB is an exact functor which converts coproducts 
n>0 n>0 


into direct sums and a morphism X + Y is in Sp iff Hu: HX > HY is an isomorphism. 


PROPOSITION 31 Let C be a compactly generated triangulated category. Suppose 
that F': C > AB is an exact functor which converts coproducts into direct sums—then 
V infinite cardinal & >> Ky, J an infinite cardinal 6(«K) > « such that VY : #(HY) < &, 
4X € Ob C5) & X-4Y with Hu: HX > HY an isomorphism. 
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[Bearing in mind that cpt C has a small skeleton cpt C (cf. Proposition 19), fix an 
infinite cardinal «7 > sup{#(HK) : K € Ob cpt C} and take & = 69(K) > max{ky, Ky}. 
Since HY © colim HL (cf. p. 15-21), V y € HY, Jan object L > Y in A/Y : y € 
im(HL —+ HY). Therefore one can choose objects L; > Y in A/Y indexed by a set I of 
cardinality < do(«) such that Huo : HXo — HY is surjective. Here Xo = [[L; and uo : 

T 


Xo — Y is the coproduct of the L; > Y. Because the L; are compact and #(J) < do0(k), 

Xo € Ob C5,¢x). Embed Xp “$Y in an exact triangle ¥’ “+ Xo “$Y + SY’. Claim: 3 

an infinite cardinal 61(K) > 69(«) for which #(HY") < 6)(«&) independently of the choices 

(i.e., the bound is a function only of the initial supposition that #(HY) < «). To see 

this, note that #(H=U"Y) < «, #(HO"Y) < « and #(HU"Xo) < Ke, H(HO" Xo) < KF 

and use the long exact sequence generated by H. Repeat the process: ug : [[ Li, > Y' 
7 


U 
U 


(#4(1') < 61(«)) and place wu’ o ug in an exact triangle Z > Ley Se 5 37, Cone 
Xp 57 SS er 


[' 
sider now the diagram ! [Bu ! . The rows being in A, one 
Xo =a Y —— xY’ —S Xo 
—Xu 


can find a filler uy : UZ — Y (cf. Proposition 2). Put X; = 4Z (thus X; € Ob C5, (,)) 


Xo fs X} 
and let fo be the arrow Xp > X 1. By construction, uo | ja com- 
Y Y 
mutes and ker H fo = ker Hug. Continuing, one produces V n a commutative diagram 
Xn ELE Xn41 
un | [tints s where ker Hf, = ker Hu, and X, € C5, (%) (On(K) < 
Y Y 


On41(k)). Definition: X = tel(X,f)—then X € Ob C5) (d(K) > (sup{dn(K)})” (cf. 
infra)), HX ~ colim HX, and there is an arrow X 4Y with Hu: HX — HY an isomor- 
phism (injectivity from the condition on the kernels, surjectivity from the surjectivity of 
Huo).| 


Thanks to Proposition 13, VU € U, colim Mor (U, Xn) & Mor (U, tel(X, f)), hence #(Mor (UV, tel(X, 
f))) < [[ #Mor (U, Xn)) < [] on (*) < (sup{in(«)})%. 
n n 


BOUSFIELD-MARGOLIS LOCALIZATION THEOREM Let C be a compactly gen- 
erated triangulated category. Suppose that F' : C > AB is an exact functor which converts 


coproducts into direct sums—then there exists a localization functor Tr such that S# is 
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the class of Tr-local objects. 

[In view of Proposition 29, the point is to show that the metacategory Sa-C is isomor- 
phic to a category. Thus fix X,Y € Ob S—'C (= Ob C) and k >> Ky: X,Y € ObC, 
& #(HX) < k, #(HY) < k. By definition, Mor (X,Y) is a conglomerate of equivalence 
classes of pairs (s, f) : x4yéy (cf. p. 0-31). Given such a pair (s, f), consider 
an exact triangle Z > X IY — Y’ > XZ. Since HY ~ HY', #(HZ) < k. Using 
Proposition 31, choose W € Ob Cs(x) & WZ with Hu: HW > HZ an isomorphism. 


Ww — xy 2 y” -5 sw 
There is a diagram |u | [su and a filler ¢: Y” — Y’ 
Z — XIY i Y’ —> XZ 
(cf. TRs) which is necessarily in Sr. Note too that Y" € Ob Cy(,). Put g = n” o inx, 
t =n" oiny—then dog = f, dot =s, andt € Sp, so the pair (s, f) is equivalent to the 
pair (t,g). But C 5 ,,) has a small skeleton C51) (cf. Proposition 30) and there is just a 
set of diagrams of the form X ay" ia Y, where Y €Ob Cox)-] 


EXAMPLE Take for C the stable homotopy category HSPEC and fix an X € Ob C—then 
Hx(Y) = [S°,X AY] is an exact functor C > AB which converts coproducts into direct sums and by 
the Bousfield-Margolis localization theorem, Sy is the object class of a reflective subcategory of C, where 


Sx is the class of morphisms Y’ > Y” such that Vn € Z, [S",K A Y’] = [S", KX AY". 


Given a closed category C, the dual DX of an object X is hom(X, e). 
(DU,) VX, X’ € Ob C, Ja natural morphism DX ® DX' > D(X ® X'). 
[In the pairing hom(X, Y) ® hom(X’, Y’) — hom(X ®@ X’, Y @Y'), specialize and take 
eon aan 
(DU2) VX € Ob C, Ja natural morphism X > D?X. 
[Mor (X, D?X) Mor (X, hom(DX, e)) & Mor (X@DX,e) © Mor (DX, hom(X,e)) 
Mor (DX, DX).] 


LEMMA Suppose that C is a closed category—then there is an arrow hom(X, Y) ® 
Z — hom(X, Y ® Z) natural in X,Y, Z. 


Given a closed category C, an object X is said to be dualizable if VY € Ob C, the 
arrow DX @Y — hom(X,Y) is an isomorphism. Example: e is dualizable. 

[Note: When X is dualizable, DX ®— is aright adjoint for —® X, hence DX @®— & 
hom(X,—).] 
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EXAMPLE Let A be a commutative ring with unit—then an object X in A-MOD is dualizable 


iff X is finitely generated and projective. 


Let C be a closed category—then an object X in C is invertible if there is an object X—! in C and 


an isomorphism X @ X71 e. 
FACT Every invertible element X in C is dualizable and DX = X7!. 


PROPOSITION 32 Suppose that C is a closed category. Assume: X is dualizable— 
then DX is dualizable and the morphism X —> D?.X is an isomorphism. 


Remark: If C has coproducts, then V Y, [] Y@X; ~ Y@][ X;. IfC has products, then 
V dualizable X, X @]]Y; ~ [] X@Y;. Proof: X@]]Y; ~ D?X @]]Y; ~ hom(DX, [] Yi) = 


4 


[] hom(DX, Y;) » [] D?X @Y; ~T] X @Y;. 


a 


LEMMA Suppose that C is a closed category—then the pairing hom(X,Y) ® 
hom(X’,Y’) > hom(X @ X',Y @ Y’) is an isomorphism if X and X’ are dualizable 
or if X (X’) is dualizable and Y =e (Y' =e). 


PROPOSITION 33 Suppose that C is a closed category—then X, X’ dualizable > 
X @ X' dualizable. 

VY, D(X@X'\@Y = DX @DX'SY = DX @hom(X', Y) = hom(X, hom(X’, Y)) + 
hom(X @ X', Y).] 


LEMMA Suppose that C is a closed category—then the arrow hom(X,Y) ® Z > 
hom(X, Y ® Z) is an isomorphism if either X or Z is dualizable. 


PROPOSITION 34 Suppose that C is a closed category—then X, X’ dualizable > 
hom(X, X') dualizable. 

[V Y, Dhom(X, X') ®@ Y & hom(hom(X, X'),e) ®@ Y ~ hom(DX @ X',e) @Y & 
hom(DX, hom(X',e)) ® Y & hom(DX, DX’) ®Y x hom(DX,DX' @Y) & hom(DX, 
hom(X’, Y)) & hom(DX @ X’,Y) & hom(hom(X, X’), Y).] 


FACT Let C be a closed category. Assume: X is dualizable—then X is a retract of X ® DX @X. 


Let C be a category with finite coproducts. Assume: C is closed and triangulated— 
then C is said to be a closed triangulated category (CTC) if there is a natural isomorphism 
¢, where Cx, y : UX @Y > U(X @Y), subject to the following assumptions. 
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[Note: From the existence of ¢, one derives the existence of a natural isomorphism 7, 
where nx,y : Qhom(X, Y) > hom(XX, ¥) 
DX @e —~*+ D(X We) 


(CTC) The diagram |=Rx commutes. 


Rsx 


ux 
(CTC2) The diagram 


(ZX @Y)@ ZAM, (x @Y) @ Z 28% D(X @Y) @ Z) 


4] Joa 


uX @(Y @ Z) ——______—————- 0(X @ (Y ® Z)) 


CX, Y@Z 
commutes. 
(CTC3) If X SY 4Z4™X is an exact triangle, then VW € ObC, the 
triangle X @ Weis yy yi Og gy SW) is exact. 


(CTC4) If X S4Y%4Z4™X isan exact triangle, then VW € Ob C, the trian- 


-1 
—(w*onx,w) ¥nom(x,w)°™ 


gle Qhom(X, W) hom(Z, W) us hom(Y, W LO hom(X,W) is 


exact. 
ve @Ne —> We 
(CTC;) The diagram TI |-1 commutes. 
ue@he — we 


Remarks: (1) If Cex is the composite UT x6 0 Cx,e Oo Temx, then the diagram 


e@xux shen L(e@ X) 
box | Es commutes; (2) The additive functor —@W :C > Cis a tri- 
x 


aX 


angulated functor (this is the content of CTC3); (3) The additive functor hom(—,W) : 
C > C°? is a triangulated functor (this is the content of CTC,); (4) If m,n € N, then 
EPe@Qure =) wetre 
the diagram ara) [Retyer commutes. 
DCO 20 “ae. ee 


~ 


Example: D: C > C2 isa triangulated functor. 


Since the additive functor hom(W,—) : C > C is a right adjoint for — @ W, it is necessarily 
triangulated (cf. p. 15-7). 


Notation: duC is the full, isomorphism closed subcategory of C whose objects are 


dualizable. 
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PROPOSITION 35 Let C be a CTC—then duC is a thick subcategory of C. 
[Observe first. that 0 is dualizable. This said, take any morphism X “+ Y in duC and 
complete it to an exact triangle X 4Y 4 74™X (cf. TR3)—then VY W € Ob C, there 


is a commutative diagram 


QDX@®W —+ DZeW —+ DYEW —>+ SQDXeW) 


i i | 


Qhom(X,W) — hom(Z,W) — hom(Y,W) — SOQhom(X,W) 


where, by CTC3 & CTCg,, the rows are exact. Specialized to the case X = X, Y = X, 
Z = 0, u = idx (cf. TRg), it follows that the arrow QDX ®W — Qhom(X, W) is an 
isomorphism (cf. p. 15-4), ie., that the arrow hom(XX,e) ®W — hom(XX,W) is an 
isomorphism, so X dualizable = “_X dualizable. Next, X dualizable = Q.X dualizable. 
Proof: X ~ hom(e, X) > QX & Qhom(e, X) ~ hom(Ne, X) and e dualizable > Ne du- 
alizable, hence Proposition 34 is applicable. Returning to X + Y, one concludes that the 
arrow DZ@W — hom(Z, W) is an isomorphism (cf. p. 15-4), thus Z is dualizable. There- 
fore duC is a triangulated subcategory of C. Finally, suppose given a pair of morphisms 
a:X > Y,r:Y > X with roi = idx and Y dualizable—then V W € Ob C, there is 
Dxew 25 DYew 5 Dxew 
a commutative diagram | | | , which shows 
hom(X, W) ae hom(Y, W) a hom(X, W) 
that the arrow DX ®W —> hom(X, W) is a retract of the arrow DY @ W — hom(Y, W). 
But the retract of an isomorphism is an isomorphism and this means that X is dualizable. 
Therefore duC is a thick subcategory of C.] 


EXAMPLE Suppose that C is a CTC—then e dualizable = Ne dualizable and DNe = hom(%e, e) 
= Qhom(e,e) = Ne. Therefore Mor (Y, X @ Qe) & Mor (Y, DNe @ X) & Mor (Y, hom(Ne, X)) & Mor (Y @ 
Ne, X) & Mor (NY, X) & Mor (Y, OX) > X @ Ne X OX. Consequently, hom(=X,Y) & hom(X, hom(Ze, 
Y)) & hom(X, De ®@ Y) & hom(X, Ne @ Y) & hom(X, OY). 


Suppose that C is a CTC—then C is said to be a compactly generated CTC if C is 
compactly generated and every U € U is dualizable. 


PROPOSITION 36 Let C be a compactly generated CTC—then X compact > X 
dualizable. 

[The thick subcategory generated by U is cptC (theorem of Neeman-Ravenel). On 
the other hand, duC is thick (cf. Proposition 35) and contains U/.] 
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FACT Suppose that C is a compactly generated CTC—then X is dualizable iff V collection {X;} 
of objects in C, the arrow ial hom(X, X;) > hom(X, [[ Xi) is an isomorphism. 

[Necessity: | | hom(X, Xj) ew [[ DX @X; DX ® ]] Xi = hom(X, [] X;). 

Sufficiency: be D be the falls idotnonphisin closed subeatenery of C consishiee of those Y for which 
the arrow DX @Y — hom(X, Y) is an isomorphism—then D is triangulated and closed under the formation 
of coproducts in C. Moreover, D contains all the dualizable objects, so UU C Ob D. Therefore D = C (cf. 


Proposition 14).] 


LEMMA Let C be a CTC with coproducts—then X compact and Y dualizable 
=> X ®Y compact. 

[B Mor (X@Y, Z;) & B Mor (X, hom(Y, Z;)) & B Mor (X, DY @Z;) = Mor (X, [| DY 
@ Z;) = Mor (X, DY ® [[ Z;) & Mor (X @Y,[[ %).| 


Application: Let C be a compactly generated CTC—then X compact = DX com- 
pact. 

[X is dualizable (cf. Proposition 36), so DX is dualizable (cf. Proposition 32), hence 
DX is aretract of DX @ D?X @ DX (cf. p. 15-36) or still, is a retract of DX @ X ®@ DX 
(cf. Proposition 32) and the lemma implies that DX @ X ® DX is compact.] 


Suppose that C is a compactly generated CTC—then C is said to be unital provided 


that e is compact. 


PROPOSITION 37 Let C bea unital compactly generated CTC—then X dualizable 
=> X compact. 
[By the lemma, e ® X is compact.] 


Consequently, in a unital compactly generated CTC, “compact” = “dualizable” . 
The stable homotopy category is a unital compactly generated CTC. 


EXAMPLE Let A be a commutative ring with unit—then D(A-MOD) is a unital compactly 
generated CTC (Békstedt-Neeman‘). 


Suppose that C is a compactly generated CTC—then a cohomology theory is an exact 


cofunctor F' : C + AB which converts coproducts into products and a homology theory is 


+ Compositio Math. 86 (1993), 209-234. 
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an exact functor F : C — AB which converts coproducts into direct sums. According to 
the Brown representability theorem, every cohomology theory is representable. The situa- 
tion for homology theories is different. Put H.(X) = colim Mor (e, K) (= Mor (e, —)|AX) 
and Hx(Y) = H.(X ®Y)(X,Y € ObC). Proposition 18 guarantees that He, is a ho- 
mology theory, thus Hx is also a homology theory (cf. CTC3), and there is an arrow 
Hx(Y) > Mor(e,X @Y). 

[Note: When C is unital, Hx(Y) + Mor (e, X @Y).] 


LEMMA The arrow Hx(Y) > Mor(e, X @Y) is an isomorphism if X is compact. 

[X compact > X dualizable (cf. Proposition 36) + Mor (e, X @Y) * Mor (e, D?X @ 
Y) & Mor (e, D(DX) @Y) & Mor (e, hom(DX,Y)) & Mor (DX,Y). Since DX is compact 
(cf. p. 15-39), Mor (DX, —) is a homology theory. Therefore Mor (e, X ®—) is a homology 
theory. But Y compact > X @ Y compact > Hx(Y) * Mor (e, X @ Y). In other words, 
the arrow Hx — Mor (e, X © —) is an isomorphism for compact Y, hence for all Y.] 


FACT Suppose that C is a compactly generated CTC. Fix X € Ob C—then X ®Y = O iff V Z, 
Hx(Y @Z)=0. 


PROPOSITION 38 Let C bea compactly generated CTC. Assume: C admits Adams 
representability. Suppose that F' : C > AB is a homology theory—then 4 an X € Ob C 


and a natural isomorphism Hx — F. 


[The composite Fo D : cptC — AB is an exact cofunctor, thus by ADRi, J an 
X € ObC and a natural isomorphism hx > Fo D. And: V compact K, Hx(K) ~ 
Hx (X) & Mor (e, K @ X) & Mor (DK, X)Xhx(DK) = FD?K & FK,] 

[Note: It follows from ADR» that Nat(Hx, Hy) ~ Mor (X,Y)/Ph(X,Y). Of course, 
Ax x= Hy > XY] 


EXAMPLE Suppose that C is a compactly generated CTC which admits Adams representability. 
Let A: I > C be a diagram, where I is filtered—then a weak colimit L of A is a minimal weak colimit iff 


for every homology theory F : C > AB, the arrow colim FA; — FL is an isomorphism. 


Suppose that C is a compactly generated CTC. Let T be a localization functor—then 
T is said to have the ideal property (IP) if TX =0>T(X @Y)=O0VY. 


PROPOSITION 39 Let C be a compactly generated CTC. Suppose that T is a 
localization functor with the [P—then X T-acyclic and Y T-local > hom(X, Y) = 0. 

[V Z, Mor (Z, hom(X, Y)) & Mor (Z@X,Y) & Mor (X@Z,Y) & Mor (T(X@Z),Y) = 
0.] 
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[Note: Conversely, X is T-local if hom(Y,X) = 0 for all T-acyclic Y. In fact, 
Mor (Y,X) ~ Mor (e @ Y,X) & Mor (e,hom(Y, X)) + hom(Y,X) = 0, so Proposition 
27 is applicable. Example: X T-local > hom(Y,X) T-local V Y.| 


Assuming still that T is a localization functor with the IP, consider the exact triangle 
ep + e-STe > Ser (cf. Proposition 25)—then by CTC3, V X € Ob C, the triangle 
OX SEOX = Tee k S N(er ® X) is exact. But T(er © X) = 0, hence 
TX x T(Te ® X). On the other hand, Te ® X is T-local if X is dualizable. Proof: 
Te®X ~ hom(DX, Te) andV T-acyclic Y, hom(Y, hom(DX, Te)) ¥ hom(Y @DX, Te) = 0 
(cf. Proposition 39). 


EXAMPLE Suppose that C is a compactly generated CTC. Let T be a localization functor with 
the IP—then T is smashing iff V_X, the composite Te @ X > T(Te ® X) 4 TX is an isomorphism. 


[By the above, U/ is contained in the class of X for which the composite in question is an isomorphism. ] 


FACT Suppose that C is a compactly generated CTC. Let T be a localization functor with the 
IP—then there is a canonical arrow TX @ TY > T(X @Y). 

[Working with the exact triangles X @Yr > X@Y 9 XOTY 9 UX Yr), XT @TY — X@TY > 
TX @TY > U(X7 @TY), one finds that T(ex ® ey): T(X @Y) 4 T(TX @TY) is an isomorphism.] 


FACT Suppose that C is a compactly generated CTC. Let T be a localization functor with the 
IP—then D is a CTC. 

[Define @7 :DxD—>D by X @rY = R(X @Y). Thus Re serves as the unit and the internal hom 
functor homy : DOP x D > D sends (X,Y) to hom(X,Y) (which is automatically T-local).] 

[Note: X dualizable in C > RX dualizable in D.] 


EXAMPLE Suppose that C is a compactly generated CTC. Let T be a localization functor with 
the IP. Assume: T is smashing—then D is a compactly generated CTC. In addition, D is a coreflective 
subcategory of C. 

[The coreflector C + D is the assignment X — hom(Te, X).] 


Suppose that C is a compactly generated CTC—then C is said to be monogenic if C 
Mor (ue, X) = 0 


> = 0. 
Mor (Q"e, X) = 0 a 


is unital and { 


The stable homotopy category is monogenic. 


FACT Suppose that C is a monogenic compactly generated CTC. Let D be a thick subcategory 
of C—then V compact X, X ® Ob DC ObD. 
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Notation: When C is monogenic, write S$ in place of e and =~! in place of Q, letting 
SS SSS" oS SS ht eT). so he ON Os. 
[Note: The n** homotopy group t,(X) of X (n € Z) is Mor (S", X).] 


LEMMA Let C be a monogenic compactly generated CTC—then a morphism f : 
X — Y in C is an isomorphism iff V n, t(f) : m(X) > t(Y) is bijective. 


EXAMPLE Let A be a commutative ring with unit—then D(A-MOD) is monogenic. Here the 
role of S is played by A concentrated in degree 0 and m(X) = H7"(X). 


PROPOSITION 40 Let C be a monogenic compactly generated CTC. Suppose that 
F : C — AB is a homology theory—then Tr has the IP (notation per the Bousfield- 
Margolis localization theorem). 

[The class of T-acyclic objects coincides with Or, the class of X such that FU" X = 
0Vn€ Z (cf. p. 15-33). Therefore the claim is that for all such X, F(X"(X @ Y)) 
(= F(U"X @Y)) =O0Vn € Z. To see this, note that F(X"X @®—) : C > AB isa 
homology theory with the property that F(="X @ S*) = F(D="+*X) =0 Vk € Z, thus, 
as C is monogenic, F(X" X ® —) = 0.] 


FACT Suppose that C is a monogenic compactly generated CTC. Let T be a localization functor. 
Assume: T is smashing—then T has the IP. 

[Fix an X in kerT and consider the class of Y : T(X @ U"Y) =O Vn € Z. This class is the object 
class of a triangulated subcategory of C containing the S” and is closed under the formation of coproducts 


in C (T being smashing), hence equals C (cf. Proposition 14).] 


Suppose that C is a monogenic compactly generated CTC. Fix an X € Ob C—then 
an object Y is said to be X-acyclic if X ® Y = 0 and an object Z is said to be X-local if 
hom(Y, Z) = 0 for all X-acyclic Y. The Bousfield class (X) of X is the class of X-local 
objects. 

Example: Let T be a localization functor. Assume: T is smashing—then (T'S) is the 
class of T-local objects. 

[Since T has the IP, TS @ Y = TY (cf. p. 15-41), thus Y is TS-acyclic iff Y is 
T-acyclic.] 

[Note: Another point is that VX € Ob C, (TX) = (TS) (X).] 


LEMMA (X) is a thick subcategory of C which is closed under the formation of 
products in C. And: VY € ObC & V Ze (X), hom(Y, Z) € (X). 


15-44 


[Note: To interpret (X), define a homology theory Hx : C — AB by the rule 
Hx(Y) = mo(X ® Y)—then Y is X-acyclic iff Hy (Y ® Z) =O0V Z (cf. p. 15-40). Let- 
ting Tx be the localization functor attached to Hx by the Bousfield-Margolis localization 
theorem and taking into account Proposition 40, it follows that Y is X-acyclic iff Y is 


Tx-acyclic. Therefore (X) is the class of Tx-local objects. | 
Write (X) < (Y) if (X) C (Y), calling X,Y Bousfield equivalent when (X) = (Y). 


PROPOSITION 41 (X)<(Y) if Y@Z=05>X@Z=0. 
[Note: Consequently (S) is the largest Bousfield class and (0) is the smallest.] 


Notation: (X) I (Y) = (X IY) and (X) @(Y) = (X @Y). 
[Note: Both operations are welldefined. Examples: (1) (X) I (0) = (X), (X) H(S) = 
(5); (2) (X) @ (0) = (0), (X) @ (S$) = (X).] 


FACT If xX > Y > Z > =X is an exact triangle, then (Y) < (X) I (Z). 


Maintaining the assumption that C is monogenic, let (C) be the conglomerate whose 
elements are the Bousfield classes. Denote by DL(C) the subconglomerate of (C) consist- 
ing of those (X) with (X) @(X) = (X) and denote by BA(C) the subconglomerate of (C) 
consisting of those (X) that admit a complement, i-e., for which 4 (Y) : (X) ® (Y) = (0) 
and (X) I {Y) = (S). 

[Note: DL(C) is a “distributive lattice” and BA(C) is a “boolean algebra” .| 


Complements, if they exist, are unique. Thus suppose that (X) admits two complements (Y’) and 
(Y"")—then (Y’) = (Y") @(S) = (Y")@(X)H(Y")) = CY") @(X))OCY) @(Y")) = O)UCY) @(¥")) = 
{(Y’) @(Y") ={Y”) (by symmetry). 


Notation: Given (X) € BA(C), let (X)° be its complement. 


LEMMA BA(C) is contained in DL(C). 
[(X) = (X) @ (X) H(X)9) = ((X) @ (X)) W(X) @ (X)°) = (X) @ (X).] 


Examples in the stable homotopy category show that the inclusions BA(C) C DL({C) C (C) are 
strict (Bousfieldt). 


+ Comment. Math. Helv. 54 (1979), 368-377. 
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EXAMPLE Let T bea localization functor—then there is an exact triangle Sp > S as TS > XS7, 
where Sp is T-acyclic (cf. Proposition 25), hence (S) = (Sy) I (TS). If further T is smashing, then 
(Sr) @ (TS) = (Srp @ TS) = (TS) = (0) > (Sr)° = (TS). 

[Note: Take for C the stable homotopy category—then X compact > (X) € BA(C) and Ty ({Y) = 
{X)°) is smashing (Bousfield (ibid.)).] 


EXAMPLE If X is dualizable, then (X) = (DX). Indeed, X is a retract of X ® DX @X (cf. 
p. 15-36), thus (X) < (X @ DX @ X) < (DX). But DX is dualizable, so (DX) < (D?X) = (X) (cf. 


Proposition 32). 


Suppose that C is a monogenic compactly generated CTC—then a ring object in 


C is an object R equipped with a product R® R > R and a unit S > R such that 
RER@ER —>» ROR Se R—— R®R— ROS 


i | and we ae commute. A ring object R 
R®R—— ROR 


is commutative if & oA commutes. 


R 
Example: V X € Ob C, hom(X, X) is a ring object, hence DX © X is a ring object 
if X is dualizable. 


EXAMPLE If R is aring object, then (R) ® (R) = (R) (RF is a retract of R@ R). 


LEMMA If Ris aring object, then 7, (J?) is a graded ring with unit which is graded 


commutative provided that R is commutative. 


Given a ring object R, a (left) R-module is an object M equipped with an arrow 
REREM — ROM S®M—-REM 
R@®M — M such that | | and oe | commute. 


ROM — M M 
Example: V X € Ob C, R® X and hom(X, R) are R-modules. R-MOD is the category 


whose objects are the R-modules. 
[Note: If f : M — N is a morphism of R-modules and if M@ N= Cy + =M is 


exact, then Cy need not admit an R-module structure.| 


EXAMPLE If R is a ring object and if M is an R-module, then (M) < (R) (M is a retract of 
R®M). 


[Note: M is necessarily Tr-local.] 
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EXAMPLE Let T be a localization functor with the IP—then TS is a commutative ring object 
(via TS @TS 4 T(S ® S) =TS and eg : S + TS). Moreover, every T-local object X is a TS-module 
(via TS @X =TS @TX 9 T(S@X)=TX =X). 


EXAMPLE If Ris aring object with the property that the product R®R — R is an isomorphism, 
then Tr is smashing. Proof: VX € Ob C, R@X is Tr-local and here TRX = R@X (since RO RF R), 


thus TR preserves coproducts. 


Definitions: (1) An R-module M is free if it is isomorphic to a coproduct [] ©” R; (2) 


A nonzero ring object R is a skew field object if every M in R-MOD is free; (3) A skew 
field object R is a field object if R is commutative. 


PROPOSITION 42 Let C be a monogenic compactly generated CTC. Suppose that 
R is a nonzero ring object in C. Assume: The homogeneous elements of 7,(/2) are 
invertible—then R is a skew field object. 

[Fix an M in R-MOD. Owing to our assumption, 7,.(M) ~ @u"z,(2), where 
("7 (R))n = Mor (S"—™, R) = Mor (S", 5" R) = 7,(2™ R). Thus there is a morphism 
[[ =" R — M of R-modules inducing an isomorphism @ 7,._,,(R) > 7.(M) in homotopy, 
hence [[ UR & M.] 


In the stable homotopy category, the nth Morava K-theory spectrum K(n) at the prime p is a skew 
field object. 


EXAMPLE Let R be a skew field object. Assume: (R) € BA(C)—then (R) is minimal among 
nontrivial Bousfield classes. 

[Note: In the stable homotopy category, the Eilenberg-MacLane spectrum H(F,) is a field object 
but (H(F,)) is not minimal.] 


Suppose that C is a monogenic compactly generated CTC. Given X € Ob C and 
f € Mor (]"X, X), let X/f be a completion of U"X 4, X to an exact triangle (cf. TRs) 
and write f~1X for tel(X,f), where (X,f) is the object in FIL(C) defined by X > 
Pee SS See, 


LEMMA If f : ©”.X — X is an isomorphism, then X ~ f7!X. 


PROPOSITION 43 For every f : U"X > X, (X) = (X/f) I (f-'X). 
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[To prove that (X) < (X/f)II(f-'X), one must show that X/f@Z=0& f-'X@Z = 
05> X@Z=0. But ©°X4X > X/f > D(D"X) exact > I"X@Z2X@Z3 
X/f ®@Z > “(UX @ Z) exact (cf. CTC3) > U°X @Z xX X @Z (cf. p. 15-6) 
=> X@Z x (f@idz)~'(X@Z) (by the lemma). And: (f@idz)~'(X@Z) = f-'X@Z =01] 


FACT Suppose that X is compact—then f—1X = 0 iff 3k such that the composite fob" fo---o 
k 
p(k-1)n es pknx 4, ¥ vanishes. 
@id 
FACT Let Rbe aring object. Fix a € m(R) and let @ be the map $” @ R—— “> R@R > R— 


then a is nilpotent in 7.(R) iff a-'R = 0. 


FACT Given f : 5 + X, write X{°° for tel(X,£), where (X, f) is the object in FIL(C) defined by 


six xe@xt4..., and let f(%) be the arrow $+ X°)—then X(*) = 0 iff fle) = 0. 


Let C be a triangulated category; let ce C?° be full, isomorphism closed subcat- 
egories of C containing 0 and denote by Ce, C2! the isomorphism closure of pH ew 
QC2°—then the pair (C<°, C2°) is said to be a t-structure on C if the following conditions 
are satisfied. 

(t-st;) C71 is a subcategory of CS° and C2! is a subcategory of C=°. 
(t-stg) VX € Ob CS°, VY € Ob C#!, Mor (X,Y) = 0. 
(t-st3) VX € Ob C, J an exact triangle Xp —~ X > X1 > Xp with Xo € 
Ob CS£°, X, € Ob C??. 
[Note: H(C) = C£°n C2° is called the heart, of the t-structure.] 
Remark: If (C£°, 2°) is a t-structure on C, then ((C2°)9P, (C£°)°P) is a t-structure 


on CYP. 


EXAMPLE Let A be an abelian category. Given an X in CXA, V n € Z, define the n*” 
truncated cochain complexes TS"X & 7r2"X of X by --» 3 X"7-2 = XP-1 kerd® 707--- & 
- — 0 — coker a. —> xntl _, xnt2 _, .... So, the cohomology of rS"X is trivial in degree 
> n and the cohomology of r2”X is trivial in degree < n and there is an arrow TS"X — X which 


induces an isomorphism in cohomology in degree < n and there is an arrow X > 72" X which induces 


TS": CXA > CXA 
an isomorphism in cohomology in degree > n. The functors pass through K(A) 
T2”: CXA > CXA 


TS": D(A) > D(A) 


72” : D(A) > D(A) 
Tr2rtlx — DrS"X. Write DS°(A) for the full subcategory of D(A) consisting of those X such that 


H4(X) =0 (q > 0) and write D2°(A) for the full subcategory of D(A) consisting of those X such that 


to the derived category D(A) : { and V X, J an exact triangle r<"X 3 X > 
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H4(X) = 0 (q < 0)—then the pair (D£°(A), D2°(A)) is a t-structure on D(A) and its heart is equivalent 
to A. 


<n 
Given a t-structure (C£°,C2°) on C, let ee? be the isomorphism closure of 
nso <n |n| (<0 
{ nas (n > 0) and let { ae be the isomorphism closure of { aie (n < 0)—then 


Yn e€ Z, the pair (CS, C2") is a t-structure on C. 


PROPOSITION 44 Suppose that (C=, C=°) is a t-structure on C—then V n € Z, 
CS” is a coreflective subcategory of C with coreflector T<"X > X and C2” is a reflective 
subcategory of C with reflector X 3 7r2”X. 

[It suffices to construct 7°. Thus for any X € Ob C,J an exact triangle Xp > 
X — X, + ©Xo, where Xo € Ob CS° & X1 € Ob C2" (cf. t-st3), so V Y € Ob CX, 
there is an exact sequence Mor (Y,QX1) — Mor (Y, Xo) — Mor (Y,X) — Mor (Y,X1). 
Here Mor (Y, X;) = 0 (cf. t-stg). In addition, Mor (Y, 2X1) & Mor (SY, X,) and NCS° c 
CS"! c CS° (cf. t-st:) > Mor(XY,X1) = 0 (cf. t-stz). Therefore, VY € Ob C®°, 
Mor (Y, Xo) © Mor (Y, X) and we can let T<°X = Xo] 


[Note: Similar reasoning gives T2!1X = Xj] 


The functors 7S", 72” figuring in Proposition 44 are called the truncation functors 


of the t-structure. 
[Note: ¥ X, J an exact triangle 72"X > X — 72™+1X = YirS"X and since 
Mor (SrS"X,72"+1X) = 0, the arrow 72"t1X — YirS"X is unique (cf. p. 15-6).] 


EXAMPLE Let A be an abelian category. Working with the t-structure on D(A) spelled out 
above, DS"(A) is the coreflective subcategory of D(A) consisting of those X such that H4(X) = 0 
(q > n) and D2”(A) is the reflective subcategory of D(A) consisting of those X such that H4(X) = 0 


(q<n). 


Observations: Let m,n € Z—then (1) m< n> 72" 0728 72™ 072" & 72” and TS" 0 TS™ & 


Po 67a GE (2) an Si SaaS eae =O and 72 6 72” =0. 


FACT Ifm <n, then V X € ObC, Ja unique arrow r2rS"X 3 7rS"r2™X such that the 


TS" X ———+ X ——> 72™X 
diagram | | commutes. 


ge SO i Sr 
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[Note: The arrow T2MPS"X + 7S"72™X ig an isomorphism provided that C satisfies the octa- 
hedral axiom. To see this, consider the exact triangles TemM-1X + S"X 3 7 2™7S"K 5 Vrs™I1X, 


TSU X > X 3 72P41X  DrS"X, SM 1X SX 4 7 2™X 3 UrS™ 1X) 
Ge" ca ‘a gont 
Notation: Write en in place of teen and in place of { pant: 


<n >ny 
LEMMA Let X € Ob C—then X € { OP G " — 


op c2" Hy p<nx 0° 


PROPOSITION 45 Suppose that (C=°, C2°) is a t-structure on C. Let X’ > X > 


/ / 
X" — XX’ be an exact triangle—then x eobc > xe Ono" & * € 
xX xX 
Ob C2° = X € Ob C2”. 
left_annihilator Ann, O . 
of O is 


Let A be an additive category. Given a class O C Ob A, the 
right annihilator Ann,O 


ae eee 
{Y : Mor(X,¥Y) =0VX €O}. 


EXAMPLE Let A be an additive category. Suppose that 7, F are subclasses of Ob A—then the 
pair (7, F) is said to be a torsion theory on A if Ann, F = 7 and Anng7 = F. Example: V t-structure 


(C29, C2°) on C, Ann, C2! = C£® and AnngC*® = C2}, ie., (C£°, C2!) is a torsion theory on C. 


LEMMA Let C bea triangulated category satisfying the octahedral axiom. Suppose 
that (C£°, C2°) is a t-structure on C—then V_X € Ob C, 7r2°rS°X w 78$9729X, 


THEOREM OF THE HEART Let C be a triangulated category with finite coprod- 
ucts satisfying the octahedral axiom. Suppose that (C29, C2°) is a t-structure on C—then 
its heart H(C) is an abelian category. 

[H(C) is closed under the formation of finite coproducts in C (use the exact tri- 
angle X > XILY + Y-4¥X and quote Proposition 45). To prove that H(C) has 
kernels and cokernels and that parallel morphisms are isomorphisms, take an arrow f : 
X — Y in H(C) and place it in an exact triangle X LS ae es an ae DD. (> ZE 
Ob C£° Nn Ob C27! (cf. Proposition 45)). For any W € Ob H(C), there are exact 
sequences Mor (W,QY) — Mor (W,QZ) > Mor (W, X) > Mor (W,Y), Mor (XX,W) > 
Mor (Z,W) — Mor(Y,W) — Mor(X,W). Since Mor(W,QY) = 0, Mor(XX,W) = 
0 and Mor(W,QZ) = Mor (W,7S°QZ), Mor(Z,W) ~ Mor (r2°Z,W), it follows that 
ker f © 7S°QZ, coker f + 72°Z. In this connection, note that Z € Ob C<° = 729Z = 
T2979F we 75729F => coker f € Ob H(C) and Z € Ob C27! = QZ € ObC?? = 
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Ti9OZ w& 78972907 w& 7297S9OZ => ker f € Ob H(C). Now fix an exact triangle 
I> Y > 729% + SI (= I € Ob C2° (cf. Proposition 45)). Applying the octahedral 
AM te Y 2 Ss EX Sey S727 Ss OO SY Se Se Sey, 
one gets an exact triangle UX + UI + Y7r<°Z — 2X, which leads to an exact tri- 
angle TL°0Z > X > I - Y1S°QZ, thus I € Ob C*%° (cf. Proposition 45) and so 
I € Ob H(C). Finally, J » coim f (consider ker f — X > J > Nker f) and J = imf 
(consider I + Y — coker f + J). Therefore H(C) is abelian.] 

[Note: In general, there is no a priori connection between C and the derived category 
of H(C).] 


C79 = {X : m4q(X) = 0 (q>0)} 
EXAMPLE Take for C the stable homotopy category and let — 
CS° = {XK : wq(X) = 0 (q < 0)} 
then (CS°, C2°) is a t-structure on C. Its heart is equivalent to AB (cf. p. 17-2). 
[Note: 7S°X is called the connective cover of XK (the arrow r£9°X — X induces an isomorphism 


tn (T2°X) > m(X) for n > 0).] 


Let C be a triangulated category with finite coproducts satisfying the octahedral axiom. Suppose 
that (CS°, C2°) is a t-structure on C—then H® : C + H(C) is the functor that sends X to r297rS9X & 


7i0720X, 


FACT #H° is an exact functor. 
[Fix an exact triangle X + Y — Z — =X and proceed in stages. 

(I) Assume that X,Y, Z € Ob C2°—then 0 > H°(X) > H°(Y) > H®(Z) is exact. 

(112°) Assume that Z € Ob C2°—then 0 > H°(X) > H°(Y) > H°(Z) is exact. 
[For r<°X = 7<°Y and the octahedral axiom furnishes an exact triangle r2°X > 72°Y 4 Z > 

ye, al 

(IIS°) Assume that X € Ob CS°—then H°(X) > H°(Y) > H°(Z) > 0 is exact. 

Reduce the general case to 112° & IIS°.] 
H°(=2X) (q>0) 


Notation: H? : C + H(C) is the functor that sends X to ; 
H°(QIX) (q <0) 


FACT Assume: The intersections () Ob CS", () Ob C2” contain only zero objects—then H4(X) = 
n n 
OV q=>X = 0, thus the H% comprise a conservative system of functors (i.e., f is an isomorphism iff H4(f) 


is an isomorphism V q). 
[Note: The objects of CS” are characterized by the condition that H4(X) = 0 (q > n) and the 
objects of C2” are characterized by the condition that H4(X) = 0 (q <n). 
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§16. SPECTRA 


In this 8, I shall give a concise exposition of the theory of spectra, concentrating on 
foundational issues and using model category theoretic methods whenever possible to ease 
the way. 

A prespectrum X is said to be separated if V q, og : Xq 4 QXq41 is a CG embedding. 
SEPPRESPEC is the full subcategory of PRESPEC whose objects are the separated 
prespectra. 

Notation: Given a continuous function f : X — Y, where X & Y are compactly 
generated, write im f for kf(X) (so f : X > Y factors as X > im f > Y andimf > Y 
is a CG embedding). 


PROPOSITION 1 SEPPRESPEC is a reflective subcategory of PRESPEC. 

[We shall construct the reflector E° by transfinite induction. 

Claim: There is a functor EF : PRESPEC — PRESPEC and a natural transfor- 
mation = : id > E such that V X, Ex : X — EX is a levelwise surjection, X being 
separated iff =x is a levelwise homeomorphism. In addition, if f: X — Y is a morphism 
of prespectra and if Y is separated, then f factors uniquely through =x. 

[Let (EX), = imp OX a5) and determine the arrow (EX)g 3 Q(£X), +41 from 

Xi —* 0X ay 


Ex.a| [92x.041 


the commutative diagram (EX)q ----> Q(LX)o41. It is clear that E is functorial and = 


a a 


QX 941 Ora QOX g+2 
is natural.] : 


Claim: For each ordinal a, there is a functor E® : PRESPEC —+ PRESPEC 
and for each pair a < £ of ordinals, there is a natural transformation 2%? : B® > EF? 
such that V X, mea : E°X — E®X is a levelwise surjection, E*X being separated iff 
ser : E°X + E°*!X is a levelwise homeomorphism. In addition, if f: X > Y isa 
morphism of prespectra and if Y is separated, then f factors uniquely through chigs 

[Here, B° = id, BH) = EB, 2°" = 8, Be Sid, Bo = Bok, and SPT! = 5 oboe 
(a < B). At a limit ordinal A, put E*X = colim B°X and define 3% : E¢X > EX in 
the obvious manner.| 

[Note: If E°X is separated, then V 6 > a, BY : E°X + EX is a levelwise 


homeomorphism. | 
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To finish the proof, it suffices to show that V X, 4 an ax such that E°* X is separated. 
But for this, one can take ax to be any infinite cardinal greater than the cardinality of 
({[ Xq x Xq) U (i [7(X,)) (7(Xq) the set of open subsets of X,).| 
q q 


[Note: The arrow of reflection X — E°°X is a levelwise surjection. It is a levelwise 


homeomorphism iff X is separated.] 


The existence of the reflector E® can be established by applying the general adjoint functor theorem: 
SEPPRESPEC is a priori complete, the inclusion SEPPRESPEC — PRESPEC preserves limits, and 
the solution set condition is satisfied. The drawback to this approach is that it provides no information 
about the behavior of E° with respect to finite limits, a situation that can be partially clarified by using 


the iterative definition of HE in terms of the E@. 


LEMMA Suppose that (J,<) is a nonempty directed set, regarded as a filtered category I. Let 
A’, A” : I + A-CG be diagrams—then the arrow colimy(A’ x A’) -—> colimy A’ x, colimy A” is a 
homeomorphism. 

[Note: A directed colimit in A-CG, is formed by assigning the evident base point to the correspond- 
ing directed colimit in A-CG, thus the lemma is valid in A-CG,, as well.] 


FACT E© preserves finite products. 


[Note: E° does not preserve equalizers. | 


LEMMA Suppose that (J,<) is a nonempty directed set, regarded as a filtered category I. Let 
A :I— A-CG be a diagram such that V Gee Ad : A; > Aj is an injection—then colimy A in 
A-CG= colim; A in CG (= colimy A in TOP) and V 2, the canonical arrow A; — colim, A is one-to-one. 


[Note: The set underlying colim, A is therefore the colimit of the underlying diagram in SET.] 


LEMMA InA-CG, directed colimits of diagrams whose arrows are injections commute with finite 
limits. 

[Note: A finite limit in A-CG,. is formed by assigning the evident base point to the corresponding 
finite limit in A-CG, thus the lemma is valid in A-CG, as well.] 


A prespectrum X is said to be injective if V q, oq: Xq 7 .Xq41 is an injection. INJPRESPEC is 
the full subcategory of PRESPEC whose objects are the injective prespectra. 
[Note: SEPPRESPEC is a full subcategory of INJPRESPEC.] 


FACT The arrow of reflection K — E™X is a levelwise injection iff X is injective. 


[If X is injective, then so are the E°X. Moreover, Bo : E*X + E®X (a < B) is one-to-one.] 
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[Note: It therefore follows that the arrow of reflection X > EX is a levelwise bijection iff X is 


injective. ] 
FACT The restriction of FE to INJPRESPEC preserves finite limits. 


LEMMA Suppose given a sequence {X,,, fr}, where X,, is a A-separated compactly 
generated space and f, : X, 4 Xn41 is a CG embedding—then V compact Hausdorff 
space K, colim X* ~ (colim X,,)* (exponential objects in A-CG). 


[Note: There is an analogous assertion in the pointed category. 


PROPOSITION 2. SPEC is a reflective subcategory of SEPPRESPEC. 
[The reflector sends X to eX, the latter being defined by the rule gq > colimQ" X,,44.| 


LEMMA Suppose that (J,<) is a nonempty directed set, regarded as a filtered category I. Let 
A:I— A-CG be a diagram such that V iy Aé : A; > Aj; isa CG embedding—then V 2, the canonical 
arrow A; — colim; A is a CG embedding. 

[Note: Changing the assumption to “closed embedding” changes the conclusion to “closed embed- 


ding” .] 
FACT The arrow of reflection X — eX is a levelwise CG embedding. 
FACT e¢ preserves finite limits. 


PROPOSITION 3 SPEC is a reflective subcategory of PRESPEC. 

[This is implied by Propositions 1 and 2.] 

[Note: The composite PRESPEC =’, SEPPRESPEC -5 SPEC is the spectrifica- 
tion functor: X > sX (s =eo E™),] 


Application: SPEC is complete and cocomplete. 

[Note: The colimit of a diagram A : I + SPEC is the spectrification of its colimit in 
PRESPEC. Example: The coproduct in PRESPEC or SPEC is denoted by a wedge. 
If {X;} is a set of spectra, then its coproduct in PRESPEC is separated, so e(\/ X;) is 


the coproduct \/ X; of the X; in SPEC.] 


FACT  Spectrification preserves finite products and its restriction to INJPRESPEC preserves 


finite limits. 


EXAMPLE Let X be in A-CG,.— then the suspension prespectrum of X is the assignment q > 
y¢X, where DYX 3 OUDIX & ONIX (a CG embedding). Its spectrification is the suspension spec- 
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trum of X. Thus, in the notation of p. 14-59, the suspension spectrum of X is Q°X : (Q°kX)g = 
colim OQ" U"t+4X = Q°NOVIX, 


EXAMPLE Fixq> 0. Givenan X in A-CG,x, let Q7 x be the spectrification of the prespectrum 
{ uP-I1X (p> q) 
p- 


* (p <4) 
inclusion of the base point). Viewed as a functor from A-CG, to SPEC, Q°° is a left adjoint for the qth 


, where ©P-¢@X + QUDP-4X & OVP+!-4X (p > q) (if p < q, the arrow is the 


space functor U7? : SPEC — A-CG,. that sends K = {Xq} to Xq. Special case: QG° = Q*, UZ = U"™. 
[Note: VX, q! <q” > QUX ® Qe, 50-9 X)] 


FACT Suppose that X is a prespectrum—then sX & colim QP Xq. 
[For any spectrum Y, Mor (colim Q9°Xq, Y) © lim Mor (Q7°Xq, Y) & lim Mor (Xq, Yq) & Mor (X, 
Y) = Mor (sX, Y).] 


FACT Let (X,f) be an object in FIL(SPEC) (cf. p. 0-10). Assume: V n, fp : Xn > Xn41 
is a levelwise CG embedding—then V pointed compact Hausdorff space K, colim Mor (Q7°K, Xn) & 
Mor (Q¢°K, colim Xp). 

[The assumption guarantees that the prespectrum colimit of (X,f) is a spectrum. Therefore colim 
Mor (Q7°K, Xn) & colim Mor(K,UGXKn) & Mor (K,colim US XKn) & Mor(K,UF colim Xn) & 
Mor (Q7°K, colim Xp ).] 


FACT Let {X;} be a set of spectra, K a pointed compact Hausdorff space—then every morphism 
F:Q°K > V X; factors through a finite subwedge. 
i 
[Since Mor (QP, V Xi) = Mor (K, ur(V X,;)), f corresponds to an arrow g: K > ur X;) 
u 


a a 
(= (VV Xi)q), i-e., to an arrow g: K > colim 2"(\/(X,)n+q), which factors through Q"(\/(Xi)n+q) for 
K 2+ 0"(\V(Ki)nta) 


a 


some n: ” | . The adjoint 9, : 3" K > \/(Xi)n+q factors through a finite subwedge 
i 
(V Xi)a 


a 
VKy, nea so f factors through VXq] 


Notation: Given X,Y in PRESPEC, write HOM(X, Y) for Mor (X, Y) topologized 
via the equalizer diagram Mor (X, Y) > [| Yo tT (OY o41)**. 
q q 


PROPOSITION 4 Spectrification is a continuous functor in the sense that V X,Y in 
PRESPEC, the arrow HOM(X, Y) — HOM(sX, sY) is a continuous function. 
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(Gand A) Fixa Kk in A-CG,. Given an X in PRESPEC, let XOK be the 
prespectrum gq > X,#%K, where Xj#4,.K 9 OQ(UXgy HK) is Xg#rK OX gH#KK 
Q(X 9414%4K ), and given an X in SPEC, let X A K be the spectrification of XOK. 

Examples: (1) 1X = XO[0, 1] or XA (0, 1], the cone of X; (2) UX = XUS!' or XAS', 
the suspension of X. 

(HOM) Fixa K in A-CG,. Given an X in PRESPEC, let Hom(K, X) be the 

prespectrum g —> XG where xe > OXe is Ge > (OX 941)" ee OP ee 
[Note: If X is a spectrum, then HOM(K, X) is a spectrum.] 
Example: VX, OX = nom(S', X) (cf. p. 14-75). 


PROPOSITION 5 For X,Y in PRESPEC and K in A-CG,, there are natural 
homeomorphisms HOM(XOK, Y)  HOM(X, Y)* ~ HOM(X, nom(K, Y)). 

[Note: Consequently, the functor XO— :A-CG, — PRESPEC has a right adjoint, 
viz. HOM(X,—), and the functor —OkK : PRESPEC — PRESPEC has aright adjoint, 
viz. HOM(K, —).] 


PROPOSITION 6 For X,Y in SPEC and K in A-CG,, there are natural homeo- 
morphisms HOM(X A K, Y) = HOM(X, Y)* ~ HOM(X, Hom(K, Y)). 

[Note: Consequently, the functor X A — :A-CG, — SPEC has a right adjoint, 
viz. HOM(X,—), and the functor — A kK : SPEC > SPEC has a right adjoint, viz. 
HOM(K,—).] 


Examples: (1) Q?(K#:L) % (Q2°K) AL and U?Hom(K,X) » (UZX)*; (2) 
s(XOK)xsX Ak. 
Example: (1, Q) is an adjoint pair. 


EXAMPLE (1) XA S° & X; (2) Hom(S°,K) = X; (3) (KA K)AL & XA (K#xL); (4) 
HOM(K#,;L, X) & HoM(K,HOM(L, X)). 


FACT Suppose that X is an injective prespectrum—then V K, XaK is an injective prespectrum. 


FACT Suppose that X is a separated prespectrum—then V nonempty compact Hausdorff space 


kK, XaokK4 is a separated prespectrum. 


pee oy 
LEMMA § Suppose that é| |g is a pullback square in A-CG. Assume: g is a closed 


xX — Z 
f 
embedding—then € is a closed embedding. 
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EXAMPLE Let f: X — Y be a morphism of prespectra—then the mapping cylinder Mg of f 
Xo{o}, —> Yoao{o}4 
is defined by the pushout square | | (I+ = [0,1] ll * (cf. p. 3-28)). There is 


Xoly — Mer 
x —> Me 


a natural arrow Mp > Yol+ and the commutative diagram | is a pullback square. 


Y — Yolk, 
Definition: f is a prespectral cofibration if Mp > Yol 4 has a left inverse. Every prespectral cofibration 


is a levelwise closed embedding. 


x 
FACT Let f : X > Y be a morphism of prespectra. Assume: { are injective—then Mg is 
Y 


injective. 


EXAMPLE Let f: X — Y be a morphism of spectra—then the mapping cylinder Mg of f is 
XA {O}+4 — YA {O}4 


defined by the pushout square | | (14 = [0,1] Il * (cf. p. 3-28)). There is a 


XA I+ — Me 
xX — Mer 


natural arrow Mrs > YAI4+ and the commutative diagram | ) is a pullback square. Indeed, 


Y — YAI, 
the mapping cylinder of f in SPEC is the spectrification of the mapping cylinder of fin PRESPEC. And: 


xX —> Me 
All data is injective, so s | | is a pullback square in SPEC (cf. p. 16-3). Definition: f 


Y — Yoly 
is a spectral cofibration if Mg > Y A I, has a left inverse. Every spectral cofibration is a levelwise closed 


embedding. 
XA{0}+ — 
[Note: The arrow f : X —> Y is a spectral cofibration iff the commutative diagram | 
XA It — 
YA {O}+ 
i is a weak pushout square or, equivalently, iff V Z, f has the LLP w.r.t. HoM(I+,Z) ee 
YAIy 


Example: Suppose that L — K is a pointed cofibration—then V X, X AL > XA K is a spectral 


cofibration.] 


Notation: For n > 0, put S” = Q®S” and for n > 0, put S~" = Q&S". 
[Note: Vn & Vm > 0, U™S"(= S"AS™) & S™™ and Vn >O0&Vm> Od, 
S7™ AS” = (QPS) AS” ~ QR (S’#48”) © QUS" = S"—™] 
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EXAMPLE VX,Q7°X = S°4AX. So, the arrow of adjunction id + UZ o Q> is given by 
X —+ (S~7A X)q and the arrow of adjunction Q?° o UZ? — id is given by S™7 A Xq > X. 


PROPOSITION 7 The g‘” space functor Uy : SPEC — A-CG, is represented by 
S-%: 
[V X, Mor (S~%, X) = Mor (Q&°8°, X) = Mor (S°, UX) = USX] 


A homotopy in SPEC is an arrow X A I, — Y. Homotopy is an equivalence rela- 
tion which respects composition, so there is an associated quotient category SPEC/~: 
[X, Yjo = Mor (X, Y)/x, ie., [X, Y]o = m(HOM(X, Y)). 


EXAMPLE (Homotopy Groups of Spectra) Let K be a spectrum—then the nt homotopy 
group T™7(X) of X (n € Z) is [S", X]o. The mn (X) are necessarily abelian. And: V n > 0, mm(X) = tn(Xo), 
while t_y(X) = m0(Xn). Therefore X is connective iff m,(X) = 0 for n < —1. Example: V X in A- 
CG.c, the suspension spectrum Q° X of X is connective. Proof: =X is path connected and wellpointed 
(= =?X simply connected), thus Vn > 1, tg(=4+"X) = * (by the suspension isomorphism and Hurewicz), 
80 Hn(QPX) = ap (QPUOU"X) = colim rg(HIt"X) = +. 

[Note: The stable homotopy groups 73(X) (n > 0) of X are the mm(Q°X) (= m(QA~PU~X)). 
Example: 7§(X) © Ho(X).] 


FACT Let (X,f) be an object in FIL(SPEC) (cf. p. 0-10). Assume: V n, fp : Xn 7 
Xn+1 is a levelwise CG embedding—then V pointed compact Hausdorff space K, colim[Q7° kK, Xnlo & 
[Q°°K, colim XyJo (cf. p. 16-4). 


EXAMPLE Imitating the construction in pointed spaces, one can attach to each object (X,f) in 
FIL(SPEC) a spectrum tel(X, f), its mapping telescope. Thus tel(X, f) = colim tely(X, f) and the arrow 
teln (X, f) > teln+i(X, f) is a spectral cofibration (hence is a levelwise closed embedding (cf. p. 16-6)). 
Since there are canonical homotopy equivalences teln(X,f) > Xn, it follows that V pointed compact 


Hausdorff space K, colim[Q7°K, Xn]lo © [QP°K, tel(X, f)]o. 


LEMMA _ Suppose that f: X — Y is a homotopy equivalence—then V q, fg: Xq — Yq 
is a homotopy equivalence. 
[The g'® space functor UP : SPEC > A-CG, is a V-functor (V = A-CG,), hence 


preserves homotopies.] 


FACT SPEC is a cofibration category if weak equivalence=homotopy equivalence, cofibration= 


spectral cofibration. All objects are cofibrant and fibrant. 
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[Note: One way to proceed is to show that SPEC is an J-category in the sense of Bauest .] 


A prespectrum X is said to satisfy the cofibration condition if V q, the arrow UXq > 
X41 adjoint to og is a pointed cofibration. An X which satisfies the cofibration condition 
is necessarily separated (for then a, is a closed embedding). Example: V X, MX satisfies 
the cofibration condition (cf. p. 14-71). 


EXAMPLE Equip PRESPEC with the model category structure supplied by Proposition 56 in 
§14—\ then every cofibrant X satisfies the cofibration condition. 
[Note: The converse is false. To see this, take any X in A-CG, and consider the prespectrum whose 


spectrification is Q¢°X, bearing in mind that the inclusion of a point is always a pointed cofibration.] 


A spectrum X is said to be tame if it is homotopy equivalent to a spectrum of the 


form sY, where Y is a prespectrum satisfying the cofibration condition (> sY ~ eY). 


LEMMA Let f: X > Y bea morphism of spectra. Assume: f is a levelwise pointed 
homotopy equivalence—then V tame spectrum Z, f, : [Z,X]o > [Z, Y]o is bijective. 


Application: A levelwise pointed homotopy equivalence between tame spectra is a 


homotopy equivalence of spectra. 


x 
FACT Let f: X — Y bea morphism of prespectra. Assume: { satisfy the cofibration condition 
Y 


and f is a levelwise pointed homotopy equivalence—then sf : sK — sY is a homotopy equivalence of 
spectra. 


Equip A-CG,, with its singular structure. 


LEMMA Let f: X > Y bea morphism of spectra—then f is a levelwise fibration iff 
f has the RLP w.r.t. the spectral cofibrations S~7A [0,1] — S”7AJ[0, 1]% (n > 0,q > 0). 


LEMMA Let f : X — Y be a morphism of spectra—then f is a levelwise acyclic 


fibration iff f has the RLP w.r.t. the spectral cofibrations S~% A si > SAD" 
(n > 0,q > 0). 


+ Algebraic Homotopy, Cambridge University Press (1989), 18-27. 


QrL— x 
yo 
Since (Q7°, UZ*) is an adjoint pair, the lifting problem ars| gee [ris equivalent to the lift- 
Qr kK —— Y 
L—> Ux 
[ore 


K —>USY 


et 
ing problem f} _~ 
aft 
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PROPOSITION 8 Equip A-CG, with its singular structure—then SPEC is a model 
category if weak equivalences and fibrations are levelwise, the cofibrations being those 
morphisms which have the LLP w.r.t. the levelwise acyclic fibrations. 

[The proof is basically the same as that for the singular structure on TOP (cf. p. 
12-10 ff.). Thus there are two claims. 

Claim: Every morphism f : X — Y can be written as a composite f,, 0 i,, where 
i,,: X — X,, is a weak equivalence and has the LLP w.r.t. all fibrations and f,, : X,, ~ Y 
is a fibration. 

[In the small object argument, take Sp = {S~7 A [0,1]% > S74 A J[0,1]% (n > 0,q > 
0)—then V k, the arrow X, — X41 is a spectral cofibration, hence is a levelwise closed 
embedding (cf. p. 16-6). Since Q7°[0, 1] ~ S~7A [0, 1)", it follows that colim Mor (S~7A 
(0, 1], X,) & Mor(S~% A [0,1]"%, X,,) V n (cf. p. 16-4), so f,, has the RLP w.r.t. the 
S~7A [0,1], +S 7A 70,1)", ie., is a fibration. The assertions regarding i,, are implicit 
in its construction. | 

Claim: Every morphism f : X — Y can be written as a composite f,, oi,,, where i, : 
X — X,, has the LLP w.r.t. levelwise acyclic fibrations and f,, is both a weak equivalence 
and a fibration. 

[Run the small object argument once again, taking Sp = {S77 A SS > S7AD 
(n > 0,q > 9).] 

Combining the claims gives MC-—5 and the nontrivial half of MC—4 can be established 
in the usual way.| 


[Note: All objects are fibrant and every cofibration is a spectral cofibration.] 


True or false: The model category structure on SPEC is proper. 


HSPEC is the homotopy category of SPEC (cf. p. 12-24 ff.). In this situation, 
IX = XA JI, is a cylinder object when X is cofibrant while PX = HOoM(J,, X) serves as 
a path object. And: It can be assumed that the “cofibrant replacement” LX is functorial 
in X, so £: SPEC > SPEC,. 
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[Note: Recall too that the inclusion HSPEC, — HSPEC is an equivalence of cate- 
gories (cf. §12, Proposition 13).] 

Remark: Suppose that X is cofibrant—then for any Y, [X, Y]o ~ [X, Y] (cf. p. 12-25) 
(all objects are fibrant), thus if Y > Z is a weak equivalence, then [X, Y]o * [X, Z]o. 

Example: Let (K, ko) be a pointed CW complex—then Q7°K is cofibrant. 


FACT Let f: X > Y be a morphism of spectra—then f is a weak equivalence iff V n, mn(f) : 


Tm (X) > mn(Y) is an isomorphism. 


LEMMA HSPEC, has coproducts and weak pushouts. 
[Note: The wedge V Xi is the coproduct of the X; in HSPEC,.. Proof: VX is cofibrant 


a a 
and for any cofibrant Y, [\/ X;,¥] ~ [YW Xi, ¥]lo © mo(HOM(\/ Xi, Y)) ~ mo([[HOM(X;,Y)) & 


[] ro(HOM(X:, Y)) ~ TILx:. Yjo Tx. Y1J 


a a 


BROWN REPRESENTABILITY THEOREM A cofunctor F : HSPEC,. — SET is repre- 
sentable iff it converts coproducts into products and weak pushouts into weak pullbacks. 

[In the notation of p. 5-79, let U = {S” :n € Z}. Iff: X > Y is a morphism such that V n, the arrow 
[S”, X] - [S”, Y] is bijective, then f is a weak equivalence (cf. supra), thus is a homotopy equivalence (cf. 
§12, Proposition 10). Therefore U4; holds. As for U2, given an object (X,f) in FIL(HSPEC,), tel(X, f) is 
a weak colimit and V n, the arrow colim[S”, X;] — [S”, tel(X, f)] is bijective (cf. p. 16-7).] 


EXAMPLE HSPEC, has products. For if {X;} is a set of cofibrant spectra, then the cofunctor 
Yo [I[¥. X,] satisfies the hypotheses of the Brown representability theorem. 
i 
PROPOSITION 9 Suppose that A — Y is a cofibration and X —> B is a fibration— 
then the arrow HOM(Y, X) — HOM(A, X) xyoma,B) HOM(Y, B) is a Serre fibration 
which is a weak homotopy equivalence if A + Y or X — B is acyclic. 


Proposition 9 implies (and is implied by) the following equivalent statements (cf. §13, Propositions 


31 and 32). 


FACT If A > Y is a cofibration in SPEC and if L > K is a cofibration in A-CG,x, then the 


arrow AAK U YAL—> YAK isa cofibration in SPEC which is acyclic if A — Y or L > K is acyclic. 
AAL 


FACT If L —> K is a cofibration in A-CG, and if X —> B is a fibration in SPEC, then the 
arrow HOM(K, X) + HOM(L, X) Xyo(1,B) HOM(K, B) is a fibration in SPEC which is acyclic if L > Kk 


or X > B is acyclic. 
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The shift suspension is the functor A : SPEC — SPEC defined by (AX) g = Xq41 
(q > 0) and the shift desuspension is the functor A~+ : SPEC — SPEC defined by 


4 Koei >0 
OO = 1a Goo 


PROPOSITION 10 The pair (A, A~') is an adjoint equivalence of categories. 


EXAMPLE A‘4 is a left adjoint for A~% and, by Proposition 10, A~? is a left adjoint for A%. On 
the other hand, Q® is a left adjoint for U°. Therefore A~% 0 Q® is a left adjoint for U™ o AY. But 
UM oAT= UF, thus Vg > 0, ATF 0 QT BQK. 


Remarks: (1) A preserves weak equivalences, so QoA : SPEC — HSPEC sends weak 
SPEC —“°“, HSPEC 
equivalences to isomorphisms and there is a commutative triangle | 


HSPEC 
LA the total left derived functor for A; (2) A~! preserves weak equivalences, so Qo Aq! : 


’ 


LA 


SPEC — HSPEC sends weak equivalences to isomorphisms and there is a commutative 
QoA— 


SPEC —— HSPEC 
triangle | . , RA“! the total right derived functor for A7!. 
RA-! 
HSPEC 


PROPOSITION 11 The pair (LA, RA“) is an adjoint equivalence of categories. 

[A-! preserves fibrations and acyclic fibrations (the data is levelwise). Therefore 
A preserves cofibrations and the TDF theorem implies that (LA,RA~*) is an adjoint 
pair. Consider now the bijection of adjunction =x ,y : Mor (AX, Y) > Mor (X, A~'Y), so 
=x yf is the composition X > A*AXK ATE, ary. Since the arrow X > A~!tAX is 
an isomorphism, =x yf is a weak equivalence iff A~'f is a weak equivalence, i.e., iff f is a 
weak equivalence. Therefore the pair (LA, RA7!) is an adjoint equivalence of categories 
(cf. p. 12-29).] 


A~? is naturally isomorphic to 2. Here (QX)4 = QXq, the arrow of structure NX, > 
NOX 41 being Qe. Therefore the difference between Q and 2 is the twist T (cf. p. 14-75). 
Define a pseudo natural weak equivalence Ex : OX — OX by letting Bx x Ss LX, 
be the identity for even q and the negative of the identity for odd q (i.e., coordinate 


reversal). 


LEMMA Let C be a category and let Ff, G: C > PRESPEC be functors. Suppose 
given a pseudo natural weak equivalence = : F — G—then in the notation of the conversion 
principle, there are natural transformations sF X & sMFX —"3 sMGX = sGX. 


16-12 


[Note: sME= is a weak equivalence. Moreover, the sr are weak equivalences if F’', G 
factor through SEPPRESPEC.] 


Application: V X in SPEC, QX is naturally weakly equivalent to QX or still, is 
naturally weakly equivalent to A71X. 


Example: In HSPEC, S~" = "8° (n > 0). 


PROPOSITION 12 The total left derived functor L® for © exists and the total right 
derived functor RQ for Q exists. And: (LX, RQ) is an adjoint pair. 

[= preserves cofibrations and ( preserves fibrations. Now quote the TDF theorem.] 

[Note: Since 2, Q preserve weak equivalences, there are commutative triangles 


SPEC 2. HSPEC SPEC —“°°. HSPEC 


| wee , | we and, by the above, natural isomor- 
RQ R 


HSPEC HSPEC 
phisms, RQ > RQ, RO > RA7?,] 


X preserves weak equivalences between cofibrant objects. So, unraveling the definitions, one finds 
that LX(= L(Qod)) “is? L(X ovo L) (L(Lo10lL)oQ = QoNoro0L), 1: SPEC, > SPEC the inclusion. 
In particular: V X, LUX = LX. 


PROPOSITION 13 The pair (LY, RQ) is an adjoint equivalence of categories. 

[According to Proposition 11, the arrows of adjunction id *RA-!oLA, LAoRA7!4 
id are natural isomorphisms and the claim is that the arrows of adjunction id > RQoLY, 
LY o RQ -4 id are natural isomorphisms. Thus fix a natural isomorphism RQ > RA~!— 


then there exists a unique natural isomorphism LA —> L® characterized by the com- 
[LuX,Y] — [X, ROY] 


mutativity of | | VY X,Y. It remains only to note that the 
[LAX,Y] — [X,RA7'Y] 
id , RA-!oLA LAcoRQ —> LAoRA7! 
diagrams 1 | | ; | |v of natural transfor- 


RQcoLY —> RATtoLY LYoRQD —> id 


mations commute. | 


Application: HSPEC is an additive category and L™ is an additive functor. 

[Note: HSPEC has coproducts and products (since HSPEC, does (cf. p. 16- 
10)). Standard categorical generalities then imply that the arrow X V Y > X x Y is an 
isomorphism for all X,Y in HSPEC (cf. p. 0-36).] 
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: . BS cg Ly A, LA 
Notation: Write in place of oe and ie in place of { RA-1° 


PROPOSITION 14 HSPEC is a triangulated category satisfying the octahedral 
axiom. 

[Working in HSPEC,, stipulate that a triangle X’ 4 -y' % 7 ™, DX! is exact if it is 
isomorphic to a triangle X 4,y 4c, ™% DX for some f (Cr = mapping cone of f) (obvious 
definition). Since TRi—-TRs are immediate, it will be enough to deal just with the octa- 
hedral axiom. Suppose given exact triangles X 5 Y > Z' = UX, Y4Z— X!' > XY, 
X “4 Z > Y’ > EX, where without loss of generality, Z’ = C,, X’ = Cy, Y’ = Cyou. 


Starting at the prespectrum level, define a pointed continuous function fy : Cu, 4 Co, oun 


by letting f, be the identity on IX, and v, on Y, and define a pointed continuous func- 
tion gn : Cy, ou, — Cv, by letting gn, be Tu, on IX, and the identity on Z,,—then 


the f, and the g, combine to give morphisms of prespectra, so applying s, 4 morphisms 
f: Z’' + Y' and g: Y’ — X’ of spectra. By construction, the composite Z’ Boy! 3K 
is the arrow Z' — ©X and the composite Z > Y'*X’ is the arrow Z > X’. Letting 
h: X’ + UZ’ be the composite K > NY + UZ’, one sees that all the commutativ- 
ity required of the octahedral axiom is present, thus the final task is to establish that 
the triangle Z’ +,y’ & x’ 477 is exact. But there is a canonical commutative diagram 
Bo Sn YO SB Ee 
| | \¢ || . And: ¢ is a homotopy equivalence.] 
Te mS OYE ee Oe as 
f j 7 

Application: An exact triangle X 3 Y 4 ZS ©X in HSPEC gives rise to a long exact 

sequence in homotopy --- > 141(Z) > tm(X) > am (Y) > tm(Z) 9 tm_-1(K) 9 ---- 


EXAMPLE Iff: X—- Y,g: Y > Z are morphisms in HSPEC, then there is an exact triangle 
Cr Coot 7 Cg 4 UCe. 


Remark: HSPEC is compactly generated (take U = {S" : n € Z}) and admits Adams 


representability (by Neeman’s countability criterion). 


EXAMPLE The homotopy groups of a compact spectrum are finitely generated. 
[The thick subcategory of HSPEC whose objects are those X such that 7 (X) is finitely generated 
VY q contains the S”.] 


It is also true that HSPEC is a closed category (indeed, a CTC) but the proof requires 


some preliminary work which is best carried out in a more general context. 
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The main difficulty lies in equipping HSPEC with the structure of a closed category (cf. p. 16-30). 
Granted this, the fact that HSPEC is a CTC can be seen as follows. 
Recall that if f : X — Y is a map in the pointed category, then there is a homotopy commutative 


diagram 
BOX —> HOY —> Ep —> BX 


l i | 


QY —> Ep —> X —> Y —> Cy —> XX, 


| i i i 


QY —> NC, — OTK — ODY 
a formalism which also holds in the category of prespectra or spectra. Of course, when viewed in HSPEC, 
the arrows Eg > QC¢, NE > Ce are isomorphisms (cf. Proposition 13). Turning to the axioms for a 
CTC, the only one that is potentially troublesome is CTC,4. In order not to obscure the issue, we shall 


proceed informally, omitting all mention of £ and the underlying total derived functors. Thus given 


fe T : —(R* onx 7) i* 
X—> Y>Cr—> =X, one has to show that V Z, the triangle Q hom(X,Z) ——————> hom(Cg, Z) > 
me of* 
hom(X,Z 
hom(Y, Z) cata easTed =Q hom(X, Z) is exact. Consider the commutative diagram 
25 ar vy omy! Ont 
QY —> OCs — Q=UX > LOY 
—1 
| | MX | 
QY —> ONCe ———+> x > HOY 
Qj ny oom vy lof 


Since the triangle on the bottom is exact (cf. p. 15-2), so is the triangle on the top. But then, on the 


basis of the commutative diagram 


f VY, 
OY =) Be SW Se Ov 


| i ve Ve i 


QY —> NCe —> ODX a QSY > LOY 
x 


Vay Otay 


-1 
v of 
the triangle OY + Es > X—*—+SQY is exact. In particular: The triangle Qhom(X,Z) > 
-1 
“nom(X,Z) °F ; 
Ere — hom(Y, Z) — SO hom(X, Z) is exact. However, there is an isomorphism Ege — 


hom(C¢, Z) and a commutative diagram 


Qhom(X,Z) = ——> Eee —> hom(Y,Z) —————+  Qhom(X,Z) 


| | a 


Q hom(X, Z) Saree hom(Cs,Z) —> hom(Y,Z) —————> Qhom(X,Z) 
—(M* onyx 7, i” 
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hence the triangle on the bottom is exact, this being the case of the triangle on the top. 


LEMMA _ HSPEC is a compactly generated CTC. 
xX 
[In general, X dualizable > - dualizable (cf. §15, Proposition 35). But trivially the unit 
xX 


S° is dualizable, thus V n > 0, S®™ & U"S° & S-” x 2"S° are dualizable, i.e., all the elements of 
U={S":n€ Z} are dualizable.] 
[Note: Observe too that Vn, DS" = S7~".] 


Remark: HSPEC is a unital compactly generated CTC (since S° is compact). Accordingly, 
duHSPEC = cptHSPEC (cf. p. 15-39), the thick subcategory generated by the S” (theorem of 
Neeman-Ravenel). 


[Note: It is clear that HSPEC is actually monogenic. ] 


EXAMPLE The compact objects in HSPEC are those objects which are isomorphic to a Q7°K, 


where K is a pointed finite CW complex. 


Notation: Given a real finite dimensional inner product space V, let, S” denote its one 
point compactification (base point at oo) and for any X in A-CG,, put ©Y X = X#,8", 
QV x = xs”. 

[Note: If V and W are two real finite dimensional inner product spaces such that V C 
W, write W—V for the orthogonal complement of V in W—then VX, NW-YOY X = DW X 
and OY OW-Y X AO” xX, 

A universe is a real inner product space U with dimU = w equipped with the finite 
topology. UN is the category whose objects are the universes and whose morphisms are the 
linear isometries. An indexing set in a universe U/ is a set A of finite dimensional subspaces 
of U such that each finite dimensional subspace V of U is contained in some U € A. The 
standard indexing set is the set of all finite dimensional subspaces of U. Example: Take 
U = R~—then {R?: q > 0} is an indexing set in R™. 

Let A be an indexing set in a universe /—then a (U, A)-prespectrum X is a collection 
of pointed A-separated compactly generated spaces Xy (U € A) and a collection of pointed 
continuous functions Xy SE OW AV xX (V,W € A& V CW) such that Xy SeXy 

Xp SS av-Uxy 
is the identity and for U C V C W in A, the diagram ov,w | | 2" ~Vovw 
QW-'xXy— QY-UQW-V xy 
commutes. PRESPEC, 4 is the category whose objects are the (YU, A)-prespectra and 


whose morphisms f : X — Y are collections of pointed continuous functions fy : Xy > Yu 
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Xy am Yy 
such that the diagram Ih Ik commutes for V C W in A. A 
OQW-V Xw —_ OW Vyy 
OW -V fw 


(U, A)-prespectrum X is a (U,A)-spectrum if the oy.w are homeomorphisms. SPECy 4 
is the full subcategory of PRESPEC,, 4 with object class the (U,A)-spectra. Example: 
Take U = R™, A = {R%: q > 0} then PRESPECy,4 = PRESPEC, SPEC,4 = 
SPEC. 

[Note: When A is the standard indexing set, write PRESPEC,, SPEC, in place 
of PRESPECy 4, SPECy4.] 

What has been said earlier can now be said again. Thus introduce the notion of 
a separated (U,.A)-prespectrum by requiring that the oyw : Xy ~ QY-Y Xw be CG 
embeddings. This done, repeat the proof of Proposition 1 to see that SEPPRESPECy 4 
is a reflective subcategory of PRESPEC,y4 with reflector E°. Next, as in Proposition 
2, SPECy, is a reflective subcategory of SEPPRESPECz,, (the reflector sends X to 
eX, where (eX)y = colim QW-V Xy,). Conclusion: SPECy,4 is a reflective subcategory 
of PRESPEC,, 4 (cf. Proposition 3), hence is complete and cocomplete. 

[Note: The composite PRESPECy, 4 —> SEPPRESPEC,,_ 4 SPECy,4 is the 
spectrification functor: KX > sX (s =eo E®).] 


EXAMPLE Fix U € A. Given an X in A-CG,, let Q??X be the spectrification of the pre- 
BEE (SU 

spectrum V > ( ) where UV-UX ~~ QW-VyW-VyV-UX ZB QW-VyW-UX 
* (V BU) 

(V.WEA&U CVC W) (otherwise, the arrow is the inclusion of the base point). Viewed as a 

functor from A-CG, to SPECy,4, Q?? is a left adjoint for the Ut» space functor Up : SPECy,4 > 


A-CG,. that sends X = {Xy} to Xv. 


FACT If X is a (U, A)-spectrum and if dim V; = dim V2 (Vi, V2 € A), then Xy, & Xyp- 
[Embed V; and V2 in a common finite dimensional W € A and observe that Xy, * OW-VMXyw & 


OW-V2Xw ~ Xv] 


Notation: Given X, Y in PRESPEC, 4, write HOM(X, Y) for Mor (X, Y) topolo- 
gized via the equalizer diagram Mor (X,Y) > [T] Yo’ [] (Q”-Y¥w)*v. 


VEeA V,WEA 
VCW 


So, just as before, spectrification is a continuous functor (cf. Proposition 4) and there 
are analogs of Propositions 5 and 6 (O (A) and HOM being defined in the obvious way). 
Remark: PRESPECy4 and SPECy_4 are V-categories, where V = A-CG,. Ac- 


cordingly, to say that s is continuous simply means that s is a V-functor. 
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[Note: The interpretation of 0 (A) and HOM is that PRESPECy 4 and SPEC, 4 


admit a closed A-CG,, action (the topological parallel of closed simplicial action).] 


LEMMA Let A and B be indexing sets in a universe U/ with A C B—then the arrow 
of restriction 7* : PRESPEC,, — PRESPEC,,,4 has a left adjoint 7, and a right 
adjoint 2. 

[For X in PRESPECy 4 and W an element of B, (i,X)w is the coequalizer of 


al DWV VV" Xn I] =Y-Y Xy and (i)X)w is the equalizer of [] QY-“ Xy 
V"'cv'! V V 


v'cw VCWw WcVv 
3 VW if 
ST ae Ga VV Ve A), 
ViCcVY 
Wcv' 


The formulas figuring in the lemma can be understood in terms of “enriched” Kan extensions. Thus 
gv"—v! (ye 5 Vv’) 
* (v" D Vv’) 
(composition comes from the identification SY-U #,S”—-Y = SW—-Y) then I, is a small V-category 


and PRESPECy,4 “is” V[I4, A-CG.] (cf. p. 0-42) (V = A-CG,). So, if AC B andi: 14 > Ig is 


let I4 be the category whose objects are the elements of A, with Mor (V’,V”’) = { 


the inclusion, i. = lan & 7; = ran, i.e., ix X = lan X (the left Kan extension of X along 7) & 7)X = ran X 


(the right Kan extension of X along 7). 


PROPOSITION 15 Let A and B be indexing sets in a universe U with A C B—then 
the arrow of restriction 2* : SPECy,3 — SPEC, is an equivalence of categories. 
[The functor soi, is a left adjoint for i* and the arrows of adjunction id Bhs (sot,), 


. . VY. . . 
(s oi,) oi* + id are natural isomorphisms. | 


Application: Let U/ be a universe—then V indexing set A in U, SPEC;,_4 is equivalent 
to SPEC,. 


EXAMPLE (Thom Spectra) If is a universe and if Gp, (U) is the grassmannian of n-dimension- 
al subspaces of U, then Gn (U) is topologized as the colimit of the Gn(U) (U CU & dimU < w), so every 
compact subspace of G,(U/) is contained in some G,(U). Let K be a compact Hausdorff space and 
suppose that f : K + G,(U) is a continuous function. Write Ay for the set of U: f(K) C Gn(U)—then 
Aj is an indexing set in U/. Given U € Af, call KU—-f the Thom space of the vector bundle defined by the 

ie Fa Ae 
pullback square | | (yn the canonical n-plane bundle over Gn(U)). The assignment 
K aa Gr(U) 
U > KU-f defines an object in PRESPECy,4,;- Pass to its spectrification in SPECuA,, thence by 


the above to an object in SPECy, say K~‘. In general, an arbitrary X in A-CG can be represented 
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as the colimit of its compact subspaces K : X & colim K. Accordingly, for f : X > Gp(U) a continuous 
function, put X~f = colim K~fI*, the Thom spectrum of the virtual vector bundle —f. Example: An 


F : : U 
n-dimensional U determines a map * > Gp(U) and «—¥ x SU, 


The U* space functor Ug? : SPEC, + A-CG, is represented by sou. where S~U = 
Qs? (cf. Proposition 7). Equipping A-CG, with its singular structure, if f: X > Y is 
a morphism of U/-spectra, then f is a levelwise fibration iff f has the RLP w.r.t. the spectral 
cofibrations S~Y A (0, LS Ss’ AIO, 1]% and f is a levelwise acyclic fibration iff f has the 
RLP w.r.t. the spectral cofibrations SAS > S-" AD" (n>0,U CU &dimU <w) 
(cf. p. 16-8). Using this, it follows that SPEC, is a model category if weak equivalences 
and fibrations are levelwise, the cofibrations being those morphisms which have the LLP 
w.r.t. the levelwise acyclic fibrations (cf. Proposition 8) (bear in mind that a spectral 
cofibration is necessarily a levelwise closed embedding (cf. p. 16-6)). Proposition 9 and 
its variants go through without change. 

[Note: HSPECy,, is the homotopy category of SPEC, (cf. p. 12-24 ff.).] 

Remark: The functor U7 preserves fibrations and acyclic fibrations, thus the TDF 
theorem implies that LQ7? and RU? exist and (LQ;7,RU77) is an adjoint pair (the 


requisite assumptions are validated by the generalities on p. 12-3 ff.). 


EXAMPLE Take U = R®—then i* : SPEC, — SPEC preserves fibrations and acyclic fibra- 
tions, so the hypotheses of the TDF theorem are satisfied (cf. p. 12-3 ff.). Therefore Li. and Ri* exist and 
(Li, R2*) is an adjoint pair. Dissecting the bijection of adjunction Ex jy : Mor (is X,Y) — Mor (X,i*Y), 
it follows that Sx yf is a weak equivalence iff f is a weak equivalence, thus the pair (Li., R2*) is an adjoint 


equivalence of categories (cf. p. 12-29). 


Let U, U’ be universes, f : U > U’ a linear isometry—then there is a functor 
f* : PRESPEC, — PRESPECy, which assigns to each X’ in PRESPEC, the 
U-prespectrum f*X’ specified by (f*X’)y = X iy), where (f*tX')y — OY -V EX) yw 
is the composite Xv) > OFM IM) Xa) > OW—Y Xa): It has a left adjoint 
fe : PRESPECy > PRESPECy, viz. (f¢X)u: = =U FO Xy (U = f-1(U’)), where 
(f¢X%)vi 2 OW'-V"(f,X) yy is the composite UY -FM) Xy 4 QW'-VW'—V'V"-fV) xy, 
5 QW'-V'ypW'- FW) yf W)-FV) xy 5 QW'-V' ypW'-1(W) WV xy, _, QW'-V' pW'-7(W) 
Xw (VV = f-1(V'),W = f-'(W’)). Since f* sends U/'-spectra to U-spectra, there is an 
induced functor f* : SPEC, + SPEC, and a left adjoint for it is so f,, denoted still 
by fa- 


Let Iy, I,y, be the small V-categories associated with the standard indexing sets in UU, U’—then the 
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linear isometry f : U > U’ determines a continuous functor Fy : Iy > I. Viewing PRESPECy as 


VT, A-CG.] and PRESPEC,, as V[I,,;, A-CG.], f* becomes precomposition with Fy and fs = lan. 
EXAMPLE f.(X AK) & (feX) AK and f.(QP2X) © QR) X. 


FACT Let U, UU’ be universes, f : U > U’ a linear isometric isomorphism—then the pair (fsx, f*) 
is an adjoint isomorphism of categories. 


[Note: Here, of course, it is a question of spectra, not prespectra.] 


Let U, U’ be universes—then a (U/',U)-spectrum X’ is a collection of U’-spectra 
Xj, indexed by the finite dimensional subspaces U of YU and a collection of isomor- 
phisms =W-V xt, “™ xt, (V Cc W) such that X{, 2". X14, is the identity and for U C 


mV UX OL OE=XY 
V c W, the diagram YY owv | lew commutes. SPEC(U/', U/) 
pv-ux!, — x 
PV,U 


is the category whose objects are the (U’,U/)-spectra and whose morphisms f : X’ —> 


Y’ are collections of morphisms of U‘-spectra ft; : Xj + Yy such that the diagram 
yW-Ve¢! 
Ww-V W-V 
> Xw “Dy Yi 
| | commutes for V C W. 
ne or 
Vv 


[Note: It makes sense to suspend a U’/-spectrum by a finite dimensional subspace of 


U (this being an instance of smashing with an object in A-CG,).] 


EXAMPLE Let U, U’ be universes, f: U > U’ a linear isometry. Given an X in A-CG,, let 
Q’,X be the object in SPEC(U’,U) defined by (Q,X)u = QFiu)X> where uW-V(QiX)w > (Qi X)v 
: : 7 : W-VQ~ ~ rf(W)-fVQ~ ~ TVX 
is the identification © Qihiw)* ey Qihiw)* ~) Qhiv)*: 


Notation: Given X’, Y’ in SPEC(U/’,U/), write HOM(X’, Y’) for Mor (X", Y’) topolo- 
gized via the equalizer diagram Mor (X’, Y’) 3 iu HOM(X1, Yy)> IT HOMO Vx 
VCWw 
x 
(A) Fixa K in A-CG,. Given an X’ in SPEC(U/’,U/), let X'AK be the (U’, U)- 
spectrum U + Xi;AK, where ©Y-Y (Xt, AK) & (XiAK)ASY—-Y & (XpASW-Y)AK & 
XV AK. 


PROPOSITION 16 For X’, Y’ in SPEC(U/’,U/) and K in A-CG,, there is a natural 
homeomorphism HOM(X’ A K, Y’) = HOM(X’, Y’)*. 
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(HOM) Fix an X’ in SPEC(U/',U). Given a Y’ in SPECy’, let Hom(X’, Y’ 
be the U-spectrum U — HOM(Xj,, Y’), where HOM(X},, Y’) s HOM(=”-V Xt, Y’) = 
HOM(X!,,Q”-VY’) = OW-VHOM(X4y, Y’). 

Observation: V X in SPECy, Mor (X, Hom(X', Y’)) © lim Mor (Xy, HOM(Xy, Y’)) 
~ lim Mor (Xj A Xv, Y') © Mor (colim Xj, A Xu, Y’), the colimit being taken over the 
arrows Xy A Xy & ye A Xy & Xw A Be’ Xe —> Xw A Xy. 

Definition: X' A X is the U'-spectrum colim Xy A Xv. 


PROPOSITION 17 For X in SPECy, Y’ in SPECy,, and X' in SPEC(’’,U), 
there is a natural homeomorphism HOM(X’ A X, Y') » HOM(X, Hom(X’, Y’)). 


EXAMPLE (1) X’AQP?X = Xi, AX; (2) (K’AX)A K&S X'A(KXAK) & (X'AK) AX. 


Notation: Given a vector bundle €: EF > B, T(€) is its Thom space. 

[Note: If S§ is the sphere bundle obtained from € by fiberwise one point compactifica- 
tion, then T(€) = S§/S., where Soo is the section at infinity. Example: If V is the trivial 
vector bundle B x V > B, then T(E @V) & EY T(E).] 

Let U, U' be universes. Fix an object ASZ(U,U’) in A-CG/Z(U,U') (Z(U,U') 
topologized as on p. 14-52). Given finite dimensional U C U, U' CU’, define Ay.y by the 

Avy: ————————— LU, U') 
pullback square | | (so Ayy = {a € A: a(a)lU C U’}, 
A—* > Ty, u') —>T(U,u’) 
which can be empty). Write €(a)yy: for the vector bundle over Ay.y with total space 
{(a,u’) € Ayu x U': u' La(a)U} and let Tay,y be the associated Thom space (if Ay,y 
is empty, then the Thom space is a singleton). For each U, the assignment U' > Tay,y' 
specifies a U//-prespectrum, call it T’ay (the arrow Tay,y: > OW’ Tay wi is the adjoint 
of the arrow WV" Tay. yi — Tay,w: induced by the morphism €(a)y,y: @ (W’ — VY") > 
E(a)u,w: of vector bundles). Let M’ay be the spectrification of T’ay—then there are 
morphisms ©“-Y M'aw — M'ay of U'-spectra arising from the morphisms €(a)w.y: © 
(W —V) — €(a)v,v’ of vector bundles. 


PROPOSITION 18 The morphisms ©“-YM’aw — May are isomorphisms, thus 
the collection M’a = {M'ay} is an object in SPEC(U/’,U). 


[Since all constructions are natural in A-CG/Z(U,U’) and commute with colimits, 


one can assume that A is compact. But then, for VC W,4V!: Avy = Awy = A, 
hence ~Y-V Maw y oY -V Oe Tawv' ~ QR=uY—-’ Tawv ~ Qp Tay,v' ~ M’ay.] 


Example: There is an isomorphism M’a4o} ~ Qi} A+ natural in a. 
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[In fact, €(@)¢0},y" is the trivial vector bundle A x U' — A.] 
EXAMPLE Suppose that a is the constant map at f € Z(U,U’)—then M’a & Qi A+. 


Let U,U' be universes. Fix an AS Z(U,U') in A-CG/Z(U,U’). 
(x) Given an X in SPECy, let ax X be the U'-spectrum M’a A X. 
(HOM) Givena Y’ in SPECy, let HOM[a, Y’) be the U-spectrum HOM(M’a, 
Y-): 
Remark: ax X * colim a|K x X and HOM[a, Y’) & limHOM[a|K, Y’), where K 
runs over the compact subspaces of A. 
[Note: x : A-CG/Z(U,U') x SPECy + SPECy: and HOM : (A-CG/Z(U,U’))°? x 
SPECy — SPEC, are continuous functors of their respective arguments. Moreover, 
a X preserves colimits in a and X, while HOM{[a, Y') converts colimits in a to limits 


and preserves limits in Y’.| 


PROPOSITION 19 For X in SPECy, Y’ in SPECy, and a in A-CG/Z(U,U’), 
there is a natural homeomorphism HOM(aK X, Y’) » HOM(X,HOM|[a, Y")) (cf. Propo- 
sition 17). 


Example: Fix a linear isometry f :U — U’, viewed as an object in * + Z(U,U’)—then 
fxX~wx f,X and HOM[f, Y') = f*Y’ (cf. p. 16-18). 

[E.g.: M' fu © QFiyS? > HOM[f, Y') ¥ HOM(QFiwyS", Y') © Yfqy-] 

Examples: (1) (ax X)AK ~ ax (XAK); (2) HoM(K,HOM|a, Y’))  HOM[a, HOM(K, 
Y’)). 


Addendum: Let HOM(X, Y’) be the set of ordered pairs (f,f), where f € Z(U,U’) 
and f: X — f*Y’ isa morphism of U/-spectra, and let «: HOM(X, Y’) > Z(U,U’) be the 
projection (f,f) + f—then Elmendorf* has shown that one may equip HOM(X, Y’) with 
the structure of a A-separated compactly generated space in such a way that € is contin- 
uous (and e~'(f) ~ HOM(X, f*Y’) V f). Moreover, there are natural homeomorphisms 
HOM(ax X, Y’)  HOM(a,¢)  HOM(X, HOM|a, Y")). 

A——> HOM(X, Y’) 

[Note: HOM(a, €) is the set of continuous functions \ / re- 

T(U,U’) 
garded as a closed subspace of HOM(X, Y’)4 (viz., the fiber of HOM(X, Y’)4 “ Z(U,U’')4 


+ J. Pure Appl. Algebra 54 (1988), 37-94. 
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over q@).| 


FACT Suppose givena: A> Z(U,U’'). Let B be in A-CG and call x the projection Ax ,B 4 A— 


then (aom)K X& (ak X)A By and xHoOM[ao 7, Y’) ¥ HOM(By,HOM[a, Y’)). 


FACT Suppose givena: A > ZT(U,U’') and 8: B > T(U’',U"). Let B Xc¢ a be the composite 
Bx, AS TU") xpLU,U') SL(U,U")—then (8 Xea) KK & BK (ak X) and HOM|BXea, ¥”) 


HOMl[a,HomM[B, Y”)). 


PROPOSITION 20 Fix an a in A-CG/Z(U,U')—then for X in SPECy and Y’ 
in SPECy, a morphism ¢ : ax X — Y’ determines and is determined by morphisms 
g(a): X + a(a)*Y’ (a € A) such that the functions Tay,y#.Xu 7 Le reer > 
Yj, are continuous, the first arrow being the assignment (a,u')#.2% — $(a)u (x) #ru’ 
(a € Ayy,u' € U' —a(a)U,xz € Xy). 

[Write M’ay = colimy Q?Tay,y to get Mor (ax X,Y") ~ Mor (colimy M’ay A 
Xy,Y') & limy Mor (May A Xv, Y') & limy Mor (colimy: QF (Tau, #eXu), Y') © 
limy limy: Mor (Q?:(Tav,w #%Xv), Y') © limy limy: Mor (Tau, #%Xv, Yu). Take now 
ag:ax X > Y' and let (a) be the adjoint of the composite a(a),X 4 aK x4y" 
Projecting from the double limit thus gives rise to continuous functions Tay,w#k.Xu > 
Yi as stated. Conversely, a collection of morphisms @(a) : X + a(a)*Y' (a € A) satisfying 
the hypotheses define continuous functions compatible with the maps in the double limit, 


hence specify a morphism ¢: ax X > Y’.]| 


Given a universe U/, O(U/) is its orthogonal group, so topologically, O(/) = colim O(U), 
where O(U) is the orthogonal group of the ambient finite dimensional subspace U of U. 


LEMMA Let U be a universe—then V finite dimensional U C U, the arrow of re- 
striction O(U) > Z(U,U) is a Serre fibration. 


Application: seczzz)(O(Y)) is not empty. 
[Z(U,U) is a CW complex and, being contractible (cf. p. 14-52), the identity map 
L(U,U) > T(U,U) admits a lifting T(U,U) + O(Y) (cf. p. 4-7).] 


UNTWISTING LEMMA Let U, U’ be universes. Fix U Cc U, U' Cc U’ such that 


U =~ U'—then there is an isomorphism M’ay ~ QP Ay natural in a. 
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[Choose a linear isometric isomorphism f : U — U’ and a section s’ : Z(U’,U’) > 
Aju,v $=" O(V’) 

O(U’). Put s = s'o(f*)~1. Define Aty,v by the pullback square | | 
A2. 71,u') OY’) 
if U' C V’ and let Aju,y = 9 otherwise (thus Ajyy C Au,v’). Write €(@) (u,v) for the 
trivial vector bundle Ajy.y x (V’ —U’') and, passing to Thom spaces, let Taw] be the 
U'-prespectrum V' > T(€(a)u,vq) © DV" Ave Call Ma] the spectrification of 
T’ayy}—then there are two claims: (1) M’ary) © Q? Ay; (2) M’ayy) & M’ay. For the 
first, one can assume that A is compact, in which case Aj] = A for V’ large enough and 
the claim follows. Turning to the second, define a morphism €(@) (u,v) > €(a)u,v' of vec- 
tor bundles by sending (a, v’) to (a, s(a(a)|U)(v’)). These morphisms lead to a morphism 
Taw] — T’ay of U'-prespectra or still, to a morphism Mau] — M’ay of U'-spectra. 


But when A is compact and Ajyy = A, the bundle map is an isomorphism. ] 


PROPOSITION 21 Let U/,U/' be universes. Fix U CU, U' CU' such that U x U'— 
then there is an isomorphism ax Q7X © Q7(A+#4X ) natural in a and X. 

[For ax QP? X = M'aA QR x x M'ay AX and, by the untwisting lemma, M’ay \X 
= Qrp Ay A X.] 


EXAMPLE FixU CU, U’ CU’ such that U % U’—then the functor M’—y :A-CG/Z(U,U’) = 
SPEC,,, has for a right adjoint the functor M—,,, : SPEC,, > A-CG/Z(U,U’) that sends Y’ to 
LU,U') x4 Yj, +IU,U'). 

[Mor (M’ay, ¥’) © Mor (QP, A+, Y") & Mor (A+, Yi) & Mor (A, Y,,) © Mor (a, MY*7,,)-] 


FACT Suppose that A is a CW complex—then the functor HOM[a,—) preserves weak equiva- 
lences. 

[Let f’ : X’ + Y’ be a weak equivalence of U’-spectra and consider the induced morphism 
HnoMia, X') > HOMI[a, Y') of U-spectra. GivenU CU,AU’ CU’:U XU’ SsxoMia, X')u & (Ae er 


/ 


HnoMia, Y’)u & Ges (cf. Proposition 21). Since Ay is a CW complex and X7,, + Yj, is a weak 


homotopy equivalence, oes > (ayer is also a weak homotopy equivalence (cf. p. 9-39).] 


Rappel: A-CG/Z(U,U/’) is a model category (singular structure) (cf. p. 12-3). 


A B 
PROPOSITION 22 If X — Y isacofibration in SPEC, and if I~ WA 


T(U,U’) 
is a cofibration in A-CG/Z(U,U'), then the arrow 6 x X La Y > 6« Y is a cofi- 
aK 
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A B 
bration in SPECy which is acyclic if X —+ Y or I~ /b is acyclic (cf. §13, 
TU,U’) 


Proposition 31). 


A B 
PROPOSITION 23. If o\ YA’ isacofibration in A-CG/Z(U,U’) and if 
T(U,U’) 
Y’ > X’ isa fibration in SPECy:, then the arrow HOM[S, Y’) > HOM[a, Y’) Xyom[a,X") 
A B 
HOM(B, X') is a fibration in SPECy which is acyclic if Jp oY! RX! 
T(U,U’) 


is acyclic (cf. §13, Proposition 32). 


Propositions 22 and 23 are formally equivalent. To establish the fibration contention in Proposition 


23, use Proposition 21 and convert the lifting problem 


S~" a (0, 1] ————————> n0 MI, Y’) 


; weer 


S~" A I[0, 1] —> Homa, ¥’) Xo mfo,x!) HOMIB; X’) 


in SPEC, to the lifting problem 


in A-CG. 


LEMMA Let A,B be cofibrant objects in A-CG and suppose that I~ vA is an 


T(U,Uu’) 
acyclic cofibration in A-CG/Z(U,U’). Fix a cofibrant X in SPEC, and consider the commutative 
x — HoMla,ak X) 


diagram i | —then the arrow of adjunction X > HOM[a, ak X) is 


HOM[B, BK KX) —> Hom[a, BK X) 
a weak equivalence iff the arrow of adjunction X > HOM[G,@ K X) is a weak equivalence. 


[Since the arrow 6 K X — +* is a fibration, it follows from Proposition 23 that HomM|[6,6 K X) > 


HOMI[a, 8 K X) is an acyclic fibration. On the other hand, since the arrow * — X is a cofibration, it 
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follows from Proposition 22 that the arrow ak X — § K X is an acyclic cofibration. But from the 
assumptions, ak X and § K X are cofibrant, thus as fibrancy is automatic, the arrow aK K > 6 K X 
is a homotopy equivalence (cf. §12, Proposition 10). Therefore HOoM[a,akK KX) + HOM [a,B K X) is a 


homotopy equivalence. ] 


EXAMPLE Let U,U’ be universes, f :U — U’ a linear isometry—then f* : SPEC,,, ~ SPEC, 
preserves fibrations and acyclic fibrations, so the hypotheses of the TDF theorem are satisfied (cf. p. 
12-3 ff.). Therefore Lf, and Rf* exist and (Lf.,Rf*) is an adjoint pair. Claim: V cofibrant X in 
SPEC,,, the arrow of adjunction X > f* f,X is a weak equivalence. To see this, choose a linear isometric 
ala a ¢€LU,U') and a path A: [0,1] > TU,U’) such that Hoig = ¢ and Hoi = f. Because 
x —— [0, 1] 

x y: is an acyclic cofibration in A-CG/Z(U,U’) with «, [0,1] cofibrant and because the 

TUU,Uu') 


arrow of Cue X — $*¢.X is an isomorphism, the lemma implies that the arrow of adjunction 


+ ——+—— [0,1] 


X > HOM|H, HH &K X) is a weak equivalence. Another application of the lemma to \ H 
T(u,u’) 

then leads to the conclusion that the arrow of adjunction K — f*f.X is indeed a weak equivalence. 
Since X’ + Y’ is a weak equivalence iff f*X’ > f*Y’ is a weak equivalence, the pair (Lf., Rf*) is an 
adjoint equivalence of categories (see the note on p. 12-29 to the TDF theorem). Example: V universe U, 
HSPEC, “is” HSPEC. Proof: HSPEC,, “is” HSPECpRo which “is” HSPEC (cf. p. 16-18). 

[Note: The functors Lf, : HSPECy + HSPEC,, obtained from the f € Z(U,U’) are naturally iso- 
morphic. Thus let g € Z(U,U’) and choose a path H : [0,1] — Z(U,U’) such that Hoig = f and Hot, = g— 
then for cofibrant X, there are natural homotopy equivalences f.X — H K K ¢ g,xX and the natural 


isomorphism Lf, * Lg» is independent of the choice of H. In effect, if o,7 : [0,1] > Z(U,U’) are paths 
o(0)=f i =f 


; and if ® : [0,1]? + Z(U,U’) is a homotopy between o,7 
o1j=9 (rl)=¢9 


in Z(U,U’) such that { 


faX& —— fxX& A [4 S==55 fe X% 


| | | 


through paths from f to g, then there is a commutative diagram 5 x K ——+6 K K +—_ 7 « x Of nat- 


| | l 


gx X —— gxX A Ip == gy X 


ural homotopy equivalences, where ---> o ——> = id. Similar remarks apply to the Rf* : HSPEC,,, > 


HSPEC;, |] 


FACT If X — Y is a cofibration in SPEC, and if Y’ > X’ is a fibration in SPEC,,,, then the 
arrow HOM(Y, Y’) -» HOM(X, Y’) xyomx,x!) HOM(Y, X’) is a fibration in A-CG/Z(U,U’) which 


is a weak equivalence if X — Y or Y’ > X’ is acyclic (the notation is that of the addendum on p. 16-21). 
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PROPOSITION 24 Suppose that A is a cofibrant object in A-CG—then the functor 
HOM|a,—) preserves fibrations and acyclic fibrations (cf. Proposition 23). Therefore the 
assumptions of the TDF theorem are met (cf. p. 12-3 ff.), so Lax — and RHOM|a, —) 
exist and (Lax —, RHOM|a, —)) is an adjoint pair. 


FACT Fix a cofibrant object in A in A-CG and let H: IA ~ T(U,U’) be a homotopy—then V 
cofibrant X in SPEC,, the arrow H oi; K X > H K X is a homotopy equivalence (t € {0,1}). 

[Note: Consequently the functors La — : HSPEC,, + HSPEC,,, corresponding to the a: A > 
Z(U,U') are naturally isomorphic, as are the functors RHOM[a, —) : HSPEC,,, — HSPEC,,.] 


FACT Let A, B be cofibrant objects in A-CG and suppose that ¢ : A — B is a homotopy 
equivalence—then V 6: B + Z(U,U’'), the arrow Bod K X > 8 K X is a homotopy equivalence provided 
that X is cofibrant. 


Hf oig = id 
[Fix a homotopy inverse 7 : B — A for ¢, choose H : IA > A such that ‘ e & 
Hoii =pod 
Goto =idp ; : : : : 
G:IB —- B such that , and, keeping in mind the preceding result, use the commutative 
Gotj= gow 
diagrams 
44 Kid 44 Kid 
BogdgowpodK X ——-BodoH KX BofpowK X—fPoGKX 
1 1 
BodopkX Hwid ig Kid BoogKX Gkid tg Kid 
t t 
BogdkK X ==— BodKX BK X == 6KX 


to deduce that the arrow 8o¢ kK X > 8 K X is a weak equivalence, hence a homotopy equivalence. ] 
[Note: The cofibrancy assumption on A, B can be dropped. Thus let Y’ be any U/’-spectrum. Given 
UCU,AU' CU: UU! = HOM[B Od, Yu & (¥i,)4+, nom[p, Yu & (¥/.,)?+ (ef. Proposition 
21). Because 6: A > B is a homotopy equivalence, it follows that HoM[8, Y’)y > HOM[G0¢,Y")y isa 
homotopy equivalence V U. But X is cofibrant, so [X,—]o & [K,—] (cf. p. 12-25) (all objects are fibrant). 
Therefore [X,HOM|[8, Y’)]o & [X,HOM[B 0 ¢,Y’)lo > [8 K X,Y']o & [BO K X,Y’ Jo (cf. Proposition 
19). And this means that the arrow Bo 6 K X > 6 K X is a homotopy equivalence (Y’ being arbitrary). 


Variant: The same conclusion obtains if X is tame.] 


EXAMPLE Take U = U’—then V f € Z(U,U), there is a commutative diagram 
* a ee (7h) 
\ id , thus V cofibrant X, the arrow f.X — id K X is a homotopy equivalence. 
T(U,U) 


[Note: The point here is this: Z(U,U) is contractible but it is unknown whether it is a cofibrant 
object in A-CG.] 
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FACT Let A,B be objects in A-CG and suppose that 6 : A > B is a closed cofibration—then 


V8:B—4TZU,U'), the arrow God K X > G K X is a spectral cofibration provided that X is cofibrant. 
BodkKX BKX 


[Given a U’-spectrum Y’, finding a filler for the diagram Yy! 
oar Se 
(80¢% X) AI, ———> (6K X)AIy 
xX ——— HOMmI[Z, Y’) 
vt 
amounts to finding a filler for the diagram | Pa | . However, the arrow HOM|[8, Y’) 
X A I, ——>HOM[B 0 4, Y’) 
> HOM[Bod, Y’) is a levelwise CG fibration, therefore is a levelwise Serre fibration, and, as X is cofibrant, 
the arrow X + X A Ix is an acyclic cofibration in our model category structure on SPECy, (cf. p. 12-16 


EXAMPLE Take U = U’'—then V f € Z(U,U), there is a commutative diagram 
* er 
\ id , thus V cofibrant X, the arrow f,X — id K X is a spectral cofibration. 

T(U,uU) 


[In fact, Z(U,U) is A-cofibered (cf. p. 14-52), sovV f € TU,U), {f} > T(U,U) is a closed cofibration 
(cf. p. 3-15).] 


Let U, V be universes. Put ADBB={USV:UCUKdmU <wu,VCV& 

dim V < w} (which is not the standard indexing set in U @ Y). 
(A) Given X in SPECy and Y in SPECy, the data {Xu#xYv} defines a 

(U®V, A®B)-prespectrum. Spectrify and let XAY be its image in SPECygy under the 
canonical equivalence SPECy@y,4g8n — SPECyey provided by Proposition 15. 

Examples: (1) QF XAQVY © Qtov(X#kY); (2) (KA K)AY & (KAY) AK ®& 
XA(Y AK). 

[Note: Take X = Y =S° in (1) to get SUAS-Y ~ S-U8Y) J 

Remark: It is not literally true that A is an associative, commutative operation. 
Consider, e.g., commutativity. If T:Ue@V > VOU is the switching map, then T,(XAY) 
is naturally isomorphic to YAX. The situation for associativity is analogous (consider the 
isomorphism U 6 (V @ W) = (U@ V) © W of universes). 


Another way to proceed is this. Write XUOY for the composite Iy x Iy = A-CG,. x A-CG, 


*k, A-CG,,— then, relative to the arrow Iy x Iy > Ivay((U,V) > U @ V),lanXOY is a U @ V- 
prespectrum, i.e., an object of V[Iyey, A-CG.], and its spectrification can be identified with XAY. 
Therefore A: SPECy x SPEC, — SPECyoy is a continuous functor. 
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FACT Suppose givena: A > ZT(U,U’) and 8B: B > T(V,V'). Let a xm @ be the composite 
Ax, BZ" 4 tU,U’) xp L(V, V') SLUG V,UW © V!)—then (a x@ 8) K (KAY) © (ak X)A(B K Y). 


Given Y in SPECy and Z in SPECy@y, let Z* be the U-spectrum U + HOM(S~" A 
Y, Z)—then there is a natural homeomorphism HOM(XAY, Z) + HOM(X, Z*). 
Example: (Z° " )y = HOM(S~"as~",Z) + HOM(S~©®"), Z) = Zuev- 


PROPOSITION 25 If A > X isa cofibration in SPEC, and if B > Y is a cofibra- 
tion in SPECy, then the arrow AAY wk XAB —> XAY is a cofibration in SPECygy 


which is acyclic if A + X or B > Y is acyclic. 


PROPOSITION 26 If B— Y isa cofibration in SPECy and if Z — C isa fibration 
in SPECyey, then the arrow Z* > Z? xgs C” is a fibration in SPECy which is acyclic 
if B > Y or Z > C is acyclic. 


Propositions 25 and 26 are formally equivalent. To establish the fibration contention in Proposition 
26, one can assume that B > Y has the form S~Y A L — S~Y A K, where L > K is a cofibration 
in A-CG,. The fact that Z > C is a fibration in SPECy@y implies that the arrow HOM(K,Z) > 
HOM(L, Z) Xpou(L,c) HOM(K, C) is a fibration in SPECy@y which is acyclic if L + K or Z > C is 
acyclic (cf. p. 16-10). But the functor (sv preserves fibrations and acyclic fibrations and V X, 
HoM(X,Z)S ” = ZS “AX, thus the arrow ZS" A* — ... is a fibration in SPEC, which is acyclic if 
L—- K or Z > C is acyclic. 


[Note: The functor QY? = S-Y A — preserves cofibrations and acyclic cofibrations.] 


xX 
Example: { cofibrant = XAY cofibrant (cf. Proposition 25). 
Y 


PROPOSITION 27 Suppose that Y is a cofibrant object in SPEC y—then the func- 
tor (—)® preserves fibrations and acyclic fibrations (cf. Proposition 26). Therefore the 
assumptions of the TDF theorem are met (cf. p. 12-3 ff.), so L(—AY) and R(—)* exist 
and (L(—AY), R(—)°) is an adjoint pair. 

[Note: Since all objects are fibrant, (—)¥ necessarily preserves weak equivalences (cf. 
p. 12-28).] 


If C and D are model categories, then C x D becomes a model category upon imposing 


the obvious slotwise structure. In particular: SPEC, x SPEC, is a model category. 


PROPOSITION 28 The functor A : SPECy x SPEC) — SPECy ey, sends weak 
equivalences between cofibrant objects to weak equivalences, thus the total left derived 
functor LA: HSPECy, x HSPEC, — HSPECygy exists (cf. §12, Proposition 14). 
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[Suppose that A — X is an acyclic cofibration in SPEC, and B —> Y is an acyclic 
cofibration in SPECy, where A & B (hence X & Y) are cofibrant. Factor the arrow 
AAB — XAY as the composite AAB > XAB — XAY. Owing to Proposition 25, 
AAB — XAB and XAB > XAY are acyclic cofibrations. Therefore AAB > XAY 
is an acyclic cofibration. The lemma on p. 12-28 then implies that A preserves weak 
equivalences between cofibrant objects.| 

[Note: LA(X, Y) = LXALY, the value of the total left derived functor of —ALY at 
X (cf. Proposition 27).] 


Take in the above U = V and choose any f € T(U?,U) (U2 =U@U). Definition: XA 
Y = f,(XAY), hom;(Y,Z) = (f*Z)¥. So: HOM(X Ay Y,Z) = HOM(f.(XAY), Z) ~ 
HOM(XAY, f*Z) ~ HOM(X, (f*Z)*) = HOM(X, hom;(Y, Z)). 

[Note: While each of the functors — Af Y has a right adjoint Z — hom,(Y, Z), 
SPEC, is definitely not a symmetric monoidal category under ® = Ayz.] 


EXAMPLE Write Q™ in place of Qh} and put S = Q@S°. Letting i: U > UU be the 
inclusion of U onto the first summand, one has ix(X AS°) » KAS, thus (foi)«(XAS°) & feoix(KAS°) & 
fx(XAS) = XA} S. And, when X is cofibrant, X A S° = (f ot)«(X AS°) in HSPECy, ic., X ¥ KX Az S 


in HSPEC,y. 


Definition: K A Y = Lf,(LA(X, Y)), hom(Y,Z) = R(Rf*Z)£¥ (= (f*Z)*Y¥, all 
objects being fibrant). 

[Note: This apparent abuse of notation is justified on the grounds that, up to natural 
isomorphism, these functors are independent of the choice of f (cf. p. 16-25). Terminology: 
Call A the smash product.] 

Observation: Since f, sends cofibrant objects to cofibrant objects and LXALY is 
cofibrant (cf. p. 16-28), [K A Y,Z] = [Lf.(LA(X, Y)),Z] ~ [Lf.(LXALY), Z] 
[fx(LXALY), Z] + mo (HOM(f,(LXALY), Z)) © mo(HOM(LXALY, f*Z)) & mo (HOM(L 
X, (f*Z)EX)) & [LX, (f*Z)°¥] = [X, (f°Z)“¥] © [K,R(RP*Z)°¥] = [X, hom(Y, Z)]. 


FACT In HSPECy, XAY  XAQ&Y, hence Q*(K#;,L) & (QP K) AL & QYK AQ&L and 
HOM(K, X) & hom(Q® K, X). 


PROPOSITION 29 HSPECy is a monoidal category. 
[Taking ® = A and e = S (= Q®S®), one has to define natural isomorphisms 


{ PRE SAS I S and Axyz:XA(YAZ) + (KAY) AZ satisfying MC, and MC, 
x: 


on p. 0-24. The definitions of Rx and Lx are clear (cf. supra). Letting ® be the 
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isomorphism (U @U) PU > UG (U SU), define Ax y,z for cofibrant X,Y, Z via the fol- 
lowing string of natural isomorphisms in HSPECy : X A (Y A Z) = Lf, (LA(%, Y A 
Z)) % Lfe(XAL(Y A Z)) © Lf(XAL(Lfa(LACY,Z)))) © Lfe(XAC(Lf.(VAZ))) ~ 
Lf.(XAfs(YAZ)) © fe(XAfe(YAZ)) & fa 0 (idu ® f)x 0 B4((KAY)AZ) & feo (f @ 
idy)x((XAY)AZ) & fe(fa(KAY)AZ) & (KAY) A Z (reverse the steps). That MC, and 
MC, obtain can then be established by using the contractibility of Z(U",U).] 

[Note: HSPEC, admits an evident compatible symmetry, thus is a symmetric monoid- 
al category (cf. p. 0-25). Since each of the functors — AY : HSPECy — HSPEC,, has 
a right adjoint Z — hom(Y, Z), it follows that HSPECy, is a closed category.] 


Therefore HSPEC is a closed category. 


EXAMPLE Iff:X—-— Y,g:Z-— W are morphisms in HSPEC, then there is an exact triangle 
XK A Cg > Cerg > Cp \W > X(X A Cg).] 


[Consider the factorization fA g =f A idw o idx A g and use the result on p. 16-13.] 
FACT XAYY is connective if X & Y are connective. 


Given a finite dimensional subspace U of U, put SYX=K AS", QUX=nom(S", x)— 
then (©¥,07) is an adjoint pair. 


PROPOSITION 30 The total left derived functor LXY for ©Y exists and the to- 
tal right derived functor RQU for QU exists. And: (LXY,ROZ) is an adjoint pair (cf. 
Proposition 12). 


PROPOSITION 31. The pair (LXY, RQ”) is an adjoint equivalence of categories (cf. 
Proposition 13). 

[Suppose that X is cofibrant—then in HSPECy there are, on the one hand, natural 
isomorphisms 0U(X A S~") = f,(XAS~Y) ASU & f,((KAS~Y) AS7) & f.(XA(SU A 
s”)) fx(XAQ’S’) ~ X and, on the other, natural isomorphisms SUX A S77 x 
fe(ZUKAS~Z) & fr((X ASY)ASWZ) = f,(KA(S~Z AS”) & fe(KAQ’S®) & X. There- 


fore LDU is an equivalence of categories and — A S~Y x RQU |] 


Fix a universe ¢/—then S,, operates to the left on U” by permutations, hence V ao € S, 
there are functors o, : SPECyn — SPECyn. Agreeing to write S,, x — for the functor 


corresponding to the arrow Yn : S, > Z(U",U"), one has S, kK X = VY o.X. The 
cESn 
multiplication and unit of S$, induce natural transformations my : Syn Sy, — > Sp, K — 
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& én : id > S;, K —, so (Sp K —, Mn, En) is a triple in SPECy». Its associated category of 
algebras is called the category of S,,-spectra (relative to U/):S,-SPECyn. An S,,-spectrum 
is therefore a U"-spectrum X equipped with a morphism € : S, x X > X satisfying TA, 
and TAg (cf. p. 0-27 ff.), ie., equipped with morphisms €, : 0,.X — X such that €, = idx 
and €, © 04(€,) = Ege: 

[Note: Given (X,), (Y,) in S,-SPECy», write S,-HOM(X, Y) for Mor ((X, ), (Y, 
n)) topologized via the equalizer diagram Mor ((X, €), (Y,)) ~ HOM(X, Y)3HOM(S;, x 
X, Y).] 

Example: V X in SPECy, Oe) Xe (n factors) is an S,-spectrum. 

[Note: V X in A-CG,, X™ = X#,---#,X (n factors) and (Q?.X)™ ~ Q~*(X™)] 


The functor S;, K — is a left adjoint, hence preserves colimits. Since SPECz,n is complete and 
cocomplete, specialization of the following generality allows one to conclude that Sn-SPECz,/n is complete 


and cocomplete. 


LEMMA Suppose that C is a complete and cocomplete category. Let T = (T,m,€«) be a triple in 
C. Assume: T preserves filtered colimits—then T-ALG is complete and cocomplete. 


[A proof can be found in Borceuxt.] 


LEMMA Suppose that A is a right S,,-space in A-CG. Let a: A > T(U",U) be 
S,-equivariant—then for every S,,-spectrum X, there is a coequalizer diagram a x S,, x 
Xsa Kx X>aks, X. 

[One of the arrows is idg x €. As for the other, a x S, K KX & (@ X¢ Xn) K X 

A xX S,, —————- A 


(cf. p. 16-22) and the diagram en /* commutes (m(a,0) = a-o). 


Proof: @ Xo Xn(a,0) = a(a) © Xn(o), ao m(a,o) = a(a-o) = a(a)-o andVu eu”, 
(a(a) © Xn(o))(u) = a(a)(o-u) = (a(a)-o)(u) (by the very definition of the right action 
of S,, on Z(U",U)).] 


Remark: a kgs, — is a functor from S,-SPECyn to SPECy. On the other hand, 


HOM|a,—) is a functor from SPECy to S,-SPECyn. And: HOM(a xs, X,Y) & S,- 
HOM(X,HOM|a, Y)). 


+ Handbook of Categorical Algebra 2, Cambridge University Press (1994), 206-211. 
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It is sometimes necessary to consider G-spectra, where G is a subgroup of Sy (the objects of G- 
SPECy,n are thus the algebras per G K —). Given a subgroup K of G, there is a forgetful functor G- 
SPEC,n — K-SPEC,jn and, in obvious notation, it has a left adjoint GK x —, so that G-HOM(G K x 
X,Y) = K-HOM(X, Y). 


FACT Let U : G-SPECyn — SPEC, be the forgetful functor. Call a morphism f: X > Y of 
G-spectra a weak equivalence if Uf is a weak equivalence, a fibration if Uf is a fibration, and a cofibration 
if f has the LLP w.r.t. acyclic fibrations—then with these choices, G-SPEC;,;n is a model category. 

[Note: This is the external structure. To define the internal structure, stipulate that f: XK > Y 
is a weak equivalence or a fibration if for each finite dimensional G-stable U C U”, and each subgroup 
K C G, the induced map of fixed point spaces xs > ye is a weak equivalence or a fibration and let 
the cofibrations be the f which have the LLP w.r.t. acyclic fibrations. Example: Take G = S,—then V 
cofibrant X in SPEC,, X“) is cofibrant in the internal structure on Sn-SPECyn.] 


The preceding formalities are the spectral counterpart of a standard topological setup. 
Thus given aright S,,-space A in A-CG and a left S,,-space X in A-CG,, define Ax 5, X by 
the coequalizer diagram (A x S,)4#4.XZA+#RX 7 Ag, X((AX Sn)+ © At #eSn4)— 
then Ags, — is a functor from the category of pointed A-separated compactly generated 
left S,,-spaces to the category of pointed A-separated compactly generated spaces. It has 
a right adjoint, viz. the functor that sends Y to Y4+((o- f)(a) = f(a-o), with trivial 
action on the disjoint base point). 

Example: Let C be a A-separated creation operator, i.e., a functor C : | sag + A- 
CG such that Co = *—then in the notation of §14, Proposition 27, the filtration quotient 
Cn[X]/Cn—1[X] is homeomorphic to C, xs, X™. 


FACT VX in A-CGi,ag, (Q°X)™ 


2 


Q™°(A Ke XO), 


EXAMPLE (Extended Powers) Take A = XSp (which is S,-universal) and fix an equivariant 
arrow XS, > IT(U",U). Using suggestive notation, the assignment K > XS, XK g,, X ™ specifies a functor 
Dyn : SPECy + SPECy (conventionally, DoX = $8), the nt extended power. Defining D, : A-CG. > 
A-CG.,. in exactly the same way, one has DnQ*X = XSn Ks, (QUX)™ & QM(XSn Ks, XM) = 


Q’(Dr,X). Example: D,S° = BSn+ (> V DnS° = BMxo+, Moo the permutative category of p. 
n>0 
14-28) ] 


[Note: Extended powers have many applications in homotopy theory. For an account, see Brunert 


et al..] 


+ SLN 1176 (1986). 
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Let C be a A-separated creation operator—then V X in A-CG,, the realization C[X] 
of Cat X is | Cy x, X” (cf. p. 14-38 (the assumption there that (X, xo) be wellpointed 
has been omitted here)), so C[X] can be described by the coequalizer diagram [| C, xz 


ym—-n 


X™3 [] Cm Xp X™ — C[X] (on the term indexed by 7: m — n, wu is the arrow Cy Xz 
Vv m>0 
X™ —+ C, x, X" and v is the arrow C, x, X™ > Cy, x, X™). It is this interpretation of 


C|X] that carries over to spectra provided they are unital. 
Definition: A unital U/-spectrum is a pair (X,e), where e: S > X is a morphism of U/- 
spectra. Therefore the unital U/-spectra are simply the objects of the category S\SPECy. 


Example: VX in A-CG,, map S° to X, by . : 2 


[Note: Morphisms in S \SPEC,, are termed unital.] 


—then Q* X¥, is unital. 


Let X be a unital U/-spectrum. Viewing U as an object in A-CG, with base point 
0, each y : m > n in Tj, induces a linear isometry y : U™ > U” and yg X™) can be 
identified with X;A---AX,,X; being X if y~'(j) #0 and S if y~'(j) = 0. There is an 
arrow 4x =~ X1A---AXyn > X™) which is idx or e according to whether X; = X or 
Ss. 

Suppose now that ¢: C — CL is a morphism of creation operators, where CL is the 
linear isometries operad attached to our universe (recall that £ extends to a A-separated 
creation operator (cf. §14, Proposition 35))—then V n, dn : Cy 7 Ly (= T(U",U)) 
is S,-equivariant. Given a morphism y : m — n in jp, let dy : Cn — Lm be either 

Cn —— Cm 


N 


composite in the commutative diagram | ie | and for X in S\SPECy, put C, x 


Ln —— Lan 
x™ = py X xX 6, « X™ = b, « X™ to get an arrow Cry > a eee a a, ule 
The realization C[X] of C at X is then defined by the coequalizer diagram VC, x 


y:m—-n 


XM Vo Cm x &X™ + C[X] (on the term indexed by 7 : m — n, u is the arrow 
vm>0 


Cyk xX we, x mg X™) >+C,, « X and v is the arrow C4 & KOs Gy OP); 
[Note: The isomorphism C, X™ = C, x mg X™) is an instance of the “composition 
rule” on p. 16-22. To see this, consider «—>Z(U™,U") and Cy 23 Z(U", U) Oxy = 
py => by X™) x by K 4X ™ |] 
Remark: C[X] is unital (since S = Cy x XK) and C[?] is functorial. 


PROPOSITION 32 Let C be a A-separated creation operator, augmented over L via 
@:C > £—then V X in A-CG,, CiQ* X4] & Q*C[X],. 
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[Apply Q® to the coequalizer diagram Vo Cra #r(X4)°M% 3 V Cm4te(X4)™ 9 
y:m—-n m>0 
CIX|y.] 


[Note: The isomorphism is natural in X.] 


The coequalizer diagram describing CLX] can be reduced to T] J] CnaixxX"3 I] 

n>0 0<i<n vVn>0 

Cn Xs, X” — C[X] and the coequalizer diagram describing C[X] can be reduced to 

VV Co, x XMS V Cy xs, K™ + C[X], the (n,i)* term being indexed on 9; : 
n>0 0<i<n vne>0 

n—>n+1 (0 <i < n) (notation as in the proof of Proposition 35 in §14). There is 

also a coequalizer diagram [| I] Cms1 Xn X™> T] Cm xs, X™ — Cn[X] (cf. 

m<n—-1 0<j<m VvVm<n 
§14, Proposition 27). Here Co[X] = *, C[X] = colimC,,[X], and the arrows C,[X] > 


Cy41[|X] are closed embeddings. Proceeding by analogy, define C,,[X] by the coequal- 


izer diagram \V Vo Ca, & xm VE Cats Se) C,,[X]—then Co[X] = S, 
m<n—-1 0<j<m vm<n 
C[X] = colimC,,|X], and the arrows C,,[X] > C,,+41[X] are levelwise closed embeddings if 


e:S — X is a levelwise closed embedding. 


Recalling that X"*+ is the subspace of X"*! consisting of those points having at least 
Cn+1 X Snt1 as —_ Cr[X] 
one coordinate the base point x9, the commutative diagram | | 
Crtt XSnap Xt) Ca [X] 


aL: 


is a pushout square. To formulate its spectral analog, one first has to define ee The 
arrow X™aS + XM) is a morphism of S,-spectra (Sp, C Sy41), hence determines 
by adjointness a morphism 6: S41 Xs, (X™ As) = Xe) of Sn41-spectra. Noting 


that Sp4i Ks, (Xs) x V XMASAXK-9, the arrows X-YASAS = XMAS c 
0<i<n 


Snii Ks, (Xs), X@’—Dasas a X’-YVasax c Snii Ks, (Xs) are morphisms 
of S,-1-spectra (S,-1 C Sp C Sy41), hence determine by adjointness morphisms f, g : 
Oni gs (X"-Y ASAS) > Sniiks, (Xs) of S,,41-spectra. One then defines xed) 
by the coequalizer diagram S,,41% 5,_, (X‘"~) ASAS) Sn41 xg, (K™AS) > XO") (cal- 


culated in S,,41-SPECzn+1 (cf. p. 16-31)). Since 0 soeaunliets (f, g), there is a morphism 

XO) _, X(@+) of S,44-spectra (which is a levelwise closed embedding if this is the 

case of e: S > X). Finally, the composites C,41 (XMASAX™-%) = Co, X xs 

C, xX _s C,[X] give rise to an arrow Cy4i&g5,,, X6"*) > C,,[X] and the commutative 
Cnti XSng, MOY > Cy[X] 


* 


diagram | i) is a pushout square. 


Cit RO oh Con 
Observation: The forgetful functor S \SPECy — SPEC, has a left adjoint X —> 
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Sv xX (e:S—SV X is the inclusion of the wedge summand S). 


PROPOSITION 33 Let C be a A-separated creation operator, augmented over L via 


o:C — £—then there is an isomorphism C[S VK] ® \V Cy Ks, XK” natural in X. 
n>0 


[In fact, (SVX) x (Sv Xt) v K@+ as S,,41-spectra, thus by induction, 
C,[S VX] = Vo Cm 5, X&™ (n> 0).] 


m<n 


The spacewise version of Proposition 33 is the relation C[X+] & ial Cn XSp, X”. 
n>0 


LEMMA Suppose that (X, 2) is A-separated and wellpointed—then there are unital 
morphisms Q* X, > SVQ™X and SV Q™°X > Q°X, which are unital homotopy 
equivalences. 


[Note: A homotopy H is unital if Vt, H; is unital.] 


PROPOSITION 34 Let C be a A-separated creation operator, augmented over L 
via ¢ : C + £—then V A-separated, wellpointed X, there is a natural weak equivalence 
Q”°C[X] = V Q™@ (Cn Ks, X™) of U-spectra. 

n>1 


[CLX] is A-separated and wellpointed (cf. §14, Proposition 27). The lemma thus 
provides a weak equivalence S V Q*C[|X] > Q*C[X], = C[(Q™ X,] (cf. Proposition 32). 
But C[?]:S\SPEC, > S\SPECy,, is a continuous functor, so it’s homotopy preserving. 
Accordingly, there is a weak equivalence CIQ~ X,] > CISVQ°X] = V Crk s, (Qe X)™ 

n>0 
(cf. Proposition 33). And: VV Cy xs, (Q°X)™ = SV V Cyr xs, (Q°X)™ x Sv 
n>0 n>1 


VQ? (Cn Ks, X'™) (cf. p. 16-32). The weak equivalence in question now follows upon 
n>1 
quotienting out by S.] 


Application: Q°C[X] and VV Q™(C,,[X]/Cy_1[X]) are isomorphic in HSPECy. 
n>1 


LEMMA Let X,Y be in A-CG,, and let f : X — Y be a pointed continuous 
function. Assume: f is a weak homotopy equivalence—then Q™ f : Q*°X > Q°YY isa 
weak equivalence. 

[Since it suffices to work in SPEC, one has only to show that the 7% (f) : 73(X) > 


n 


m2(Y) (n => 0) are bijective (Q* X,Q”Y being connective (cf. p. 16-7)). But 7§(X) = 


colim Tp49(U2X), 73 (Y) = colimm,+¢(U2Y) and ff : U7X — UY is a weak homotopy 
equivalence (cf. p. 14-35).] 


16-36 


C ' Cy 2 
PROPOSITION 35 Let be creation operators, where V n, { "is a compactly 


D Dn 
generated Hausdorff space and the action of S,, is free. Suppose given an arrow ¢:C > D 


such that V n, dn : Ch > Dn is a weak homotopy equivalence—then V A-separated, 
wellpointed X, there is a weak equivalence Q°C[X] — Q*D[X]. 

[C[X] and D[X] are A-separated and wellpointed (cf. $14, Proposition 27). But the 
hypotheses imply that ¢ induces a weak homotopy equivalence C|X] > D[X] (cf. p. 
14-54).] 


Application: Let C be a creation operator, where V n, C, is a compactly generated 
Hausdorff space and the action of S,, is free—then V A-separated, wellpointed X, there is 
a natural weak equivalence Q*C[X] > VV Q™ (Cy Ks, X™) of U-spectra. 

n>1 


[The projection C x LL augments C x £ over £L. On the other hand, V n, the 
projection Cy, xz Ly > Cy is a weak homotopy equivalence. Quote Propositions 34 and 
35.] 

[Note: To justify the tacit use of the lemma, it is necessary to observe that (Cy xx 
Ln)Ks, X'™, C,x gs, X) are wellpointed and the arrow (Cy x4Ln)s, X\) > Caks, X™ 


is a weak homotopy equivalence. 


Example: In HSPECy, Q°BV2[X] = VV Q™*(BV(R(q),n) Ks, X™). 
n>1 
[Note: BV?|X] can be replaced by Q724X if X is path connected (May’s approxima- 


tion theorem).| 


Example: In HSPECy, Q°BV™[X] = VV Q™(BV(R(co), n) Ks, X™). 
n>1 
[Note: BV [|X] can be replaced by Q° UX if X is path connected and A-cofibered 


(cf. §14, Proposition 33) (X A-cofibered > Q°U°X wellpointed (cf. p. 14-44)).] 


EXAMPLE Take C = PER—then in HSPEC,, Q®PER[X] = \V Q®*(XSn Ks, X™) & 
n>1 
Vo DnQ’X (cf. p. 16-32). 
n>1 
LEMMA Let S be a triple in a category C and let T be a triple in the category S- 
ALG of S-algebras—then the category T-(S-ALG) of T-algebras in S-ALG is isomorphic 
to the category T o S-ALG of ToS algebras in C. 


Let O be a reduced operad in A-CG, augmented over £ via ¢ : O + L—then O 
determines a triple To = (To, m,€) in S\SPEC,y (cf. §14, Proposition 36) (To X = O[X], 
the realization of O at X). But O also determines a triple To = (To,™,€) in SPECy, 
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where ToX = VO se TG explain the connection between the two, note that 
n>0 
S\SPEC, = S-ALG, S the functor that sends X to SVX. And, according to Proposition 


33, To 0 S “is” To, so by the lemma, the categories To-ALG, To-ALG are isomorphic. 
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817. STABLE HOMOTOPY THEORY 


A complete treatment of stable homotopy theory would require a book of many pages. 
Therefore, to avoid getting bogged down in a welter of detail, I shall admit some of the 
results without proof and keep the calculations to a minimum. Despite working within 
these limitations, it is nevertheless still possible to gain a reasonable understanding of the 
subject in the “large”. 

Recapitulation: The stable homotopy category HSPEC is a triangulated category 
satisfying the octahedral axiom (cf. §16, Proposition 14). Furthermore, HSPEC is a 
monogenic compactly generated CTC (cf. p. 16-15) and admits Adams representability 
(by Neeman’s countability criterion). 

[Note: S is the unit in HSPEC and 57? stands for Q (cf. p. 15-42), so A#1 x D#1 
(recall the convention on p. 16—13).| 


EXAMPLE (Complex K-Theory) Let U = colim U(n) be the infinite unitary group—then U 
is a pointed CW complex and there is a pointed homotopy equivalence U > 2?U (Bott periodicity). 
Therefore the prescription Xy = QU (¢q=1—k mod2 (0 < k < 1)) defines an Q-prespectrum XK and 
by definition, KU = eMX (cf. p. 14-71) is the spectrum of complex K-theory. 


EXAMPLE (Real K-Theory) Let O = colim O(n) be the infinite orthogonal group—then O is a 
pointed CW complex and there is a pointed homotopy equivalence O > 08O (Bott periodicity). Therefore 
the prescription X, = Q*O (¢=7—-k mod 8 (0 < k < 7)) defines an Q-prespectrum X and by definition, 
KO = eMX (cf. p. 14-71) is the spectrum of real K-theory. 


A Z-graded cohomology theory E* on SPEC is a sequence of exact cofunctors E” : 
HSPEC - AB and a sequence of natural isomorphisms o” : E”™+!o } —> E” such 
that the E” convert coproducts into products. CTz(SPEC) is the category whose ob- 
jects are the Z-graded cohomology theories on SPEC and whose morphisms =* : £* > 


F* are sequences of natural transformations =” : BE” — F” such that the diagram 


antl 
Bios a pelos 
o” [on commutes V n. 
EB” — fr 


Definition: The Z-graded cohomology theory E* on SPEC attached to a spectrum E 
is given by E”(X) = [X, )”E] (= 7_,(hom(X, E))). 

[Note: The coefficient groups of E* are the E”(S) (= 7_,,(B)), ie., E*(S) = 7_,(E) 
(= 7.(E)°).] 
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Remark: Owing to the Brown representability theorem (cf. p. 15-14), every Z-graded 
cohomology theory on SPEC is naturally isomorphic to some E*, thus HSPEC is the 
represented equivalent of CT z(SPEC). 

[Note: Needless to say, Mor (E*, F") = [E, F].] 


EXAMPLE Take E = S—then the corresponding Z-graded cohomology theory on SPEC is called 
0 (n > 0) 


stable cohomotopy, the coefficient groups being ¢ Z (n=0). 
me (n <0) 


n 


[Note: As on p. 14-61, the 78 are the stable homotopy groups of spheres. ] 


™(X)=0 (n <0) be he 
LEMMA If , then mo : [X, Y] ~ Hom(zo(X), 7o(Y)) is an isomorphism. 
™(¥) =0 (n> 0) 
EXAMPLE HSPEC carries a t-structure (cf. p. 15-49) and the elements of its heart are the 
Eilenberg-MacLane spectra. An explanation for the terminology is that mo : HCHSPEC) — AB is an 
equivalence of categories. To see this, consider the functor H : AB — H(HSPEC) that sends Z to 


7297508 w 7S972S, defining H(7) for an arbitrary abelian group 7 by the exact triangle \/ H(Z) > 
j 
\/ H(Z) > H(r) > \/=H(Z), where 0 > QZ > @Z > « > 0 is a presentation of (the lemma 


J J 4 
implies that mo : [\J H(Z), \/ H(Z)] > Hom(@ Z, @ Z) is an isomorphism). Therefore m(H(7)) = 7, 
J a J a 
tn(H(m)) = 0 (n 4 0) and [H(r’), H(x”)] = Hom(a’, 7”). Example: [5~-1H(r’), H(a”)] = Ext(z’, 2”) 


but Ph(=~!H(zr’), H(2”)) = PurExt(z’, 2’) (Christensen-Stricklandt). 


[Note: Given 7, J an Q-prespectrum K(7) such that K(a)qg = K(, q) (realized as a pointed CW com- 
x (n=0) 


plex with K(x,0) = m (discrete topology)). Since m,(eMK(z)) = colimmn+q(K(m)q) = { ( ' : 
0 (n>0 


eMK(n) “is” H(z) (M the cylinder functor of p. 14-71).] 


EXAMPLE Lin? has shown that S*(H(F,)) = 0, hence DH(F,) is trivial and [H(F,), K] = 0 
for all compact K. Therefore the stable cohomotopy S*(H(z)) of H(z) vanishes if 7 is torsion (but not 
in general (consider 7 = Z)). 

[Note: Ph(H(F,), Y) is a vector space over Fy which is nonzero for some Y. Reason: If the contrary 
held, then hy(F,) would be projective and since [H(F,), K] = 0 for all compact K, it would follow that 
H(F,) = 0. 


PROPOSITION 1 The graded abelian group E*(E) is a graded ring with unit. 


+ 


* Proc. Amer. Math. Soc. 56 (1976), 291-299. 
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[Given f ¢ E"(E), g € E(B), let f-g ¢ E"'™(B) be the composite E> DE 
mem i 0 (idg € E°(E) thus serves as the unit).] 
[Note: V X, E*(X) is a graded left E*(E)-module.] 


EXAMPLE The F,-algebra H(F,)*(H(F,)) is isomorphic to Ap, the mod p Steenrod algebra. 


PROPOSITION 2 Fix a spectrum E—then V n and V X, there is a short exact 
sequence 0 > lim! E”*4-!(Q* X,) > E”(X) > limE"*4(Q™*X,) > 0. 


Specialized to the case n = 0, the conclusion is that the homomorphism [X,E] > lim[Xq, Eq] is 
surjective with kernel lim?[0Xq, Eq]. 
[Note: This is a recipe for the calculation of morphisms in HSPEC by means of morphisms in 


HA-CG..] 


A Z-graded cohomology theory E* on CW,, is a sequence of cofunctors E” : CW, > 
AB and a sequence of natural isomorphisms o” : E”?++oS —> E” such that the EL” convert 
coproducts into products and satisfy the following conditions. 
(Homotopy) If f,g: X — Y are homotopic, then E"(f) = E"(g): E"(Y) > 
E"(X) Vn. 
(Exactness) If (X,A,2o) is a pointed CW pair, then the sequence E”(X/A) > 
E"(X) > E”(A) is exact V n. 
(Isotropy) If f : X — Y is a homotopy equivalence, then E”(f) : E"(Y) > 
E”(X) is an isomorphism V n. 
[Note: The homotopy axiom implies that a Z-graded cohomology theory on CW,, 
passes to HCW,,, thus the isotropy axiom is redundant.| 
Example: Given a spectrum E, the assignment X — E”(Q°X) defines a Z-graded 
cohomology theory on CW,. 
CTz(CW.,) is the category whose objects are the Z-graded cohomology theories on 


CW, and whose morphisms =* : E* — F* are sequences of natural transformations 


mn+l 
Pte HS Pere 
=": Bb” + F” such that the diagram o” lon commutes V n. 
ee — fr 


Let E* be a Z-graded cohomology theory on CW,,—then the coefficient groups of E* 
are the E"(S°). Example: Reduced singular cohomology with coefficients in an abelian 
group 7 is a Z-graded cohomology theory on CW, whose only nontrivial coefficient group 


is 7 itself. 
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[Note: E™(x) =0 Vn. Proof: « = */x, so the composite E”(*) > E"(*x) > E”(x) is 
both the identity map and the zero map.| 


FACT Let 7 be an abelian group. Suppose that Ef, Ej are Z-graded cohomology theories on 
CW. such that E9(S°) = x, E9(S°) = m and E?(S°) = 0, E®(S°) = 0 (n # 0)—then E¥, EX are 


naturally isomorphic. 


EXAMPLE The Z-graded cohomology theory on CW. determined by H(z) is naturally isomor- 


phic to reduced singular cohomology H*(—; T). 


Notation: Let T: CW? — CW? be the functor that sends (X, A) to (A, 9). 
[Note: The lattice of (X, A) is the diagram 


(X,0 


(0,0) —— (A, (X, A) —— (X, X).] 


0 


(A, A) 


A Z-graded cohomology theory H* on CW? is a sequence of cofunctors H” : CW? > 
AB and a sequence of natural transformations d” : H"~! oT —> H” such that the H” 
convert coproducts into products and satisfy the following conditions. 
(Homotopy) If f,g : (X,A) — (Y,B) are homotopic, then H"(f) = H"(g) : 
A” (Y, B) > H"(X, A) Vn. 
(Exactness) If (X, A) is a CW pair, then the sequence --- > H"~1(A, 0) , 
H"(X, A) + H"(X,0) 3 H(A,0) 25 HPH1(X, A) 3 --- is exact. 
(Excision) If A,B are subcomplexes of X, then the arrow H"(AU B,B) > 
H”(A, ANB) is an isomorphism V n. 
(isotropy) If f : (X,A) — (Y,B) is a homotopy equivalence, then E"(f) : 
H"(Y, B) — H"(X, A) is an isomorphism V n. 
[Note: The homotopy axiom implies that a Z-graded cohomology theory on cw’ 
passes to HCW’, thus the isotropy axiom is redundant. | 
CTz(CW’) is the category whose objects are the Z-graded cohomology theories on 
CW? and whose morphisms =* : H* — G* are sequences of natural transformations 


mn—ij 


Hele? 
=”: H” + G” such that the diagram a” | la commutes V n. 
HH” — G” 
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PROPOSITION 3 CTz(CW,) and CTz(CW?’) are equivalent categories. 

[On objects, consider the functor CTz(CW..) ~ CTz(CW?) that sends E* to H*, 
where H"(X, A) = E"(X,/A4), and the functor CTz(CW’) > CTz(CW,) that sends 
H* to E*, where E”(X) = H"(X, {zo}).] 

[Note: Consult Whitehead! for a verification down to the last detail.] 


The definition of a Z-graded homology theory E, on CW,, CW? is dual and, in 
obvious notation, the categories HTz(CW..), HT'z(CW7”) are equivalent (cf. Proposition 
3): 


FACT Fix a Z-graded cohomology theory H* on CW?. Let (X,.A) be a CW pair. Suppose given 
a sequence {X,} of subcomplexes of X such that A C Xo, Xq C Xq41, and X = colim Xg—then V n, 
there is a short exact sequence 0 > lim! H"—1!(Xq, A) > H"(X, A) > lim H"(Xq, A) > 0. 

[Note: Modulo some additional assumptions on H*, one can establish a variant involving the finite 


subcomplexes of X which contain A (Huber-Meier*).] 


PROPOSITION 4 Let E be an {)-prespectrum—then the prescription E"(X) = 
[X,Ep] (n> 0) 
{ [X, Q-" Eo] (n < 0) 
[Note: When E is a spectrum, E”(X) = E"(Q™X) (cf. p. 17-3).] 


specifies a Z-graded cohomology theory on CW,. 


PROPOSITION 5 Every Z-graded cohomology theory E* on CW,, is represented 
by an Q-prespectrum E. 

[Let U : AB > SET be the forgetful functor—then V n, U o E” is representable (cf. 
p. 5-81 ff.): VoE"(X) = [X, E,]. And: The E,, (n > 0) assemble into an Q-prespectrum. | 


The precise connection between 2-prespectra, spectra, and Z-graded cohomology theories on CW, 
can be pinned down. Thus let WPRESPEC be the category whose objects are the prespectra and 
whose morphisms f: X — Y are sequences of pointed continuous functions fg : Xq — Yq such that the 


Xe BLS Ve 


diagram | | is pointed homotopy commutative V q. Denote by HWPRESPEC the 


QX g41 — QYg+41 
q Ofgrt q 


localization of WPRESPEC at the class of levelwise weak homotopy equivalences (there is no difficulty 


+ Elements of Homotopy Theory, Springer Verlag (1978), 571-600. 
= Comment. Math. Helv. 53 (1978), 239-257; see also Yosimura, Osaka J. Math. 25 (1988), 881-890, 
and Ohkawa, Hiroshima Math. J. 23 (1993), 1-14. 
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in seeing that this procedure leads to a category). Write HWQ-PRESPEC for the full subcategory of 
HWPRESPEC whose objects are the 0-prespectra—then Mor (X,Y) = lim[Xq, Yq], where the limit is 


taken with respect to the composites [Xg+41, Yg4+1] 4 [OX 941, QYq41] 7 [Xq, Yq]. 


FACT HW0-PRESPEC is the represented equivalent of CT z(CW..). 


Let HWSPEC be the full subcategory of HW2Q-PRESPEC whose objects are the spectra. 


FACT The inclusion HWSPEC—> HW0-PRESPEC is an equivalence of categories. 
[Consider the functor that on objects sends an Q-prespectrum X to eMX (M as on p. 14-71).] 
[Note: If E* is a Z-graded cohomology theory on CW. which is represented by an Q-prespectrum 


E, then eME is a spectrum which also represents E*.] 


Summary: HSPEC + CTz(SPEC), HWSPEC © CTz(CW..) and there is a functor HSPEC 
— HWSPEC that on morphisms is the arrow [K, Y] > lim[Xq, Y,]. Accordingly, every Z-graded coho- 
mology theory on CW, lifts to a Z-graded cohomology theory on SPEC and every morphism of Z-graded 
cohomology theories on CW. lifts to a morphism of Z-graded cohomology theories on SPEC (but not 


uniquely due to the potential nonvanishing of lim![D.Xq, Yq] (cf. Proposition 2)). 


A Z-graded homology theory EF, on SPEC is a sequence of exact functors FE, 
HSPEC — AB and a sequence of natural isomorphisms o, : En, > En+41 0% such 
that the £,, convert coproducts into direct sums. HTz(SPEC) is the category whose 
objects are the Z-graded homology theories on SPEC and whose morphisms ©, 


E, — F, are sequences of natural transformations =, : E, — F, such that the diagram 


En =e. Fe 
on | on commutes V n. 
Fe ou Sree Pasi ou 
Sn+i1 


Definition: The Z-graded homology theory E, on SPEC attached to a spectrum E 
is given by E,,(X) = 7,(EA X). 

[Note: The coefficient groups of E, are the E,,(S) (= 7(E)), ie., E,(S) = 7,.(E).] 

Remark: Because HSPEC admits Adams representability, every Z-graded homology 
theory on SPEC is naturally isomorphic to some E, (cf. §15, Proposition 38), thus 
HSPEC/Ph (cf. p. 15-22) is the represented equivalent of HT z(SPEC). 

[Note: Here Mor (E,, F,.) © [E, F]/Ph(E, F).] 
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EXAMPLE Take E = S—then the corresponding Z-graded homology theory on SPEC is called 
ms (n> 0) 
stable homotopy, the coefficient groups being ¢ Z (n=O). 
0 (n<0) 


EXAMPLE For any two spectra E,F, the arrow 7«(E) @ 7(F) @Q > ms(EA F) @ Q is an 
isomorphism. 

[Fix E and let F vary—then the arrow 7.(E) © 7(—) ® Q > a«(E A —) © Q is a morphism of 
Z-graded homology theories on SPEC. But 7é(S) = Z and 7§(S) is finite if n > 0 (cf. p. 5-44), hence 
mx (E) @ m(S)@ Q& m(EAS)@Q] 

PROPOSITION 6 Let ee zs be spectra—then there is an external product 
E*(X) @ F*(Y) > (EA F)*(X A Y) in cohomology. 

[Work with the arrow hom(X, E) A hom(Y,F) — hom(X A Y, EA F).] 

PROPOSITION 7 Let i . be spectra—then there is an external product 
E,.(X) @ F.(Y) > (EA F),(X A Y) in homology. 

[Work with the arrow EAXAFAY > EAFAXAY.] 


PROPOSITION 8 _ Let E x 
F’|)Y 


E*(X AY) @F,(X) (EA F)*(Y). 


[Use the commutative diagram 


be spectra—then there is an external slant product 


hom(XAY,E)AFAX  —3  hom(Y,EAF) 


i i} : 


hom(X,hom(Y,E)) \XAF — hom(Y,E)AF 


Y be spectra—then there is an external slant product 


E.(X AY) @ F*(X) (EA F),(Y). 


[Use the commutative diagram 


E {|X 
PROPOSITION 9 Let F? 


EAXAY Ahom(X,F) ~+EAFAY 


mae 


E A hom(X,F) AX AY 
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The external products are morphisms of graded abelian groups but this is not the case of the slant 
products. Explicated: E” (KAY) @F m(X) —4(EAF)"~™(Y) and En(XAY)@F™(X) +(EAF)n—m(Y), 


thus to get a morphism of graded abelian groups one must give F,(X) and F*(X) the opposite gradings. 


A ring spectrum is a ring object in HSPEC. Example: S is a commutative ring 


spectrum and every spectrum is an S-module. 


EXAMPLE Let k be a commutative ring with unit—then H(k) is a commutative ring spectrum 
and for any k-module M, H(M) is an H(k)-module. 


EXAMPLE McCluret has shown that KU is a commutative ring spectrum. The homotopy 
t(KU) of KU has period 2 and mo(KU) = Z, m(KU) = 0. In addition, there exists a multiplica- 
tively invertible generator by € m2(KU) ®& Z inducing the homotopy periodicity and as a graded ring, 
t(KU) & Z[byu, by’). 


[Note: KO is also a commutative ring spectrum. ] 


EXAMPLE For any X in A-CG,, (OX) (= OX I *) is wellpointed, Q*((QX)+) is a ring 
spectrum, and m(Q°U~(QX)+) & Zla1(X)] (as rings). 

[To define the product, note that Q?°(OX)4 A Q™°(OX)4 & QM ((OX)4#p(OX)+) (cf p. 16-29), 
which is isomorphic to Q*((QX xz OX)+).] 


FACT If E is a connective ring spectrum, then Hom(z0(E), 70(E)) = [E, H(zo(E))] and the arrow 
E > H(o0(E)) realizing the identity m9(E) — ao(E) is a morphism of ring spectra. 


FACT If E is aring spectrum and e(= 7<°E) is its connective cover, then e admits a unique ring 


spectrum structure such that the arrow e > E is a morphism of ring spectra. 


If E is a ring spectrum and F is an E-module, then the products figuring in the 
preceding propositions can be made “internal” through E A F > F. 

Example: Take E = F and fix an X—then Proposition 8 furnishes an arrow E*(X) @ 
E,.(X) AE A E)*(S) > E*(S) = z_.(E) and Proposition 9 furnishes an arrow E,.(X) @ 
E*(X) 2+(EA E),(S) > E,(S) = 1.(E). 


EXAMPLE Let E be a ring spectrum—then for spectra F & X, the Hurewicz homomorphism 
F(X) — (EA F).(X) is defined by the arrow Fn(X) = tmn(F AX) & m(SAF AX) > m(EAFA 


+ SLN 1176 (1986), 241-242. 
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X) = (EA F),(X) and the Boardman homomorphism F*(X) — (E A F)*(X) is defined by the arrow 


F"(X) = [X, ="F] x [X,="(S A F)] > [K,="(EA F)] = (EA F)"(X). Assuming that both E and F 
F(X) @ F™(X) ee 


are ring spectra, the commutative diagram | | serves to 


(EA F)n(X) @(EAF)™(X) — tn-m(EAF) 
relate the two. 
. 8.(X) 4 E.(X) 
[Note: In particular, there are arrows | 
S*(X) — E*(X) 


* * 
cc 
YH’ 


If E is a ring spectrum and F is an E-module, then V X, 3 is a graded 


‘fe aes (cf. Propositions 6 and 7). 
BE" (X) 
E,.(X) 
E*(S)-bimodule 
E,.(S)-bimodule ° 


[Note: The structure is on the left. Observe, however, that is a graded left 


* 


and right ,E iS) odie = is a graded { 


infact, 2 = ( 
E,.(S)-module ’ aoe E,.(X) 


F E*(X) @ E*(Y) 3 EX (XAY) 
In view of the associativity of the operations, the arrows pass to 
E*(X) @p*(g) E*(Y) 3 E*(XAY 
the quotient, thereby giving arrows (X) Ox (S) ~ ( ) ; 
E.(X) @p,(s) Bx(¥) + Es(X AY) 


Y be spectra. Assume: 


Either E,.(X), as a graded right E,(S)-module, is flat or E,(Y), as a graded left E,.(S)- 
module, is flat—then the arrow E,(X) @g,(s) Ex(Y) — E,(X A Y) is an isomorphism. 

[The situation being symmetric, take Y fixed and E,(Y) flat—then the arrow 
E,(—) ®g,(s) Ex(Y) — E.(—A Y) is a morphism of Z-graded homology theories on 
SPEC. But E,(S) @p,(s) E.(Y) © E.(SA Y),] 


: ; x 
PROPOSITION 10 Suppose that E is aring spectrum. Let { 


FACT Let E be aring spectrum, F an E-module. Assume: 7.(F), as a graded left 2, (E)-module, 
is flat—then V X, the arrow E.(X) ®,,(@) ™(F) > Fs(X) is an isomorphism. 


Notation: Given an abelian group 7, put H.(X;7) = H(m).(X) and H*(X;7) = H(7)*(X). 


EXAMPLE Let A be a PID, M an A-module—then V X, there is an exact sequence 0 > 
H,,(X; A) @4 M > H,(X; M) > Tor4(Hp_1(X; A), M) 3 0. 
[Since A is a PID, the projective dimension of M is < 1, so dan exact sequence0 > Q > P>~ M > 0, 


where P and Q are projective, hence flat. Applying the above result then gives H.(X;A)®4P = H.(X; P) 
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and H.(X; A) @4 @ = H.(X;Q). On the other hand, the exact triangle H(Q) —~ H(P) ~ H(M) > 
~H(Q) leads to an exact sequence H,(X; Q) > Hn(X; P) — Hn(X; M) > Hy_-1(%;Q) — Hn_-1(X; P).] 

[Note: Under the same hypotheses, there is an exact sequence 0 > Ext4(Hyn_1(X; A),M) > 
H”"(X; M) > Hom4(H,(X; A), M) > 0] 


FACT Suppose that A is a PID—then V X, X AH(A) = \/ ©"H(G,), where Gn = Hn(X; A). 
n 
[Here \/ ©" H(Gn) & [[ ©" H(Gn) (cf. p. 15-17 f£.), thus it suffices to specify arrows f, : X\H(A) > 


n n 
=” H(G,) such that an(fn) is an isomorphism V n.] 


EXAMPLE Let A be a PID—then V X,Y & V i,j, there is an exact sequence 0 > H;(X; A) @a4 
H,(Y; A) > H;(X;H,(Y; A)) > Tor4(H;_1(X; A), H;(Y; A)) > 0. Now sum over all (i,j) :i+j = 
k. Setting aside the flanking terms and putting G; = H;(Y;A), the middle term assumes the form 
@ Hi(X;H;(Y; A)) = @B me(K A SIH(G;)) = 7e(X A \/ XIH(G;)) = 7E(K AY A H(A)) = Hy (XA 

j j 


i+j=k 
Y; A). 


In a category C with pushouts, one has the notion of an internal cocategory (or 
a cocategory object) (cf. p. 0-42), which can be specialized to the notion of an in- 
ternal cogroupoid (or a cogroupoid object). Definition: Let k be a commutative ring 
with unit—then a graded Hopf algebroid over k is a cogroupoid object in the category of 
graded commutative k-algebras with unit. So, a graded Hopf algebroid over k consists 
of a pair (A,T) of graded commutative k-algebras with unit and morphisms nr : A > T 
(right unit=“cosource”), nz : A — [I (left unit=“cotarget”), « : T —- A (augmenta- 
tion=“coidentity”), A : T > TI @4 TL (diagonal=“cocomposition”), c : T + TI (conjuga- 
tion=“coinversion” ) satisfying the dual of the usual category theoretic relations (cf. infra). 
Therefore (A,I) attaches to a graded commutative k-algebra T with unit a groupoid Gr, 
where Ob Gr = Hom(A,T) and Mor Gr = Hom(L,T). Example: (k, k) is a graded Hopf 
algebroid over k (trivial grading). 

[Note: When A =k and ny = nr, I is a graded commutative Hopf algebra over k or 
still, a cogroup object in the category of graded commutative k-algebras with unit.] 

Remark: Graded Hopf algebroids over k can be organized into a (large) double cate- 


gory (Borceux’). 


7 
A = 2 
nR@idp ; 
There is a coequalizer diagram T @y A @x TF ———3T @& PF +P @4T and™ | [mr 
idp@nzr 


T — > Te,lr 
inp 


+ Handbook of Categorical Algebra 1, Cambridge University Press (1994), 327-328. 
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is a pushout square. 

[Note: Tacitly, one uses 7R to equip I with the structure of a graded right A-module and nr to equip 
I’ with the structure of a graded left A-module.] 

As for nr, nt, €, A, and c, they must have the following properties: €o0nR = id4 = €0OnL, 
Aonr = inp onr, Aon, = ingonrz, (idp @e) oA = idp, (e@idp)oA = idp, (idp @A)OA = (A@idp)oA, 
cOonR =NL, con, = rR, (c@idr)oA=nR oe, and (idp @c)oA =r oe€. 

[Note: The formulas relating c to the other arrows are the duals of those on p. 13-36 (the role of x 


in the groupoid object situation is played here by c). Corollaries: (1) coc = idp; (2) eoc=e.] 


EXAMPLE The dual of the mod p Steenrod algebra is isomorphic to H(Fp)+(H(F,)), a graded 
commutative Hopf algebra over Fp. One has H(F2).(H(F2)) & Fe[€1,€2,...], where |€,| = 2% — 1 


— 
and A(é,) = >> €?' , ® &i, and for p > 2, H(Fp)«(H(Fp)) © Fplé1,€2,.-.] @p, A\(t0,71,---), where 
i=0 


k a k 2 
\én] = 2(p* — 1), |re| = 2p* — 1, and A(E,) = So EPL, @ &, Alte) = Te @1+ D> EP_, @ 7. The unit and 
dX z 


i i=0 


k : 
augmentation are isomorphisms in degree 0 and the conjugation c is given recursively by e?' c(E) =0 
i=0 
ae 
(k > 0) and t+ 5° £. ,e(%) = 0 (k > 0). 
i=0 
[Note: In the above, it is understood that £9 = 1.] 


PROPOSITION 11 Suppose that E is a ring spectrum. Assume: E is commutative 
and E,(E), as a graded right E,(S)-module, is flat—then the pair (E,(S),E.(E)) is a 
graded Hopf algebroid over Z. 

[E,(E) is a graded commutative Z-algebra with unit. Proof: The product is de- 
fined by E,(E) ® E,(E) > (EA E),(EAE) > E,(E AE) — E,(E) and the unit 
Z — Eo(E) is defined by sending 1 to the arrow S =SAS > EAE. This said, let 
aes eee ee a ae sndeehh) =a AES ae 
E,(S). Next, take for A the composite E,(E) = 7,.(E AE) = 7(EASAE) > 
1 (EAEAE) = E, (EAE) © E,(E)@g,(s)E.(E) (cf. Proposition 10). Finally, c : E,(E) = 


T(E AE) > 2,(E AE) = E,(E) is induced by the interchange T: EAE> EAE. 


[Note: Due to the presence of c and the relations oe 7 si , E,.(E), as a graded 

L = "R 
right E,(S)-module, is flat iff E,(E), as a graded left E,(S)-module, is flat (the E,(S)- 
module structures on E,(E) per nr and nz are the same as those introduced on p. 17-9). 


Example: The flatness assumption is met if EA E = \/ ©"E (isomorphism of E-modules) 
i 
(for then 7,(E A E) + @7.—n,(E), thus is a graded free 7,.(E)-module).] 
i 
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Tied to the definitions are various diagrams and a complete proof of Proposition 11 entails checking 


that these diagrams commute, which is straightforward if tedious (a discussion can be found in Adams?). 


EXAMPLE KU.(KU) is a graded free KU.(S)-module (Adams-Clarke?), thus the hypotheses 
of Proposition 11 are met in this case. 


[Note: The structure of KU.(KU) has been worked out by Adams-Harris-Switzer!l .] 


Given a graded Hopf algebroid (A, I) over k, a (left) (A,T)-comodule is a graded left 
A-module M equipped with a morphism M > [@, M of graded left A-modules such that 


M — T@,4M M —>+T®,M 
| | and ~~ | commute. 
Te,M —- Te,s,lTe,M A@,4M 


PROPOSITION 12 Suppose that E is a ring spectrum. Assume: E is commutative 
and E,.(E), as a graded right E, (S)-module, is flat—then V X, E,(X) is an (E,(S), E,(E))- 
comodule. 

[The arrow E,(X) — E,(E) @g,(s) E.(X) is the composite E,(X) = 1,.(E A X) © 
T™(EASAX) > 1,(EAEA X) = E,(EAX) © E,(E) @g, (gs) E.(X) (cf. Proposition 10).] 


Rappel: A spectrum E defines a Z-graded cohomology theory E* on CW.,, (cf. Propo- 
sition 4) and VX in CW,, E"(X,) = E"(X) @ E"(S°). 

[Note: When E is a ring spectrum, there is a cup product U, viz. the composite 
E*(X) @ E*(X) > E*(X#4,X) — E*(X), where X — X#;X is the reduced diagonal. 
Therefore E*(X) is a graded ring and £*(X¥4) is a graded ring with unit (both are graded 


commutative if E is commutative).] 


Let E be a commutative ring spectrum—then E is said to be complex orientable if 4 an 
element rz € E?(P™(C)) with the property that the arrow of restriction E?(P™(C)) > 
E?(P!(C)) & m0(E) sends xg to the unit S > E of E. One calls zg a complex orientation 
of E. 

[Note: mo(E) = [S,E] ~ [S°, Eo] ~ [S°,Q?E2] = [5?8°, Eo] = E?(S?) and S? x 
P'(C).] 

Remark: Identify 7o(E) = [S, E] with [Q3°S””, E] ~ [S?”, E,] and let top : P"(C) > 
S?"(= P”(C)/P”~1(C)) be the top cell map—then the arrow of restriction E?”(P™(C)) 


+ SEN 99 (1969), 56-71. 
¥ Illinois J. Math. 21 (1977), 826-829. 
ll Proc. London Math. Soc. 23 (1971), 385-408. 
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+ E"(P"(C)) sends x% to the image of the unit of E under the precomposition arrow 
[S**, Ean] “P >[P*(C), Eon. 
P*(C) —> P*(C)#fy--- #eP"(C) 
[The diagram top | T is pointed homotopy commuta- 
sr S* He - ++ #nS° 

tive.] 

Example: Let A be a commutative ring with unit—then H(A) is complex orientable. 

[Recall that H*(P°(C); A) = A[z], |x| = 2.] 


PROPOSITION 13 Suppose that E is a commutative ring spectrum. Assume: E is 
complex orientable with complex orientation x_—then E*(P(C),) = E*(S)|[rx]]. 

[Note: E*(S)|[vs]] is the graded E*(S)-algebra of formal power series in rE (|”E| = 2). 
So: A typical element in E7(S)|[2~]] has the form s divi, where A; € E1~**(S).] 

i=0 

PROPOSITION 14 Suppose that E is a commutative ring spectrum. Assume: E 
is complex orientable with complex orientation r_—then E*((P™~(C) xz P™(C))1) & 
E*(S)[[rz @ 1,1 xg]]. 


Cole? has given a proof of these propositions which does not involve the Atiyah-Hirzebruch spectral 
sequence. 


n 
[Note: The method is to show from first principles that there are splittings EA P”(C) = \/ ?'E, 


i=l 
n 
HoM(P”(C), E) = [| 0?°E in E-MOD|] 
i=l 
EXAMPLE If E is complex orientable, then E,(P°(C)+) is a graded free E,.(S)-module and 
E,(P™(C)+) @kE, (8) E,(P™(C)+) y E,(P~(C)4#.P™(C)+) (cf. Proposition 10). 


The standard reference for the theory of formal groups is Hazewinkel?. There the 
reader can look up the proofs but to establish notation, I shall review some of the defini- 


tions. 

jal] =2 
ly] = 2 
then a formal group law (FGL) over A is an element F(x, y) € Al[z, y]] of the form «+y+ 


Let A be a graded commutative ring with unit. Consider Al[z, y]], where 


+ Ph.D. Thesis, University of Chicago, Chicago (1996). 
= Formal Groups and Applications, Academic Press (1978); see also Ravenel, Complex Cobordism and 


Stable Homotopy Groups of Spheres, Academic Press (1986), 354-379. 
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> aizz'y, where aj; € Ag—2i:-2;, such that F(z, F(y, z)) = F(F (a, y), z) (associativity) 
t,j21 
and F(2,y) = F(y,x) (commutativity). 

[Note: In algebra, one does not usually work in the graded setting, the standing 
assumption being that A is a commutative ring with unit (as, e.g., in Hazewinkel). Of 


course, if A isa graded commutative ring with unit, then Aeyen (= @ Aan) is acommutative 


ring with unit and every FGL over A is a FGL over Agyen.- Baap: F(a,y)=x+ytury 
(u € A_g) is a FGL over A, hence over Aeyen, while F(z, y) = 2+y+4 cy is not a FGL 
over A (but is a FGL over Aevyen).| 

ct+p0=2 


, i+ TF 2) =(&+> TF %, 
Otreyny rFYtr2z)=(+ry)tr 


Notation: Write F(x, y) =x + F y, so { 
and x+rpy=ytre. 


Definition: An element ¢(r) = S> ¢;2* € Alfz]] (|x| = 2) is said to be homogeneous if 
i>1 ee ee 
i € Aga Vt. 


FACT If F(z,y) is a FGL over A, then there is a unique homogeneous element s(x) € A[[z]] such 


that «+p ua) =O0=c(4) 4+ Pro. 

€ Al[x]] such that ce aie , thus 
LR(x) xt+rur(x) =0 

tt(@) =eL(@) +r 0 =er(@) +r (et+rer(e)) = (L(@) +r 2) +rer(z) =04+FrtR(x) =ceR(x) and one can 


; F LL (x 
[There exist unique homogeneous elements { (2) 


take u(x) =ir(r) =eR(z).] 


PROPOSITION 15 Let m: (P™(C) x, P™(C)), ~ P™(C), be the multiplication 
classifying the tensor product of complex line bundles—then V complex orientable E, 
Fg = m* (xp) is a FGL over E*(S). 


Example: The FGL attached to H(k) by Proposition 15, where k is a commutative 
ring with unit, is the “additive” FGL, viz. x + y. 


EXAMPLE: KU is complex orientable and the associated FGL is x + y+ byzy (cf. p. 17-8). 


Let A be a graded commutative ring with unit. Suppose that FG are formal group 
laws over A—then a homomorphism ¢ : F — G is a homogeneous element ¢ € A|[z]] 
such that 6(a +r y) = ¢(x) +e oy), ie., O(F (a, y)) = G(d(2), (y)). A homomorphism 
&: F > G is an isomorphism if ¢’(0) (the coefficient of x) belongs to Ag. An isomorphism 
@: F > G isa strict isomorphism if ¢'(0) = 1. 


[Note: A homomorphism ¢ : F — G is an isomorphism iff 3 a homomorphism w : 


G > F such that ¢(¢(2)) = « = ¥(¢(2)).] 
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FGL, is the set of formal group laws over A and FGL, is the category whose objects 
are the elements of FGL,4 and whose morphisms are the homomorphisms. 

[Note: If f : A > A’ is a homomorphism of graded commutative rings with unit, then 
f induces a functor f, : FGL4 4 FGL,) (on objects, fxF(2,y) =cty+ % flayj)zty’, 

t,j21 
and on morphisms, f.¢(x) = > f(¢;)2*.] 
i>1 
FACT If E is complex orientable and if «,, x are two complex orientations of E, then the 


associated formal group laws Fy, Fy, over E*(S) are strictly isomorphic. 


Let A be a graded commutative ring with unit. Write IPS, for the set of homoge- 
neous elements ¢ in A[[z]] such that ¢/(0) = 1—then IPS, is a group under composition, 
functorially in A. 

Notation: B = Z[by, bo,...], where |b;| = —2%. 


PROPOSITION 16 JB isa graded Hopf algebra over Z. 
[In fact, Hom(B, A) = IPS,4, so B is a cogroup object in the category of graded 


commutative rings with unit.] 


Remark: IPS, operates to the left on FGLy, viz. (¢,F) > ¢-F = F 4, where 
Fo(z,y) = o(F(¢ *(x), 6 *(y)))- 


Let A be a graded commutative ring with unit—then A is said to be graded coherent if each finitely 
generated graded ideal of A is finitely presented. Example: A graded noetherian = A graded coherent. 

[Note: 7.(S) is not graded coherent (Cohent).] 

Remark: Suppose that A is graded coherent—then a finitely generated graded A-module M is finitely 


presented iff it and its finitely generated graded submodules are finitely presented. 


EXAMPLE Let k be a commutative ring with unit. Consider k[x1,x2,...], where |x;| = —27— 


then k[x1,22,...] is not graded noetherian but is graded coherent provided that k is noetherian. 


LAZARD’S THEOREM The functor from the category of graded commutative rings 
with unit to the category of sets which sends A to FGLy is representable. Accordingly, 
there is a graded commutative ring L with unit and a FGL Fy, over L such that V A and 
VF € FGLa, a!f € Hom(L, A): f, Fr = F. 


+ Comment. Math. Helv. 44 (1969), 217-228. 
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[Note: The structure of L can be determined, viz. DL = Z[x1, x2, ...], where |x;| = —22, 


hence L is graded coherent (cf. supra).] 


The mere existence of L is a formality. Thus fix indeterminates t;; of degree 2 — 27 — 27 and put 
way) =aotyt ie t;;x°yJ. Define homogeneous polynomials pijk in the ty; by writing u(x, u(y, z)) — 
i,j>1 
w(x, y), 2) = oe Dijkt'y) z*—then L = Z{ti; : 1,3 > 1)/I, where I is the graded ideal generated by 
the tj; — t5¢ ea be ane and yu induces a FGL Fy over L having the universal property in question. 
Determining the structure of L is more difficult and depends in part on the following construction. 
Fix indeterminates b; of degree —22 and consider, as above, B = Z[bi, b2,...]. Let expx = x+ pa battle 
B|[x]] (|x| = 2) and let log x be its inverse (so exp(log x) = x = log(exp x))—then F(z, y) Eeise + 


log y) is a FGL over B and the homomorphism L > B classifying F’g is injective. 


FACT If A — A’ is a surjective map of graded commutative rings with unit, then any FGL over 


A’ lifts to a FGL over A. 


Put LB = L[bi, b2,...], where b; is an indeterminate of degree —2i (> LB = L @z 
Z[b1, bo,...] = L @z B). 


PROPOSITION 17 The pair (L, LB) is a graded Hopf algebroid over Z. 

[Let A be a graded commutative ring with unit. Denoting by G4 the groupoid whose 
objects are the formal group laws over A and whose morphisms are the strict isomorphisms, 
the functor from the category of graded commutative rings with unit to the category of 
groupoids which sends A to Gyr is represented by (L, LB). For Lazard gives Hom(L, A) © 
FGL4 = Ob Gy (= Ob GQ") and this identifies the objects. Turning to the morphisms, 


suppose that f € Hom(LB, A). Put F = (f|L).Fr and d(x) = x + >> f(bj)x*t1—then 
i>1 
¢°P :G = F isa strict isomorphism, where G(x, y) = ¢(F(¢71(zx), 67! (y))).] 
[Note: nz is the inclusion L — LB but there is no simple explicit formula for np. 


However, using definitions only, one can write down explicit formulas for ¢, A, and c.] 


A groupoid G is said to be split if there exists a group G and a left G-set Y such that G is isomorphic 


to tranY, the translation category of Y (cf. p. 0-45). 
Example: Take G = IPS4, Y = FGL,4—then the translation category of FGL, is isomorphic to 


Ga, i.e., Gy is split. 


+ Stable Homotopy and Generalized Homology, University of Chicago (1974), 32-93. 
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I shall now review the theory of MU, referring the reader to Adams! for the details 
and further information. 

Let G,,(C™) be the grassmannian of complex n-dimensional subspaces of C™, 7, the 
canonical complex n-plane bundle over G,,(C™). Put MU(n) = T(yn), the Thom space 
of n—then i*(Ym41) = In ® C (Gn(C™) 4 Guyi(C™)) and Tm © C) ¥ Y°T(n) = 
~?MU(n), so there is an arrow ©}? MU(n) + MU(n+1). The prescription X2, = MU(n), 
Xon+i = UMU(n) thus defines a separated prespectrum X and by definition, MU = eX. 


EXAMPLE MU and KU are connected by the fact that the arrow MU. (X)@mu,(s) KU: (S) > 
KU.(X) induced by the Todd genus is an isomorphism of graded KU.(S)-modules for all K (Conner- 
Floyd?). 


MU THEOREM MU is a commutative ring spectrum with complex orientation 
«mu. And: The map L + MU*(S) classifying Fyy is an isomorphism of graded com- 
mutative rings with unit. 

[Note: The pair (MU,(S), MU,(MU)) satisfies the hypotheses of Proposition 11 
(MU,(MU) is a graded free MU, (S)-module), hence is a graded Hopf algebroid over Z. 
As such, it is isomorphic to (L, LB)°P (reversal of gradings).] 


An arrow f: 5” X — X is said to be composition nilpotent if 4 k such that the composite fo u"fo---o 


mlk-1)ng, penx x X vanishes. Example: Take X compact—then f is composition nilpotent iff f-'X = 0 
(cf. p. 15-46). 

[Note: The same terminology is used in the category of graded abelian groups. Example: Take X 
compact and let E be a ring spectrum—then E,.(f) is composition nilpotent iff E A f~1X = 0.] 

An arrow f : KX — Y is said to be smash nilpotent if 4 k such that the k-fold smash product 
f(*) : x(*)  ¥(*) vanishes. Example: f: S > ¥ is smash nilpotent iff Y&°°) = 0 (cf. p. 15-46). 


FACT (MU Nilpotence Technology) Let E be a ring spectrum and consider the Hurewicz homo- 
morphism S,(E) > MU.(E) (cf. p. 17-8 ff.)—then the homogeneous elements of its kernel are nilpotent 
(Devinatz-Hopkins-Smith?). 


Application: If X is compact and if f: }"XK — X is an arrow such that MU.(f) = 0, then f is 


composition nilpotent. 


+ The Relation of Cobordism to K-Theories, Springer Verlag (1966); see also Hopkins-Hovey, Math 
Zeit. 210 (1992), 181-196. 
= Ann. of Math. 128 (1988), 207-241. 
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[MU.(f) = 0 > MUAfF IX =05 Jk: winx Sx — MU A X vanishes. Calling f* € 
Tkn(DX AX) the adjoint of f* and noting that DX A X is a ring spectrum (cf. p. 15-44) (KX compact 
=> X dualizable), MU nilpotent technology secures ad such that (S&")( BannP px axy(a) > DXAX 
is trivial, so U4*"X = X is trivial.] 


[Note: The compactness assumption on X cannot be dropped (Ravenel').] 


A corollary to the foregoing is that every element of positive degree in 7.(S) is nilpotent. Proof: The 


elements of 7(S) (n > 0) are torsion and MU.(S) has no torsion. 


Application: If X is compact and if f: X — Y is an arrow such that idyyu A f = 0, then f is smash 
nilpotent. 

[Suppose that f : S + DX A Y corresponds to f under the identifications [X,Y] ~ [S A X,Y] = 
[S, hom(X, Y)] & [S, DX A Y] (X compact = X dualizable)—then f is smash nilpotent iff f is smash 
nilpotent and idyy Af = 0 iff idyy Af = 0. This allows one to reduce to the case when X = S, the 
assumption becoming that the composite S 4,Y MUAY vanishes. Put EY = V Y® (y® = $s) 
and view EY as aring spectrum with multiplication given by concatenation. MU sanorenee technology 


now implies that the element of 7.(EY) determined by f is nilpotent.] 


FACT Suppose that E is complex orientable—then the set of complex orientations of E is in a 
one-to-one correspondence with the set of morphisms MU —> E of ring spectra. 


[Note: If f: MU — E corresponds to rp, then fs F wu = FE.] 


Notation: Given F € FGLa, define homogeneous elements [n]r(x) € Al{a]] by 
[1Jr(x) = 2, [n|r(x) = 2+F [n— 1]r(x) (n > 1), and for each prime p, write [p]r(x) = 
vot +--+ yy eP +--+ + una?” +--+ (> v9 =P, Un € Aa(1—pn)): 

Specialized to A = MU*(S), F = Fmuu, the vp, can and will be construed as elements 
of MU,.(S). 


EXACT FUNCTOR THEOREM Let ™ be a graded left MU,.(S)-module—then 
MU, (—) ®mu. s) M is a Z-graded homology theory on SPEC if V p € II, the sequence 
{Un} is M-regular, i.e., multiplication by vp = p on M and by vp, on M/(vupM+---+Un_-1M) 
for n > 1 is injective. 

[Note: This result is due to Landweber?.] 


t Amer. J. Math. 106 (1984), 351-414 (cf. 400-401). 
= Amer. J. Math. 98 (1976), 591-610; see also Rudyak, Math. Notes 40 (1986), 562-569. 
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Remark: Since HSPEC/Ph is the represented equivalent of HTz(SPEC) (cf. p. 
17-6), the exact functor theorem implies that 4 a spectrum EM such that EM,(X) ~ 
MU, (X) ®MUu.(S) MY xX(=> EM,.(S) y M). 


[Note: EM is unique up to isomorphism (but is not necessarily unique up to unique 


isomorphism). To force the latter, it suffices that M be countable and concentrated in 
even degrees (Franke’).| 

Remark: Franke (ibid.) has shown that if R is a countable graded MU,.(S)-algebra 
with unit which, when viewed as a graded left MU,.(S)-module, satisfies the hypotheses 
of the exact functor theorem, then ER is a ring spectrum (commutative if R is graded 


commutative). 


Suppose given an F € FGL4—then the homomorphism f : MU*(S) —> A classifying F’ serves to 
equip A°P with the structure of a graded left MU.(S)-module and the f(vn) € A are the vpn € A per F. 


EXAMPLE Take A = Q (trivial grading) and let f : MU*(S) > Q classify the FGL x + y—then 
Vp Ell, f(vo) =p is a unit and f(un) =0 (n> 1). Therefore the sequence {f(vn)} is Q-regular and the 
spectrum produced by the exact functor theorem is H(Q). 


[Note: This would not work if Q were replaced by Z.] 


EXAMPLE Take A = Z[u,u~+*] (ju] = —2) and let f : MU*(S) > Z[u,u—"] classify the FGL 
x+tytusy. Here f(vo) =p, f(v1) = uP-!, f(un) = 0 (n > 1), thus the conditions of the exact functor 


theorem are met and the representing spectrum is KU (cf. p. 17-14). 


Let A be a divisible abelian group—then Hom([S, —], A) is an exact cofunctor which 
converts coproducts into products, thus is representable (cf. p. 15-17) (S is compact). So: 
4a spectrum S[A] such that V X, [X, S[A]] ~ Hom(m(X), A). Definition: The A-dual 
VaX of X is hom(X, S[A]). 

Observation: There is a canonical arrow X — V%4X and V n, S[AJ"(X) & 
Hom(7,,(X), A). 


PROPOSITION 18 ‘There are no nonzero phantom maps to V 4X. 

[Written out, the claim is that Ph(Y,V4X) = 0 V Y, ie., that the kernel of the 
arrow [Y, V4X] > Nat(hy,hy,x) is trivial. But hy = colim hy => Nat(hy,hy,x) © 
lim Nat(hx, hy .x) ® lim[L, VaX]. On the other hand, there is an arrow Hom(70(Y A 


+ Math. Nachr. 158 (1992), 43-65. 
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[Y, VaX| 7 
X),A) — limHom(mo(L A X),A) and a commutative diagram l 
Y ; 
lim, VaxX| — 
Hom(mo(Y A X), A) 
| . The horizontal arrows are isomorphisms, as is the vertical ar- 
lima Hom(mo(L A X), A) 
row on the right (cf. §15, Proposition 18 and subsequent remark). Therefore the vertical 


arrow on the left is an isomorphism, hence Ph(Y, V 4X) = 0.] 


EXAMPLE Take A = Q/Z—then Vq/zX is the Brown-Comenetzt dual of X and, thanks to the 
Pontryagin duality theorem, the canonical arrow X > VO [2 is an isomorphism if the homotopy groups 


of X are finite. Example: Va/;zH(Z/pZ) ~ H(Z/pZ). 


2 
Q 


double dual per Q/Z and if m(X) is finitely generated, then (VQ 2X) = prom (X), the profinite 


[Note: In homotopy, the canonical arrow 7mn(X) > mn(V jz) is the inclusion of t(X) into its 


completion of 7 (X).] 


FACT Take C = HSPEC—then V X, hv Qi2X is an injective object of [(cpt C)OP, AB]*. 
[It follows from the definitions (and Yoneda) that this is true if X is compact. In general, there are 


f 
compact objects K; and an arrow Vq/zX > [[Ve/zKi such that hg is a monomorphism (Q/Z is an 
i 


f 
injective coseparator in AB). Consider now the exact triangle Y 4, Vaszx > I] Va/zKi > XY. Since 


u 
fog=0 (cf. §15, Proposition 3), hgohg =0 > hg =0 > @€ Ph(Y, Vaq/zX) = $ = 0 (cf. Proposition 


18), so Va /zX is a retract of [1 Veq/zKil 
i 


EXAMPLE Define S[Z] by the exact triangle S[Z]-4S[Q]- S[Q/Z] =S[Z], where v.« 
™o(S[Q]) + 0(S[Q/Z]) corresponds to the projection Q > Q/Z—then 70(S[Z]) + Zand ux : 7o(S[Z]) > 
m0(S[Q]) corresponds to the inclusion Z — Q. Definition: The Anderson dual VzX of X is hom(X, S[Z]). 
There is a canonical arrow X > Vex which is an isomorphism if the homotopy groups of X are finitely 


generated. Examples: (1) VzH(Z) = H(Z); (2) VzKU x KU. 
FACT Suppose that the homotopy groups of X are finite—then UVzX & Vq/zX. 


Given an abelian group G, define the Moore spectrum of type G by the exact triangle 
VS > VS -—- S(G) — \V XS, where 0 > OZ > @Z > G — 0 is a presentation of 


j i j j 
G—then S(G) is connective and 79(S(G)) = G. Example: S(Z) = S. 


+ Amer. J. Math. 98 (1976), 1-27. 
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PROPOSITION 19 Given a spectrum X and an abelian group G, there are short 


exact sequences 


0O— = m(X)@®G —-m(XAS(G)) — Tor(tm_1(X),G) — 0 


0 — Ext(G, mn41(X)) — [5"S(G), X] —+ Hom(G,7,,(X)) —+0 


Application: H(Z) A S(G) + H(G), the Eilenberg-MacLane spectrum attached to G 
(cf. p. 17-2). 


EXAMPLE Take G = Zp—then S(Zp) is a commutative ring spectrum. 
[Note: S(Q) + H(Q) (since m(S) @ Q =0 for n 4 0).] 


EXAMPLE Take G = Z/pZ, where p is odd—then S(Z/pZ) A S(Z/pZ) ~ S(Z/pZ) V SS(Z/pZ) 
and S(Z/pZ) is a commutative ring spectrum if p > 3. 
[Note: When p = 3, S(Z/3Z) admits a commutative multiplication with unit but associativity breaks 


down.| 


EXAMPLE Take G = Z/2Z—then S(Z/2Z) has no multiplication with unit (S(Z/2Z) is not a 
retract of S(Z/2Z) A S(Z/2Z)). 

[Note: Hom(Z/2Z, Z/2Z) = Z/2Z whereas [S(Z/2Z),S(Z/2Z)] = Z/4Z. Because of this, one cannot 
construct an additive functor AB HSPEC such that FG = S(G) (there is no ring homomorphism 
Z/2Z + Z/AZ).] 


EXAMPLE Fix p € Il—then S(Z/p©Z) & tel(S(Z/pZ) + S(Z/p?Z) > ---) > ©—1S(Z/p®Z) 
= tel(=—!S(Z/pZ) > ©—!S(Z/p?Z) > ---). But since S > S > S(Z/p"Z) > US is exact, S(Z/p"Z) & 
UDS(Z/p"Z), so U-1S(Z/pZ) x tel(DS(Z/pZ) — DS(Z/p?Z) > ---). Accordingly, V X, 
hom(i7~18(Z/p°Z),X) = mic(hom(DS(Z/pZ),X) <— hom(DS(Z/p?Z),X) < ---). However, V n, 
S(Z/p"Z) is compact, hence dualizable = DS(Z/p"Z) dualizable (cf. §15, Proposition 32) => 
hom(DS(Z/p"Z),X) = S(Z/p"Z) AX. Thus, V X, hom(=—!8(Z/p©Z),X) & mic(S(Z/pZ) AX e 
S(Z/p2Z) AX <---). Example: mic(S(Z/pZ) — S(Z/p2Z) < ---) & S(Zp) > NDS(Z/p%Z) & S(Zp). 


Fix a spectrum E—then a morphism f : X — Y in HSPEC is said to be an 
E,.-equivalence if f, : E,(X) — E,(Y) is an isomorphism. Denoting by Sg the class 
of E,,-equivalences, the Bousfield-Margolis localization theorem guarantees the existence 
of a localization functor Tg such that Sz is the class of E,-local (= Tg-local) spectra. In 
this connection, recall that X is E,-local iff [Y,X] = 0 for all E,-acyclic (= Tp-acyclic) 
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Y (cf. §15, Proposition 27) and the class of E,.-local spectra is the object class of a thick 
subcategory of HSPEC which is closed under the formation of products in HSPEC (cf. 
§15, Proposition 28). Let us also bear in mind that Tg has the IP (cf. §15, Proposition 
40). 

Notation: HSPECg is the full subcategory of HSPEC whose objects are the E,- 
local spectra, [Dy : HSPEC + HSPECg is the associated reflector, and lm : K ~ DpX 
is the arrow of localization. 

[Note: The objects of HSPECg are the objects of (E), the Bousfield class of E, and 
Ly ~ Lr iff (E) = (F). HSPECg is a CTC (cf. p. 15-41) but need not be compactly 
generated (Strickland‘).] 

Remark: Ohkawa? has shown that the conglomerate (HSPEC) whose elements are 
the Bousfield classes is codable by a set. 


LEMMA Given spectra E and F, suppose that (E) < (F)—then V X, TeTpX ~ 
TRxX y TpTpxX. 


EXAMPLE Suppose that X is connective—then X = 0 iff X is H(Z).-acyclic. 
[Note: Va/zS (= S[Q/Z]) is H(Z).-acyclic and nonzero (although Vq/zS A Vaq/z8 = 9). 


Instead of working with E.-equivalences, one could work instead with E*-equivalences and then 
define the E*-local spectra in the obvious way. Problem: Do the E*-local spectra constitute the object 
class of a reflective subcategory of HSPEC? While the answer is unknown in general, one does have the 


following partial result due to Bousfieldl!. 


COHOMOLOGICAL LOCALIZATION THEOREM Suppose that E has the following prop- 
erty: Vn, Z/pZ @ mn(E) and Tor(Z/pZ,7,(E)) are finite V p € I[—then there exists an F such that the 
E*-equivalences are the same as the F..-equivalences, so cohomological localization with respect to E exists 
and is given by homological localization with respect to F. 


[Note: When the 7, (E) are finitely generated, one can take F = VzE.] 


Given an abelian group G, call S(G) the class of abelian groups A such that A@G = 
0 = Tor(A, G) (cf. p. 9-30). 


+ No Small Objects, Preprint. 
t Hiroshima Math. J. 19 (1989), 631-639. 


ll Cohomological Localizations of Spaces and Spectra, Preprint. 
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PROPOSITION 20 S(G’) = S(G"”) iff (S(G’)) = (S(G")). 


This result reduces the problem of inventoring the Lg(g) to when G = Zp or G = 


@ Z/pZ. 


pEeP 


EXAMPLE (S(Zp)) = (S(Q))v \V/ (S(Z/pZ))(= (S) = (S(Q)) v \V(S(Z/pZ))). And: (S(Q)) A 
peEP D 
(S(Z/pZ)) = (0) & (S(Z/pZ)) A (S(Z/qZ)) = (0) (vp # q). 


PROPOSITION 21 Let G = Zp—then Lgz,,)X = S(Zp) \ X and 2.4(Lgiz,)X) = 
Lp ® Tx (X). 
[S(Zp) is a commutative ring spectrum with the property that the product S(Zp) A 


S(Zp) — S(Zp) is an isomorphism, thus Tgz,) is smashing (cf. p. 15-45) and X & 
SAX — S(Zp) A X is the arrow of localization.| 


FACT Suppose that X is connective—then Lg(zp)X © Luz p)X- 
[Note: Take P =II to see that Lg(z)X ~ Lyz)X, i.e., X 2 Ly(z) X-] 


Write HSPECp for the full subcategory of HSPEC whose objects are P-local (= 
S(Zp).-local) (use the symbol HSPECgq if P = @)—then the objects of HSPECp are 
those X which are P-local in homotopy, i.e., Vn, m(X) is P-local and HSPECp is a 


monogenic compactly generated CTC. 


FACT The category HSPECg is equivalent to the category of graded vector spaces over Q. 
[Note: The objects of HSPECgq are the rational spectra.] 


PROPOSITION 22 Let G = Z/pZ—then Lgizjpz)X = hom(X=~'S(Z/p°Z), X) 
and there is a split short exact sequence 0 + Ext(Z/p°Z, .(X)) — m,(Ls(z/pz)X) > 
Hom(Z/p® Z, 7—1(X)) > 0. 

[Consider the exact triangle hom(S(Z = ), X) + hom(S, X) + hom(®~!S(Z/p®Z), 


X) — Lhom(S(Z =)).20. On the one hand, hom(=~'S(Z/p®Z), X) is S(Z/pZ).- 


local (for S(Z/pZ) = S(Z/p°Z)) and, on the other, hom(S(Z = ,X) is S(Z/pZ),- 
acyclic (its homotopy groups are uniquely p-divisible). Therefore X = hom(S,X) > 
hom(~1S(Z/p®Z), X) is the arrow of localization.] 

[Note: The S(Z/pZ),-local spectra are those X such that V n, m,(X) is p-cotorsion. 


Proof: hom(S(Z = ),X) =0if Vn, Hom(Z | | ta(X)) = 0 & Ext(Z *] R=) 
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If the homotopy groups of X are finitely generated, put ae = Lgz/pz)X and call X, 
the p-adic completion of X. Justification: V n, Tn(Xp) & tn(X)p_ (cf. p. 10-2). Example: 
Sp = Lsz/pz)S = hom(=~'S(Z/p®Z), 8) = Du~'S(Z/p°Z) = UDS(Z/p°Z) = S(Z,) 
(cf. p. 17-21). 


PROPOSITION 23 The arrow of localization per € Z/pZ is KX > [|] Lsz/pz)X 
pEP 


pEeP 
(cf. §9, Proposition 22). 


FACT V X, there is an exact triangle hom(S(Q),X) + X + |[hom(=~1S(Z/p°Z),X) > 
P 


> hom(S(Q), X). 
FACT V X, there is an exact triangle \/ X A U~!S(Z/p°Z) > X + XAS(Q) > VX(KA 
p p 


o-18(Z/pZ)). 


PROPOSITION 24 Let G,K be abelian groups such that S(G) = S(k)—then 
VX, (XA S(G)) = (XA S(K)). 


EXAMPLE Let G,K be abelian groups such that S(G) = S(K)—then (H(G)) = (H(K)). In 
a ae = H(Z) AS(G) 
ac 


(cf. p. 17-21). 
H(K) ~ H(Z) A S8(K) 


FACT Suppose that E A S(Q) 4 0—then V X, Lgas(Q)X ~ Lg(qQyX. 


LEMMA Given a connective spectrum E, put 7E = @7,(E)—then (H(7E)) < 
(E) < (S(7E)). 

[(H(7E)) < (E): Since E is connective, S(7E) = S(@ H,,(E; Z)), so (H(7E)) = 
(H (OH, (E;Z))) = (V ~”" H(H,,(E; Z))) = (EA H(Z)) (cf. p. 17-10), which is < (E). 

(B) < (S(aE)): Let G be the direct sum of the groups in the set t1Q, Z/pZ (p € — 


( 

(S(G2)) = (0) & (S(G1)) V (S(G2)) = (S). And: EA S(G2) = 0, hence te) = 8) a(6) - 
(S(G1)) V (S(G2))) = (CE) A (S(G1))) V (CE) A (S(G2))) = (E) A (S(G1)) = (E) A 
) ‘ 


PROPOSITION 25 Let E, X be connective—then LEX & Lge) X, where TE = 
®m,(E). 
[The lemma implies that the arrow of localization X + Lgi;R)X is an E,-equivalence. 
But Lg (7b) X = Lyre) X (cf. infra) and Lyy_R)X is E,-local (by the lemma).| 
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LEMMA Let E,X be spectra and let G be an abelian group—then the arrow Lg(q) LEX > 
Le,sg(c)X is an isomorphism if G is torsion or if E A S(Q) 4 0. 


[Suppose first that G is torsion, say G = B Z/pZ (this entails no loss of generality). Since 
peP 
Lgq)LeX > Le,s(qa)X is an (E A S(G)).-equivalence, it suffices to prove that Lg(q)LeEX is (E A 


S(G)).-local or still, that [Y, Lgqg)LeX] = 0 for all (E A S(G))«-acyclic Y. But [Y, Lg(q)LeX] = 
[Y,hom( \J ©—18(Z/p°Z),LeX)]=[YA VV =71S(Z/pZ), LEX] and YA \/V =~1S8(Z/p®Z) is Ex- 


peEP pEP pEP 
acyclic (S(@) Z/p®Z) = S(G)). To discuss the other case, viz. when E A S(Q) # 0, one can take 
peP 


G = Zp. Because Leas(g)X is S(G)+-local, it need only be shown that LEX > Le,g(g)X is an 


S(G).-equivalence. However (S(G)) = (S(Q)) V \J (S(Z/pZ)), which reduces the problem to show- 
pEP 
ing that LEX > Lg,agig)X is an S(Q).-equivalence and an S(Z/pZ).-equivalence for each p € P. 


Due to our assumption that E A S(Q) # 0, just the second possibility is at issue. For this, con- 
LEX — LeEygca) 
sider the commutative triangle | . Here, the arrow Leagiag) > LEas(z/pz) 18 
LEAS(Z/pZ) 

an S(Z/pZ)«-equivalence (Lg(z/pz)Leas(a)X © Leas(a)as(z/pz) © LEas(z/pz))> a8 is the arrow 
LEX > Leys(z/pz) (Ls(z/pz)LeX & Leas(z/pz)). Therefore the arrow LEX > Leagca)X is an 
S(Z/pZ).-equivalence. | 

[Note: The assumption that E A S(Q) # 0 cannot be dropped. Example: LgqyLs(z/pz)H(Z) 4 0, 


yet Lg(z/pz)as(Q) H(Z) = 0.] 


To tie up the loose end in the proof of Proposition 25, observe that H(Z) A S(Q) = H(Q) # 0 
(cf. p. 17-21). In addition, since X is connective, K & Lyyz)X (cf. p. 17-23), hence LgzE)X & 


Lg rE) Luiz) X ~ Ly(z)AS(rE) X ~ Ly (rE) X (cf. Dp. 17-21). 
LEMMA Let A be a ring with unit, M a left A-module—then S(A) = S(A@®M). 


Application: Suppose that E is a ring spectrum—then S(m(E)) = S(@7,,(B)). 


Example: Take E = MU—then S(Z) = S(@z,(MU)), thus for any connective X, 
LyX © Lgg)X © LgX ~ X. ‘ 

[Note: It follows that all compact spectra are MU,-local. Indeed, a compact object 
in HSPEC is isomorphic to a Q7°K, where K is a pointed finite CW complex (cf. p. 
16-15). And: QF K xS4AK XS 7A Q*K (cf. p. 16-29). But Q*K is connective 
(cf. p. 16-7) (K is wellpointed). Therefore Q* Kk is MU,-local, hence S~4A Q™K is too 
(cf. p. 15-41) (S~? is compact and HSPEC is a monogenic compactly generated CTC).] 
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FACT Let X, Y be spectra with Y*(X) = 0. Assume: The homotopy groups of Y are finite—then 
Tx (XA Va/zyY) = 0. 


[Y © Vai2¥ +0 = [X, B"¥] = [XK 5"V4 2 Y] = Hom(tm(X A Vaq/z¥), Q/Z).] 


EXAMPLE The assumptions of the preceding result are met if X = MU, Y = S. Therefore 
Va/zS is MU.-acyclic, so (MU) < (8). 


One also has a good understanding of homological localization with respect to KU. 
Here though I shall merely provide a summary (proofs can be found in Bousfield'). 

[Note: There is no need to distinguish between Lxy and Lxo since (KU) = (KO) 
(Meier*).] 

Put M(p) = S(Z/pZ)—then there is a KU,-equivalence A, : U¢M(p) + M(p), 
where d= 8ifp=2 &d= 2p—2 if p> 2. Using the notation of p. 15-45, the arrow 
M(p) > A, 'M(p) is a KU,-equivalence and AZ 'M(p) is KU,-local (= LkuM(p) = 
A; M(p)). 

[Note: Define coA, by the exact triangle ©4M(p) “3 M(p) + coA, > D4t+'M(p)— 
then (KU) = (VcoA,)°.] 

p 


Remark: Ty is smashing and the 7,(LxvuS) can be calculated in closed form (LkyS 
is not connective, e.g., T_2(LkuS) = Q/Z). 

Examples: (1) Lku(X A M(p)) © LkuS A XA M(p) = XA LkuS A M(p) ® XA 
LxuM(p) © XA AZ 'M(p); (2) Leam(p)X © Lup) LEX (cf. p. 17-24 ff). 


BOUSFIELD’S FIRST KU THEOREM Fix an X—then X is KU,-local iff V p & 
Vn, the arrow [="M(p), X] > [="+4M(p), X] induced by A, is bijective or, equivalently, 
iff Vp & Vn, the arrow 7,(M(p) A X) > mn4a(M(p) A X) induced by A, is bijective. 

[Note: Therefore X is KU,,-local iff 7,(M(p) A X) © mm, (A; 'M(p) A X) under the 
KU,.-equivalence M(p) > A, M(p).] 


BOUSFIELD’S SECOND KU THEOREM Fix anf: X — Y—then f is a KU,- 
equivalence iff f, : 7,(X) ®Q — 7,(Y) @ Q is bijective and V p, f, : 7, (A5*M(p) AX) > 
(AZ 'M(p) A Y) is bijective. 


FACT Let ku be the connective cover of KU—then ku is a ring spectrum (cf. p. 17-8) and 
KU x by ku (cf. p. 15-46). 


+ Topology 18 (1979), 257-281; see also J. Pure Appl. Algebra 66 (1990), 121-163. 
= J. Pure Appl. Algebra 14 (1979), 59-71. 
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Fix a prime p—then the objects of HSPEC, (= HSPEC,,,) are the p-local spectra 
and one writes X, in place of Lgiz,,)X, Xp being the p-localization of X. Example: M(p) 
is p-local. 

[Note: n HSPEC,, XA, Y = (XAY)>» (cf. p. 15-41), i.e, XAp Y = XAY (Ts ,z,,) 
is smashing), and S, is the unit. Example: (S,) = (M(p)) V (S(Q)).] 


EXAMPLE Consider KU,—then Adams? has shown that there is a splitting KU, % KU>p(1) V 
E?KU,(1) V--- V 52-2) KU, (1), where KU,(1) is a p-local spectrum with m.(KU,(1)) © Zp[v1, 07 |] 


(|v1| = 2(p — 1)). 


PROPOSITION 26 Suppose that X, = 0Vp—then X = 0. 
[X, =O0V p= Z, @ 14.(X) =0V p= 7,.(X) = 0 (cf. p. 8-3) > X= 0] 


[Note: The converse is trivial.] 
The objects of cpt HSPEC, are the p-compact spectra. 


FACT A p-local spectrum is p-compact iff it is isomorphic to the p-localization of a compact 


spectrum. 


EXAMPLE Take X compact—then f: &”X — X is composition nilpotent iff V p, fp : U" Xp > 
X»y is composition nilpotent. 
[f is composition nilpotent iff f-1K = 0 (cf. p. 15-46). But f-'XK = 0 iff V p, (f-'X)p» = 0 (ef. 


Proposition 26). And: (f-1X), = fi Xp] 


BP THEOREM Formal group law theory furnishes a canonical idempotent e, € 
[MU,, MU,] (the Quillen idempotent) which is a morphism of ring spectra. Thus, since 
idempotents split (cf. p. 15-17), 4 
Peterson spectrum at the prime p) and morphisms i: BP — MU,, r : MU, — BP 


a commutative ring spectrum BP (called the Brown- 


of ring spectra such that roi = idgp and e, = ior. BP is complex orientable and 
BP*(S) = Z,[v1, v2,...], where |v;| = —2(p'— 1). And: MU, is isomorphic to a wedge of 
suspensions of BP, hence (MU,) = (BP). 

[Note: The construction is spelled out in Adams? (a sketch of the underlying ideas is 


given below). 


+ SLN 99 (1969), 77-98; see also Bousfield, Amer. J. Math. 107 (1985), 895-932. 


= Stable Homotopy and Generalized Homology, University of Chicago (1974), 104-116; see also Wilson, 
CBMS Regional Conference 48 (1982), 1-86. 
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Notation: A is a commutative Zp-algebra with unit, FGL4 is the set of formal group laws over A, 
and FGL4,» is the set of p-typical formal group laws over A. 


[Note: Initially, it is best to keep the graded picture in the background. ] 


CARTIER’S THEOREM There is an idempotent ¢4 : FGL4 — FGL,g,,, functorial in A, such 
that e4(FGL4) = FGL4,y. Furthermore, there is a natural strict isomorphism F — e4F such that if F 


is p-typical, then e4F = F and F > €,F is the identity. 


Using this result, one can establish a p-typical variant of Lazard’s theorem: The functor from the 
category of commutative Zp-algebras with unit to the category of sets which sends A to FGL4,» is rep- 
resentable. Proof: Let ep : L ®@ Zp + L ® Zp be the homomorphism classifying €7@z,Fr—then ep is 
idempotent, Fy = EL@Zp FL is defined over V = imép, and Fy is the universal p-typical FGL. 

[Note: Structurally, V = Z,[v1, v2,...], a polynomial algebra on generators v; of degree —2(p* — 1).] 

Remark: To explain the origin of the Quillen idempotent, identify L @ Zp with MU%*(S) ® Zp, so 
Fr & Fuu. Let dp: Fuu — Fv be the natural strict isomorphism provided by Cartier, put LMUp = 
op(amu) € MU?(P™(C)) (a complex orientation of MU,), and let ep : MU, — MU, be the unique 
morphism of ring spectra such that epozmu = ZMU,—then from the definitions, epcepormu = eCp°LMU; 
hence €p is idempotent: ep o ep = ep. 

[Note: BP is a commutative ring spectrum with complex orientation zpp. The associated FGL 
Fgp is p-typical and the map V — BP*(S) classifying Fgp is an isomorphism of graded commutative 
Zp-algebras with unit. Therefore 7.(MU,) = T™(BP)@z, Zp[x1,.-- eats Bp gosets eos ies ...]. Now 
let S be the set of monomials drawn from {x, :k 4 p'—1V i}. Given an x; € S, write d; for its degree and 
call fy the composite S47 A BP + MU, A MU, — MU,—then the wedge of the f; defines a morphism 


\V &41BP - MU, which induces an isomorphism in homotopy.] 
xyes 
Rappel: If F € FGL4,, and if ¢(z) = 5) dix" € Al[z]] with ¢’(0) = 1, then the formal group law 
i>l 


G(a,y) = ¢(F(¢7"(x),671(y))) is p-typical iff 6-1(a) has the form «+p a12? +p aga?” t+p-++(az € A). 

Set VT = V[t1, t2,...], a polynomial algebra on indeterminates ¢; (|t;] = —2(p* — 1))—then the pair 
(V, VT) is a Hopf algebroid over Zp, i.e., is a cogroupoid object in the category of commutative Zy-algebras 
with unit (cf. Proposition 17). Thus let A be a commutative Zp-algebra with unit. Denoting by G4, the 
groupoid whose objects are the p-typical formal group laws over A and whose morphisms are the strict 
isomorphisms, the functor from the category of commutative Zy-algebras with unit to the category of 
groupoids which sends A to Gy is represented by (V, VT). Indeed, Hom(V, A) © FGL4,p = Ob Ga.p 
(= Ob Go) and this identifies the objects. Turning to the morphisms, suppose that f € Hom(VT, A). 
Put F = (f|V)«Fy and let ¢: F > G be the morphism with ¢~!(x) = «+p f(ti)#? +p f(t2)a?” tpee, 


so 6°? : G > F is a strict isomorphism, where G(x, y) = ¢(F(¢71(x), @71(y))) is again p-typical. 
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[Note: nr is the inclusion V + VT but there is no simple explicit formula for nr. Incidentally, the 
groupoid G4, is not split.] 

To understand the grading on V and VT, define an action A* x Ob Go — Ob Go by (u, F) > 
F", where F“ (x,y) = uF (u-‘x,u-1ty), and define an action A* x Mor Go — Mor Gy by (u, f°?) > 
(p%)OP, where ¢“(x) = ud¢(u—!X)—then this action grades V and VT and one can check that |v;| = 
—2(p' — 1) = |t;|. Because the five arrows of structure nr, nz, €, A, c are gradation preserving, it follows 
that (V,VT) is a graded Hopf algebroid over Zp. 

[Note: Therefore (V, VT)°P is but another name for (BP.(S),BP.(BP)) and BP.(BP) is a graded 
free BP..(S)-module.] 


FACT (BP Nilpotence Technology) Let E be a p-local ring spectrum and consider the Hurewicz 
homomorphism S.(E) > BP.(E) (cf. p. 17-8 ff.)—then the homogeneous elements of its kernel are 


nilpotent (Devinatz-Hopkins-Smitht). 


Application: If X is p-compact and if f: 3"X — X is an arrow such that BP.(f) = 0, then f is 


composition nilpotent (cf. p. 17-17 ff.). 


Application: If X is p-compact and Y is p-local and if f: X — Y is an arrow such that idgp Af = 0, 
then f is smash nilpotent (cf. p. 17-18). 

[Note: Write X = X,, where X is compact (cf. p. 17-27)—then hom(X,Y) % hom(X,Y) & 
DX AY & DX AS, AY & hom(X,S8p) AY © hom(Xp,Sp) AY & hom(X,S,) A Y and hom(X, Sp) is 
the dual of X in HSPEC,.] 


There are two particularly important classes of spectra attached to BP, viz. the K(n) 
and the P(n) (0 < n < oo) with 7,(K(n)) = F,[vn, vp, '] and m.(P(n)) = Fp[vn, Ungi,---]- 
Both are p-local ring spectra (commutative if p > 2) and BP-module spectra but the 
exact details of their construction need not detain us since all that really counts are the 
properties possessed by them, which will be listed below. Example: P(1) + BP A M(p). 

[Note: The theory has been surveyed by Wiirgler?.] 

The role of the P(n) is basically technical. Since vp, € ta(pn_1)(P(n)), one can form 
Tn : U2P"-1)P(n) > P(n) (cf. p. 15-46)—then there is an exact triangle ©2("-1)P(n) 


“% P(n) > P(n+1) > D??"-!P(n). Moreover, (K(n)) = (3,'P(n)) and H(F,) & 
tel(P(1) > P(2) > ---). On the other hand, (BP) = (H(Q)) Vv (P(1)) and (P(n)) = 


(K(n)) V (P(n + 1)) (cf. §15, Proposition 43), hence (BP) = (H(Q)) Vv (K(1)) Vv --- 


< 


+ Ann. of Math. 128 (1988), 207-241. 
t SLN 1474 (1991), 111-138. 
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(K(n)) V (P(n + 1)). In addition, (H(Q)) A (P(1)) = (0), (K(é)) A (P(n + 1)) = (0) 
(SS eae) 
By contrast, K(n) (called the n*® Morava K-theory at the prime p) is a major player. 
(Mo,) K(n) is a skew field object in HSPEC. 
[This is because the homogeneous elements of 7,(K(n)) are invertible (cf. §15, Propo- 
sition 42).] 
(Moz) VX, K(n) A X is isomorphic to a wedge of suspensions of K(n). 
[K(n) A X is a K(n)-module, thus the assertion follows from the definition of a skew 
field object (to accommodate K(n) A X = 0, use the empty wedge). 
(Mo3) VX & VY, K(n),(X) @x(n).(s) K(n)«(¥) & K(n),(K AY). 
[This is a special case of Proposition 10.] 
(Moa) (K(n)) A (K(m)) = (0) (m #n). 
[Suppose that n < m—then (K(m)) < (P(m)) < (P(n+1)) and (K(n))A(P(n+1)) = 


(Mos) (H(Q)) A (K(n)) = (0) & (H(Fp 
[(H(Q)) A (P(1)) = (0) and (K(n)) < a 109 )) A (K(m)) = (0). And: 
H(F,) * tel(P(1) > PQ) > ---) > (A(Fp)) < (P(n + 1) > (H(Fp)) A (K(m)) = (0)-] 
(Mog) V compact X, K(n),(X) + K(n),.(S) @r, H.(X;F,) Vn >> 0. 
[Apply the Atiyah-Hirzebruch spectral sequence. | 
Remarks: (1) K(n) is complex orientable if p is odd; (2) K(1) can be identified with 
KU, (1) A M(p) (cf. p. 17-27). 


EXAMPLE (Algebraic K-Theory) Suppose that A is a ring with unit and let WA be the (Q- 
prespectrum attached to A by algebraic K-theory (cf. p. 14-72). Consider KA = eMW A—then Mitchell? 


has shown that V p & Vn > 2, the connective cover of KA is K(n).-acyclic. 

FACT Let k(n) be the connective cover of K(n)—then k(n) is a ring spectrum (cf. p. 17-8) and 
K(n) & 3, k(n) (cf. p. 15-46). 

[Note: There is an exact triangle ©2?"- k(n) k(n) > H(F,) 7 »2P"—-1k(n), so by §15, 


Proposition 43, (k(n)) = (H(F,)) V (K(n)).] 


LEMMA Any retract of a K(n)-module is a K(n)-module. 


+ K-Theory 3 (1990), 607-626. 
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EXAMPLE A spectrum Y is indecomposable if it has no nontrivial direct summands, i.e., Y 
XVZ=>X=0or Z=0. Since idempotents split (cf. p. 15-17), Y is indecomposable iff [Y, Y] has no 
nontrivial idempotents. Example: K(n) is indecomposable. 


[Note: One can also prove that BP is indecomposable.] 


Notation: For uniformity of statement, it is convenient to put K(0) = H(Q), K(co) = 
H(F,). 


Hovey! has shown that (K(n)) is minimal if n < co (but this is false if n = oo). 


LEMMA Given f: X — Y, suppose that K(n),(f) = 0, where n € [0, co|—then the 
composite X + Y 2#SAY > K(n) A Y vanishes. 
E* (X) y Hom, (K(n)) (K(m)«(X) 1 (E)) ‘ 
* r : , hence the in- 
E*(Y) © Hom, (K(n))(K(n)«(¥), 7(B)) 
duced map E*(Y) > E*(X) is the zero map. Now specialize to E = K(n) A Y.] 


[For any K(n)-module E, { 


PROPOSITION 27 If X is p-compact and Y is p-local and if f: X — Y is an arrow 
such that K(n),(f) = 0V n € [0, co], then f is smash nilpotent. 

[It is enough to prove that idgp A f*) = 0 (4k >> 0) (cf. p. 17-29) and for this, 
one can take X = S,. So, passing to yi? (defined by S, instead of S (cf. p. 15-46)), 
it suffices to show that BP A ¥{°°) = 0. But (BP) = (K(0)) V--- Vv (K(n)) v (P(n +1) 
and from our hypotheses and the lemma, K(m) AYS&) = 0 (m <n), thus we are left with 
proving that P(n) A veo = 0 (n >> 0), which however is clear since H(F,) A yi? =0 
and H(F,) * tel(P(1) > P(2) > ---).] 


Application: If E 4 0 is a p-local ring spectrum, then for some n € [0, co], K(n),(E) 4 
[Consider the unit S, — E.] 


Let R be a ring spectrum—then R is said to detect nilpotence if for any ring spectrum E, the 
homogeneous elements of the kernel of the Hurewicz homomorphism 8,(E) — R.(E) are nilpotent. 


Example: MU detects nilpotence (cf. p. 17-17). 


LEMMA sR detects nilpotence iff for all compact X and any f: X — Y such that id; Af=0,f 
is smash nilpotent. 


[Necessity: Argue as on p. 17-18, with MU replaced by R. 


+ Contemp. Math. 181 (1995), 230. 
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Sufficiency: Given a ring spectrum E, fix a homogeneous element f : S” — E in the kernel of the 


Hurewicz homomorphism S.(E) + R.(E)—then idrg A f = 0, so f is smash nilpotent, thus nilpotent.] 


Remark: For a compact X, f: X — Y is smash nilpotent iff f: S — DX A Y is smash nilpotent (cf. 
p. 17-18). This said, the problem of determining the smash nilpotency of f : S — Y is local, i.e., one has 
only to check that fp : Sp — Yp is smash nilpotent V p. Proof: f: S + Y is smash nilpotent iff yo) =0 
(cf. p. 15-46). But ¥0°? = 0 iff (¥&°), =0V p (cf. Proposition 26). And: (Y¢&), = be 


EXAMPLE A ring spectrum R detects nilpotence iff Vp & Vn € [0, co], K(n).(R) 4 0. 
[Consider an f: S > Y such that idp Af = 0. Fixing p, one has K(n)«(fp) = 0V n € [0, co] (K(n)AR 
is isomorphic to a wedge of suspensions of K(n)), thus by Proposition 27, fp is smash nilpotent. Therefore 


R detects nilpotence.| 


FACT Suppose that E is a skew field object in HSPEC—then E is isomorphic to a wedge of 
suspensions of some K(n) (4 n € [0, oJ). 

[dap: E, #0 (cf. Proposition 26) > K(n).(E) #0 (4 n € [0, co]) (cf. p. 17-31). Since K(n) and E 
are both skew field objects, K(n) AE # 0 is simultaneously a wedge of suspensions of K(n) and a wedge of 
suspensions of E. Deduce that E is a retract of a wedge of suspensions of K(n), hence is a K(n)-module 


(cf. p. 17-30).] 


A skew field object in HSPEC is said to be prime if it is indecomposable. The K(n) (n € [0, oo]) 
for p € II are prime and the preceding result implies that, up to isomorphism, they are the only primes in 


HSPEC. 


EXAMPLE Suppose that p is odd—then KU,(1) A M(p) is a field object (being isomorphic to 
K(1) V ©?K(1) v--- V 52-2) K(1) (cf. p. 17-27)) but it is not prime. 


PROPOSITION 28 Fix a prime p—then H(F,) is K(n),-acyclic (n € [0, oof). 
[Trivially, H(Q) \ H(F,) = 0. Proceeding by contradiction, assume that K(n) A 
H(F,) 4 0 for some n € [1, co[. Since H(F,) is a field object, H(F,) is isomorphic to a 


wedge of suspensions of K(n) (cf. supra), an impossibility. | 


FACT Let X be a spectrum with the property that 3 N : m(X) = 0 (n > N)—then X is 
K(n).«-acyclic (n € [1, oo). 

[Using Proposition 28, prove it first under the assumption that 7. (X) is torsion. To handle the general 
case, smash S 4 § —+ M(p) + =S with K(n)AX to see that m(K(n)AX) injects into m.(K(n)AXAM(p)). 
But Proposition 19 implies that KX A M(p), like X, is “bounded above”, and 7.(X A M(p)) is torsion.] 


[Note: In particular, K(n) A H(z) = 0 (n € [1, oof), a any abelian group.] 
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Application: If X is a spectrum and x (= rS°X) is its connective cover, then the arrow x > X is a 
K(n).-equivalence (n € [1, co[). 

[For K(n) A F = 0, where F is defined by the exact triangle F — x + X > UF] 

[Note: Let A be a ring with unit—then V p & Vn > 2, the connective cover of KA is K(n)-acyclic 
(cf. p. 17-30), hence so is KA itself. ] 


PROPOSITION 29 If X is p-compact and if f : S4X — X is an arrow such that 
K(n),(f) =0V n € [0, cof, then f is composition nilpotent. 


[This is a consequence of Proposition 27 (one doesn’t need the n = oo case).] 


EXAMPLE If X is p-compact and if K(n).(X) = 0 (Vn € [0, oof), then X = 0 (in Proposition 
29, take f = idx). 
[Note: Accordingly, if X is compact and if Vp & Vn € [0, oo[, K(n).(X) = 0, then X = 0. In fact, 


K(n)(X) = 1+ (K(n) AX) = m4 (K(n) A Xp) = K(n)s (Xp) > Xp =OV p> X = 0 (cf. Proposition 26).] 


Given a prime p, write C(0) for cpt HSPEC,, and let C(n) be the thick subcategory 
of C(0) whose objects are those X such that K(n—1),(X) = 0 (n € [1, co[) (conventionally, 
the objects of C(co) are the zero objects)—then C(n + 1) C C(n), ie., K(n),(X) =0 => 
K(n — 1),(X) = 0 (Ravenel') and the containment is strict (Mitchell*). 

[Note: A p-compact X is said to have type n ifn = min{m : K(m),.(X) £0} (XK =0 
has type co). The objects of type n are the objects in C(n) which are not in C(n + 1). 
Examples: (1) S, has type 0; (2) M(p) has type 1; (3) coA,, has type 2.] 


LEMMA Let X be a p-compact spectrum, E a p-local ring spectrum. Suppose given 
a p-local spectrum Z and a morphism f: X + EA Z in HSPEC,, such that K(n),(f) = 
0 Vn € [0,co}then the composite XK) I" AZ)®) = BY) AZ) 5 BAZ) 
vanishes if N >> 0 (cf. Proposition 27). 


Application: Let X,Y be p-compact spectra. Suppose given a p-local spectrum Z 
and a morphism f: X > Z in HSPEC, such that K(n),(fA idy) = 0 Vn € [0, co] then 
£™) a idy -X™) AY = Z™) AY vanishes if N >> 0. 

[One has [KAY, ZAY] = [X, hom(Y, ZAY)]. But Y is p-compact, so hom(Y, ZAY) & 
hom(Y,S,) AY AZ hom(Y, Y) A Z. Now specialize the lemma to E = hom(Y, Y).] 


+ Amer. J. Math. 106 (1984), 351-414 (cf. 366-367). 
= Topology 24 (1985), 227-246; see also Palmieri-Sadofsky, Math. Zeit. 215 (1994), 477-490. 
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THICK SUBCATEGORY THEOREM The thick subcategories of C(0) are the C(n). 

[Fix a thick subcategory C of C(0) and let ne = min{n : C(n) C C}. Claim: If 
X € Ob C has type n, then C(n) C C (= C = C(nc)). Define F,f by the exact triangle 
FS, — hom(X,X) — UF. Because HSPEC, is monogenic (= unital), hom(X,S,) 
is p-compact, so hom(X,X) + hom(X,S,) A X € Ob C (C being thick (cf. p. 15- 
41)). Putting Ce = hom(X,X), one thus concludes that F A Cp € Ob C (here again 
the assumption that C is thick comes in). But there is an exact triangle F \ Cgw—1) > 
Can) > Ce ASO) + O(F A Caw-1) (cf. p. 16-30), from which inductively, Ce) € 
Ob CV N > 1. Take a Y in C(n). Since K(m), (fA idy) = 0V m € [0, oo] (K(m),.(X) 4 
0Vm>n),V N >> 0, & A idy = 0 (cf. supra). Working with the exact triangle 
FO) py £O 88, SO) PY 5 Cam AY 3 E(FO) \Y), it then follows that Caw) AY © 
(SM AY) vu AY) (cf. p. 15-5). And: Cav) AY € Ob CS 8M) AY € ObCS 
Y € Ob C|] 


EXAMPLE Fixa spectrum E and write ACY,(E) for the class of p-compact X such that EAX = 
0—then ACY,(E) is the object class of a thick subcategory of C(0), hence ACY,(E) = Ob C(n) for 


some n. 


FACT (Class Invariance Principle) Let X,Y be p-compact. Suppose that X has type n and Y 
has type m—then (X) = (Y) iffn =m. 
[The necessity is obvious. To establish the sufficiency, note that the full, isomorphism closed subcat- 


egory of cpt HSEC, whose objects are the Z with (Z) < (X) is thick.] 


Given a prime p and a p-compact X, an arrow f : U4X — X is said to be a v,-map 
(n € [0, oof) if K(n),(f) is an isomorphism and K(m),(f) = 0 Vm 4 n (m € [0, co) (cf. 
Proposition 29). Example: X *X isa Vo-mMap. 

[Note: For m >> 0, K(m),(f) = H(F,).(£) @r, idk(m), > H(Fp).(£) = 0-] 

Example: A, : ©4M(p) > M(p) is a vi-map (d= 8 ifp=2 & d= 2p—2 ifp > 2 (cf. 
p. 17-26)). 


PROPOSITION 30 Let X be p-compact and fix n > 1. Suppose that X admits a 
Un-map—then X belongs to C(n), ie., K(n — 1),(X%) = 0. 

[Defining Y by the exact triangle v¢x 4.x = ¥ 4 ¥¢+'!X, one has K(n),(Y) = 0, 
thus 0 = K(n — 1),(Y) = K(n — 1), (X) @ K(n — 1), (©4+'X) = K(n - 1),(X) = 01] 


I shall omit the proof of the following result as it is quite involved. 
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HOPKINS-SMITH! EXISTENCE THEOREM Givenn > 1, Jap-compact X of type 
n which admits a v,-map. 

[Note: In fact, X admits a v,-map f : yp” 2(p"-1) K 5 X such that K(n),(f) = vu? 
(N >> 0).] 


Remark: A p-compact X admits a v,-map iff X is in C(n). To see this, call V,, the 
full, isomorphism closed subcategory of C(0) (= cpt HSPEC,,) whose objects are those X 
which admit a v,-map. Owing to Proposition 30, C(n) D V,. On the other hand, X Ox 
is a U,-map if K(n),(X) = 0, so V, D C(n+ 1). However V,, is thick (cf. p. 17-36), 
hence by the thick subcategory theorem, either V,, = C(n) or V, = C(n+1). Since the 
containment C(n + 1) C C(n) is proper, the Hopkins-Smith existence theorem eliminates 
the second possibility. 

Notation: Write [X, X], for the graded ring with unit defined by [X, X],, = [x"X, X] 
(cf. Proposition 1). 

[Note: An arrow f: )”X — X is composition nilpotent iff f* = 0 for some k or still, 


is nilpotent when viewed as an element of [X, X],.| 


PROPOSITION 31 Let X be p-compact and fix n > 1. Suppose that f : U4X > X, 


g: eX > X are v_z-maps—then Ji,j:f* = gi. 


The proof of Proposition 31 rests on the following considerations. 

Given a p-compact X in C(n) (n > 1), put RX = hom(X,S,) A X (= hom(X, X))—then RX is a 
p-compact ring spectrum, H(Q) A RX = 0, and [X, X]. & 7.(RX). 

Definition: An element a € tg(RX) is a un-element provided that its image K(m).(a@) under the 
Hurewicz homomorphism S.(RX) > K(m).(RX) is a unit if m = n and vanishes otherwise (m € [1, oo). 

[Note: By contrast, if K(m).(a) =0V m € [0, co[, then a is nilpotent.] 

Example: The adjoint f € mg(RX) of a v,-map f € [X, X]q is a vn-element (and conversely). 

Claim: Fix a vy-element a—then 4 i such that K(n)«(a*) = v)’ for some N. 

[The ungraded quotient K(n)«(RX)/(vn — 1) is a finite dimensional Fy-algebra, thus its group of 
units is finite.] 

Claim: Fix a vj-element a—then i such that a’ is in the center of 7.(RX). 

[There is no loss of generality in supposing that K(m).(q@) is in the center of K(m).(RX) Vm € 


[0, oof. Letting ad(a) : 34RX + RX be the composite 84, RX “4, RX ARK “1 RX ARK > 


+ Ann. of Math. 148 (1998), 1-49; see also Ravenel, Nilpotence and Periodicity in Stable Homotopy 
Theory, Princeton University Press (1992), 53-68. 
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RX, ad(a).(8) = af — Ba and V i, ad(a’).(B) = > () ad? (a)«(B)atJ. Since p*a = 0 for some k 


j 
and ad(a) € [RX,RX]. is nilpotent (cf. Proposition 29), one can take i = pN (N >> 0) to get that 


a’B — Bat =0V BE mx (RX).] 

Claim: Fix vp-elements a, 8—then 3 i,j such that a? = 6). 

[Assuming, as is permissible, that a8 = Ba and K(m).(a— 8) =0V m € [0, oo[, use the binomial 
theorem on a?* — (B+(a- pyr (N >> 0), observing that a — 8 is both torsion and nilpotent.] 


The last claim serves to complete the proof of Proposition 31. 


PROPOSITION 32 Let X,Y be p-compact and fix n > 1. Suppose that f : N¢X > 
X, g : “©Y > Y are v,-maps—then J i,j such that V h ©€ [X,Y] the diagram 
v4 h=>/ eh 
rs 


yiex yey 
f’ | | commutes. 
X — a Y 


[Pass to hom(X,§,) A Y and apply Proposition 31.] 


To round out the discussion on p. 17-35, we shall now verify that V,, is thick. 
Obviously, V,, contains 0 and is stable under ©+!. Next, let X, Y be objects of V,, with vn- 
maps f: ©4K > X, g: ©°Y > Y. Choose i,j per Proposition 32 and put k = id (= je). 
Take X-4Y and complete it to an exact triangle KX 4 Y > Z4 ©X—then the claim is 

sidx BE syey EX pez 


that Z admits a v,-map. For consider the diagram ¢: | |e . Since 


X ea Y ae Z 
wey ets D*Z is a weak cokernel of O*47X me »I°Y and since v ogi oD*¥u = vouof! = 
0, J an arrow h: ©*Z — Z such that ho’*v = vog/ (cf. p. 15-3 ff.). The five lemma 
gives that K(n),(h) is an isomorphism. And: Vm 4 n (m € [0,00[), K(m),(h’) = 0. 
Therefore h? is a v,-map, so Z is in V,, which means that V,, is triangulated. Finally, 
if Y € Ob V, and Y ¥ XVZwithi: X > Y,r: Y > X and roi = idx, then 
X € Ob V,,. Thus fix a v,-map g: U°Y > Y. By raising g to a sufficiently high power, 
ney =O), yey 


it can be arranged that the diagram e| |s commutes (cf. Proposition 


yo = “y 


mex 24 pey 24) ex 
32). Applying K(n), to \t {s |t , where f=rogo»®i, and using 
XK. oe. OY ee 
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the fact that the retract of an isomorphism is an isomorphism, one concludes that f is a 


Un-map. Accordingly, V,, is thick. 


PROPOSITION 33 If E is p-local, then V X, Lp X, ~ LyX & (LEX)>. 

[Since E is p-local, E+ EA S(Z,), hence (E) < (S(Z,)), and the lemma on p. 17-22 
can be quoted.] 

[Note: In order that X be E,-local, it is therefore necessary that X be p-local.| 


Application: If E is p-local and if LyX + XA LRgS, V p-local X, then Tp is smashing. 
[Given an arbitrary X, LyX ~ LEX, ~ X, \ LES, ~ X AS(Z,) \ LES, & XA 
(LES,)p ¥ XA LE(Sp)p ¥ XA LES, Y XA LES.| 


Recall that for any E and any compact X, by X ~ XALgS (cf. p. 15-41). Corollary: 
For any p-local E and any p-compact X, Lp X + X A LES,. Proof: Write X = X,, where 
X is compact (cf. p. 17-27)—then [pX ~ LyX, © LpX ~ XALpS © XA LgS, ~ 
XAS(Z,) \ LeS, © X,\LgS, ~ X A LeS,. Example: Taking E = S(Z/pZ) (= M(p)), 
Lg(z/pz)X © XA S, if X is p-compact. 


EXAMPLE Let E # 0 be p-local and suppose that there exists an E.-local object in C(n) for 
some n < oo. Case 1: H(Q) AE 4 0—then LepX & X V p-compact X. Case 2: H(Q) AE = 0—then 
DpxX = XA Ss, V p-compact X. 

[The class of all p-local X which are E,-local must contain Ob C(1). In addition, Ss. is E,-local 
(consider the exact triangle S, AS3 > M(p) > =S,) and if F is defined by the exact triangle F > Sp > 


Ss, — =F, then F is E,.-local or E,-acyclic depending on whether H(Q) AE # 0 or H(Q) AE =0 (F isra- 
F — Ss, —> S, — SF 


tional). Working now with the commutative diagram | | | | F 


TB S=S- tS OS So SS NTE 
one thus sees that in case 1, S, is E,-local (> DLgX % XA LpSp ® XASp & X) while in case 2, 


LpSp © Sp (> LpX © XALpSy © XAS>),] 


EXAMPLE Let E #0 bea p-local ring spectrum with the property that ACY,(E) = 0. Case 1: 
H(Q) AE 4 0—then LpX & X V p-compact X. Case 2: H(Q) AE = 0—then Lg X & XAS, V p-compact 
X. 

[In view of the preceding example, one has only to exhibit an E,-local object in C(1). Choose 
n € [0,00] : K(n)«(E) ¥ 0 (cf. p. 17-31). If K(co).(E) = H(Fp)«(E) ¥ 0, then (H(F,)) < (E) and M(p) 
is H(F,)+-local, hence is E,-local. So suppose that H(F,) A E = 0. Claim: 3 a sequence ki < ko <--: 


such that E A K(k;) 4 0 (i = 1,2,...). Proof: Vn < co, Jd a p-compact ring spectrum X,, of type n 
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and EA Xn # 0 (by hypothesis) = K(m).(E A Xn) = 0 (m < n or m = ce) > K(m)x(EA Xn) 4 0 
(4 m € [n, cof). But (K) < (E) and M(p) is K.-local, where K = \/ K(k;).] 


a 


FACT Let E #0 be p-local. Assume: ACY,(E) = 0 and Tg is smashing—then (E) = (Sp). 

[Since Tz is smashing, (E) = (LgS) = (LgS,). However LgS, £ 0 is a p-local ring spectrum with 
the property that ACY,(LgS,) = 0. Therefore Lr345,Sp  LESp & Sp or Se, And: (Sp) = (Sy) => 
(E) = (Sp).] 


Let X(n) be a p-compact spectrum of type n—then by the class invariance principle, 
(X(n)) depends only on n. Write T(n) for f—'X(n), where f : U¢X(n) > X(n) is a vp-map. 
Thanks to Proposition 31, T(n) is independent of the choice of f. Moreover, its Bousfield 
class (T(n)) is independent of the choice of X(n) and applying Proposition 43 in §15 
repeatedly, one obtains a decomposition (S,) = (T(0)) V (T(1)) V---V (T(n)) V (X(n+ 1)) 
with (T(z)) A (X(n + 1)) = (0) @ = 0,1,...,n), (T(n)) A (T(m)) = (0) (m # n) (here, 
T(0) = H(Q)). Examples: (1) (BP) A (X(n)) = (P(n)); (2) (BP) A (E(n)) = (K(n)). 

Notation: Put T(< n) = T(0)VT(1)v---VT(n), call Tf the corresponding localization 


functor, and let Lf be the associated reflector. 


PROPOSITION 34 Ty is smashing, so VX, LJX ~ XA LAS. 
[The Bousfield classes of L£S, (= L/S) and T(< n) are one and the same.] 


FACT Suppose that X is p-compact and has type n—then LIX wx f—'X, £: U4¢X > KX a vp-map. 


Notation: Put K(< n) = K(0) V K(1) V--- V K(n), call T,, the corresponding local- 
ization functor, and let L,, be the associated reflector. 

There are similarities between the “LF theory” and the “L,-theory” (but the proofs 
for the latter are much more difficult). Thus, e.g., it turns out that T,, is smashing (cf. 
Proposition 34). Moreover, one can attach to any X a tower [pX «+ [1X «+ --- and 
X & mic(LoX + L1X + ---) if X is p-compact (it is unknown whether the analog of this 
with L,, replaced by Lf is true or not). On the other hand, Lf and L,, are connected by 
a natural transformation L/ > L,, and V X, L£X > L,,X is a BP,-equivalence. 

[Note: These assertions are detailed in Ravenel’. They represent the point of departure 
for the study of the “chromatic” aspects of HSPEC.] 


FACT Suppose that X is p-compact and has type n—then LIX & Lyn) X and LyX & Lyn) X. 


+ Nilpotence and Periodicity in Stable Homotopy Theory, Princeton University Press (1992), 81-98. 
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818. ALGEBRAIC K-THEORY 


My objective in this § is to provide an introduction to algebraic K-theory, placing the 
emphasis on its homotopical underpinnings. 

Consider a skeletally small category C equipped with two composition closed classes 
of morphisms termed weak equivalences (denoted —+) and cofibrations (denoted —), each 
containing the isomorphisms of C—then C is said to be a Waldhausen category provided 
that the following axioms are satisfied. 

(WC-1) C has a zero object 0. 
(WC-2) All the objects of C are cofibrant, i.e., VX € Ob C, the arrow 0 > X 
is a cofibration. 
(WC-3) Every 2-source X 275, Y, where f is a cofibration, admits a pushout 
ype Y, where 7 is a cofibration. 
oe By yy 
(wc-4) If | | | is a commutative diagram, where { f 
Xx! = Z! ae Yy’ 
are cofibrations and the vertical arrows are weak equivalences, then the induced morphism 
P + P’' of pushouts is a weak equivalence. 


[Note: The opposite of a Waldhausen category need not be Waldhausen.] 


0 — Y 
Remark: C has finite coproducts (define X LLY by the pushout square | | 
X —>XUY 


(=> inx & iny are cofibrations) ). 
[Note: Every cofibration X — Y has a cokernel Y/X, viz. YUO.] 
Example: A finitely cocomplete pointed skeletally small category is Waldhausen if the 


weak equivalences are the isomorphisms and the cofibrations are the morphisms. 


EXAMPLE Take for C the category whose objects are the pointed finite sets—then C is a Wald- 


hausen category if weak equivalence = isomorphism, cofibration = pointed injection. 


EXAMPLE Take for C the category whose objects are the pointed finite simplicial sets—then 
C is a Waldhausen category if weak equivalence = weak homotopy equivalence, cofibration = pointed 


injective simplicial map. 


EXAMPLE Let A be aring with unit. Denote by P(A) the full subcategory of A-MOD whose 
objects are finitely generated and projective—then P(A) is a Waldhausen category if weak equivalence = 


isomorphism, cofibration = split injection. 
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EXAMPLE Let A be aring with unit. Denote by F(A) the full subcategory of A-MOD whose 
objects are finitely generated and free—then F(A) is a Waldhausen category if weak equivalence = iso- 


morphism, cofibration = split injection with free quotient. 


FACT The cofibrant objects in a pointed skeletally small cofibration category are the objects of a 
Waldhausen category (cf. §12, Proposition 3 and p. 12-32). 


PROPOSITION 1 Any skeleton of a Waldhausen category is a small Waldhausen 


category. 


There are two other conditions which are sometimes imposed on a Waldhausen cate- 
gory. 
(Saturation Axiom) Given composable morphisms f,g, if any two of f,g, go f 
are weak equivalences, so is the third. 
X— Y — Y/X 
(Extension Axiom) Given a commutative diagram | i Wl, Sate 
DG is y’ a y'/X' 
X > X' & Y/X > Y'/X' are weak equivalences, then Y + Y’ is a weak equivalence. 


Neither the saturation axiom nor the extension axiom is a consequence of the other axioms. 


Observation: If C is a Waldhausen category, then its arrow category C(->) is a 
Waldhausen category. 

[The weak equivalences and cofibrations are levelwise.] 

Let C be a Waldhausen category—then a mapping cylinder is a functor M : C(—) > 
C together with natural transformations 1: S > M,7:T7—> M,r: M —- T, where 
S : C(—) — C is the source functor and T : C(-) — C is the target functor, all subject 
to the following assumptions. 

[Note: Spelled out, M assigns to each object X 4, y in C(—) an object My in C and 
to each morphism (¢,~): f > f’ in C(—) a morphism Mg : My — My, in C.| . 

X +My My Y 


(MCy1) For every object X AY in C(—), the diagrams ‘K\ |r. WA 
Y 


commute and ij: X IY — My is a cofibration (hence i & j are cofibrations). 
(MCy2) For every object Y in C, Moy = Y with r = idy and 7 = idy. 
(MCy3) For every morphism (¢, 7): f — f' in C(—), Mg,y : My > My isa 


weak equivalence if ¢, ~ are weak equivalences. 
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(MCy4) For every morphism (¢,~): f > f' in C(-), Mg,y : Mp > My isa 


cofibration if ¢, ~ are cofibrations. 


xiy = 
(MCy;) For every morphism (¢, /): f 3 f! in C(—), the diagram | 
X'HY’ eit 
Ms —> Y 
| | commutes and if ¢,~ are cofibrations, then the arrow (X' IY’) xy My 
My ae 1 


— My is a cofibration. 
Example: The cone functor [ : C + C sends X to TX, where [X = Mx_,9 and the 
suspension functor ©: C + C sends X to UX =I'X/X (per X 5TX). 


EXAMPLE The category of pointed finite simplicial sets, where weak equivalence = weak homo- 


topy equivalence and cofibration = pointed injective simplicial map, has a mapping cylinder. 


(Mapping Cylinder Axiom) Assume that C admits a mapping cylinder—then 
v xX 4Y €0b C(-), r: My - Y is a weak equivalence. 


EXAMPLE Thecategory of pointed finite simplicial sets, where weak equivalence = isomorphism 
and cofibration = pointed injective simplicial map, has a mapping cylinder which does not satisfy the 


mapping cylinder axiom. 


In a Waldhausen category, an acyclic cofibration is a morphism which is both a weak 


equivalence and a cofibration. 


PROPOSITION2 If X2Z4Yisa 2-source, where f is an acyclic cofibration, then 

Y -4 P is an acyclic cofibration. 
G 2, Ge ae 
[Bearing in mind WC-3, consider the commutative diagram fl | | 


X £—- fF —> Y 
f 9g 


and apply WC-4.] 
[Note: Therefore 0 > Y/X is an acyclic cofibration if X — Y is an acyclic cofibration.] 


Remark: If C satisfies the saturation axiom and the mapping cylinder axiom, then j is 


an acyclic cofibration and 7 is an acyclic cofibration provided that f is a weak equivalence. 
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Notation: Given a Waldhausen category C, wC is the subcategory of C having mor- 
phisms the weak equivalences, coC is the subcategory of C having morphisms the cofibra- 


tions, and wcoC is the subcategory of C having morphisms the acyclic cofibrations. 


PROPOSITION 3 Suppose that C is a small Waldhausen category satisfying the 
saturation axiom and the mapping cylinder axiom—then the inclusion 1 : weoC — wC 
induces a pointed homotopy equivalence Bu: BweoC — BwC. 

[Owing to Quillen’s theorem A, it suffices to show that v is a strictly initial functor, 
ie., that V Y € Ob wC, the comma category 1/Y is contractible. An object of 1/Y isa 
pair (X,f), where f : X — Y is a weak equivalence. Specify a functor m:1/Y > 1/Y 
by sending (X, f) to (My,r)—then 7 defines a natural transformation id,;y — m and j 
defines a natural transformation K,yia,) — m. Therefore Bi/Y is contractible (cf. p. 
3-15). 

[Note: The base point is the 0-cell corresponding to 0.] 


Let C be an additive category—then a pair of composable morphisms X BV 

exact if 7 is a kernel of p and p is a cokernel of 7, a morphism of exact pairs being a triple 
5 ae Rs a= a 

(f,9g,h) such that the diagram \f |g |h commutes. 
Xx! = be rr Z' 

[Note: The first component of an exact pair is called an inflation (denoted —), the 
second component a deflation (denoted —>) (terminology as in Gabriel-Roiter').] 

Let C be a skeletally small additive category—then C is said to be a category with 
exact sequences (category WES) if there is given an isomorphism closed class € of exact 
pairs satisfying the following conditions. 

(ES-1) The pair 0“$0 “$0 is in €. 

(ES-2) The composition of two inflations is an inflation and the composition 
of two deflations is a deflation. 

(ES-3) Every 2-source X a7, Y, where f is an inflation, admits a pushout 
x5pé Y, where 77 is an inflation, and every two sink X doe Y, where g is a deflation, 
admits a pullback X apa Y, where € is a deflation. 

[Note: The opposite of a category WES is again a category WES.| 


A full, additive subcategory C of an abelian category D is closed under extensions if 


for every short exact sequence 0 >= X > Y > Z —> 0 in D, where X,Z € Ob C, Jd an 


+ Representations of Finite Dimensional Algebras, Springer Verlag (1992). 


object in C which is isomorphic to Y. 

[Note: Such a C necessarily has finite coproducts.] 

Example: Let C be a full, skeletally small additive subcategory of an abelian category 
D. Assume: C is closed under extensions. Declare a sequence X45Y%4Z in C to be 
exact iff0 3 X +Y 4 Z > 0 is short exact in D—then C is a category WES. 

[Note: This example is prototypical. Thus suppose that C is a category WES—then 
4 an abelian category G-Q and an additive functor 4: C — G-Q which is full and faithful 
such that X + Y % Z is exact iff 0 3 eX 4.Y 4.2 > 0 is short exact. And: C is closed 
under extensions. Specifically: G-Q is the full subcategory of ior. AB]* whose objects 
are those F such that X 5Y%Z exact > 0 3 FZ > FY > FX exact and x is the 
Yoneda embedding. For a proof, consult Thomason-Trobaugh! (G-Q = Gabriel-Quillen).] 


LEMMA Let C be a category WES—then V X € Ob C, idx is both an inflation 


and a deflation. 
0 — X 


[Consider the pushout square | [idx to see that idx is an inflation and 


0 — X 
xX —> O 


consider the pullback square idx | | to see that idx is a deflation.] 


Xa 0 
[Note: Similarly, 0 > X is an inflation and X — 0 is a deflation. Therefore 0 > 
idx 


X'"3 X and X'S X + O are exact. 


Application: Every isomorphism ¢: X — Y is both an inflation and a deflation. 


[By assumption, € is isomorphism closed and there are commutative diagrams || 


X — 
idx 


ye th yt se 


en en | le] 
X —> 0 Oo 5 Me, oy 
idx 
PROPOSITION 4 A category WES is a Waldhausen category. 
[Take for the weak equivalences the isomorphisms and take for the cofibrations the 


inflations. | 


+ The Grothendieck Festschrift, vol. III, Birkhauser (1990), 247-435 (cf. 399-406); see also Keller, 
Manuscripta Math. 67 (1990), 379-417 (cf. 408-409). 
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[Note: This interpretation entails a loss of structure.] 


Remark: Any skeleton of a category WES is a small category WES (cf. Proposition 


1). 
Let C be a category WES. 
i eo Ne 
(3!) 
FACT Consider a pushout square t| |a, where f is an inflation—then Z——>X ® 
xX — P 
g 
¥ aA P is exact. 
P+ Y 
(2) 
FACT Consider a pullback square é| |s, where g is a deflation—then P-—-+ xX 6 
xX — Z 
f 
(f.9) 


Y ——> Z is exact. 


FACT If f:X —/Y has a cokernel and if go f is an inflation for some morphism g, then f is an 


inflation. 


FACT If f : X — Y has a kernel and if f og is a deflation for some morphism g, then f is a 


deflation. 
iny pry . 
FACT VX,Y € ObC, X —>X @ Y ——\yY is exact. 
EXAMPLE Let A be aring with unit—then P(A) and F(A) are categories WES. 


EXAMPLE Let X be a scheme, Ox its structure sheaf—then the category of locally free Ox- 


modules of finite rank is a category WES. 


EXAMPLE Let X be a topological space—then the category of real or complex vector bundles 
over X is a category WES. 


Let C be a category WES—then a pair (A,v), where A is an abelian category and 
t:C > A isan additive functor which is full and faithful, satisfies the embedding condition 


provided that X +,y * 7 is exact iff 0 3 .X 41Y 41Z = 0 is short exact. And: iC is 


closed under extensions. Example: The pair (G-Q, ) satisfies the embedding condition. 
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(E = D Axiom) Under the assumption that the pair (A,v) satisfies the em- 


bedding condition, an f € Mor C is a deflation whenever 1f € Mor A is an epimorphism. 


EXAMPLE Let X be a scheme, Ox its structure sheaf. With C the category of locally free 
Ox-modules of finite rank, let A be either the abelian category of Ox-modules or the abelian category of 
quasicoherent Ox-modules—then in either case, the pair (A, v) satisfies the embedding condition and the 


E = D axiom. 


A pseudoabelian category is an additive category C with finite coproducts such that 
every idempotent has a kernel. Example: Let A be a ring with unit—then P(A) is pseu- 
doabelian (but this need not be the case of F(A)). 

[Note: If C is pseudoabelian and if e : X — X is an idempotent, then X % kere ® 
ker(1 —e) ande HS 0@61.] 


LEMMA Let C bea category WES. Assume: C is pseudoabelian—then f € Mor C 


is a deflation if f has a right inverse. 


Remark: Let C be a category WES—then, while the pair (G-Q, 1) satisfies the 
embedding condition, it is not automatic that the E = D axiom holds. To ensure this, 
it suffices that retracts be deflations (Thomason-Trobaugh (ibid.)) which, by the lemma, 


will be true if C is pseudoabelian. 


EXAMPLE Let X be a topological space—then the category of real or complex vector bundles 


over X is pseudoabelian. 


Rappel: Let C be an additive category with finite coproducts—then there exists a 
pseudoabelian category Cpa and an additive functor ® : C > Cpa which is full and faithful 
such that for any pseudoabelian category D and any additive functor F : C > D, there 
exists an additive functor Fy, : Cpa — D such that F Fy, 0 &. And: Cy, is unique up 
to equivalence. 

[One model for Cy, is the category whose objects are the pairs (X,e), where X € Ob C 
and e € Mor (X, X) is idempotent, and whose morphisms (X,e) > (X‘,e’) are the f € 
Mor (X, X") such that f = e'o foe. Here id(x,-) = e and (X,e)@(X’,e’) = (X OX’, ee’). 
As for @ : C + Cpa, it is defined by @X = (X,idx) & Of =f. 

[Note: Every object in Cy, is a direct summand of an object in ®C. Indeed, (X,e) ® 
(X,l—e) =(X ®X,e@ (1—e)) = (X, idx) = ®X.] 
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FACT If D is a pseudoabelian category and F : C > D is an additive functor which is full and 
faithful such that every object in D is a direct summand of an object in FC, then Fpa : Cpa > D is an 


equivalence of categories. 


EXAMPLE Suppose that X is a compact Hausdorff space. Let C be the category of real or 
complex trivial vector bundles over X—then Cpa is equivalent to the category of real or complex vector 
bundles over X. 


[Since X is compact Hausdorff, VE > X 4 E’ + X such that EF @ E’ is trivial.] 


Let C, D be categories WES. Assume: C is a full, additive subcategory of D with the 
property that a pair X >Y 4 Z is exact in C iff it is exact in D—then C is said to be 


cofinal in D if for every exact pair X +y%Z in D, where X, Z € Ob C, 4 an object in 
C which is isomorphic to Y, and VX € Ob D, 4 Z € Ob D such that X @ Z is isomorphic 
to an object in C. Example: Given a ring A with unit, F(A) is cofinal in P(A). 


EXAMPLE Let C be acategory WES. Viewing C as a full, additive subcategory of Cpa, stipulate 
that the elements of Epa are those pairs which are direct summands of elements of €—then Cpa is a category 


WES and C is cofinal in Cpa. 


If { = are Waldhausen categories and if fF : C > D isa functor, then F is said to be 


a model functor provided that FO = 0, F sends weak equivalences to weak equivalences 
and cofibrations to cofibrations, and F' preserves pushouts along a cofibration, i.e., for any 
2-source X ZLAY. where f is a cofibration, the arrow FX X BY S= P(XUY) is an 


isomorphism. 


C 
FACT Let { be categories WES viewed as Waldhausen categories (cf. Proposition 4)—then an 
D 


Addie Hindtor F< C9 deamnodel Functor 8 OY ea PR PV Pe Bence, 


[Note: In this context, a model functor is called an exact functor.] 


WALD is the category whose objects are the small Waldhausen categories and whose 


morphisms are the model functors between them. 


EXAMPLE Let C bea small Waldhausen category—then the functor category [[n],C] is again in 
WALD (the weak equivalences and cofibrations are levelwise) and Ob [[n],C] = nernC. WritewC(n) for 
the full subcategory of [[n], C] consisting of those functors that take values inwC, i.e., the diagrams of the 


dia 
form Xo Qy, se > Xy-1 aLLaee oe where the f; are weak equivalences (thus Ob wC(n) = nernwC 
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and [[n],wC] is a subcategory of wC(n)). Since pushouts are levelwise, wC(n) inherits the structure of a 
Waldhausen category from [[n], C]. 
[If x & ZY is a 2-source inwC(n), where f is a cofibration, then there are commutative diagrams 


fil [ni and the claim is that Po > Py > ---— Py_-1 > Pn € Ob wC(n). But this is implied by 
Xi; = P; 

&j 
WC-4.] 


Let C be a small Waldhausen category. Recalling that [n](—) is the arrow category 
of [n] (cf. p. 0-3), denote by S,,C the full subcategory of [[n](—), C] consisting of those 
functors F : [n](—4) > C such that F(i > i) = 0 (0 < i < n) and for every triple 


i<j<kin[n], FG - j) > FG > &) is a cofibration and the commutative diagram 
EOS) => Gag) 


| i is a pushout square—then the assignment [n] > S,,C defines 


Fuivk) — FU-k&) 
an internal category in SISET, call it SC. 


[Note: Each a : [m] > [n] in Mor A determines a functor a(—) : [m](—>) > [n](>) 
from which a functor 8,C > SC, viz. F > Foa(-).] 


LEMMA _§,,C is a small Waldhausen category. 


[The weak equivalences are those natural transformations = : F — G such that 


Ei; : F(t 7) > G(i > Jj) is a weak equivalence and the cofibrations are those natural 


transformations = : F — G such that &;_,; : F(i > j) 4 G(i > J) is a cofibration and 
Gli > j) 9 Gi- k) isa 


for every triple i < j < k in [n], the arrow F(i > k) wu 
F(i3j) 
cofibration. | 


[Note: SoC = land SiC = C.] 
Given a C in WALD, define a simplicial set WC by putting W,C = Ob S,C. 


C 
FACT Suppose that { are small Waldhausen categories. Let F : C — D be a model functor— 
D 


then F induces a simplicial map WF: WC > WD. 


C 
FACT Suppose that are small Waldhausen categories. Let F,G :C— D be model functors, 
D 


=: F—- Ga natural isomorphism—then © induces a simplicial homotopy between WF and WG. 


EXAMPLE Let C be a small Waldhausen category. Denote by iC(—) the full subcategory of 


C(—) whose objects are the X Ee Y such that f is an isomorphism—then there is a model functor F : C > 
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id 
iC(>), viz. FX = X —*+X, and a model functor G : iC(—>) > ©, viz. G(X 4Y) = X. Obviously, 


GoF =ide and FoG A idjqy_,), 80 |WC| and |WiC(—)| have the same pointed homotopy type. 


PROPOSITION 5 Let C be a small Waldhausen category—then SC is a simplicial 
object in WALD. 

[The d; and the s; are model functors.] 

[Note: A model functor C — D induces a model functor SC — SD. Therefore S is a 
functor from WALD to SIWALD (= [A°?, WALD)).] 


Given a small Waldhausen category C, let BwSC = |[n] — BwS,,C|—then BwSC 
is path connected and there is a closed embedding MBwC — BwSC. Now iterate 
the process, i.e., form sAC = SSC, a bisimplicial object in WALD, and in general, 
SC =S.---SC, a multisimplicial object in WALD. Write wS“C for the weak equiv- 
alences in SC. If BwSC is its classifying space (see below), then BwSC is 
(q — 1)-connected (q > 1) and there is a closed embedding NBwS‘C > BwS“tVC 
whose adjoint BwS%C > QBwS“tYC is a pointed homotopy equivalence (cf. p. 18- 
17). The data can be assembled into a separated prespectrum WC, where (WC)o = 
BwC and (WC), = BwS“C (q > 1). Definition: The spectrum KC = eWC is 
the algebraic K-theory of C, its homotopy groups 7,(KC) (® m,(QBwSC)) being the 
algebraic K-groups K,,(C) of C. 

[Note: KC is connective. In addition, KC is tame (since WC satisfies the cofibration 
condition).| 

Remark: A model functor Ff : C — D determines a morphism WC —+ WD of 
prespectra, hence a morphism KC -> KD of spectra. Therefore K : WALD —+ SPEC is 
a functor. 

[Note: If BwSC — BwSD is a weak homotopy equivalence, then V q, BwS%C > 
BwSD is a weak homotopy equivalence or still, a pointed homotopy equivalence, so 
KC — KD is a homotopy equivalence of spectra (cf. p. 16-8).] 

Convention: If C is an arbitrary Waldhausen category, then C is not necessarily small. 
However C is skeletally small (by definition) and all of the above is applicable to a skeleton 
C, thus KC = KC and K,,(C) = K,(C). 

[Note: If C is small to begin with, then BwSC and BwSC have the same pointed 


homotopy type, so this is a consistent agreement.| 


If X : (Ax---xA)°P + CG is a compactly generated multisimplicial space, then its geometric reali- 
zation is the coend X @ax...xA(A’ Xp: :XpA’), which is homeomorphic to |diX|, the geometric realization 


of diX (the diagonal of X (cf. p. 14-14)). 
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EXAMPLE If C is an internal category in SISET, i.e., a simplicial object in CAT, then ner C 
is a bisimplicial set or still, a functor (A x A)OP > SET(C CG) and its geometric realization is the 
classifying space BC of C (thus BC & |[n] — BC,]). 


[Note: Analogous considerations apply to multisimplicial objects in CAT.] 


EXAMPLE If Cis an internal category in CAT, i.e., a double category, then the classifying space 
BC of C is the geometric realization of the bisimplicial set ner(nerC) (cf. p. 13-67). Example: Let A 
be a subcategory of B, where B is small. Call A- B the double category whose objects are those of 
B, with horizontal morphisms= Mor B and vertical morphisms= Mor A, and whose bimorphisms are the 


commutative squares with horizontal arrows in B and vertical arrows in A. View B as the double category 
e — e 


| || then the inclusion B > A -B induces a homotopy equivalence BB > BA -B. 


e — e 


FACT  IfC is a small Waldhausen category, then there is a pointed homotopy equivalence |WC]| > 
BisoSC. 


EXAMPLE Let C be the Waldhausen category whose objects are the pointed finite sets, where 
weak equivalence=isomorphism and cofibration=pointed injection—then I is a skeleton of C, hence is 
a small Waldhausen category (cf. Proposition 1), and a model for |WI| in the pointed homotopy cat- 
egory is Q©N~S!. Proof: Thanks to the homotopy colimit theorem, N° °S! can be identified with 
hocolim pow S!. But, in the notation of p. 14-68, hocolim pow S! = powS! @p 7° & |y™ |p & B|Moo| & 


|WT'|, where |Moo| = ial BSy. Therefore the loop space of BisoST is pointed homotopy equivalent to 
n>0 
NN*M HS! = OLDS, so the algebraic K-groups K. (LP) of P “are” the a, the stable homotopy groups 


of spheres. 
[Note: More is true, namely KT and S, when viewed as objects in HSPEC, are isomorphic 


(Rognest ).] 


EXAMPLE Let C bea small category WES, CXC? the category of bounded cochain complexes 
over C. Suppose that (A,v) is a pair satisfying the embedding condition and the E => D axiom. Equip 
CXC? with the structure of a small Waldhausen category by stipulating that the weak equivalences are the 
arrows in CXC? which are quasiisomorphisms in A and the cofibrations are the levelwise inflations—then 
the exact functor C > CXC? sending X to X concentrated in degree 0 induces a homotopy equivalence 


KC + KCXC? of spectra (Thomason-Trobaugh?). 


+ Topology 31 (1992), 813-845. 
t The Grothendieck Festschrift, vol. III, Birkhauser (1990), 247-435 (cf. 278-283). 


18-12 


[Note: The definition of weak equivalence is independent of the choice of (A,v). Recall that when C 
is pseudoabelian one can take for (A,v) the pair (G-Q,v) (cf. p. 18-7).] 


PROPOSITION 6 Let C be a small Waldhausen category—then Ko(C) is the free 
abelian group on generators [|X] (X € Ob C) subject to the relations (i) [X] = [Y] ifia 
weak equivalence X — Y and (ii) [Y] =[X]+[Y/X] for every sequence X — Y > Y/X. 

[Since Ko(C) © m1(BwSC), Ko(C) is the free group on generators [X] (X € Ob C) 
subject to the relations (i) [X] = [Y] if J a weak equivalence X — Y and (ii) [Y] = 
[X]-[Y/X] for every sequence X — Y > Y/X. Applying the second relation to X ae 2 ail 
YPSy &y™45 xX WY 25 X gives [X LY] = [X]-[Y] & [X IY] = [Y]- [X], thus 
Ko(C) is abelian and one uses additive notation ({0] = 0).] 

[Note: If X EZ4SY isa 2-source, where f is a cofibration, then [P] = [Y]+[P/Y] = 
Y] + [X/Z] = [X]+[Y]- [2], 


Example: Suppose that C satisfies the mapping cylinder axiom—then V X € Ob C, 
there is a weak equivalence TX — 0, hence [X] = —[1X]. 

[Note: Under these circumstances, every element of Ko(C) is a [X] for some X € 
Ob C. Proof: [Y] — [Z] = [Y 1 ¥Z].] 


EXAMPLE Let C be the category whose objects are the pointed finite CW complexes and whose 
morphisms are the pointed skeletal maps—then C is a Waldhausen category if the weak equivalences are 
the weak homotopy equivalences and the cofibrations are the closed cofibrations which are isomorphic to 
the inclusion of a subcomplex. Put A(*) = QBwSC (the algebraic K-theory of a point )—then the reduced 
Euler characteristic y defined by K > x(K) — 1 is an isomorphism from 19(A(*)) onto Z. 

[Note: Dwyer? has shown that the homotopy groups of A(*) are finitely generated. Structurally, in 
the pointed homotopy category there exists a splitting A(*) ~ N° U~S° x WAPIFF(«) (Waldhausen?), so 
Tq(A(x)) & 13 @tq(WhPIFF(«)). Here WhD!FF(%) is the Whitehead space of a point. It has the property 
that there is a pointed homotopy equivalence Q2WhPIFF (x) — P(x), the stable smooth pseudoisotopy 
space of x. Rationally, it is known that mg(WhP!IFF(«)) @ Q =Q ifq=5 mod 4 and is zero otherwise, 


but the explicit determination of the torsion is difficult and unresolved.] 


EXAMPLE Let C be a small category WES—then C has finite coproducts (=finite products), 
thus C can be viewed as a symmetric monoidal category. Therefore the isomorphism classes of C constitute 


an abelian monoid, call it M. Definition: K®(C) = M, the group completion of M. So: Ko(C) is a 


+ Ann. of Math. 111 (1980), 239-251. 
= Ann. of Math. Studies 113 (1987), 392-417. 
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quotient of Ke (C), the two being the same if every exact pair X SY 37 splits (i.e., is isomorphic to 


RE MGT S75. 


FACT Let C, D be small categories WES. Assume: C is cofinal in D—then Ko(C) is a subgroup 
of Ko(D). 

[Observe first that K®(C) is a subgroup of K®(D). This said, suppose in addition that C is 
isomorphism closed in D. Given an exact pair X 4y % Zin D, choose X’, Z’ in D such that X@X', Z@Z’ 
are in C—then X 6 X' > Z'@Y @X' — Z' @Z is exact in D, hence Z’ @Y © X’ € Ob C. Consequently, 
in K®(D), [Z'@Y 6X"]—[X @X']-[Z'@ Z] = [2] + [¥] + [X']-[X] -[X1-[2']- [4] = [Y] -[X] - [2], 
thus the kernel of K(?(C) + Ko(C) equals the kernel of Kj’?(D) > Ko(D), which implies that the arrow 


Ko(C) — Ko(D) is one-to-one.] 


EXAMPLE Let C be a small category WES—then C is cofinal in Cpa (cf. p. 18-8), so Ko(C) is 
a subgroup of Ko(Cpa). 

[Note: Let A be a ring with unit—then Ko(P(A)) = Ko(A) and F(A) is cofinal in P(A). The arrow 
Z>o — P(A) that sends n to A” induces a homomorphism Z — Ko(A) of groups (injective iff A has the 
invariant basis property (i.e, m #4 n => A™ % A™)). Since F(A)pa = P(A), it follows that the cyclic 
group Ko(F(A)) is a subgroup of Ko(A).] 


PROPOSITION 7 Suppose that are small Waldhausen categories. Let FG : 


C 
D 
C + D be model functors, = : F > G a natural transformation such that VX € Ob C, 
=x : FX + GX isa weak equivalence in D—then = induces a spectral homotopy between 
KF and KG (cf. p. 13-15 and §14, Proposition 12). 


[Note: One starts from the pointed homotopy BwSF ~ BwSG.| 


EXAMPLE Suppose that C satisfies the mapping cylinder axiom—then V X € Ob C, there is a 
weak equivalence TX — 0. But I: C > C is a model functor, hence the induced map BwSC > BwSC 


is nullhomotopic. 


Let C, C’, C” be small Waldhausen categories. Assume: C’ and C” are subcategories 


of C with the property that the inclusions C’ + C, C” — C are model functors. Denote 


X'’ —> 0 
by E(C’,C,C”) the category whose objects are the pushout squares If | in C, 
X 2 x! 


where X’ € Ob C’, X € Ob C, X” € Ob ©”, and whose morphisms are the commutative 
XxX! ar X aay xX” 
diagrams | | | in C, where X’ + Y’ € MorC’, X + Y € MorC, X” > 


yr. yY —> y” 
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Y” € MorC”. 
[Note: When C’ = C and C” =C, put EC = E(C,C,C).] 


LEMMA E(C’,C,C”) is a small Waldhausen category. 

[A morphism in E(C’,C,C”) is a weak equivalence if X’ > Y' is a weak equivalence 
in C’, X > Y is a weak equivalence in C, X” + Y” is a weak equivalence in C” and a 
morphism in E(C’,C, C”) is a cofibration if X’ > Y’ is a cofibration in C’, Y’ ug X>Y 
is a cofibration in C, X"" > Y” is a cofibration in C”. 

[Note: X — Y is then a cofibration in C (being the composite X’ u XY’! u XxX 
Y (cf. §12, Proposition 4)).] 


There are model functors s : E(C’,C,C”) > C’, t : E(C’,C,C”) = C, Q : 
E(C’,C, C0") 3 ©", viz. s(X! 3 X OX" =X UX OX GXY)=AK, Q(X XA 
X") = X". In the other direction, there is a model functor I: C’ x C” > E(C’,C,C”) 
which sends (X’, X") to X' > X'ILX" > X". Agreeing to write (s,Q) for the model func- 
tor E(C’,C, C”) + C’ x C” defined by s and Q, viz. (s,Q)(X’ — X > X") = (X', X"), 
one has (s,Q) oI = idexe". 


RELATIVE ADDITIVITY THEOREM The model functor (s,Q) induces a homo- 
topy equivalence K(s, Q) : KE(C’,C,C”) + KC’ x KC” of spectra. 


ABSOLUTE ADDITIVITY THEOREM The model functor (s,Q) induces a homo- 
topy equivalence K(s,Q) : KEC — KC x KC of spectra. 


It is a question of proving that (s,Q) induces a weak homotopy equivalence 
BwSE(C',C,C”) — BwSC' x, BwSC” of classifying spaces. To this end, we shall 


proceed via a series of lemmas. 


HOMOTOPY LEMMA Grant the truth of the absolute additivity theorem—then 
BwSt : BwSEC — BwSC is pointed homotopic to BwS(s 1 Q) : BwSEC — BwSC. 
[Note: Here (s ILQ)(X’ > X 3 X") = X'ILX"] 


TRIAD LEMMA Grant the truth of the absolute additivity theorem. Suppose given 

a small Waldhausen category D, model functors G,G’,G” : D —> C, and natural transfor- 

mations G’ > G, G > G”. Assume: (i) For every object X in D, the arrow G’X > GX 
G’x — 0 

is a cofibration and the commutative diagram | | is a pushout square; (ii) 


GX GX 
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For every cofibration X — Y in D, the arrow G/Y Ae GX — GY is a cofibration—then 
BwSG is pointed homotopic to BwS(G’ Il G”). 
[There exists a model functor 6: D > EC with G’=s06,G=to®,G”"=Qo®. 


The assertion thus follows from the homotopy lemma by naturality.] 


EXAMPLE Let C be the Waldhausen category whose objects are the pointed finite CW complexes 
and whose morphisms are the pointed skeletal maps—then the arrow BwSC — BwSC induced by © is a 
pointed homotopy equivalence. 
[In the triad lemma, take C = D and let G! = idg, G=T, G” = 51] 
[Note: The full subcategory Co of C whose objects are path connected is Waldhausen (WC-3 is 
BwSC 2", BwSC 
a consequence of AD (cf. p. 3-1)). Since there is a commutative diagram B.| 7 NY [a ; 
BwSCo asx BwSCo 
it follows that Bu is a pointed homotopy equivalence. Therefore the algebraic K-theory of a point can 
be defined using path connected objects. If now Cy, is the full subcategory of Co whose objects are 
simply connected, then Ci is Waldhausen (WC-3 is implied by the Van Kampen theorem). Repeating 
the argument, one concludes that the algebraic K-theory of a point can be defined using simply connected 
objects. As an aside, observe that C1 satisfies the extension axiom (via the Whitehead theorem) but CG 


does not.] 


LEMMA OF REDUCTION The absolute additivity theorem implies the relative ad- 
ditivity theorem. 

[Since (s, Q)ol = ide’xc", it suffices to show that BwS(Io(s, Q)) is pointed homotopic 
to the identity. Accordingly, to apply the triad lemma, define model functors G’,G,G” : 
E(C’,C,C”) 3 E(C’,C,C”) by G(X! 4 X 3X") = x8 x 50, G(X 4 XO 
HS ye eK GNA x a KO La KS XY and note thay BwSike 
(s,Q)) = BwS(G' 1G"). 


ADDITIVITY LEMMA The simplicial map W(s,Q) : WEC > WC x WC induced 


by (s,Q) is a weak homotopy equivalence (notation as on p. 18-9). 


The additivity lemma implies the absolute additivity theorem. To see this, introduce 
wC(n) (cf. p. 18-8 ff.)—then V n, the arrow WEwC(n) —> WwC(n) x WwC(n) is 
a weak homotopy equivalence. Therefore the diagonal of the bisimplicial map ({[n] > 
WEwC(n)) > ({(n] > WwC(n)) x ([n] ~ WwC(n)) is a weak homotopy equivalence (cf. 
§13, Proposition 51) or still, the induced map of geometric realizations is a weak homotopy 


equivalence. It remains only to observe that Ob S,,wC(n) © ner, WSC. 
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LEMMA The projection WEC WC induced by s is a homotopy fibration (cf. 


infra). 


This result leads to the additivity lemma. In fact, Vn & V x € W,,C, the pull- 
Fi, — WEC 


back square |p (F, = WEC,) is a homotopy pullback (cf. p. 12-16). 
A[n] — Wwe 


Now take n = 0 and recall that WoC = *—then Fy ~ WEC4WC is a homotopy 
pullback and Fo can be identified with WFoC, FoC being the full subcategory of EC 


whose objects are the 0 > X > X"” (= X x X"). But the model functor FoC > C 
0 — xX — Xx" 


defined by | gives rise to a homotopy equivalence WFy>C > WC 
xX 
of simplicial sets. Therefore the sequence WC > WEC-4+WC is a homotopy pull- 


back (the arrow WC — WEC corresponds to the insertion C — EC which sends X 
WC —- WCxWC — WC 
idx 


to 0 — X —+>X). Consider the diagram _ || | || , where 


WC -—> WEC — WC 
the vertical arrow is determined by J. Passing to geometric realizations, the top and 


bottom rows become fibrations up to homotopy (per CGH (singular structure) (cf. p. 
13-75)), thus |WI| : |WC| x; |WC| > |WEC| is a pointed homotopy equivalence. Since 
|W(s,Q)| °o|WI| = idiwejx,|wey}, it follows that |W(s,Q)| is also a pointed homotopy 


equivalence, the assertion of the additivity lemma. 


Put X = WEC, B = WC—then to prove the lemma, one must show that for every commutative 
Xp —_ Xp, —_ xX 
diagram | | |p , the arrow X,, > Xp is a weak homotopy equivalence (cf. p. 


A[n'‘]} — A[n] — B 
OD 


[0] 
13-64). Since any map [n’] > [n] can be placed in a commutative triangle vA a , there is no 


[n’] —— [n] 
loss of generality in supposing that n’ = 0, thus our objective may be recast. 


LEMMA Fix an element 6 € By and let vu; : X, 4 Xp be the simplicial map attached to the jth 
vertex operator €; : [0] > [n] (0 < i < n)—then v; is a homotopy equivalence. 


[From the definitions, « € Xm (= WmEC) © F’ >> F > F" € Ob ES,,C. And: An element of 


(X4)m consists of an element of Xm plus a map a: [m] — [n] such that F’ is equal to the composite 


18-17 


Ax 


[m](—) 4[n](>) ~.C. There is an evident homotopy equivalence WC - Xp and Vi, qouzof=idwe, 
where q : X, — WC is induced by the functor that takes F’ — F > F” to F”. It will be enough to show 
that q is a homotopy equivalence and for this it will be enough to show that idx, ~ Un° fog. Let XF be 
the composite (A/[1])OP > A©P a) SET and define a natural transformation H : Xf > Xj by assigning 
to 8 : [m] > [1] the function Hg € Mor ((Xg)m,(Xb)m) which sends (F’ > F > F”,a: [m] — [n]) to 
(F! > F > F",a: [m] > [n]). Here @ is the composite [m] sea x [1] 4[n] (Vj, 0) = 3,9, 1) = 2) 


and F’ = bo @». Because a < @, J a natural transformation ax — @, hence J a natural transformation 
F' —> F' 


F' + F' and F is given by the pushout square if I in SmC with F” = F/F’. Needless to say, 


F — F 
this procedure involves certain choices and it is necessary to check that they can be made in such a way 
that H really is natural. Leaving this as an exercise, let us note only that matters can be arranged so that 
the homotopy starts at the identity (viz., if F’ > F’ is the identity, choose F > F to be the identity) and 


that the image of vp o f is fixed under the homotopy (viz., if F’ = 0, choose F > F” to be the identity).] 


Rappel: Given a simplicial set X, TX is its translate (cf. p. 14-12). 


[Note: To X = Xj, so there is a simplicial map siX,; > TX. On the other hand, the 
do : Xn4i1 > Xp define a simplicial map TX > X.] 


Example: If C is a simplicial object in CAT, then TC © (TM,TO), where C © 
(M, O) (an internal category in SISET) and there is a sequence siC; — TC > C. 


[Note: This applies to wSC, where C is a small Waldhausen category. Since wS,C 
is isomorphic to wC, there is a sequence siwC — T’wSC —wSC and since BwSoC = «, 
BTwSC is contractible (cf. p. 14-12). Thus one is lead again to the arrow BwC —> 
QBwSC whose adjoint “BwC — BwSC is the closed embedding on p. 18-10. By natu- 
rality, C can be replaced by SC, which produces another sequence siwSC —> TwS?C > 
wSC. It follows from Proposition 8 below that the sequence BwSC —> BTwS2C > 
BwSC of classifying spaces is a fibration up to homotopy (per CGH (singular struc- 
ture)). Therefore the arrow BwSC > QBwS)C is a weak homotopy equivalence or still, 
a pointed homotopy equivalence. Continuing, one sees that BwS%C > QNBwS“tYC is 
a pointed homotopy equivalence V q (cf. p. 18-10).] 


Let ‘o be small Waldhausen categories, F : C — D a model functor. Define 


s(c45D) —> TSD 
s(c 4D) by the pullback square (i | in [A°?, CAT], so V n, 
SC — SD 
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Sn(C>D) — Sr4iD 
| | is a pullback square in CAT. 


S,C — §,D 
[Note: There is a sequence siD — S(C ze D) > SC] 


LEMMA §,,(C zal D) is a small Waldhausen category. 
wS,,(C 4D) —> wS,,41D 
[The weak equivalences are given by the pullback square | i 
ws,,C — ws,D 
coS,(C5D) —> coSn41D 
and the cofibrations are given by the pullback square | i) ‘| 
coS,,C —  coS,D 
[Note: S(C 4D) is a simplicial object in WALD.] 


id 
EXAMPLE Taking C = D and F = idg gives nothing new (S(C —S+C) = TSC) but there 
Gc — TSC 


is a variant which is of some interest. Thus define GC by the pullback square | | —then 


TSC — SC 
GC is a small Waldhausen category and GC is a simplicial object in WALD. The significance of GC 


lies in the fact that the arrow BwGC > QBwSC is a weak homotopy equivalence if C is a category WES 
(Gillet-Graysont). 


PROPOSITION 8 _ Let io be small Waldhausen categories, F : C — D a model 


D 
functor—then the sequence BwSD —> BwS?)(C *,D) — BwS)C of classifying spaces 
is a fibration up to homotopy (per CGH (singular structure)). 

[It suffices to verify that V n, the sequence BwSD — BwSS,,(C # D) > BwSS,,C is 
a fibration up to homotopy (per CGH (singular structure)) (cf. p. 14-9) (ao(BwSS,,C) = 
* Vn). Do this by comparing it with the sequence BwSD — BwSD x; BwSS,,C > 
BwSS,,C, using the triad lemma to establish that the arrow BwSD x; BwSS,C —- 
BwSS,,(C zal D) is a “retraction up to homotopy”. 


LEMMA Equip CGH with its singular structure. Suppose given a commutative dia- 


+ [llinois J. Math. 31 (1987), 574-597; see also Gunnarsson et al., J. Pure Appl. Algebra 79 (1992), 
255-270. 
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A 3% x 4 ¥ 


gram i} |e || of pointed compactly generated Hausdorff spaces. Assume: 
A —> X' —>» Y 
g’ f' 

A + Xx 

The rows are fibrations up to homotopy—then the square | \¢ is a homotopy 
A’ —> X' 

g' 
pullback. 


[The claim is that the arrow A + Wg) 4 is a weak homotopy equivalence. Consider 

Ale Be SE BOs 
the commutative diagram | | || . By hypothesis, the arrow A’ > Ef 

Ep —» X' <— xX 

nm! ¢ 

is a weak homotopy equivalence, so the induced map W,:,4 4 Wa: 4 is a weak homotopy 
equivalence (cf. p. 4-48). On the other hand, the projection a’ : Ey + X' is a pointed 
CG fibration (cf. p. 4-32), hence is a CG fibration (cf. p. 4-7). Therefore the arrow 
Ey xx X + W,4 is a homotopy equivalence (cf. §4, Proposition 18). But Ey: x x: X = 
{yo} xy Wp Xx: X = {yo} xy Wye = Ey and by hypothesis, the arrow A > Ey is a weak 


homotopy equivalence. | 


PROPOSITION 9 Let C’,C,C” be small Waldhausen categories. Suppose given 
BwSC — Bws®(C' >C) 


model functors C’ + C,C — C”—then the square | | is 


BwSC"” —+ BwS(C’ > C") 
a homotopy pullback (per CGH (singular structure)). 


[Bearing in mind Proposition 8, apply the lemma to the commutative diagram 
BwSC —> BwS®(C'’5C) — BwS”c' 


u l — 


BwSC” —> BwS® (C'’>C") — BwSc' 


Suppose given a small category C carrying the structure of two Waldhausen categories, both having 
the same subcategory of cofibrations but potentially distinct subcategories of weak equivalences, say vC 
and wC, with vC CwC (e.g., vC might be isoC). Let C™ be the full subcategory of C whose objects are 
the X such that 0 — X is inwC, put vCY = vCN Cw &wC’ =wCn C”, and coC” = coC N C’— then 


C™ is Waldhausen relative to either notion of weak equivalence. 


LOCALIZATION THEOREM Assume that C admits a functor M : C(->) —> C that is 


a mapping cylinder in the v-structure and the w-structure. Suppose further that in the w-structure, 
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the saturation axiom, the extension axiom, and the mapping cylinder axiom all hold—then the square 
BvSCY — BwSC” 


| | is a homotopy pullback (per CGH (singular structure)). 


BvSC — BwSC 
[The proof, which depends on Proposition 9, is detailed in Waldhausent.] 


[Note: V n, wS,C™ has an initial object, thus BwSC™ is contractible. ] 


Remark: Proposition 3 enters into the proof through the assumption that the w-structure on C 
satisfies the saturation axiom and the mapping cylinder axiom. As for the role of the extension axiom, 
recall that if X — Y is an acyclic cofibration, then 0 > Y/X is an acyclic cofibration (cf. Proposi- 
tion 2), ie., Y/X € Ob C™. Conversely, if X — Y is a cofibration for which Y/X € Ob CY, then 


the extension axiom implies that X -— Y is a weak equivalence (consider the commutative diagram 


| po 


xX — Y — Y/x 
[Note: For an interesting application of the localization theorem to the algebraic K-theory of a ring 


with unit, see Weibel-Yaot .] 


PROPOSITION 10 Let c be small Waldhausen categories, F': C — D a model 


D 
functor—then there exists a long exact sequence --- — Tn41(BwS)(C 4 D)) > 
t,(BwSC) > 7,(BwSD) > 1,(BwS®?(C4D)) > --- 3 m(BwS?(C4D)) > 
™(BwSC) + m(BwSD) > 7 (BwS® (C4 D)) > m(BwSC) > 7(BwSD) in homo- 
topy. 


BwSC —> BwS (c'Sc) 
[Proposition 9 implies that the square i i) is a homo- 


BwSD —> BwS?)(C+sD) 
topy pullback (per CGH (singular structure)), thus the Mayer-Vietoris sequence is appli- 


cable (cf. p. 4-37). And: BwS?)(C ee’ C) is contractible. | 


COFINALITY PRINCIPLE Let C,D be small categories WES. Assume: C is cofinal in D— 
then Kg(C) is a subgroup of Ko(D) (cf. p. 18-13) and Vn >1, Kn(C) & Ky(D). 
[Since by definition, Kn(C) & mn41(BwSC) & Kn(D) & mn+41(BwSD), one can invoke Propo- 


sition 10 if the higher homotopy groups of BwS(?)(C -+D) are trivial. This is established by showing 


+ SLN 1126 (1985), 350-352. 
* Contemp. Math. 126 (1992), 219-230. 
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that BwS(?)(C + D) has the same pointed homotopy type as B(Ko(D)/Ko(C)), the classifying space of 
Ko(D)/Ko(C).] 
[Note: All the particulars can be found in Staffeldt?.] 


EXAMPLE Let C be a small category WES—then C is cofinal in Cpa (cf. p. 18-8), hence 
Yn>1, Kn(C) & Kn(Cpa). 

[Note: Let A be a ring with unit—then F(A) is cofinal in P(A), so the higher algebraic K-groups of 
F(A) can be identified with the higher algebraic K-groups of P(A).] 


Let C, D be small Waldhausen categories, F : C + D a model functor—then F is said 
to have the approximation property provided that the following conditions are satisfied. 
(App1) A morphism f in C is inwC if Ff is inwD. 
(Appz) Given X € Ob C and f € Mor(FX,Y), there is a g € Mor (X, X’) 
FX—_>Y 
and a weak equivalence h: FX’ — Y such that f =ho Fg: Fa| we 


/ 


F 
Remarks: (1) Since F is a model functor, Ff is inwD if f is inwC; (2) When C 
X —4M, 


satisfies the mapping cylinder axiom, 4 a commutative triangle ~~ |r where r isa 


Xx 
weak equivalence, hence in this case one can assume that the “g” is a cofibration. 


APPROXIMATION THEOREM Let C, D be small Waldhausen categories satisfying 
the saturation axiom, F' : C + D a model functor. Suppose that C satisfies the mapping 
cylinder axiom and F has the approximation property—then BwSF : BwSC — BwSD 
is a pointed homotopy equivalence. 

[This result is due to Waldhausen*. I shall omit the proof (which is long and technical) 
but by way of simplification, it suffices that BwF' : BwC — BwD be a pointed homotopy 
equivalence. Reason: S,C and S,,D inherit the assumptions made on C and D, thus 
Vn, BwS,F : BwS,C — BwsS,,D is a pointed homotopy equivalence and so BwWSF : 
BwSC — BwSD is a pointed homotopy equivalence (cf. p. 14-8). One then proceeds 
to the crux, viz. the verification that wF :wC — wD is a strictly initial functor, and 


concludes by appealing to Quillen’s theorem A.] 


+ K-Theory 1 (1989), 511-532; see also Grayson, Illinois J. Math. 31 (1987), 598-617. 
t SLN 1126 (1985), 354-358. 
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EXAMPLE Let C be the Waldhausen category whose objects are the pointed finite CW complexes 
and whose morphisms are the pointed skeletal maps. Let D be the category whose objects are the 
wellpointed spaces with closed base point which have the pointed homotopy type of a pointed finite CW 
complex and whose morphisms are the pointed continuous functions—then D satisfies the axioms for a 
Waldhausen category if weak equivalence = weak homotopy equivalence, cofibration = closed cofibration. 
However, while C is skeletally small, D is definitely not. Still, it will be convenient to ignore this detail since 
the situation can be rectified by the insertion of some additional language. We claim that the inclusion 
tu: C — D has the approximation property. Appi is, of course, trivial. To check the validity of Appa, fix 
a K in C and suppose given a pointed continuous function f : K — X, where X is in D. By definition, 4 
an L in C and pointed continuous functions 6: X > L,w:L—7 X such that pod ~ idx, Gow ~ idz. 
Using the skeletal approximation theorem, choose a pointed skeletal g : K — L for which g ~ ¢o f. 

ea ee oes 
Display the data in a commutative diagram XY |}f and consider the composite Mg Ey ae al 


Since poroi=wywog, poroj =y, the restriction of orto KVL equals wogV w (identify K & i(K), 

L& j(L)). Buugr dofsyogryodofrfsypogvyrfvy. Because K V L + Mg is a 
K4M,<L 

closed cofibration, it follows that f V 7% admits an extension to Mg, call it h: K WA . From the 


x 
triangle on the right, one sees that h is a weak homotopy equivalence. On the other hand, f = hoi and i 


is skeletal. 


EXAMPLE Let C be the Waldhausen category whose objects are the pointed finite simplicial 
sets with weak equivalence = weak homotopy equivalence, cofibration = pointed injective simplicial map 
and let D be as in the preceding example. We claim that the geometric realization |?| : C > D has the 
approximation property. Appi is true by definition. Turning to Appa, fix an X in C and suppose given 
a pointed continuous function f : |X| — Y, where Y is in D. Let us assume for the moment that it is 
possible to fulfill Appz up to homotopy, i.e., that 4 a pointed finite simplicial set X’, a simplicial map 
g: X — X', and a weak homotopy equivalence h : |X'| > Y such that f ~ ho |g|—then Appg holds 

x] bag, 2 x 
on the nose. Indeed, |M,| * Mj) and there is a commutative diagram [gj [im . Obviously, 
|x’| 
ho|rlo|i] =holg|, holrlol|j|=h, and holg]|Vh~ f Vh, hence f V h can be extended to Mjg), call it 
xp hy) 2 1x" 


HH: X& A . But A is a weak homotopy equivalence and f = H © |i|, as desired. Proceeding, 


Y 
there exists a pointed finite CW complex having the pointed homotopy type of Y and without loss of 
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generality, one can assume that it is the geometric realization of a pointed finite simplicial set K (cf. §5, 
Proposition 3 and use the barycentric subdivision of the relevant vertex scheme), thus Y may be replaced 
by |K|. Because X is finite, the argument employed in the proof of the simplicial approximation theorem 
produces a simplicial map g : X — Ex" K(4d n) for which |g| ~ |e? |o f. And: |e%|:|K| > |Ex"K| is a 


pointed homotopy equivalence (cf. p. 13-12). 


Remark: The above considerations therefore imply that the algebraic K-theory of a point can also 


be defined in terms of pointed finite simplicial sets. 


Let A be a ring with unit—then it is clear that Ko(P(A)) = Ko(A). 


CONSISTENCY PRINCIPLE There is a pointed homotopy equivalence QBwSP(A) 
— Ko(A) x BGL(A)*, hence Vn > 1, K,(P(A)) © K,,(A). 
[Note: Recall that K,(A) = m(BGL(A)*) (cf. p. 5-73 ff.).] 


This is not obvious and the existing proofs are quite roundabout in that they do not 


directly involve BwSP(A). Instead, one replaces it with BQP(A), where QP(A) is the 


“Q construction” on P(A) (cf. infra), and then introduces yet another artifice, namely 


the “S~'S construction” which, in effect, is a bridge between these two very different 
ways of defining the higher algebraic K-groups of A. For the “classical” approach to these 
matters, consult the seventh chapter of Srinivas' (a sophisticated variant has been given 
by Jardine?). 
Example: Form the monoid [| BAutP, where P runs through the objects in P(A)— 
P 


then in the pointed homotopy category, OB [] BAutP » Ko(A) x BGL(A)t (cf. p. 14-22 
P 


Let C be a small category WES—then QC is the category with the same objects as C, a morphism 


from X to Y in QC being an equivalence class of diagrams of the form X «<- A>—> Y, where X «- A’>> Y 


xX «— A> Y 
& X « A”>—+Y are equivalent if J an isomorphism A’ > A” rendering | | || commu- 


xX «— A” ~ > Y 
tative. To compose X «<- A>~> Y and Y «<- B> = Z, form the pullback A xy B and project to X and 


+ Algebraic K-Theory, Birkhauser (1991); see also Gillet-Grayson, Illinois J. Math. 31 (1987), 574-597 
(cf. 591-593). 


= J. Pure Appl. Algebra '75 (1991), 103-194; see also Thomason, Comm. Algebra 10 (1982), 1589-1668. 
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AxyBroB> Z 


| | 


Observation: If C,D are small categories WES and if F : C > D is an exact functor, then there is 


an induced functor QF : QC > QD. 


PROPOSITION W Let C be a small category WES—then BwSC and BQC have the same 


pointed homotopy type. 


The proof of Proposition W depends on an auxiliary device. 

Let sd: A> A be the functor that sends [n] to [2n + 1] and a: [m] > [n] to the arrow [2m + 1] > 
[2n + 1] defined by the prescription 0 > a(0),...,m 7 a(m), m+1—> 2n+1-—a(m),...,2m+1>5 
2n +1 -a(0). 


Given a simplicial space X, put sdX = X osd°P, the edgewise subdivision of X. So, (sdX)n = Xan41 


d; djOdgn4i1-4 (O<i<n,n>0 
and the : per sd X are the ‘ nti-i (OSTS ) per X. 
8; 8,°San4z1-4  (OXi<n,n>0) 


LEMMA Specify a continuous function 6, : (sdX)n x A" > Xan41 x A?! via the formula 


On(x,to,..- tn) = (2, sto, bate’ stn, stn, Pelioy to )—then the 67 induce a homeomorphism |sdX| —> |X|. 


Let C be a small category WES—then the weak equivalences are isomorphisms (cf. Proposition 4), 
hence BwSC = BisoSC and there is a pointed homotopy equivalence |WC| > BisoSC (cf. p. 18- 
11). On the other hand, from the lemma, |sdWC| = |WC|, thus to prove Proposition W, it suffices to 
construct a pointed homotopy equivalence |sdWC| + BQC. An element F of (sdWC), is an element of 
Wan41C = Ob San41C. Writing F;,; for F(i + j), send F to that element of nern QC represented by the 


Fy—1,n41 Fo,2n 
diagram ra BS Si a a , Le., to the string Fyin+1 7 
Fyin+1 Fy—1,n42 Fi2n Fo enti 
Fn-1n42 7 :++: 2 Fin > Fon41 in nernQC. This assignment defines a simplicial map sdWC > 


ner QC and the claim is that its geometric realization is a pointed homotopy equivalence. 

Introduce the double category iQC = isoQC - QC and recall that there is a pointed homotopy 
equivalence BQC — BiQC (cf. p. 18-11). Call 1Q,,C the category whose objects are the func- 
tors [n] - QC and whose morphisms are the natural isomorphisms (=> 1Q,,C = iso[[n],QC])—then 


Von, the functor isosdSnC — iQ,C is an equivalence of categories. Contemplation of the diagram 
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|lsdWC| — BeQC 

| | finishes the argument. 
BisosdSC — > BiQC 

Let A be a ring with unit—then by definition, WA is the Q-prespectrum with g*® 
space Ko(4A) x BGL(S4A)* (cf. p. 14-72) and KA = eMWA (cf. p. 17-30), thus 
T (KA) = K,(A) (n > 0). And: m_,(KA) = Ko(S"A) = (L"Ko)(A) (n > 0), the 
negative algebraic K-groups of A in the sense of Bass (compare, e.g., Karoubi'). 

[Note: The 7_,(KA) vanish if A is left noetherian and every finitely generated left 


A-module has finite projective dimension.| 


The consistency principle can be generalized: 4 a morphism of spectra KP(A) > KA such that the 
induced map tm(KP(A)) > mn(KA) is an isomorphism V n > 0. 


To conclude this §, I shall say a few words about topological K-theory. 

[Note: A reference is the book of Karoubi*.| 

Let A be a Banach algebra with unit over k, where k = R or C. Write GL(A)*? for 
GL/(A) in its canonical topology—then GL(A)*°? is a topological group and 7(GL(A)*??) 
is abelian. Definition: V n > 0, K'?(A) = mn(BGL(A)'°?), the n*® topological K-group 
of A (put K6°?(A) = Ko(A)). 


BOTT PERIODICITY THEOREM Let A be a Banach algebra with unit over k. 
(k = C) Vn > 0, KtP(A) = KP (A). 
(k = R)V n> 0, KtP(A) & Ki°P,(A). 


For instance, one can take for A the Banach algebra with unit whose elements are the real or complex 


valued continuous functions on a compact Hausdorff space X. 


The identity GL(A) > GL(A)*°? induces a map BGL(A) — BGL(A)*°?, from which 
an arrow BGL(A)t > BGL(A)*°?. Passing to homotopy, this gives a homomorphism 
K,,(A) > Kf°P(A) that connects the algebraic K-groups of A to the topological K-groups 
of A. 

[Note: The fundamental group of BGL(A)'°? is abelian (7(BGL(A)*?) ~& 
To(QBGL(A)?) & mo(GL(A)*°?)), thus BGL(A)*°? is insensitive to the plus construc- 


tion.] 


+ Ann. Sci. Ecole Norm. Sup. 4 (1971), 63-95. 
= K-Theory: An Introduction, Springer Verlag (1978); see also N. Wegge-Olsen, K-Theory and C*- 
Algebras, Oxford University Press (1993). 
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THEOREM OF FISCHER'-PRASOLOV! Let A be a commutative Banach algebra 
over k with unit—then V n > 1, the arrow 7,,(BGL(A)t; Z/kZ) > 7,(BGL(A)'; Z/kZ) 
is an isomorphism. 

[Note: The notation is that of p. 9-2 (BGL(A)* and BGL(A)*°? are H spaces).] 


Therefore, in the commutative case, the algebraic and topological K-groups of A are 


indistinguishable if one sticks to finite coefficients. 


+ J. Pure Appl. Algebra 69 (1990), 33-50. 
* Amer. Math. Soc. Transl. 154 (1992), 133-137. 
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819. DIMENSION THEORY 


Dimension theory enables one to associate with each nonempty normal Hausdorff 
space X a topological invariant dim X € {0,1,...}U {oo} called its topological dimension. 
Classically, there are two central theorems, namely: 

(1) The topological dimension of R” is exactly n, hence as a corollary, R” and 
R”™ are homeomorphic iff n = m. 

(2) Every second countable normal Hausdorff space of topological dimension n 
can be embedded in R?"*?. 

Although I shall limit the general discussion to what is needed to prove these re- 
sults, some important applications will be given, e.g., to the “invariance of domain” and 
the “superposition question”. On the theoretical side, Cech cohomology makes an initial 
appearance but it does not really come to the fore until §20. 

Let X be a nonempty normal Hausdorff space. Consider the following statement. 

(dim X < n) There exists an integer n = 0,1,... such that every finite open 
covering of X has a finite open refinement of order < n+ 1. 

If dim X < n is true for some n, then the topological dimension of X, denoted by 
dim X, is the smallest value of n for which dim X < n. 

[Note: By convention, dim X = —1 when X = 9. If the statement dim X < n is false 
for every n, then we put dim X = o0.] 

Our primary emphasis will be on spaces of finite topological dimension. A simple 
example of a compact metrizable space of infinite topological dimension is the Hilbert cube 
[0, 1]”. 


Why work with finite open coverings? Answer: The concept of dimension would be very different 
otherwise. Example: Take X = [0,Q[—then dim[0,Q[= 0 (cf. p. 19-4). But the open covering {[0, al: 
0 <a <Q} has no point finite open refinement, so [0,Q[ would be “infinite dimensional” if arbitrary open 
coverings were allowed. 

Why work with normal X? A priori, this is not necessary since the definition evidently makes sense 
for any CRH space X. But observe: If dim X = 0, then X must be normal. So, no new spaces of “dimension 
zero” are produced by just formally extending the definition to nonnormal X. Such an agreement would 
also introduce a degree of pathology. Example: The topological dimension of X = [0,2] x [0,w] is zero 
(cf. p. 19-4) but the “topological dimension” of X — {(Q,w)}, the Tychonoff plank (which is not normal), 
is one. The escape from this predicament is to reformulate the definition of dim in such a way that it is 
naturally applicable to the class of all nonempty CRH spaces. The topological dimension of the Tychonoff 


plank then turns out to be zero, as might be expected (cf. p. 19-4). 
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Let X be a nonempty CRH space. Consider the following statement. 
(dim X < n) There exists an integer n = 0,1,... such that every finite numerable open 
covering of X has a finite numerable open refinement of order < n+ 1. 
If dimX < n is true for some n, then the topological dimension of X, denoted by dim X, is the 
smallest value of n for which dim X <n. 
[Note: By convention, dim X = —1 iff X = 9. If the statement dim X < n is false for every n, then 


we put dim X = .] 


Since a nonempty CRH space X is normal iff every finite open covering of X is numerable, this 
agreement is a consistent extension of dim. On the other hand, the price to pay for increasing the 
generality is that more things can go wrong (e.g., every subspace of X now has a topological dimension). 
Because of this, my policy will be to concentrate on the normal case and simply indicate as we go along 
what changes, if any, must be made to accommodate the completely regular situation. The omitted details 
are invariably straightforward. 

[Note: By repeating what has been said above verbatim, an arbitrary nonempty topological space X 
acquires a “topological dimension” dim X. One can then show that dim X = dimcrX, where crX is the 


complete regularization of X (cf. p. 1-26). Example: dim[0, 1]/[0,1[ = 0.] 


PROPOSITION 1 The topological dimension of X is equal to the topological dimension 
of BX. 

[dim BX <n => dimX <n: Let U = {U} be a finite open covering of X. Since U is 
numerable, one can assume that the U are cozero sets. The collection {GX —clgx(X —U)} 
is then a finite open covering of 6X, thus admits a precise open refinement of order < n+1 
which, when restricted to X, is a precise open refinement of YU of order < n+ 1. 

dimX <n = dimBX < n: Let U = {U} be a finite open covering of BX. Choose 
a partition of unity {«y} on BX subordinate to U. The collection {X M Kz'(J0,1))} 
is a finite open covering of X, hence has a precise open refinement V = {V} of order 
<n+1. Let {Ky} be a partition of unity on X subordinate to Y—then the collection 
{8X —clgx(X — K7'(]J0, 1]))} is a precise open refinement of U/ of order < n+ 1.] 


The argument used in Proposition 1 carries over directly to the completely regular situation, so the 


result holds in that setting too. 


A nonempty Hausdorff space is said to be zero dimensional if it has a basis consist- 
ing of clopen sets. Every zero dimensional space is necessarily completely regular. The 
class of zero dimensional spaces is closed under the formation of nonempty products and 


coproducts. 
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[Note: Recall that for nonempty LCH spaces, the notions of zero dimensional and 


totally disconnected are equivalent.| 


A nonempty subspace of the real line is zero dimensional iff it contains no open interval. 
The Isbell-Mréwka space, the van Douwen line, the van Douwen space, and the Kunen line are all 


zero dimensional. But of these, only the Kunen line is normal. 


FACT Let X be a zero dimensional normal LCH space. Suppose that X is metacompact—then X 


is subparacompact. 


Any metric space (X,d) for which d(x, z) < max(d(z,y),d(y,z)) is zero dimensional. Such a metric 
is said to be nonarchimedean. They are common fare in algebraic number theory and p-adic analysis. 
Example: Suppose that X is zero dimensional and second countable—then X admits a compatible nonar- 
chimedean metric. Indeed, let U = {Un} be a clopen basis for X and put d(x, y) = max { benno) 
Xn the characteristic function of Un. 7 


[Note: Suppose that X is metrizable—then de Groot! has shown that dim X = 0 iff X admits a 


compatible nonarchimedean metric.] 


EXAMPLE Let « be an infinite cardinal—then the Cantor cube C, is the space {0,1}*, where 
{0,1} has the discrete topology. It is a compact Hausdorff space of weight « and is zero dimensional. 
Of course, the Cantor cube associated with & = w is homeomorphic to the usual Cantor set. Every zero 
dimensional space X of weight « can be embedded in C,,, hence has a zero dimensional compactification 
CX of weight «. 

[Let U = {U; : i € I} be a clopen basis for X such that #(I) = «x. Agreeing to denote by x; the 
characteristic function of U;, call x the diagonal of the y;—then x : X — C, is an embedding. The 
closure ¢X of the image of X in C, is a zero dimensional compactification of X of weight «. Viewing X 
as a subspace of CX, to within topological equivalence ¢X is the only zero dimensional compactification 
of X with the property: For every zero dimensional compact Hausdorff space Y and for every continuous 
function f : X — Y there exists a continuous function ¢f :¢X — Y such that ¢f|X = f.] 

[Note: Consider the Cantor cube C,,. Since C.+ R, it follows that if X is zero dimensional and 


second countable, then there is an embedding X —> R.] 


Suppose that dim X = 0—then it is clear that X is zero dimensional. To what extent 


is the converse true? 


+ Proc. Amer. Math. Soc. 7 (1956), 948-953; see also Nagata, Fund. Math. 55 (1964), 181-194. 
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LEMMA If for every pair (A, B) of disjoint closed subsets of X there exists a clopen 
set U C X such that AC U C X — B, then dim X = 0. 

[Let U = {U; : i € I} be a finite open covering of X of cardinality #(1) = k. To 
establish the existence of a finite refinement of U/ by pairwise disjoint clopen sets, we 
shall argue by induction on k. For k = 1, the assertion is trivial. Assume that k > 1 
and that the assertion is true for all open coverings of cardinality sk — 1. Enumerate the 


elements of U : Uj,...,U,% and pass to {U1,...,U%—-1 U Ux}, which thus has a precise 


refinement {Vi,... , Vk—1} by pairwise disjoint clopen sets. Noting that { View Und 


are disjoint closed subsets of X, choose a clopen set U C X : Uc (X —Vi1)UU% 


Consideration of the covering {Vi,..., Vk-1 — U, Vg_-1 NU} then finishes the induction.| 


PROPOSITION 2 Suppose that X is zero dimensional and Lindelof—then dim X = 0. 

[Let (A, B) be a pair of disjoint closed subsets of X. Given x € X, choose a clopen 

neighborhood U, Cc X of x such that either AN U, = 0 or BNU, = 0. Let {U,,} be 

a countable subcover of {U,}—then the U; = Uz, — U Uz, are pairwise disjoint clopen 
j<i 

subsets of X and UU; = X. Put U = st(A, {U;}): U is clopen and ACU Cc X — B. The 


lemma therefore implies that dim X = 0.] 


Take X = [0,(]—then X is zero dimensional and compact, thus in view of Proposition 
2, dim[0,Q] = 0. Take next X = [0,Q[—then BX = [0,Q], so dim[0,Q[= 0 too (cf. 
Proposition 1). 


LEMMA Let X be a nonempty CRH space—then dim X = 0 iff for every pair of disjoint zero sets 


in X there exists a clopen set in X containing the one and not the other. 


Consequently, Proposition 2 is valid as it stands in the completely regular situation. Example: 


Consider [0,Q] x [0,w] and conclude that the topological dimension of the Tychonoff plank is zero. 


LEMMA Let X be a nonempty CRH space—then dim X = 0 iff every zero set in X is a countable 


intersection of clopen sets. 


EXAMPLE Let « be a cardinal—then N” is paracompact if « is countable but is neither normal 
nor submetacompact if « is uncountable. Claim: V «, dimN* = 0. For this, it can be assumed that 
« is uncountable. Let Z(f) be a zero set in N“—then there exists a countable subproduct through 


which f factors, i.e., there exists a continuous g : NY — R such that f = gop, p: N* > N® the 


19-5 


projection. Obviously, Z(g) = p(Z(f)). Choose a sequence {Vp} of clopen sets in NY : Z(g) = (Vn. Put 
n 
Un = p—*(Vn)—then Un is clopen in N* and Z(f) = (Un. 
n 
[Note: Suppose that « is uncountable—then every open subspace of N* has topological dimension 


zero but this need not be the case of closed subspaces (cf. p. 19-10).] 


FACT Let X be a nonempty CRH space—then dim X = 0 iff the real valued continuous functions 
on X with finite range are uniformly dense in BC(X). 

[There is no loss of generality in assuming that X is compact. If X is totally disconnected, use 
Stone-Weierstrass; if X is not totally disconnected, consider the functions constant on some connected 


subset of X that has more than one point.] 


It is false that unconditionally: X zero dimensional > dim X = 0, even if X is a 
metric space (Roy‘). 

[Note: The topological dimension of Roy’s metric space is equal to 1. Does there exist 
for each n > 1 a zero dimensional metric space X such that dim X = n? The answer is 


unknown.| 


EXAMPLE (Dowker’s Example “M”) In [0,1], write « ~ y iff ce —y € Q, so [0,1]/~ = L} Qe: 
There are 2” equivalence classes Qa. Each is a countable dense subset of [0,1]. Take a sieollectian 
{Qa :a <Q}, whereVa <Q: Qa #QN([0,1]. Put Sa = [0,1] — J {Q¢ : a < B < Q} and consider the 
subspace X = {(a,s):a<,s € Sq} of [0,Q[x[0,1]}—then X is zero dimensional and the claim is that 
X is normal, yet dim X > 0. To see this, form X* = X U ({Q} x [0,1]), a subspace of [0,2] x [0,1] which 
is normal. In addition, if A and B are disjoint closed subsets of X, then their closures A* and B* in X* 
are also disjoint. It follows that X is normal. If dim X = 0, then there exists a clopen set U C X such 
that [0,Q[x{0} C U and [0,Q/x{1} C X —U. But U*N(X —U)* =0& { Cae , and this 

(Q,1) € (xX -—U)* 
contradicts the connectedness of {Q} x [0,1]. Therefore dim X > 0. One can be precise: dim X = 1. For 
if {U} is a finite open covering of X, then V t € [0,1], there exists a neighborhood O of t and an a@ such 
that XM (Ja, Q[xO) is contained in some U, which implies that there exists a finite open covering {O} of 
[0,1] of order < 2 and an @ such that each X N (Ja, Q[ xO) is contained in some U. Therefore dim X < 1. 

[Note: X has a zero dimensional compactification ¢X and the latter has topological dimension zero 
(cf. Proposition 2). So: A compact Hausdorff space of zero topological dimension can have a normal 


subspace of positive topological dimension. Another aspect is that while X is zero dimensional, 6X is not. 


In fact, dim X = dim GX (cf. Proposition 1), which is > 0, thus Proposition 2 is applicable. Here is a final 


+ Trans. Amer. Math. Soc. 184 (1968), 117-132; see also Kulesza, Topology Appl. 35 (1990), 
109-120. 
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remark: By appropriately adjoining to X a single point, one can destroy its zero dimensionality or reduce 
its topological dimension to zero without, in either case, losing normality. ] 
; ; [0,1] by [0, 1]* ; 
Modify the preceding construction, replacing 3 2 and conclude that there exists a 
by S® 
a a 


compact Hausdorff space of zero topological dimension with a normal subspace of infinite topological 


dimension. 


FACT Suppose that dim X = 0 and X is paracompact. Let A be a closed subset of X; let Y bea 
complete metric space—then every (bounded) continuous function f : A + Y has a (bounded) continuous 
extension FF: X > Y. 

[For n = 1,2,..., let Vz be the covering of Y by open 1/n balls. Let An = {Ain : 1 € In} be an open 
partition of A that refines f—1(V,,). Inductively determine an open partition Un = {Ui,n : i € In} of X that 
refines U,_—1 and Vi € In : ANUi.n = Ain. Assign to a given x € X an index i(z,n) € In: & € Uie.n),n- 
Choose points yin € f(Ai,n). Observe that {Yi(2,n),n} is Cauchy. Put F(x) = lim yy2.n),n-] 


Provided that Y is a separable complete metric space, the preceding result retains its validity if only 


dim X = 0 and X is normal. 


PROPOSITION 83 Suppose that X is a nonempty paracompact LCH space—then X 
is zero dimensional iff dim X = 0. 
[Since X is paracompact, X admits a representation X = [| X;, where the X; are 
i 
nonempty pairwise disjoint open o-compact (=Lindeldf) subspaces of X (cf. p. 1-2). But 
obviously, X is zero dimensional iff each of the X; is zero dimensional. Now use Proposition 
2.] 


Proposition 3 can fail for an arbitrary normal LCH space. Consider the space X of Dowker’s Example 
“M”. It is not locally compact. To get around this, let p: X — [0,Q[ be the projection, form Bp: BX > 
BO, Q[= [0,Q] and put A = (Bp)—1((0,Q[). One can check that A is normal and zero dimensional. And: 
XCACBX > BA=BX = dimA =dimxX > 0 (cf. Proposition 1). But A, being open in GA, is a LCH 
space. 

[Note: A zero dimensional = Ago zero dimensional => dim(A.) = 0 (cf. Proposition 2). So: A 
compact Hausdorff space of zero topological dimension can have an open subspace of positive topological 


dimension. ] 


Let X be a CRH space. Suppose that A is a collection of subsets of X closed under the formation 
of finite unions and finite intersections. A subcollection F C A is said to be an A-filter if (i) 0 ¢ F, (ii) 
AE€EFXKACBEASBEF, and (iii) V A,BEF:ANBEF. Example: A = all zero sets in X or 
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A = all clopen sets in X, the associated A-filters then being the zero set filters and the clopen set filters, 
respectively. 

(Fil) An A-filter F is said to be an A-ultrafilter if F is a maximal A-filter. The maximality 
of F is equivalent to the condition: If BE Aand if ANB #@V AEF, then BEF. An A-ultrafilter F 
is prime, i.e., if A and B belong to A and if AUB € Ff, then A € F or B € F. Every A-filter is contained 
in an A-ultrafilter. 

(Fila) An A-filter F is said to be fixed if M F is nonempty. 

(Fils) An A-filter F is said to have the countable intersection property if for every sequence 
{An} CF, () An # @. 

[Note: The zero sets in X are closed under the formation of countable intersections. Therefore every 
zero set ultrafilter on X with the countable intersection property is closed under the formation of countable 
intersections. | 

The following standard characterizations illustrate the terminology. 

(R) Let X be a CRH space—then X is R-compact iff every zero set ultrafilter on X with the 
countable intersection property is fixed. 
(N) Let X be a CRH space. Suppose that X is zero dimensional—then X is N-compact iff 


every clopen set ultrafilter on X with the countable intersection property is fixed. 


LEMMA Let X be a nonempty CRH space. Suppose that dim X = 0 and X is R-compact—then 
X is N-compact. 

[Let U¢ be a clopen set ultrafilter on X with the countable intersection property—then the claim is 
that U is fixed. Choose a zero set ultrafilter Z on X : Z DU. Take any sequence {Z,,} C Z and write 


Zn = () Umn,; Umn clopen. Each Umn meets every element of U/, thus each Umn is in U. But U has the 
m 
countable intersection property, so () Ly AN Umn # %. Therefore Z has the countable intersection 
mm 


n 
property, hence is fixed, and this implies that U is fixed as well.] 
The converse to this lemma is false: There exist N-compact spaces of positive topological dimension. 


EXAMPLE (Mysior Space) Let X be the subspace of é? consisting of all sequences {rn}, with xn 
rational—then X is the textbook example of a totally disconnected space that is not zero dimensional 
(Erdés). Fix a countable dense subset D of X. For each S C D with #(SMD—S) = 2”, choose a point 
rg € SND — S subject to: S'4 8” > ror # gn. In addition, given x € X —D, let {s,(x)} be a sequence 
in D having limit x such that if = xg for some S C D, then both S and D — S contain infinitely many 
terms of {s,(x)}. Topologize X as follows: Isolate the points of D and take for the basic neighborhoods 
of x € X — D the sets Ky(x) = {x} U {s;(x) : 1 > k} (k = 1,2,...). The resulting topology 7 on X is 


finer than the metric topology. And the space X; thereby produced is a nonnormal zero dimensional LCH 
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space possessing a basis comprised of countable clopen compact sets. To see that X; is N-compact, let 
U be a clopen set ultrafilter on X; with the countable intersection property. The collection {U €U:U 
clopen in X} is a clopen set ultrafilter on X with the countable intersection property, hence there exists 
a point xo in its intersection (X is Lindel6of). This xo is then the intersection of countably many elements 
of U, thus U is fixed and so X-, is N-compact. Still, dim X; > 0. Observe first that since D is dense in 


X,, the frontier in X of any clopen subset of X, has cardinality < 2”. Consider the disjoint zero sets 
o = {x: |lal| <1} 


Zo = {a : |la|| > 2} 
necessarily has cardinality 2”. 


. Let U be a clopen subset of X; : 271 C U C X — Zo—then its frontier in X 


FACT Let X be a nonempty CRH space—then X is N-compact iff X is zero dimensional and there 
exists a closed embedding X — | [(N x< [0, 1]). 


There exist zero dimensional R-compact normal LCH spaces that are not N-compact. Owing to the 


lemma, such a space must have positive topological dimension (cf. Proposition 3). 


EXAMPLE [Assume CH] (The Kunen Plane) The construction of the Kunen line starting from 
X = Ran be carried out with no change whatsoever starting instead with X = R?, the upshot being 
the Kunen plane Xq, a space with the same general topological properties as the Kunen line. So: X¢q is a 
zero dimensional perfectly normal LCH space that is not paracompact but is first countable, hereditarily 
separable, and collectionwise normal. The topology Tq on Xq is finer than the usual topology on R?. 
And, V SC R?: #(clp2(S) —clo(S)) < w. It follows from this that if A and B are disjoint closed subsets 
of Xq, then #(AN B) < w, the bar denoting closure in R?. 

Claim: Xg is R-compact. 

[Let Ze be a zero set ultrafilter on Xgq with the countable intersection property. Let ZC Zq 
be the subcollection consisting of the R?-closed elements of Zg. Fix a point z9 € NZ and choose a 


2 ¢—*([0, 1/n)) 
continuous function ¢ : R? —> [0,1] such that ¢71(0) = {zo}. The sets are zero 


o-*({1/n, 1]) 

sets in R?, hence are zero sets in XQ. Of course, Xq = $7~1((0,1/n]) U d71([1/n,1]). But obviously, 
-1([1/n, 1]) ¢ Z, thus —1([1/n,1]) ¢ Zq and so $—1([0,1/n]) € Za, Zq being prime. Consequently, 
{zo} = ()¢71((0, 1/n]) € Zg, which means that Zo is fixed.] 

Cini Xq is not N-compact. 

[Let U C Xq be clopen—then #(U NM Xq —U) <w. Therefore the plane R? is not disconnected by 
Un Xq —U, so either #(U) < w or #(XQ —U) < w. Consider the collection U of all clopen U C Xe for 
which #(Xq — U) < w—then U is a clopen set ultrafilter on Xq with the countable intersection property 
such that NU = @ (every x € Xq has a countable clopen neighborhood).] 

[Note: The Kunen line Xgq is R-compact (same argument as above) but, in contrast to the Kunen 


plane, it is also N-compact. For this, it need only be shown that dim X¢q = 0. 
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Claim: Let A C Xq be countable and closed—then there exists a countable open U C XQ: AC 
U & U =U, the bar denoting closure in R. 
[One can assume that A is closed in R. Write A = () On = (Om where the O,, are R-open and 


n n 
Y¥n:On D On+1. Enumerate A: {an}, and for each n choose a compact countable open Un C XQ: an € 


Un and Un C On. Consider U = U Un.] 
n 


To prove that dim Xgq = 0, it suffices to take an arbitrary pair (A, B) of disjoint closed subsets of XQ 
ACU, 


BCUgBg 
claim there exists a countable open OC Xg: ANBCO&O= O. Pick disjoint R-open sets O4 and Og: 
ee eae 


and construct a pair (U4,Usp) of disjoint clopen subsets of X¢q : { . Since #(AN B) < w, by the 


_ , with #((R — O) —(O4U Og)) < w (possible because it is a question 
B-OCB-OCOgCR-O 

of R. as opposed to R?). Pass to R — (O4 U Og) and use the claim once again to choose a countable 

(O4 UP)N(R-O) 


open PC Xa: =(04U0p) CPCR~(E-0)UB-0)) & P= Pthon | OAV 


A-O 
are disjoint clopen subsets of Xq containing { , respectively. On the other hand, O is a normal 
B-O 


subspace of Xe of zero topological dimension (cf. Proposition 2), so we can find disjoint clopen sets P4 
ANOCP4,4CO Usa = ((O4 UP)N(R-O))UP 

and Pg in Xq: o . Now put A= ((Oa ES ) = ! | 
BNOCPgCO Up = ((Op — P)N(R—-O))UPs 


EXAMPLE (The van Douwen Plane) The object is to equip X = R? with a first countable, 
separable topology that is finer than the usual topology (hence Hausdorff) and under which X = R? is 
locally compact and normal and zero dimensional and R-compact but not N-compact. Let {Un} be a 


countable basis for R? with Up = R?. Assign to each x € R? the sets O; (x) = (Un in <k&& € Un}— 
n 


then the collection {O,(x)} is a neighborhood basis at x in R?. Obviously, « € O;(y) > Ox(2) C 
Oi(y) Wk >). Let {rq : a < 2%} be an enumeration of R? and put Xq = {xg : B < a}—then 
X_. = R? (c = 2”). We shall assume that X, = Q?. Fix an enumeration {(Aq,Ba) : a < 2”} of 
the set of all pairs (A,B), where A and B are countable subsets of R? with #(AN B) = 2”, arranging 
matters in such a way that each pair is listed 2” times. Here (and below) the bar stands for closure in R?, 
while cle will denote the closure operator relative to the upcoming topology tT. on X¢. Define an injection 
T: 2% + 2” — w by the prescription 
P(7) = min({a € 2” —w 1 AyU By C Xa,@a € Ay NBs} — {P(6) 28 <7). 

Given a € 2” —w, choose a sequence {s,(a)} C Xa: V k,s~(a) € Ox(q), having the property that if a = 
I'(7), then {sp(a)} C Q?UA, UB, and each of Q?, Ay, and B, contains infinitely many terms of {s;,(a)}, 
otherwise {s,(a)} C Q?. Topologize X = R? as follows: Inductively take for the basic neighborhoods of 


Lq the sets K;,(ta), Ky (ta) being {va} if a Ew and {xa}U [J Ki(&s)(a)) if a € 2% —w (k= 1,2,...). 
I>k 
Needless to say, V a: Kx (2a) C Ox(@a), and V a, B: to € Ki(ag) > Ky (ta) C Ki(xg) (4 k). Observe 


too that the K,(xrq) are compact and countable. Therefore X; is a zero dimensional LCH space that is 


in addition first countable and separable. 
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Claim: Let S,T C X¢. Suppose that SMT is uncountable—then cle(S) M cle(T) is uncountable. 
ACSCA 


[There are countable A,B C R? : __. From the definitions, (A, B) = (Aa, Ba) for 2% 
BCTCB 
ordinals a and, by construction, zp(q) € cle(Aa) N cle(Ba). But I is one-to-one.] 

To establish that X_ is normal, it suffices to show that if A and B are two disjoint closed subsets 
of X;, then there exists a countable open covering O = {O} of X_ such that VO € O:cl-(O)N A= 
or cle(O)N B = @. In view of the claim, AM B is countable. Let « € AN B—then x ¢ AUB, so by 
regularity there exists an open set O; C Xe containing x: cle(Oz)N (AU B) = O. It is equally plain 
that for any « € R? — AN B there exists an R?-open set Oz containing «:O,N A=%or O,N B=. 
Select a countable subcollection of {Oz : « € R? — AN B} that covers R? — AN B and combine it with 
{Oz :2€ ANB}. 

Arguing as before, one proves that X; is R-compact but not N-compact. 

[Note: The van Douwen plane exists in ZFC. But unlike the Kunen plane, it is not perfect. Reason: 
Q2U {lT(a) : Aa UBa C Q?} is not a normal subspace of X-. However, every closed discrete subspace of 
Xc¢ is countable, so X¢, like the Kunen plane, is collectionwise normal. Of course, X¢; is not Lindelof, thus 
is not paracompact (being separable), although X. is countably paracompact. By the way, if the same 
procedure is applied to X = R, then the endproduct is a space very different from what was termed the 


van Douwen line in §1.] 


Is it true that for every normal subspace Y C X, dimY < dim X? In other words, 
is dim monotonic? On closed subspaces, this is certainly the case but, as has been seen 


above, this is not the case in general. 


It is false that dim is monotonic on closed subspaces of a nonnormal X. For example, the topological 


dimension of the Mysior space is positive but it embeds as a closed subspace of some N* and dim N* = 0. 


LEMMA Let X be a nonempty CRH space. Suppose that A is a subspace of X which has the EP 
w.r.t. [0, 1]—then dim A < dim X. 


PROPOSITION 4 Suppose that X is hereditarily normal—then dim is monotonic iff 
for every open U C X : dimU < dim X. 


One might conjecture that dim is monotonic if X is hereditarily normal. This is false: 


Pol-Pol' have given an example of a hereditarily normal X that has topological dimension 


zero but which contains for every n = 1,2,... a subspace X,, : dim X, = n. Since BX 


+ Fund. Math. 102 (1979), 137-142. 
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also has topological dimension zero (cf. Proposition 1), dim is dramatically nonmonotonic 


even for compact Hausdorff spaces. 


Consider the Kunen plane Xg—then its one point compactification is hereditarily normal and has 


topological dimension zero, although Xgq appears as an open subspace of positive topological dimension. 


EXAMPLE The Isbell-Mréwka space U(N) is a nonnormal LCH space. While zero dimensional, its 
“finer” topological properties definitely depend on the choice of S. Claim: 4 S for which dim Y(N) > 0. 
To this end, replace N by Qjg,1) = QN [0,1]. Attach to each r,0 <r < 1, a bijection u, : {q € Qio1):4a< 
r} > {q € Qo1): 4 > 7} such that q’ <q” iff ur(q’) > ur(q”’). Let SEQ be the collection of all sequences 
s of distinct elements of Qjg 1; satisfying one of the following two conditions: (i) lim s = 0 or lim s = 1; (ii) 
s =tUi,(t)(0 <r <1), where t¢ converges to r from the left. Because [0, 1] is compact, there is a maximal 
infinite collection S C SEQ of almost disjoint infinite subsets of Qio,1]: Consider the corresponding Isbell- 
Mréwka space X = %(Qio,1)); ie., X = SU Qip 3);—then dimS = 0 and dim Qjg 1) = 0, yet dim X > 0. 
f(a) =4@ (4 € Qo) 


. Verify that there is no 
f(s) =lims (s € S) 


To see this, define a continuous function f : X — [0,1] by { 


clopen subset of X containing f—+(0) and missing f~1(1). 

[Note: Mréwkat has shown that for certain choices of S, 8(W(N)) = G(N)oo, hence dim U(N) = 0. 
At the opposite extreme, Terasawa? proved that for any n = 1,2,... or oo, it is possible to find an S such 
that the associated U(N) has topological dimension n but at the same time is expressible as the union of 


two zero sets, each having topological dimension zero.] 


LEMMA Let U be a finite open covering of X—then U has a finite open refinement 
of order < n+ 1 iff U has a finite closed refinement of order < n+ 1. 

[Suppose that U = {Ui,...,Ux}. Let V= {Vi,... , Ve} be a precise open refinement 
of U of order < n+1—then V has a precise open refinement W = {Wi,..., Wx} such that 
Vi:W,; Cc V;. And the order of W is <n+1. To go the other way, let A= {Aj,..., Ax} 
be a precise closed refinement of U/ of order < n + 1—then it will be enough to produce 
a precise open refinement V = {Vj,...,Ve} of U such that Vi: A; C V; C U; and 
Ay, N---O A, #0 if Vi,9---A Vi, #0. Here t1,...,%, are natural numbers, each 
< k. This can be done by a simple iterative procedure. Denote by B, the union of all 


intersections of members of the collection {A1,...,A,} which are disjoint from A, and 


ACV & By AV; =. Denote by By the union of all 


choose an open set V; : {? ET 
1 1 


+ Fund. Math. 94 (1977), 83-92. 
= Topology Appl. 11 (1980), 93-102. 
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intersections of members of the collection {U1, A2,..., A} which are disjoint from A» 


AraC Ve & BynVo =0. ETC] 


and choose an open set V2 : { Wieu 
2 2 


CO 
COUNTABLE UNION LEMMA Suppose that X = UA,, where the A; are closed 


I 

subspaces of X such that V j, dim A; <n—then dim X < n, hence dim X = sup dim A,. 
[Let U = {U;} be a finite open covering of X. Put Ao = 0. Claim: There exists a 

sequence Up,U4,,... of finite open coverings U; = {U;,;} of X such that Uj, C U; but 


Ui; Cc Upge4 & ord({ A; NU;5}) <n+1 


if 7 > 1. To prove this, we shall proceed by induction on 7, setting Uy = U and then 
assuming that the U4; have been defined for all j < jo, where jo > 1. Since {Aj, NU;,;,-1} 
is a finite open covering of A;, and since dim A,;, < n, there exist open subsets V; C Aj, 9 
Uj,jo-1 Of Aj, such that Aj, = UV; and ord({Vi}) <n+1. Let W; = (Ui,j,-1 — Aj.) UVi— 


then {W;} is a finite open covering of X and ord({A;, 1 W;}) < n+ 1. The induction is 


completed by choosing the elements U;,;, of Uj, subject to U;,;, C Wi. By construction, 
the collection { (| U;i,;} is a precise closed refinement of U = {U;} of order < n +1, so 
j>1 


from the lemma dim X < n.] 
Example: dim[0,1] = 1 => dimR = 1. 


FACT Suppose that X is normal of topological dimension n > 1—then there exists a sequence of 


pairwise disjoint closed subspaces A; of X such that V j,dim Aj =n. 


A CRH space X is said to be strongly paracompact if every open covering of X has a star finite open 
refinement. Any paracompact LCH space X is strongly paracompact (cf. §1, Proposition 2). Also: X 
Lindelof > X strongly paracompact and X connected + strongly paracompact => X Lindelof. Not every 


metric space is strongly paracompact (consider the star space S(«),« > w). 


FACT Suppose that X is normal and Y is a strongly paracompact subspace of X—then dimY < 
dim X. 
[The assertion is trivial if dim X = co, so assume that dim X = n is finite. Let {U;} be a finite 


open covering of Y; let O; be an open subset of X such that U; = Y NO; and put O = U O;. Assign 
i 


to each y € Y a neighborhood Oy of y in X : Oy C O—then {Y M Oy} is an open covering of Y, 


thus has a star finite open refinement P. Write P = [[?;:. the equivalence relation corresponding to 


j 
this partition being P’ ~ P” iff there exists a finite collection of sets Pi,...,P, in P with P, = P’, 
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P, = P" and Pi 1 P2 # O,...,Pr-1NP, # O. Since P is star finite, each of the P; is countable. Let 

y= Lee : P € P;}, where P ig the closure of P in X. Being an Fz, Y; is normal and therefore, by the 

countable union lemma, dim Y; <n. But Yj is contained in O = U O;, so there exists an open covering 
i 

{O;,;} of Y; such that Vi: O;,; C O; & ord({O;,;}) <n+1. Let Vi = Y NUJ(O;,; (] UP;)—then {V;} is 


j 
a precise open refinement of {U;} of order <n+1. ] 


The preceding result is false if “paracompact” is substituted for “strongly paracompact”. Example: 
& & 


Consider Roy’s metric space X sitting inside its zero dimensional compactification ¢X. 


The countable union lemma retains its validity in the completely regular situation provided the 
Aj; are subspaces of X which have the EP w.r.t. [0,1]. Proof: The closure of A; in BX is BA;, so if 
CO 


Y= LJ BA;, then Y is normal and therefore, by the countable union lemma, dimY < n, from which 
1 
dim X = dim GX = dim SY = dimY <n. 
[Note: According to Terasawa (cf. p. 19-11), there exists a completely regular X of topological 
dim X; = 0 
dimension n such that X = X1U X2, where X1 and X2 are zero sets with . Therefore 
dim X2 = 0 
the countable union lemma, can fail even when the hypothesis “closed set” is strengthened to 


“zero set” .] 


LEMMA Let X be a nonempty CRH space. Suppose that A is a Z-embedded subspace of X—then 
dim A < dimX. 
[Assume that dim X <n. Let {U;} be a finite cozero set covering of A; let O; be a cozero set in 
BX such that U; = AN O,; and put O = U O;,—then O is a cozero set in GX, so by the countable union 
i 


lemma, dimO < dimGX = dim X <n. Therefore there exists a cozero set covering {P;} of O of order 


<n+1 such that Vi: P; C O;. Consider the collection {AM P;}.] 


Recall: Every subspace of a perfectly normal space is perfectly normal. So: X perfectly 
normal = X hereditarily normal. The conjunction perfectly normal + paracompact. is 
hereditary to all subspaces. Reason: Every open set is an fF, and an F, in a paracompact 
space is paracompact. For example, the class of stratifiable spaces or the class of CW 
complexes realize this conjunction. 

[Note: The ordinal space [0, Q] is hereditarily normal but not perfectly normal and its 


product with [0,1] is normal but not hereditarily normal.| 


PROPOSITION 5 Suppose that X is perfectly normal—then dim is monotonic. 


[Apply the countable union lemma to an open subset of X and then quote Proposition 
4,] 
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Working under CH, the procedure for manufacturing the Kunen line or the Kunen plane is just a 
specialization to R or R? of a general “machine” for refining topologies. Thus suppose that X is a set 
of cardinality Q equipped with a Hausdorff topology 7 which is first countable, hereditarily separable 
and perfectly normal—then a Kunen modification of + is a topology Kr on X finer than 7 which is 
zero dimensional, locally compact, first countable, hereditarily separable and perfectly normal (but not 
Lindelof) such that each x € X has a countable clopen neighborhood and V $C X : #(cl-(S)—clx-(S)) < 
Ww. 


[Note: Any 7 having the stated properties admits a Kunen modification Kr (cf. p. 1-16).] 


FACT [Assume CH] If dim(X,r) > n, then dim(X,Kr) > n —1 and if dim(X,r) < n, then 
dim(X, Kr) <n. 


PROPOSITION 6 The statement dim X < n is true iff every neighborhood finite open 
covering of X has a numerable open refinement of order < n+ 1. 
[Let U/ be a neighborhood finite open covering of X—then U/ is numerable, hence has a 


numerable open refinement that is both neighborhood finite and o-discrete, say V = J Vy 


n 
(cf. §1, Proposition 12). Choose a partition of unity {ky} on X subordinate to VY. Put 
fn = >> #v: The collection {f71(]0, 1])} is a countable cozero set covering of X, thus has 
VEVn 
a countable star finite cozero set refinement {O;} (cf. p. 1-25). Fix a sequence of integers 
L=ny < no-+-: ONO, =O ifk <n; andl > niyo (= 1,2,...). The subspace LU O; 
k<neo 
is a cozero set and so by the countable union lemma its topological dimension is < n. 
Accordingly, there exists a covering W, = {W1,...,Wn,,Wy,415---,Wr} of U Ox by 
k<no 
Wr C Ox (k < n1) 
W, C Ox (ny <k < ng) 
covering Wz = {Wn,41,---sWne,Wrosis--- Wy, } of W711 U--- UW), UOn,41U---UOn, 
Wi CW, (ny <k < ng) 
Wi C Ox ta-< ke a)” 
covering W = {W;,} of X by cozero sets of order < +1 such that Vk: Wy C Ox. The 


collection UJU/ Mm W;, is a numerable open refinement of U/ of order < n + 1.] 
k 


cozero sets of order < n+ 1 such that { . Next, there exists a 


by cozero sets of order < n+1 such that { Iterate to get a 


Suppose that X is paracompact—then it follows from Proposition 6 that dim X < n 


iff every open covering of X has an open refinement of order < n+ 1. 


Since cozero sets are Z-embedded and since dim is monotonic on Z-embedded subspaces, Proposition 
6 goes through without change in the completely regular situation provided one works with numerable 


open coverings and numerable open refinements. 
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SUBLEMMA The statement dim X < n is true iff every open covering {Ui,... , Un+2} 
n+2 
of X has a precise open refinement {Vi,...,Vn+2} such that () V; = 0. 
1 


[When turned around, the nontrivial assertion is that if dim X > n, then there exists 


an open covering {U;,...,Uni2} of X, every precise open refinement {Vi,...,Vnso} of 
n+2 
which satisfies the condition (|} V; 40. But dim X > n means that there exists an open 
1 


covering {Oi,...,O,} of X that has no precise open refinement of order < n+ 1. By 
making at most a finite number of replacements, matters can be arranged so as to ensure 
that if {P,,... , P,} is a precise open refinement of {O,,... ,O,}, then P;,N---AP;,, #9 
whenever O;,9---NO;,, 4 0. Here i1,...,%m are natural numbers, each < k. We 
n+2 k 
can and will assume that (] O; 4 9. Put U; = O; (¢ < n+1), Unse = U O— 
1 


n+2 
then {U;,...,Un+42} is an open covering of X with the property in question. In fact, 


let {Vi,...,Vni2} be an open covering of X such that Vi: V; C U;. The covering 


{Vi,--- 5 Vata, Vng2M On4a,--- 5 Vn42M Ox} is a precise open refinement of {O1,...,Ox} 
n+2 n+1 
and () Vi > (1) Vi) 1 Vnt2 9 On42) FO.) 
1 1 


LEMMA The statement dim X < n is true iff for every collection {(A;,B;) : i = 


1,...,n+1} of n+1 pairs of disjoint closed subsets of X there exists a collection {¢; : 
i=1,...,n+1} of n+1 continuous functions ¢; : X — [0,1] such that { es = : and 
7 4 


n+l <i 
( Oz ye) =v. 
n+l n+2 
[Necessity: Put Bho = LU Aj—then () B; = 0, so there exists an open covering 
1 1 


n+2 
U,,...,Un+2} of X such that B; C U; and U; =. Since A; C Un+2, we can replace 
+ i + 


U; by U; — A; and force A; C X — U;. Fix a precise closed refinement {C1,...,Cn+2} 
of {U1,...,Un42} with B; C C;. Let 6; : X — [0,1] be a continuous function such that 


: — n+1 

o|X —U; = 0 and ¢;|C; = 1. Obviously, ee me And finally, () ¢;'(1/2) ¢ 
i|Bi = 1 

nt+1 n+2 

() (U; — Ci) C () U; = 0. 

1 1 

Sufficiency: Let {U,,...,Un42} be an open covering of X. Fix a precise closed refine- 
A; = X — U; 


ment {C1,...,Cn+2} for it and let { (i= 1,...,n+1). The pairs (Aj, B;) 
O; = {x : d(x) < 1/2} 
P, = {x : bi(x) > 1/2} 
n+l nt+1 n+1 n+1 
Note that () (X —(O;UP;)) = () 4;'(1/2) = 9, hence that X = U O;U U P,. Put 
if 1 1 1 


B=; 


satisfy our hypotheses, so choose the ¢; as there and then let { 
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n+l 
V, = P; (¢ < n4+1), Vn4e = Unyo2n U O;—then {V1,... , Vn42} is a precise open refinement 
r 


n+2 
of {U1,... ,Un42}such that () V; =. The sublemma therefore implies that dim X < n.] 
1 


The characterization of dim X <n given by the lemma extends to the completely regular situation 


so long as it is formulated in terms of disjoint pairs (A;, B;) of zero sets. 


When the context dictates, we shall abuse the notation and write S” for the frontier 
of [0, 1]?*?. 


ALEXANDROFF’S CRITERION The statement dim X < n is true iff every closed 
subset A C X has the EP w.r.t. S”. Wiese ; 
y : £=42 2 ie H=0 
Necessity: Given f € C(A,S”): f = (fi,-.--, fn+1), let ‘ Bee —then 
y ‘i (  f=(h fn+1) e ={x: f;(x) =1} 
A is the union J(A; U B;) and the preceding lemma is applicable to the pairs (A;, B;). 
The corresponding ¢; : X — [0,1] combine to determine a continuous function ¢: X > 
[(0,1]"*+, the restriction of which to A defines an element 7 € C(A,S"). Put H(zx,t) = 
(1 —t)v(x) + tf(x) ((a,t) € TA)—then H € C(IA,S"), so w and f are homotopic. On 
the other hand, S” is a retract of [0,1]"+' punctured at its center (1/2,...,1/2). Since 


n+l 
() 47° (1/2) = , it follows that w has an extension U € C(X,S"). But A has the HEP 
2 


w.r.t. S” (cf. p. 6-41), therefore f has an extension F € C(X,S"). 

Sufficiency: Consider an arbitrary collection {(A;, Bj) :i=1,...,n+1} of n+1 pairs 
of disjoint closed subsets of X. Put A = U(A; U B;). Choose f; € C(A,[0,1]) such that 
{ fi|Ai = 0 : 

f|Bi =1 
assumption, f has an extension F € C(X,S”). Write ¢; for the 7** component of F—then 


nt+1 
o|A = f; and () ¢;'(1/2) =. That dim X < n is thus a consequence of the preceding 
1 


and then combine the f; to determine a continuous function f : A > 8S”. By 


lemma..| 


EXAMPLE Take for X the long ray L+—then dim X = 1. 
[Since dim X > 0, one need only show that dim X < 1. But real valued continuous functions are 


constant on “tails”, so Alexandroff’s criterion is applicable. ] 


CO 
FACT Let X be a compact Hausdorff space. Suppose that X = LU A;, where the Aj; are closed 


1 
subspaces of X such that V i # j : dim(A;M Aj) < n—then each A; has the EP w.r.t. S”. 


CO 
[Recall that if X is a connected compact Hausdorff space admitting a disjoint decomposition U Aj 
1 
by closed subspaces A;, then A; = X for some j.] 
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Application: Because the identity map S” — S” cannot be extended continuously over [0,1]”*?, 
R”+! cannot be covered by a sequence {K,;} of compact sets such that Vi # j : dim(K; 9 K;) <n. 
[Note: With more work, one can do better in that “compact” can be replaced by “closed” (cf. 


p. 19-24).] 


The compactness assumption on X in the preceding result is essential. Example: Take for X a one 
CO 


dimensional connected locally compact subspace of the plane admitting a disjoint decomposition LA; 


1 
by nonempty closed proper subspaces Aj, fix two indices i # j, and consider the continuous function 


f:AjUA; — S° which is 0 on A; and 1 on Aj. 


Using Alexandroff’s criterion, Cantwell proved that the statement dim X <n is true iff the closed 
unit ball in BC(X,R”t"*) is the convex hull of its extreme points (n = 1,2,...). 

[Note: Let X be a nonempty CRH space—then the extreme points of the closed unit ball in 
BC(X,R"*?) are the functions whose range is a subset of S” and it is always true that the closed 
unit ball in BC(X,R”*?) is the closed convex hull of its extreme points (n = 1,2,...), a purely topolog- 
ical assertion. By contrast, the closed unit ball in BC(X) is the closed convex hull of its extreme points 


iff dim X = 01] 


In the completely regular situation, there is only a partial analog to Alexandroff’s criterion. 
(1) Suppose that every zero set A C X has the EP w.r.t. S"—then dim xX < n. Proof: 


Since for any pair (A, B) of disjoint zero sets there exists a continuous function f : X — [0,1] such that 


{ is ~ ; , the argument used in the normal case can be transcribed in the obvious way. 

pee (2) Suppose that dim X < n—then every subset A C X which has the EP w.r.t. [0,1] has 
the EP w.r.t. S”. Proof: Since dim X = dim§X, GA, the closure of A in BX, has the EP w.r.t. S”. 

[Note: This need not be true if A is a zero set. Example: Take, after Terasawa (cf. p. 19-11), 

X = X;1 U X2, where dim X = 1 and X, and X2 are zero sets with i wes —then either Xj or 

dim X2 =0 

X2 fails to have the EP w.r.t. [0,1] (otherwise dim X = max{dim X1,dim X2}). To be specific, assume 

that it is X1. Put A = X 1 and choose a continuous function ¢ : A —> [0,1] that does not extend to a 

continuous function ® : X — [0,1]—then f = (¢,0) is a continuous function A > S? that does not extend 


to a continuous function F : X > $1] 


Let Y be a topological space—then a map f € C(X,Y) is said to be universal if 
VgE€C(X,Y) 42 €X: f(x) = g(x). A universal map is clearly surjective. Note too that 


if there is a universal map X — Y, then every element of C(Y,Y) must have a fixed point. 


+ Proc. Amer. Math. Soc. 19 (1968), 821-825. 
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LEMMA A continuous function f : X — [0,1]"+! is universal iff the restriction 
f-1(S") 3 S” has no extension F € C(X,S8”). 

[Necessity: To get a contradiction, suppose that there exists a continuous function 
F : X +S" which agrees with f on f~1(S”) and then postcompose F' with the antipodal 
map 8S” > 8S”. 

Sufficiency: To get a contradiction, suppose that there exists a continuous function 
g: X + [0,1)"*+ such that f(x) 4 g(x) for every x € X and define a continuous function 
F:X +8" by setting F(x) equal to the intersection of S” with the ray containing f (2) 


which emanates from g(z).] 


It therefore follows that dim X > n iff there exists a universal map f : X — [0,1]”. 
Example: dim[0,1]" > n. Indeed, the Brouwer fixed point theorem says that the identity 
map [0, 1]” — [0,1]” is universal. Example: dim[0, 1)" > n => dimR” > n. 


The equivalence dim X > n iff there exists a universal map f : X — [0,1]” holds for any completely 


regular X. 


LEMMA Let A be a closed subset of X. Suppose that dim B < n for every closed 
subset B C X which does not meet A—then each f € C(A,S") has an extension F € 
C(X, 8”). 

[Choose an open U D A anda ¢ € C(U,S") such that ¢|A = f. Choose an open 
V:ACVCVcCU~—then V —V is closed in X — V, so Alexandroff’s criterion says there 
exists a ® € C(X — V,S") : ®|V -V= o|V — V. Consider the function F € C(X,S”) 
defined by F(a) = { ae (x jes a .| 

CONTROL LEMMA Let A be a closed subset of X. Suppose that dim A < n and 
that dim B < n for every closed subset BC X which does not meet A—then dim X < n. 

[Fix a closed subset Ag C X and take an fo € C(Ao, 8S”). Claim: fo has an extension 
f € C(AU Ao, 8”). Assuming that AM Ao 4 0, in view of Alexandroff’s criterion, the 


restriction fp|AM Apo has an extension Fo € C(A,S"). Define f € C(AU Ao, S”) piecewise: 

{ f\iA=Fo 
f\|Ao = fo’ 

dim B < n so the lemma implies that f has an extension F' € C(X,S"”). But F|Ap = fo. 


Invoke Alexandroff’s criterion to conclude that dim X < n.] 


Now let B be a closed subset of X disjoint from AU Ap. By hypothesis, 


Suppose that A C X is closed—then the quotient X/A is a normal Hausdorff space 
and it follows from the control lemma that dim X = max{dim A, dim X/A}. 
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[Note: If A is a closed G5, then X — A is an open F,, thus is normal, and dim X/A = 
dim(X — A).] 


The position of quotients in the completely regular situation is complicated by the fact that X/A 
need not be completely regular even under favorable circumstances, e.g., when A has the EP w.r.t. [0,1] 
or A is closed. Still, dim X/A is meaningful (cf. p. 19-2) and nothing more than that is really needed. 


Given a nonempty A C X, write «4 for the image of A under the projection p: X > X/A. 


LEMMA Let X be a nonempty CRH space. Suppose that A is a nonempty subspace of X—then 
dim X/A < dim X. 

[Assume that dim X <n. Take a finite cozero set covering U = {Ui,...,U,} of X/A. Choose a 
continuous function ¢ : X/A — [0,1] such that ¢—1!(]0,1]) = OU: > #4 € U;}. Let g = o(*4). Put 
Vo = {a : d(x) > q/2}, Vi = U; -— {x : d(x) > gh} G > then VY = {Vo,..., Ve} is a finite cozero set 
refinement of U and «4 ¢ V; (i > 0). The collection p~'(V) = {p~!(Vo),... ,p71(Vp)} is a finite cozero 
set covering of X, hence has a precise cozero set refinement W = {Wpo,...,W,} of order < +1, which in 
turn has a precise zero set refinement Z = {Zo,... , Z,} of order < n+1. Since Z; and X — W; are disjoint 
zero sets, there exists a continuous function 6; : X — [0,1] with { an : i“ But A C Zp and 
ANW; = (i > 0). Therefore each ¢; factors through X/A to give a ae finetion aby: X/A — [0,1]. 


The collection {;* (Jo, 1])} is a finite cozero set refinement of U of order < n+ 1.] 


LEMMA Let X be a nonempty CRH space. Suppose that A is a nonempty subspace of X which 
has the EP w.r.t. [0,1]—then dim X = max{dim A, dim X/A}. 
[The point here is that every finite cozero set covering of A is refined by the restriction to A of a 


finite cozero set covering of X (cf. §6, Proposition 4).] 


The relation dim X = max{dim A, dim X/A} need not hold if A is merely Z-embedded in X. Indeed, 

Polt has constructed an example of a completely regular X having the following properties: (i) dim X > 0; 

dim X1; = 0 X,=U,UD 
; (ili) 


dim X2 = 0 X_g =U2UD 
U2 are cozero sets and D is discrete; (iv) U1 UU2 is a countable dense subset of X. Consider A = U1 UUz2. 


(ii) X = X1UXe2, where X1 and X2 are zero sets with { , where U; and 


PROPOSITION 7 Suppose that X = Y U Z, where Y and Z are normal—then 
dim X <dimY +dimZ + 1. 
[There is nothing to prove if either dimY = co or dimZ = ov, so assume that 


dimY < rand dimZ < s. Owing to the control lemma, it will be enough to show that 


+ Fund. Math. 102 (1979), 29-43. 
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dimY <r+s+1. Let U = {U;} be a finite open covering of Y. Since dimY < r, 
there exists a collection V = {V;} of open subsets of Y such that V; C U;, Y Cc UV;, and 


ord({Y NV;}) <r+1. Put D= Y—UV;j. Because dimD < s, there exists a closed 


covering A = {A;} of D of order < s +1 such that A; C U;. Without changing the order, 
expand A to a collection W = {W;} of open subsets of Y such that A; C W; C U;. The 


union V U W covers Y, refines U/, and is of order <r+1+s+1.] 
[Note: When X is metrizable, there is another way to argue. Assume: { ae = : = 


then every closed subset of i has the EP w.r.t. 2 , thus every closed subset of X 


Z 
has the EP w.r.t. S* *S" = S**"*? (cf. p. 6-43).] 


By way of an application, suppose that X is hereditarily normal and X = UX, where 
Vi: dim X,; < 0—then dimX < n. : 

This remark can be used to prove that dimR” < n, from which dimR” = n (cf. 
p. 19-18). Thus suppose that n > 1 and that 0 < m <n. Denote by Q/, the subspace of 
R” consisting of all points with exactly m rational coordinates—then R” = Qo U---UQ?. 


Claim: V m, dim Q?, = 0. This is immediate if m = n (cf. Proposition 2), so assume that 


m <n. For any choice of m distinct natural numbers 71,... , im, each <n, and any choice 
n 

of m rational numbers rj,.--,?m, the space |] R;, where R;, = {rj} for 7 = 1,...,m 
i=1 


and R; = R for i ¥ i;, is a closed subspace of R". Therefore Q’,M [| R; is a closed 
i=l 


nm 
subspace of Q’,. On the other hand, Q? 9 u R; is homeomorphic to the subspace of 
— 


n 
R”"~™ consisting of all points with irrational coordinates, hence dim(Q?,M [| R;) = 0 (cf. 
i=1 


n 
Proposition 2). Since the collection of all sets of the form Q/,N [] R; is a countable closed 
i=1 
covering of Q/, the countable union lemma implies that dim Q7), = 0. 


FUNDAMENTAL THEOREM OF DIMENSION THEORY The topological dimension 


of R” is exactly n. 


One consequence is the evaluation dim|0,1]” = n. Corollary: Take X = S"—then 
dim X = n. In fact, X = X, U X2, where X; and X2 are closed and homeomorphic to 
[0, 1]”. 
dim(Q5 U--- UQh,) =m 


Another consequence is the evaluation { dim(Q”, U---UQ®)=n—m’* 
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EXAMPLE [Assume CH] Take X = [0,1]"—then the topological dimension of X in any Kunen 


modification of its euclidean topology is n — 1 (cf. p. 19-14). 


FACT Let X and Y be normal. Let A — X be a closed embedding and let f : A > Y bea 
continuous function. Assume: dim X <n & dim Y < n—then dim(X Uy Y) <n. 


[Use the control lemma (X Lr Y is a normal Hausdorff space (cf. p. 3-1)).] 


Application: If X is obtained from a normal A by attaching n-cells, then dim X = n provided that 
dim A < n and the index set is not empty. 
[X contains an embedded copy of B” which is strongly paracompact, thus a priori, dim X > n (cf. 


p. 19-12).] 


EXAMPLE (CW Complexes) Let X be a CW complex—then by the countable union lemma, 
dim X = supdim X(™ and V n,dim X(™) < n. Therefore the combinatorial dimension of X is equal to 


the topological dimension of X. 


FACT Suppose that X is normal. Let A = {A; : 7 € J} be an absolute closure preserving closed 
covering of X such that V j, dim A; <n—then dim X < n, hence dim X = sup dim Aj. 

[Use Alexandroff’s criterion. Let A be a closed subset of X, take an f € C(A,S”), and let F be 
the set of continuous functions F' that are extensions of f and have domains of the form AU X,, where 
X;=UAi UC J). Order F by writing F’ < F” iff F’’ is an extension of F’. Every chain in F has an 
upper heuad: so by Zorn, F has a maximal element Fo. But the domain of Fo is necessarily all of X and 


Fo|A = f.] 


EXAMPLE (Vertex Schemes) Let K = (V,X) be a vertex scheme—then one can attach to K its 
combinatorial dimension dim K, as well as the topological dimensions of |K| (Whitehead topology) and |K |» 
(barycentric topology). The claim is that these are all equal. Note that in any event, if o is an n-simplex of 

dim|K| > dim K 
K, then dim |o| = n, so, |o| being a closed subspace of both |K| and |K|,, . Regarding 
dim |K|, > dim K 
the inequalities in the opposite direction, first observe that {|o|} is an absolute closure preserving closed 
covering of |K]|, thus in this case the preceding result is immediately applicable. Turning to |K|,, {|o|} 
is still closure preserving. To exploit this, consider the n-skeleton K("). Assertion: V n,dim |KO], <n. 
Obviously, dim|K©)|, = 0. Suppose that n > 1 and dim|K("—)|, < n—1. Let Ep be the set of 
n-simplexes of K. The collection {(o) : o € Sn} is an open covering of |K(™|, — |K("—)|,. Write (0) = 


|) Acj, where the Ag; C |a| are compact. The collection {A,; : 0 € En} is discrete. Let Aj be its union— 
J 
then dim A; <n. Finish the induction via the countable union lemma: |K()|, = |K("—) |, UL Aj. 

j 
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[Note: It is therefore a corollary that the combinatorial dimension of |K| viewed as a CW complex 


is equal to dim K.] 


Let X be an n-manifold. Since compact subsets of a nonempty CRH space have the EP w.r.t. [0,1] 
and since X contains a compact subset homeomorphic to [0,1]", of necessity dim X > n, the euclidean 
dimension of X. To reverse the inequality dim X > n when X is paracompact or, equivalently, metrizable 
(cf. §1, Proposition 11), one can assume that X is connected. But then X is second countable (cf. p. 1- 
2), thus admits a covering by a countable collection of closed sets, each of topological dimension n, so 
dim X <n. 

[Note: Using the combinatorial principal }, Fedorchukt has constructed a perfectly normal n- 


manifold X such that n < dim X.] 


LEMMA _ R” is homogeneous with respect to countable dense subsets, i.e., if A and B 
are two countable dense subsets of R”, then there exists a homeomorphism f : R” > R” 
such that f(A) = B. 


PROPOSITION 8 Let X be a subspace of R”—then dim X = n iff X has a nonempty 
interior. 

[Suppose that the interior of X is empty. Since R” — X is dense in R”, there exists a 
countable set A C R” — X : A= R”. Choose a homeomorphism f : R” — R” such that 
f(A) = Qi—then f(X) C U Qi, which gives dim X < n—-1,] 

m<n 
It follows from this result that if X is a subspace of [0,1]"” or S”, then dim X = n iff 


X has a nonempty interior. 


SUBLEMMA Suppose that X is Lindeldf. Let O = {O} be a basis for X—then for 
every pair (A, B) of disjoint closed subsets of X there exists an open set P C X anda 
sequence {O;} C O such that AC PC Pc X — Band frP c UfrO;. 

j 


[Given x € X, choose a neighborhood O, € O of x such that either AM O, = 90 
or BNO, = 0. Let {O;} be a countable subcover of {O,}. Divide {O;} into two 
subcollections {O{} and {O/’} according to whether O; does or does not meet A. Put 

Qi =0"- UO, Q=UQ 


ISA 
X —B, with f&P Cc X —(PUQ). Let x € X —(PUQ). Denote by S the first element of the 


are disjoint open subsets of X and AC PC PC 


+ Topology Appl. 54 (1993), 221-239; see also Math. Sbornik 186 (1995), 151-162. 
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sequence O:, Oo. 0; O35, ... that contains x. If S = O,, then « ¢ P; anda ¢ 0, <u), 
sox € frOl; if S = O.. then « ¢ Q; and x ¢ oO; (j < i), so a € frO/. Therefore 
x € UfrO; U UfrO? or still, x € Ufro,;.] 

i i j 


LEMMA Suppose that X is Lindelof. Let O = {O} be a basis for X such that 
VY O:dimfrO < n — 1—then dim X < n. 

[Let U = {U;} be a finite open covering of X; let A = {A;} be a precise closed 
refinement of U/. Use the sublemma and for each 7, choose an open set P; C X and a 
sequence {O;,;} C O: A; C Pi Cc P, C U; and frP, Cc UfrO; ;.. Put D = UirP;. The 


j 

countable union lemma implies that dim D < n— 1, so there exists a collection V = {V;} 

of open subsets of X such that V; Cc U;, D C UV;, and ord({V;}) < n. Write B; in 

place of P; -—(UVU U P;). Since the B; are pairwise disjoint, it follows that the collection 
j<i 

{B,} U{V;} is a finite closed refinement of U/ of order < n+ 1.] 


PROPOSITION 9 Let U be a nonempty, nondense open subset of R”—then dim frU = 
n—1. 

[Suppose that U is bounded. In this case, U has a basis consisting of sets 

homeomorphic to itself, so if dimfrU < n—1, then by the lemma, dimU < n—1I1, a 


contradiction. 


Suppose that U is not bounded. Fix a point x in the interior of the complement 


of U and choose an open ball B centered at x which is entirely contained therein. The 


associated inversion R” — {#} > R” — {x} carries U onto a nonempty open set O C B. 
Obviously, frO — {x} is homeomorphic to frU. On the other hand, by the above, dim frO = 


n—1. So, from the control lemma, dim frU = n — 1.] 


LEMMA The following conditions are equivalent. 
(1) X can be disconnected by a closed subset of topological dimension < n. 


(2) X contains a nonempty, nondense open subset whose frontier has topological 


dimension < n. 


(3) X = AUB, where A and B are closed proper subsets of X such that 
dim(A NB) < n. 


Take X = R”—then, in view of Proposition 9, R” cannot be disconnected by a closed 


subset of topological dimension < n — 2. The same is true of [0, 1]” of S”. 
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Let X be a LCH space. Suppose that X is connected and locally connected—then X is said to be 


n-solid (n > 1) if for every x € X and for every neighborhood U of x there is a connected relatively 


VCcU _ 
compact neighborhood V of x such that { a and V cannot be disconnected by a closed subset 
dimV >n 
of topological dimension < n — 2. Examples: R”,[0,1]”, and S” are n-solid. 


[Note: A LCH space X that is both connected and locally connected is necessarily 1-solid. Special- 
ization of the argument infra then leads to the conclusion that X does not admit a disjoint decomposition 


CO 

U Aj by nonempty closed proper subspaces Aj. If X is compact, then the assumption of local connected- 
1 

ness is unnecessary but simple examples show that it is not superfluous in general. ] 


FACT Suppose that X is n-solid and perfectly normal—then X cannot be covered by a sequence 
{Aj} of nonempty closed proper subsets such that Vi # j : dim(A;M Aj) <n—2. 


CO 
[Proceed by contradiction, so X = U Aj, where the Aj; satisfy the conditions set forth above. Claim: 


1 
There exists a sequence {xo,71,...} C X subject to: (1) 2; € Vi, Vi as in the definition of “n-solid”; (2) 
Vi=xX ; ee 
. Granted the claim, VV: = 9, an 
Ao = 9 0 
impossibility. The x; can be constructed inductively. Start by fixing an index jo such that the interior of 


A 


Vij :V; Z Aj; (3) V; C Vi-1; (A) V; mA; = @. Here { 


jo is not empty (Baire). Choose a point xo in the frontier of the interior of Aj) and take a neighborhood 
Vo of xo as in the definition of “n-solid” then the pair (xo, Vo) satisfies (1)-(4). Given x; and V; (i > 0), 
look at a component Y of V; — Aj41. Show that Y is not a subset of any Aj; and then get x;41 and Vi+1 
by repeating the process used to get zo and Vo.] 


[Note: Proposition 5 is tacitly used at several points. When n = 1, the assumption of perfect 


normality plays no role, hence can be dropped.] 


LEMMA Let X be a closed subspace of R”; let « € X—then «x belongs to the frontier 
of X iff « has a neighborhood basis {U} in X such that V U : X —U has the EP w.r.t. 
Se 

[Necessity: Let « be an element of the frontier of X. Assuming that x is the origin, 
put U = X N€B" (e > 0). To simplify, take « = 1. Fix a point ro € B" — X and write 
ro for the radial retraction D" — {ao} > S"~'. Choose an f € C(X —U,S"~"). Since 
A= (X —U)/8"' is a closed subset of S"~', Alexandroff’s criterion implies that f|A 


can be extended to a continuous function g :S"~' + S"~'. The function F : X > 8"! 


defined by { oe = 7 a 


Sufficiency: Let x be an element of the interior of X. Assuming that x is the origin, 
fix ane >0:e€D" Cc X. Let U be a neighborhood of x in X : U C « B"—then the claim 
is that there exists an f € C(X —U,S"~') that has no extension F € C(X,S"~'). To see 
this, identify the frontier of eD” with S"~* and consider the projection X —U > S"~! 


is then a continuous extension of f to X. 
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determined by x which, if extendible, would lead to a retraction of «D” onto its frontier.] 


Let X and Y be closed subspaces of R"—then the characterization provided by the 
lemma tells us that any homeomorphism f : X — Y necessarily carries the frontier of X 


onto the frontier of Y. 


THEOREM OF INVARIANCE OF DOMAIN Let U be an open subset of R”—then 


every continuous injective map U > R” is an open embedding. 


This result does not extend to an infinite dimensional normed linear space X. Indeed, for such an 
X, there always exists an embedding f : X — X that is not open and there always exists a bijective 


continuous map f : X > X that is not a homeomorphism (van Mill*). 


FACT Let f : R” — R” be continuous and locally one-to-one. Assume that ||f(x)|| — oo as 
\|z|| + co—then f(R”) = R”. 


UCX 
VcY 
homeomorphism—then from the domain invariance of R”, U open in X = V open in 


Let X and Y be n-manifolds; let { and suppose that f : U > Visa 


Y. Corollary: Homeomorphic topological manifolds have the same euclidean dimension. 


Let X be a CRH space. Suppose that dim X = n (n > 1)—then X is said to be a Cantor n-space 
if X cannot be disconnected by a closed subset of topological dimension < n — 2. Since dim@ = —1, a 
Cantor n-space is necessarily connected. For example, R” is a Cantor n-space. So too are [0,1]” and S”. 


The tubular arrangement 


Utes ex eles. -s 1 « F= =) v (0,11 x 1,1) 


is a Cantor 2-space. It remains connected after removal of the origin but what’s left is no longer path 


connected. 


FACT Suppose that X is compact, with dim X = n (n > 1)—then X contains a Cantor n-space, 
thus X has a component of topological dimension n. 

[There exists a closed subset A C X and a continuous function f : A > S"~! that has no continuous 
extension F : X + §”~1. Use Zorn and construct a closed subset By C X such that (i) f does not have 


a continuous extension to AU By and (ii) f does have a continuous extension to AU B for each closed 


+ Proc. Amer. Math. Soc. 101 (1987), 173-180. 
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proper subset B of By. In view of condition (i), dim By = n. Claim: By is a Cantor n-space. Assume not 


and write By = B’ UB”, where B’ and B” are closed proper subsets of By with dim(B’N B”) < n— 2. 


f’ to AUB’ 
On account of condition (ii), f has a continuous extension . Therefore f has a continuous 
f” to AUB” 


extension to AU By (cf. Proposition 15). Contradiction. ] 
[Note: One cannot expect in general that a noncompact X will contain a compact Cantor n-space. 
Reason: For each n > 1, there exists a zero dimensional X of topological dimension n (consider an 


“n-dimensional” variant of Dowker’s Example “M”).] 


Suppose that X is compact and perfectly normal, with dim X = n(n > 1). Denote by Cx the union 
of all Cantor n-spaces in X—then dim(X — Cx) < dim X but if n > 1 equality can obtain even when X 


is metrizable (Pol'). 


FACT Suppose that X is a compact connected homogeneous ANR of topological dimension n > 1— 
then X is a Cantor n-space. 
[Note: Is such an X actually an n-manifold? This is true if n = 1 or 2 (Bing-Borsuk?) but is a 


mystery ifn > 2. The three dimensional case is related to the Poincaré conjecture (Jakobschel ).] 


MARDESIC FACTORIZATION LEMMA Let X and Y be compact Hausdorff spaces— 


‘ : dim Z < dim X 
then for every f € C(X, Y) there exists a compact Hausdorff space Z with wt 2aay- 
: g € C(X, Z) - _ 
and functions { he C(Z.Y) such that f = hog and g(X) = Z. 


[Assume that dim X = n is finite and wt Y > w. Fix a basis V for Y of cardinality 
wt Y. Denote by V the collection of all finite open coverings of Y made up of members of 


Y and put Up = f—!(V). Inductively define a sequence Uj, Ug2,... of collections of finite 


u’ 
u" 
of order < n+ 1 that is a star refinement of both YU’ and YU" and write U; for {U}. The 


open coverings of X by assigning to each pair € U;_1 a finite open covering U of X 


declaration x ~ y iff y € [x] = ()(\{st(z,U) : U € U;} is an equivalence relation on X and 
1 


for any open set U C X and any [x] CU, AU, € Ui,: 


[x] C st(x,Ue) C LJ ly] C st(st(a,Ue), Ue) CU. 
st(z,U,z ) 


+ Fund. Math. 136 (1990), 127-131. 
= Ann. of Math. 81 (1965), 100-111. 
ll Fund. Math. 106 (1980), 127-134. 


19-27 


Therefore the union of the equivalence classes that are contained in U is open in X. Give 
Z = X/~ the quotient topology. Since the projection g : X — Z is a closed map, Z is a 
compact Hausdorff space. By construction, f is constant on equivalence classes so there 
is a continuous factorization f = hog. Assign to each U = {U} in U; the collection 
Uu* = {U*}, where U* = Z — g(X — U)—then U* is a finite open covering of Z of order 
<n+1. Moreover, every finite open covering P = {P} of Z has a refinement of the 
form U*, hence dimZ < n. In fact, Vr € X IP, € P: [x] C g7\(Pz). Choose 
Uz € Ui, : Or = st(st(x,Uz),Uc) C g7'(Pr). Let {Oz,} be a finite subcover of {Oz}. 
Take a U € U; that refines the U,, and consider the associated U*. Finally, the collection 


UU{uU* : U € U;} is a basis for 7 of cardinality < wt Y.] 
HT 


dim AX < dim X 
wt AX < wt X 
[Assume that wt X > w. Choose an embedding X — [0,1]*** and denote by f its ex- 


tension BX — [0,1]*'*. Apply the MardeSié factorization lemma to get a compact Haus- 

gE C(Bx,AX) | J dimAX < dimGX =dimxX 
h € C(AX, [0, 1]¥**) ° ee AX < wt[0,1]7"** = wt X 
and f =hog (g(GX) = AX). Look at g|X.] 


PROPOSITION 10 X has a compactification AX such that { 


dorff space AX and functions { 


Since the normality of X was not used in the proof, Proposition 10 is true in the completely regular 


situation. 


FACT For every integer n > 0 and for every cardinal & > w, there exists a compact Hausdorff 
dimK(n,n) <n stake 
space K(n,«#) : having the property that if X is a nonempty CRH space of topological 
wt K(n,«) <6 
dimension < n and weight < «, then there is an embedding X > K(n,x«). 
[Consider the collection {X; : 7 € I} of all subspaces X; C [0,1]*, where dim X; < n. Let f be the 


natural map | |X; > [0,1]*. Work with 6f.] 


a 


Does every subspace X C R” have a dimension preserving compactification that embeds in R”? 


This is an open question. 


A set S C R” is said to be in general position if every subset T C S of cardinality 


<n-+1 is geometrically independent. 
LEMMA R” contains a countable dense set in general position. 


Suppose that X is second countable—then there is an embedding X — R”. If 


dim X = n, then one can say more: There is an embedding X — R??*, 
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Start with an initial reduction: Take X compact (cf. Proposition 10). Fix a compatible 
metric d on X. Attach to each f € C(X,R7"™") its “injectivity deviation” 


devf = sup{diam f~(p) :p € R?"*"}. 


Given « > 0, put D. = {f : devf < ce}. Claim: V « > 0, D, is open and dense in 
O(X,R*"*"). Admit this—then () Dj /;, is dense in C(X, R*”"*") (Baire), thus is nonempty. 
1 


But ()D1/, is the set of embeddings X — Re 
1 


(1) D, is open in C(X, Ree: Proof: Let f € D,. Choose r : devf <r <e. 
Set A, = {(x,y) : d(x,y) > r}. Call df the minimum of $|| f(x) — f(y)|| on A,—then 
{9 = ||f — gll < dp} C De. 

(2) D, is dense in C(X,R?"t'). Proof: Fix f € C(X,R?"t"). Given 6 > 0, let 
diam U; < €/2 
diam f(U;) < 6/2 
denote by {«,;} a partition of unity on X subordinate to YU. Choose a point x; € U; and 


U = {U;} be a finite open covering of X of order <n+1:V i, { and 


then choose a point pj € R?”*! within 6/2 of f(x;), using the lemma to arrange matters 


so that in addition {p;} is in general position. Put g = > Kyp;—then 
i 


F(a) — gfe) = Y> ws(0)(f(@s) — ps) + D> wie )(F@) - F@), 


hence || f —g|| < 6. There remains the verification: g € D,. For this, it need only be shown 
that if g(x) = g(y), then 37: a2,y € U;. Consider the relation )°(K;(x) — Ki (y))pi = 0. 


Because the order of U is < n+ 1, at most 2n + 2 of these terms are nonzero. However, 


So(Ki (2) — Ki (y)) = 0, from which K;(x%) — K;(y) = 0 V i, {p;} being in general position. 


But 47: 4;(2) > 0. Therefore both x and y belong to Uj. 


EMBEDDING THEOREM Every second countable normal Hausdorff space of topo- 


logical dimension n can be embedded in R2”*?. 


EXAMPLE The exponent “2n+ 1” is sharp. Indeed, if K = (V,%), where #(V) = 2n +3 and ¥ 
is the set of all nonempty subsets of V, then |K‘”)| cannot be embedded in R?”. 

[Assuming the contrary, work with the cone [|K()| of |K(™| (which would embed in R?"+1) and 
construct a continuous function f : S?°+! 4 R?”"+! that does not fuse antipodal points, in violation of 


the Borsuk-Ulam theorem.] 


EXAMPLE Suppose that X and Y are second countable normal Hausdorff spaces of finite topo- 


logical dimension—then the coarse join X *; Y is a second countable normal Hausdorff space of finite 
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topological dimension. In fact, there exist positive integers p and q such that X embeds in S? and Y 


embeds in S%. Therefore X *. Y embeds in S? x. $4 = SPta@t!. 


Suppose that X is a second countable compact Hausdorff space of topological dimension n > 1—then, 
from the proof of the embedding theorem, the set of embeddings X > R2"+! is dense in C(X,R?"*?). 
What can be said about the set of embeddings X — R?"? Answer: This set can be empty (cf. supra) 
or nonempty and nowhere dense (cf. infra) or nonempty and dense. As regards the latter point, there is 
a characterization (Krasinkiewiczt, Spiez?): The set of embeddings X —> R?” is dense in C(X,R2?”) iff 
dim(X x X) < 2n. Examples of spaces satisfying this condition are given in §20 (cf. p. 20-20). 

[Note: It can happen that V « > 04 f € C(X,R?”) with devf < and yet X does not embed in R?”. 
Here is an example when n = 1. Identify R? with the set of (x,y,z) in R°:z=0. Put A= UJa/n)st, 
B = {(x,0,0) : |x| < 1} U {(0,y,0) : |y| < 1}, C = {(0,0, 2) :0< 2< 1} and set X = AUBUC. Given 
€ > 0, select k : 1/2k < «. Denote by X_ the quotient X/K, K the subset of AU B consisting of those 
points whose distance from the origin is < 1/2k. Let p be the projection X — X,, choose an embedding 


fr: Xp — R? and consider f = fy op. Nevertheless, X cannot be embedded in R?.] 


EXAMPLE The set of embeddings [0, 1]” > R?” is nonempty and nowhere dense in C((0, 1]”, R?”). 
[Show that there exists a function fo € C([0,1]",R?”) and an €o > 0 such that if f € C((0, 1)", R?”) 


and if ||fo — f|| < «0, then f is not one-to-one.] 


FACT Suppose that X is a second countable normal Hausdorff space of topological dimension 
n. Equip the function space C(X,R?”+!) with the limitation topology—then the set of embeddings 


X + R?"*+! contains a dense Gs in C(X,R2"t?). 


Suppose that dim X = n—then there is a closed embedding X —> R2"*1 if X is 
second countable and locally compact. For Xo is second countable and dim X = dim Xo 
(by the control lemma). Embed X,.. in R?"t'. Add to R?”"*? a point at infinity and 
remove the point corresponding to X,, — X. This gives another copy of R?”*? containing 


X asa closed subset. 


Put N2°t! = Q2?*tuU..-UQ?2"t!, the subspace of R?"t" consisting of all points with 


at most n rational coordinates—then dim Nets =n. 


LEMMA Every second countable normal Hausdorff space of topological dimension n 
can be embedded in N2”*". 


+ Fund. Math. 183 (1989), 247-253. 
t Fund. Math. 134 (1990), 105-115; see also Fund. Math. 135 (1990), 127-145. 
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[The complement R?"t* — N2"t! has the form |) Hy, where V k, Hy, is a plane of 
I 
euclidean dimension n. Take X compact, let Dij,(Hx) = Diy, {f : f(X) 1 Ak = Of, 
and consider {).D /,%(Hx).] 
1 


Application: Every second countable normal Hausdorff space of topological dimension 
n can be written as a union of n + 1 subspaces, each of topological dimension < 0. 


[Note: Filippov’ has constructed an example of a compact perfectly normal X 
dim X; = 0 


dim X = 1, which cannot be written as a union X; U X2, where . .| 
dim Xy = 0 


When n = 0, the space Neer becomes the set of irrationals, the latter being homeomorphic to 
dim X = 0 

N”. The Cantor cube C,, embeds in N“” and, as has been noted on p. 19-3, if { , then X 
wt X <w 


embeds in Cy. There is a higher dimensional counterpart to this in that one can construct a compact 


subspace Me2n+t C R?2"+! of topological dimension n which embeds in N2rt1 and has the property that 


dim X =n 
if , then X embeds in M?2"+1. In a word: Subdivide [0, 1]?"*+1 into cubes of side length 1/3, 
wt X <w 


retain those that meet the n-faces of [0,1]?"+1, repeat the process on each element of their union Ko and 
CO 
continue to the limit: M?"+! = () K; (Bothe®). 
0 
Denote by Nn(«) the subspace of S(«)” consisting of those points which have at most n nonzero 
wt Nn(«) =4 


rational coordinates—then : 
dim Nn(k) =n 


FACT Every metrizable space X of weight < « and of topological dimension < n can be embedded 
in Np (a). 
[Note: By comparison, recall that every metrizable space X of weight < « can be embedded in S(«)” 


(cf. p. 6-37).] 


Suppose that X is metrizable (completely metrizable) of weight «. Equip the function space C(X, 
S(«)”) with the limitation topology—then Polll has shown that the set of embeddings (closed embeddings) 
X — S(«)” contains a dense G5 in C(X,S(«)”). 


Can one characterize dim by a set of axioms on the class €, the subspaces of euclidean 


spaces? The answer is “yes”. 


+ Soviet Math. Dokl. 11 (1970), 687-691. 
= Fund. Math. 52 (1963), 209-224; see also Bestvina, Memoirs Amer. Math. Soc. 380 (1988), 1-110. 
| Topology Appl. 39 (1991), 189-204. 
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Consider a function d: € + {—1,0,1,...} subject to: 
(d,) (Normalization Axiom) d(Q) = —1, d({0,1]”) =n (n=0,1,...). 
(dg) (Topological Invariance Axiom) If X,Y € € and are homeomorphic, then 
d(x) = d(Y). 
(d3) (Monotonicity Axiom) If X,Y € € with X C Y, then d(X) < d(Y). 
(d4) (Countable Union Axiom) If X € € is the union of a sequence of closed 
subspaces X;, then d(X) < sup d(X;). 


(ds) (Compactification Axiom) If X € €, then there is a compactification X € € 


of X such that d(X) = d(X). 
(dg) (Decomposition Axiom) If X € € and d(X) = n, then there exist n +1 sets 


X; C X such that X = |) X; and V i, d(X;) < 0. 
0 


Hayashi’ has shown that these axioms are independent and serve to characterize the 
topological dimension dim on the class €. 

[Note: The key here is the last axiom on the list. The first five are satisfied by the 
cohomological dimension dimg with respect to a nonzero finitely generated abelian group 


Gi 


While it is not true in general that an arbitrary normal X of topological dimension n 
can be written as a union of n +1 normal subspaces, each of topological dimension < 0, 
there is nevertheless a partial substitute in that every neighborhood finite open covering 
of X of order < n+ 1 has an open refinement that can be written as a union of n+ 1 


collections, each of order < 1. This is a consequence of the following statement. 


DECOMPOSITION LEMMA Let U = {U; : i € I} be a neighborhood finite open 
covering of X of order < n+ 1—then there exists an open covering VY of X which can be 
represented as a union of n+ 1 collections Vo,... , Vn, where V; = {Vj : 1 € I} consists of 
pairwise disjoint open sets such that V7: Vij C Uj. 

[There is nothing to prove if n = 0. Proceeding by induction, assume the validity 
of the assertion for all normal spaces and for all neighborhood finite open coverings of 
order < n+ 1 (n > 1). Choose a precise open refinement O = {O; : i € I} of U = 
{U,:iE€ I}: Vi,A4; =O; CU; Put F={F:F CI & #&(F) = n+}. Assign 


Or — () O; 
to each F € F : Up = [{) U; and ick . Select a point ig € F and let 
icF Ar = () A; 
iCF 


+ Topology Appl. 37 (1990), 83-92. 
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Vin = U{Ur : ip = 1}—then the order of V, = {Vin : i € I} is< LandVi: Vi, C U;. The 
subspace Y = X —(J Or is closed, hence normal. Since the order of the neighborhood finite 
F 
open covering {Y (]O; : i € I} of Y is < n, there exists an open covering V’ of Y which can 
be represented as a union of n collections Vo,...,V,_1, where V; = {Vj; : 7 € I} consists 
of pairwise disjoint open sets such that V 7: Vi CYNO;. The subspace Z = X —U Ar 
F 


is open ({Ar} is neighborhood finite) and is contained in Y. For j = 0,...,n — 1, let 
Vij = Z()Vi; and Vj = {Vij : 7 € I}. Consideration of the union V = LJ V; completes 
0 


the induction.] 


PROPOSITION 11 Suppose that dim X < n. Let U = {U;: 71 € I} be a neighborhood 
Vog Wigs 
Wo, Wi1,--- 
of open subsets V; = {Vij 27 € I} & W; = {Wij 24 © I} of X such that any n+ 1 of the 
Y; cover X and Vi: Vij GWG Us 


[Bearing in mind Proposition 6, normality and the decomposition lemma provide us 


finite open covering of X—then there exist sequences { of discrete collections 


with the V; and W; for 7 <n. Now argue by induction, assuming that the V; and W; 
have been defined for 7 < m—1, m—1 being > n. Assign to each M C {0,...,m-— 1} 


of cardinality n the closed subset Ay = X — LU UV;—then the Ay, are pairwise disjoint 
jEeM 


because any n+ 1 of the V; cover X. Determine open ee :Au C Vm C Vu C We, 
M 


where M’ 4 M” > Wy OW yu = 0. Select a point jy <m—1: ju ¢ M. Note that 
Vim = UVM 0 Vij 


: M 
Am CUVju+ Pat yyy iy aw, 
M 


__. The associated collections V,, and W,, are 
JM 
discrete and open with Vim C Wim C U;. And since any n of the V; (7 < m-— 1) cover 
X —UAm, any n+ 1 of the V; (7 < m) cover X.| 

M 


The Kolmogorov superposition theorem, which resolved Hilbert’s 13th problem in the 
negative, says that for each n > 1 there exist functions ¢1,...,¢2n41 in C((0,1]") such 
that every f € C((0,1]”) can be represented in the form f = 5° g;0¢; for certain g; € C(R) 

i 


(depending on f). Objective: Isolate the dimension theoretic content of this result. 
Suppose that X is a second countable compact Hausdorff space. Let 6; € C(X) 

(i = 1,...,k)—then the collection {¢;} is said to be basic if for every f € C(X) there 

exist continuous functions g; : R — R such that f = 5° g;0¢;. A basic embedding of X in 


R* is an embedding X —> R* corresponding to a basic collection {¢;}. So, e.g., according 


to Kolmogorov, X = [0,1]" can be basically embedded in R?”*". 
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BASIC EMBEDDING THEOREM Every second countable compact Hausdorff space 
of topological dimension n can be basically embedded in Roe 

[Note: Sternfeld' has shown that if dim X = n (n > 1), then X cannot be basically 
embedded in R2”. Example: Let X = {(a,0) : |a| < 1}U{(0,y) : |y| < 1}—then dim X = 1 


and X can be basically embedded in R?.] 


The proof of the basic embedding theorem is not a general position argument. It 


depends instead on Proposition 11 and some elementary functional analysis. 


There is a simple interpretation of what it means for {¢;} to be basic in terms of the 
dual C(X)* of C(X). Thus put Y; = ¢;(X) and let Y = [| Y;—then the collection {¢,;} 


determines a bounded linear operator T : C(Y) > C(X), viz. T(g1,--- 59k) = 591° di, 
with adjoint T* : C(X)* > C(Y)*, viz. T*w = >> i, wi the image of « under ¢;. Note 


that ||T* || = S> ||; ||. Obviously, {¢;} is basic iff T is surjective or still, iff I A:0<A<1 
such that Vw € C(X)* 47: |||] > Allu||. When this occurs, call {¢;} A-basic. 

Fix a compatible metric d on X. Given a finite discrete collection U = {U} of open 
subsets of X, we shall write d(/) for sup{diamU : U © U} and agree that a function 
b € C(X) separates U if VU AV inl: dU) g(V) = 9. 


LEMMA Let ¢; € C(X) (¢=1,...,k). Suppose that V € > 0 and VY i, there exists a 
finite discrete collection U; of open subsets of X with d(U;) < € such that ¢; separates U4; 
and 


k 
; )> |= : 
Vrex 2, ord(e U4) 2 Bee 


Then {¢;} is 1/k-basic. 

[The set of up € C(X)* for which spt(u+) N spt(u—) = 0 is dense in C(X)* (Hahn 
plus regularity). Therefore take a yw € C(X)* of norm one, assume that ¢ = d(spt(uT), 
spt(u-)) > 0, and choose the U; accordingly. If as usual |u| = wt + p-, then |p| is 
a probability measure on X and )>|p\(U Uj) > [k/2] + 1, implying that for some io, 
|| (UU;,) > (1/k)([k/2] +1) > 1/2 +1/2k. On the other hand, VU € U;,, |u|(U) = |u(U)|, 
thus [j|(U Ug) = 5 |m(U)| and so [|| = 1/2 + 1/2k ~ |al(X — UU) > 1/k 


Let U(p) be a finite discrete collection of open subsets of X with d(U(p)) < 1/p 
(p =1,2,...). Claim: There exists a dense set of 6 € C(X) separating U(p) for infinitely 


+ Israel J. Math. 50 (1985), 13-53; see also Levin, Israel J. Math. 70 (1990), 205-218. 
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many p. To see this, let @, be the set of 6 € C(X) separating U/(p) for some p > q 
(q = 1,2,...)—+then it need only be shown that V gq, ®, is open and dense in C'(X) 


(consider ()®, and quote Baire). 
1 


(1) ®, is open in C(X). Proof: Let ¢ € @g. Choose p per ¢. Let 26 = 
inf{dis(@(U), 0(V)) : U # V in U(p)}. Suppose that ||¢@ — f || < ¢/4—then U #4 V in 
U(p) = dis(f(U), f(V)) > «. 

(2) ®, is dense in C(X). Proof: Fix f € C(X). Given € > 0, choose p > q: 
osc(f|U) < «/2 (U € U(p)). Define a continuous function g : UU > R by picking distinct 

Use Tietze and extend f| UU —g to anh € C(X) : 


constants cy: glU mea 
|All <e. Put@=f—h: d6€ 4, & ||f -—Al| <e. 


FIV — glU|| <€ 


To prove the basic embedding theorem, take k = 2n + 1—then, in view of Proposition 
11, there exist finite discrete collections U;(p) (¢ = 1,...,k) of open subsets of X with 
d(U;(p)) < 1/p (p = 1,2,...) such that for each p the union of any n+ 1 of the U;(p) isa 


covering of X, so 


VreXx: 2, 01d(2,24(P)) > | +1. 


Thanks to the preceding remarks, it is possible to select integers py < po < --- and 
functions ¢; € C(X) (i = 1,...,k) having the property that ¢; separates U;(p;) (j = 
1,2,...). Apply the lemma and conclude that {¢;} is 1/k-basic (k = 2n + 1). 


When X = [0,1]”, one can explicate, at least to some extent, the analytic structure of the ¢;. 
Precisely put: Given rationally independent real numbers 7rj1,...,7n, there exist increasing continuous 
functions #1,... ,#2n41 on [0,1] such that the 


Pi(a1,--. , en) = DV ry Wi(aj) (LS t< Qn +1) 
constitute a 1/k-basic collection (k = 2n + 1). Moreover, the g; can be chosen independently of 7, so 
Vv f € C((0,1]”) there exists a g € C(R): 
f(a1,.-.,tn) = Sete . eae rjtbi(v;)) 

[Note: The “inner functions” can even be taken in Lip,([0,1]). Reason: There exists a homeomor- 
phism z : [0,1] — [0,1] such that V i,~; 07 € Lip,([0,1]). Consider, e.g., the inverse to the assignment 
x—>C(at+ S3 (vi (a) — ;(0))), where C is the reciprocal of 1+ Swi (1) — ;(0)).] 

To aioid trivialities, assume that n > 1. There are then Hines steps to the proof. 

(1) For p = 1,2,..., partition [0,1] into p closed subintervals I of length 1/p indexed by the 
natural order and for 1 <i < k, let Z;(p) denote the collection of closed subintervals of [0,1] obtained by 
removing from [0,1] the interior of those I whose index is congruent to i mod k. Write C;(p) for the set 


of all products C;(p) = h(p) x --- x In(p) : V 9, 1;(p) € Zip). It is clear that C;(p) is a discrete collection 
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of closed n-cubes in [0,1]”. Furthermore, every x € [0,1]” belongs to at least [k/2] + 1=n-+1 of the 
UC; (p). 

(II) Let © stand for the set of increasing continuous functions on [0,1], equipped with the 
uniform norm. Attach to each € > 0:0 < € < 1/2k, and to each f € C([0,1]”) : ||f|| 4 0, the set 0 (e) 
of all {y;} € W* for which there exists an h € C(R) : |lhl] < II fll & If — SShO srs vadll < A - Olifil- 


Claim: 0Q(€) is open and dense. Of course, only the density is at issue. And for this, it suffices to fix a 
nonempty open 2 C W* and show that ONO s(e) 4 0. Let U*(p) be the subset of U* consisting of the {7;} 
such that V i: #; is constant on the elements of Z;(p). Choose p > 0:09 U*(p) 46 & osc(f|C;(p)) < 
el f|| V Ci(p) € Ci(p). Fix {yi;} € AN U*(p). Because the r; are rationally independent, there is no loss 
of generality in supposing that ¢; = DS rj; takes different values on different elements of C;(p) and that 


in addition these values are distinct fa distinct 7. We shall now construct an h € C(R) in terms of the ¢; 
and deduce that {y;} € Q-(e). Call M; the value of f at the center of Ci(p). Let h(p;(Ci(p))) = 26M; 
and extend h continuously to all of R: ||A|| < 2e||f||. Using the fact that every x € [0,1]” belongs to at 
least n + 1 of the UC;(p), one has 


f(x) — DUA(bi(x))] < (1 - An + De) F(e)| + An + 1e*||fll + 2nell fl 


< (1 — 2€ + (nt 1)e*)IIFIl < A — IF. 
Therefore {pj} € Qp(E). 
(III) Let D = {fa} be a countable dense subset of C([0,1]”), not containing the zero function— 
then 24,00 is dense in U* (Baire). Fix {y;} € (9;,(6). Let f € C([0,1]”) : ||f|| 4 0. Choose 


1 
fa € D: | —€/4)f — fall < (/)llfll, 50 { Wall SI. cad-enouee shy € OR) (lhall < 
If — fall < (e/2Il II 


Il fall & Ifa~ Dama r3%%)|| < 1—)||fall. Conclusion: 3 h = y(f) € C(R) such that ||h|| < || fl] & |f— 
SS ACD 154) fl (1 — / DIF). Recursively define a sequence yo, x1,--- in C([0,1]”) by xo = f, xm41 = 

a J = 
—Sohm(d>7rj vi), where hm = 7(xm) (7(0) = 0). The series }* hm is uniformly convergent, thus its 

i j 0 

sum g is continuous and satisfies the relation f = So9Q5 rj yi). 
a Jj 

[Note: Let C1([0,1]”) be the set of continuously differentiable functions on [0,1]”—then Kaufman? 


has shown that for n > 1, no finite subset of C1([0,1]”) can be basic.] 


FACT There exist real valued continuous functions ¢; (¢ = 1,...,2n +1) on R” such that V f € 
BC(R") 4g €C(R): f =i 904i. 
i 


+ Proc. Amer. Math. Soc. 46 (1974), 360-362. 
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[Note: This result remains true if R” is replaced by a noncompact second countable LCH space X 


of topological dimension n.] 


If X and Y are nonempty normal Hausdorff spaces, what is the relation between 


dim(X x Y) and ee ? An initial difficulty is that X x Y need not be normal so 
formally dim(X x Y) can be undefined. 


This is not a serious problem. Reason: X x Y is at least completely regular, therefore in this context 


dim(X x Y) is meaningful (cf. p. 19-2). 


Examples: (1) Take X = Y = Sorgenfrey line—then X is perfectly normal and 
paracompact but X x X is not normal (cf. p. 5-11); (2) Take X = [0,Q[, Y = [0, Q]—then 
X is normal and Y is compact but X x Y is not normal; (3) Take X = Michael line, 
Y = P—then X is paracompact and Y is metrizable but X x Y is not normal (cf. p. 6-8 
ff.); (4) Take X = Rudin’s Dowker space, Y = [0,1]—then X x [0,1] is not normal. 


Here are some conditions on X and Y that ensure that the product X x Y is normal. 
(1) Suppose that X is perfectly normal (perfectly normal and paracompact) and 
Y is metrizable—then X x Y is perfectly normal (perfectly normal and paracompact). 
(2) Suppose that X is normal and countably compact and Y is metrizable—then 
X xX Y is normal. 
(3) Suppose that X is normal and countably paracompact and Y is metrizable 
and o-locally compact—then X x Y is normal. 
(4) Suppose that X is paracompact and Y is paracompact and o-locally compact— 
then X x Y is paracompact. 
[Note: A CRH space is said to be o-locally compact if it can be written as a countable 
union of closed locally compact subspaces. Example: Every CW complex is o-locally 


compact. | 


If enough pathology is built into X and Y, then it can happen that dim X + dimY < 
dim(X x Y). Examples illustrating the point are given below. Because of this, one looks 
instead for conditions on X and Y that serve to force dim(X x Y) < dimX + dimY. 


PRODUCT THEOREM Suppose that X is normal and Y is paracompact and o-locally 
compact. Assume: X x Y is normal—then dim(X x Y) < dim X + dimY. 
[Note: Tacitly, X A0& Y £0.) 
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The inequality in the product theorem can be strict even if X and Y are compact ARs (Dranishnikov‘). 


The proof of the product theorem is carried out in stages under the supposition that 
n = dim X a 
m = dimY , 


PROPOSITION 12 Suppose that both X and Y are compact—then dim(X x Y) < 
dim X + dimY. 


[Let W be a finite open covering of X x Y. Choose finite open coverings of 


of discrete collections 


o :Ux V refines W. Attach to o sequences 


of open subsets of having the properties delineated in Proposition 11. In particular: 


X 
ig 
Each x € X can fail to belong to at most n of the UO; and each y € Y can fail to belong 
to at most m of the UP;,. The union Op x Po U--- UW Onim X Paim is therefore an open 


refinement of U x V of order <n+m-+1.] 


If X and Y are compact and metrizable and if f : X — Y is continuous and surjective, then there 
exists a Baire class one function g : Y > X such that fog = idy (Engelking?). Since go f is a function of 
the first Baire class, its graph is a Gs in X x X, which implies that the range of g, viz. {x : g(f(x)) = 2}, 


is a Gs in X that intersects each fiber of f in exactly one point. 


EXAMPLE Let K be the collection of all nonempty closed subsets of [0, 1] x [0, 1] equipped with the 
Vietoris topology, so K is compact and metrizable. Write p for the vertical projection—then the collection 
C of all compact connected subsets of [0,1] x [0,1] that meet both p—!(0) and p—1(1) is a closed subspace 
of K, hence is compact. Therefore there exists a continuous surjection [ from the Cantor set CC [0,1] to 
C. Because C' x C' is homeomorphic to C,, one can assume that the fibers of [ have cardinality 2”. If now 
X = Uf{p-1() nt) : t € C}, then X is a compact subspace of [0,1] x [0,1] and f = p|X : X > Cis 
surjective. From the remark above, there exists a Baire class one function g : C + X such that fog = ida. 
Define ¢ : C — [0,1] by g(t) = (¢, (¢)) : ¢ is a function of the first Baire class and its graph gry is a G5 
in X that intersects each fiber of f in exactly one point. Consequently, gry is completely metrizable, thus 
is a Gs in C x [0,1]. Note too that grg is totally disconnected and intersects each element of C in a set of 


cardinality 2”. Claim: dim gr, = 1. In fact, by Proposition 12, dimgr, < dim C+ dim[0,1] =0+1=1. 
ly Sto S 


+ Soviet Math. Dokl. 37 (1988), 769-773. 


* Bull. Acad. Polon. Sci. 16 (1968), 277-282. 


19-38 


A =egrgMq7*([0, 1/7) 


To see that dim Brae 0, write q for the horizontal projection, put { : and let U 
B= erg q7*((6/7, 1)) 
ACU 
be any open subset of arg: = —then #(frU) = 2”. 
BnUu=9 


[Note: Working instead with [0,1]”+! = [0,1] x[0, 1]”, one can modify the preceding construction and 
produce an example of a second countable completely metrizable totally disconnected space of topological 


dimension n. Such a space cannot contain a compact Cantor n-space (cf. p. 19-25).] 


FACT Let X and Y be nonempty CRH spaces. Suppose that X x Y is strongly paracompact—then 
dim(X x Y) < dim X + dimY. 

[View X x Y as a subspace of 8X x BY to get dim(X x Y) < dim(BX x BY) (cf. p. 19-12), which 
is < dim@X + dim#Y (cf. Proposition 12) or still, < dim X + dim Y (cf. Proposition 1).] 


[Note: Is it sufficient that X x Y be paracompact? The answer is unknown.] 


Application: Suppose that X and Y are second countable and metrizable—then dim(X x Y) < 
dim X + dimY. 


EXAMPLE Take for X the subspace of I? consisting of all sequences {x,,}, with #, rational—then 
dim X = 1. But X is homeomorphic to X x X, so dim(X x X) = 1, which is < 2= dim X +dimX. 

[Note: Given any n € N, there exists an X C R”*?! such that dim X = dim(X x X) = n (Anderson- 
Keislert ).] 


FACT Let X and Y be nonempty CRH spaces. Suppose that X and Y are infinite and X x Y is 
pseudocompact—then dim(X x Y) < dim X + dim Y. 

[Glicksberg’s theorem says that if X and Y are infinite CRH spaces, then the product X x Y is 
pseudocompact iff 6(X x Y) = BX x BY, the equal sign meaning that the two compactifications of X x Y 
are equivalent (and not just homeomorphic). Recall that the product of two pseudocompact spaces need 
not be pseudocompact but this will be the case if one of the factors is compactly generated. Example: 


dim([0, Q[x[0, Q}) = 0.] 


PROPOSITION 13 Suppose that X isa CW complex and Y is compact—then dim(X x 
Y) <dimX +dimY. 
[Argue by induction on dim X. There is nothing to prove if dim X = 0. If dim X > 0, 


then, since the combinatorial and topological dimensions of X coincide (cf. p. 19-21), 


X = X™), Thus one can write X = X(~-!) UU A,, where each A, is closed and expressible 
r 


+ Proc. Amer. Math. Soc. 18 (1967), 709-713. 
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as a disjoint union L) K;,;, {A;,;} being a discrete collection of compacta, with dim K;,; < n. 
i 


From the induction hypothesis, dim(X("-)) x Y) < dim X("—) + dimY <n—1+m. On 
the other hand, Proposition 12 implies that dim(K;,,; x Y) < dim kK, +dimY <n+m, 


so dim(A,; x Y) <n+m. Now apply the countable union lemma.| 


STACKING LEMMA Let X and Y be nonempty CRH spaces. Suppose that Y is 
compact—then for every numerable open covering W of X x Y, there exists a numerable 
open covering U = {U;:1€ I} of X and Vi € I, a finite open covering V; = {Vi,; : 7 € Ji} 
of Y such that the collection {U; x V; : i € I} refines W. 

[The assertion is trivial if X is paracompact. In general, there exists a metric space 
Z, an open covering Z of Z, and a continuous function f : X x Y > Z such that f—!(Z) 
refines W (cf. p. 1-25). Define e: C(Y,Z) x Y — Z by e(¢, y) = ¢(y)—then e~!(Z) isa 
numerable open covering of C(Y,Z) x Y. Since C(Y, Z) x Y is paracompact, one can find 
a numerable open covering O = {O; : 7 € I} of C(Y, Z) and Vi € I, a finite open covering 
Vi = {Vij : 7 € Ji} of Y such that the collection {O; x V; : 7 € I} refines e~'(Z). Put 
F(x)(y) = f(a,y): F € C(X,C(Y, Z)) & f =e0(F x idy). Consider U = {U; : i € I}, 
where U; = F~1(O;).] 

[Note: The complete regularity of X plays no role in the proof.] 


To establish the product theorem, first employ the countable union lemma and make 
the obvious reductions to the case when Y is compact. This done, let W be a finite 
open covering of X x Y. According to the stacking lemma, there exists a neighborhood 
finite open covering U = {U; : i € I} of X and for each i € J, a finite open covering 
VY; = {Vij : 9 © Ji} of Y such that the collection {U; x Vj : i € I} refines W. Fix a 
precise open refinement O = {O; : 7 € I} of U of order < n+ 1 (cf. Proposition 6)—then 
dim |N(O)| < n, N(Q) the nerve of O. Choose an O-map f, i-e., a continuous function 
f :X + |N(O)| with the property that VO; € O: (bo, 0 f)~* (J0,1]) C O; (cf. p. 5-8). 
Put F = f x idy. Since dim(|N(O)| x Y) < n+ (cf. Proposition 13), the open covering 
{b5; (10, 1]) x V;: 4 € I} of |N(O)| x Y has an open refinement P of order < n+m+1. 
Consider F'~'(P). 


The product theorem holds if X is merely completely regular. Indeed, once the reductions to the 
case “Y compact” have been carried out, the argument proceeds as when X is normal. The reductions 
depend in turn on the countable union lemma which retains its validity in the completely regular situation 
provided the subspaces in question have the EP w.r.t. [0,1] (cf. p. 19-13). Two results are relevant for 


the transition. 
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LEMMA Let X be a topological space. Let B be a compact subspace of a CRH space Y—then 
X x B, as a subspace of X x Y, has the EP w.r.t. [0, 1]. 

[Recalling that B C Y has the EP w.r.t. [0,1] (cf. p. 6-4), let O be a finite numerable open covering 
of X x B. Use the stacking lemma and construct a numerable open covering W of X x Y such that 
Wn (X x B) is a refinement of O. Apply §6, Proposition 4 (the proof of sufficiency does not require a 


cardinality assumption on W).] 


LEMMA Let X be a topological space. Let B be a closed subspace of a paracompact LCH space 
Y—then X x B, as a subspace of X x Y, has the EP w.r.t. [0,1]. 

[Note: Paracompactness of Y alone is not enough. Example: Take X = P, Y = Michael line and 
B= Q—then X x B, as a subspace of X x Y, does not have the EP w.r.t. [0,1]. One can, however, drop 


local compactness if some other assumption on Y is imposed, e.g., stratifiability. ] 


Its utility notwithstanding, there are limitations to the product theorem. For example, it is not 
necessarily applicable if both factors are metrizable. However, this possibility (and others) can be readily 
placed in a general framework. 


Let X and Y be nonempty CRH spaces—then a cozero set rectangle in X x Y is a set of the form 


U x 
U x V, where is a cozero set in : 
V Y 


LEMMA X xY is Z-embedded in X x GY iff every cozero set in X x Y can be written as the union 
of a collection of cozero set rectangles U x V, where {U} is o-neighborhood finite. 

[Use the stacking lemma and the fact that the union of a o-neighborhood finite collection of cozero 
sets is a cozero set.] 

[Note: X x Y is Z-embedded in BX x BY iff every cozero set in X x Y can be written as the union 


of a countable collection of cozero set rectangles U x V.] 


The following conditions are equivalent. 
(a) Every cozero set in X x Y can be written as the union of a collection of cozero set rectangles 
U x V, where {U} is o-neighborhood finite. 
(b) Given any f € C(X x Y) and any e > 0, there exists a covering of X x Y by cozero set 
rectangles U x V such that osc(f|U x V) < € and {U} is o-neighborhood finite. 


CO 
[(a) = (b): Fix a sequence of open intervals Jan, bn[, each of length < €/2 : R = [J Jan, bn[—then 
1 


co 
X x Y =Uf-1(an, bn[). Write f—1 (Jan, bn[) as the union of a collection of cozero set rectangles U; x Vj, 
1 


CO 
where {U; : i € In} is o-neighborhood finite. Obviously, osc(f|U; x Vi) < € and UJ{U; : i € In} is 
1 


o-neighborhood finite. 


19-41 


(b) = (a): Take an f € C(X x Y). Pick a cozero set rectangle covering CW, = {U x V} of X x Y 
such that ose(f|U x V) < 1/n and {U} is o-neighborhood finite. Denote by CW,,(f) the subset of CW, 
CO 


consisting of the U x V that are contained in X x Y — Z(f)—then |) CW,,(f) covers X x Y — Z(f).] 
1 


xX xX 
Assume: Every open subset of { is Z-embedded in { —then (a) and (b) above are equivalent 
Y Y 


to the following conditions. 
(a) z Every cozero set in X x Y can be written as the union of a collection of open rectangles 
U x V, where {U} is o-neighborhood finite. 
(b)z Given any f € C(X x Y) and any e > 0, there exists a covering of X x Y by open 
rectangles U x V such that osc(f|U x V) < € and {U} is o-neighborhood finite. 
[That (a) = (a)z is clear, as is (a)z = (b)z. To prove that (b)z = (b), let f € C(X x Y) and 


x U 
€ > 0 but with osc(f|U x V) < €/2. The assumption on { implies that the interior of i. is a cozero 
Y V 


x 
set in . The corresponding collection of cozero set rectangles thereby produced covers X x Y and the 


oscillation of f on any one of them is < e.] 


In a CRH space, every open subset is Z-embedded iff every open subset which is the interior of its 
closure is cozero. The latter property is evidently a weakening of perfect normality and, e.g., is possessed 


by an arbitrary product of metrizable spaces (Séepint) but not by [0,Q[ or BR. 


LEMMA Suppose that X is metrizable and that every open subset of Y is Z-embedded in Y—then 
X Xx Y is Z-embedded in X x BY. 

[It suffices to check (b)z, so let f € C(X x Y) and « > 0. Enumerate Q: {qn} and put In = 
Jan — €/3, qn + €/3[. Fix a o-neighborhood finite basis {U} for X. Let Y(U,n) be the subset of Y 
made up of those points which admit a neighborhood V : f(U x V) C In—then Y(U,n) is open in Y, 
osc(f|U x Y(U,n)) < €, and since V (x,y) € X X Yd qn € Q: |f (x,y) — an| < €/6, the open rectangles 
U x Y(U,n) cover X x Y.] 


FACT Let X and Y be nonempty CRH spaces. Suppose that X x Y is Z-embedded in X x SY —then 
dim(X x Y) < dim X + dimY. 

[Simply note that dim(X x Y) < dim(X x BY) (cf. p. 19-13), which, by the product theorem, is 
< dim X + dim BY = dim X + dim Y.] 


Application: Suppose that X and Y are metrizable—then dim(X x Y) < dim X +dimY. 


+ Soviet Math. Dokl. 17 (1976), 152-155; see also Blair-Swardson, Topology Appl. 36 (1990), 73-92. 
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EXAMPLE Let X and Y be nonempty M complexes—then X x; Y is an M complex and dim(X x, Y) < dim X 4 


[Assume first that X is an My space and Y is an Mm space, proceeding by induction on n + m.] 


That dim is monotonic on Z-embedded subspaces is the key to the preceding method. But one can 
get away with even less. In general, a subspace A of a topological space X is said to be weakly Z-embedded 
in X if for any cozero set O in A there exists a o-neighborhood finite collection {O; : 7 € I} of cozero sets 
O; in A, each of which is the intersection of A with a cozero set in X, such that O = U O;. 

i 

LEMMA Let X be a nonempty CRH space. Suppose that A is a weakly Z-embedded subspace of 

X—then dim A < dim X. 


Let X and Y be nonempty CRH spaces—then X x Y is said to be rectangular if every cozero set in 
X x Y can be written as the union of a o-neighborhood finite collection of cozero set rectangles U x V. If 


X x Y is Z-embedded in X x BY, then X x Y is rectangular (the converse is false). 


EXAMPLE Suppose that X and Y are paracompact Hausdorff spaces satisfying Arhangel’skii’s 


condition—then X x Y is rectangular. 


FACT Let X and Y be nonempty CRH spaces. Suppose that X xY is rectangular—then dim(X x Y) < dim X + « 
[Indeed, X x Y, as a subspace of BX x BY, is weakly Z-embedded.] 


EXAMPLE Rectangularity of X x Y is not a necessary condition for the validity of the relation 
dim(X x Y) < dim X + dimY. 
(1) (The Sorgenfrey Plane) Let X be the Sorgenfrey line—then X is zero dimensional and 
Lindelof, hence dim X = 0 (cf. Proposition 2). The Sorgenfrey plane X x X is zero dimensional but not 
normal and is “asymmetrical” in that every line with negative slope is discrete but every line with positive 
slope is homeomorphic to X. Moreover, it is not rectangular as may be seen by considering the points on 
or above the line x+y = 1. Still, dim(X x X) = 0. As a preliminary, show that if O is any open subset 
of X x X, then there exists a sequence of clopen sets On such that O C Lon C O and from this deduce 
that every cozero set in X x X is a countable union of clopen sets (cf. p. "19-4). 
(2) (The Michael Line x The Irrationals) Let X be the Michael line—then X is hereditarily 
paracompact, hence hereditarily normal, so it follows from the control lemma that dim X = 0. The product 
X X P is zero dimensional but not normal. Nor is it rectangular: Otherwise, P would be an Fy in R. 


However, one can show that dim(X x P) = 0. 


Let X and Y be nonempty CRH spaces—then X x Y is said to be piecewise rectangular if every 


cozero set in X x Y can be written as the union of a o-neighborhood finite collection {W}, where each 
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W is a clopen subset of some cozero set rectangle U x V. In this terminology, Pasynkov' proved that if 


dim X = 0 

, then dim(X x Y) = 0 iff X x Y is piecewise rectangular. 
dim Y = 0 

X :dimX =n 

Y:dimY =m 

for which X x Y is also normal with dim(X x Y) = n+m but such that X x Y is not piecewise rectangular. ] 


[Note: For every pair of positive integers (n,m), Tsuda? has constructed a normal { 


x 
EXAMPLE [Assume CH] There exist nonempty perfectly normal locally compact { SOY 
Y 


is a perfectly normal LCH space and dim X + dimY < dim(X x Y). For this, use the notation of the 
example following Proposition 12, letting Ac be the diagonal of C in C?, which will then be identified 
with C when convenient. Transfer the topology on gr » back to C to get a second countable completely 
metrizable topology tg on C’ finer than the euclidean topology T. 

Claim: There exists a second countable metrizable topology A on C? finer than the euclidean topology 
7? with A|Ac = Tye & A|C?-Acg = 7?|C?—Ac such that every element of A containing a point (2,2) € Ac 
also contains the intersection with C? of two disjoint open disks, tangent to Ac at (a, 2). 

[Fix a countable basis {U;} for Tg. Since ¢ is Baire one, each Uj; is a euclidean Fy : Uj = as Ajj 
t-closed. Enumerate the A;; : {Kn}. Given r > 0, let Kn(r) be the union of all BN C?, gee B, is an 
open disk of radius r tangent to Ac at some point of K,. Recursively determine a sequence of positive 
real numbers rn : fn > Tn41 & limrn = 0, subject to Kn A Km = 9 => Kn(rn) 1 Km(rm) = 0. Put 
O; = U{Kn(27'tn) : Kn C Uj}. Consider the topology on C? generated by the O; and a countable basis 
for the euclidean topology on C? — Ag.] 

Construct Kunen modifications r’ and 7” of rt such that 7’ x r’’ is a perfectly normal locally compact 
topology finer than A whose restriction rT’ x 7’’|Ac is a Kunen modification of tg (cf. p. 1-16). In so 
doing, work with an enumeration {mq : a < Q} of C, letting {Cag : a < Q} be an enumeration of the 
countable subsets of C? such that Va: Ca C {ag : B < a}?. While 7’ x 7” is not a Kunen modification 
of A, local compactness is, of course, automatic. As for perfect normality, the essential preliminary is that 
VSCC?Aa<2: cla(S)N{zg: B > a}? = clay u(S) {zg : B > a}*. This said, let S C C? 
be 1’ x r’-closed and choose a sequence {On} of A-open sets: cla(S) = () On = (] cla(On)—then 

n 


n 
da <Q: cla(S)N {xg : 8B > a} =f) clyy,(On) N {ag : B > a}?. On the other hand, for each B < a 


n 


P!(B)} (C x {xg}) N(C? — 8) CUPA(G) 
there are countable collections { is of r’ x r’’-open sets: n & 
{Pn (B)} ({xp} x C)N (C? —S) CUP) (8) 
I a I = f92 I 1 (2 
{ Cet ERE) OS 8 . Form { On (B) = OF — cher ri (Pn (8) and combine the { On(8) (8B <a) 
clay (Pr (B))NS =O On (B) = 2 Cl tgp (Py (8) On (8) 


+ London Math. Soc. Lecture Notes 93 (1985), 227-250. 
= Canad. Math. Bull. 30 (1987), 49-56. 
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TXT 


with the Op to obtain a single countable collection {Un } of r’x7’-open sets: S =] Un =) clyy- (Un). 


n n 


X =(C,r') dim X = 0 
Claim: Let = (cf. p. 19-14) and dim(X x Y) > 0. 


Y =(C,r") dim Y = 0 
[It is enough to show that Ac C (C x C,r’ x 7”) has positive topological dimension. Return to 


C, which thus carries three topologies, namely 7, Tg, and T* = 7’ x 7/"|C, a Kunen modification of Ty. 
A = $7 *((0,1/7]) A* = ¢~*((0,1/3)) 

Let ; let - 
B* = $~*([2/3, 1) 


: : . To arrive at a contradiction, suppose that O* is a 
B= ¢~*((6/7, 1) 
. If the bar denotes closure in tg and if V = C— O*, then { 


7*-clopen set: 
B*nOo*t=do 


#(frV) > w. But frV C O* NC — O* and #(O* NC — OF) <w] 


ANV=? 
& 
BcCV 


[Note: CH is not necessary here. Examples of this type exist in ZFC (Przymusiiski!), the main dif- 
ference being that the product X x Y is not perfectly normal but rather is a normal countably paracompact 


LCH space.] 


One final point: The product theorem holds if X is an arbitrary nonempty topological space. In fact, 
if A C X has the EP w.r.t. [0,1], then its image crA in crX “is” the complete regularization of A and as 
such has the EP w.r.t. [0,1], so dim A = dimcrA < dimerX = dim X (cf. p. 19-2). The countable union 
lemma is therefore applicable provided the A; C X have the EP w.r.t. [0,1] (cf. p. 19-13). It is then easy 


to fall back to the completely regular case since for any LCH space Y, cr(X x Y) =crX x Y. 


LEMMA Suppose that X is a compact Hausdorff space. Let f,g © C(X,S") and put 
D={ax: f(x) € g(x)}. Assume: dim D < n— 1—then f ~ g. 


[Since ID is an F, in IX, hence is normal, it follows from the product theorem that 


dim ID <n. Set Y = ipX UI(X —D)Ui,X and define h : Y + 8” by { a a 7 ae 


h(a,t) = f(«) = g(#)—then h is continuous and has a continuous extension H € C(1X,S") 
(cf. p. 19-18).] 


PROPOSITION 14 Let f,g € C(X,S") and put D = {x : f(x) # g(x)}. Assume: 
dim D < n—1—then f ~ g. 

[The subset of 8X on which Bf 4 Gg can be written as a countable union Gun each 
U; being open in 6X. And: dim(U; 9X) < n—1= dimU; = dim B(U; 9 X) < n-1> 
dim UU; <n-—1, thus from the lemma, Sf ~ 6@.| 


Application: If dim X <n — 1, then [X,S"] = x. 


+ Proc. Amer. Math. Soc. 76 (1979), 315-321; see also Tsuda, Math. Japon. 27 (1982), 177-195. 
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FACT Suppose that X is normal and dim X is finite—then the natural map [GX,8”"] > [X,S”] 
is bijective if n > 1 but ifn = 1 and X is connected, there is an exact sequence 0 > C(X)/BC(X) > 
[6X,S'] > [x,S"] 5 0. 

[To discuss the second assertion, observe that X connected iff 8X connected and form the commu- 


tative diagram 


0 —> C(Bx)/Z —> c(ex,s!) — [6x,s4] — 0 


i i i 


0 — C(xX\//Z — cC(x,s'!) — ([Xx,s'] — 0 


exp 


Since the rows are exact and the middle vertical arrow is an isomorphism, the ker-coker lemma gives 
ker([GX,S1] > [X,S+]) & coker(C(8X)/Z > C(X)/Z) = C(X)/BC(X). As for the need of the connect- 
edness assumption, take X = N : dim N = 0 > [N,S?] = « = [GN,S?].] 

[Note: The exact sequence 0 > C(X)/BC(X) > [8X,S'] > [X,S'] > 0 translates to 0 > 
C(X)/BC(X) > H'(6X) > H'(X) > 0. Because the quotient C(X)/BC(X) is torsion free and di- 
visible when nontrivial, it follows that if X is not pseudocompact, then H!(@X) % @Q and is in fact 
uncountable. Proof: Let f : X — R be an unbounded continuous function, put fr = r-f (r € R) and 


consider the f, + BC(X). Example: H!(6R) = C(R)/BC(R).] 


Let Y be a connected CW space—then Bartikt has shown that the arrow [GX,Y] > [X,Y] is 
bijective for every nonempty CRH space X with dim X finite iff 71(Y) is finite and V q > 1, mq(Y) is 
finitely generated or still, iff 71(Y) is finite and Y has the homotopy type of a connected CW complex K 
such that V n, K”) is finite (cf. p. 5-23). 


Application: Suppose that 7 is a finitely generated abelian group. Let X be a nonempty CRH space 
of finite topological dimension—then V n > 1,H"(6X;n) = H"(X;7). 


EXAMPLE Take X = Y = P™®(C)—then dim X = oo and the natural map [8X,X] > [X,X] is 


not surjective (consider idx). 


DOWKER EXTENSION THEOREM Let X be normal with dimX < n+1 (n > 1) and 
let A be a closed subspace of X. Suppose that f € C(A,S")—then 3 F € C(X,S"): FIA = f iff 
f*(H™(S")) C i*(H"(X)),i: A + X the inclusion. 

[The argument splits into two parts. 

(n =1) In this case, [X,A;S!,s1] & H'(X, A), so one can proceed directly (A has the HEP 
w.r.t. S1 (cf. p. 6-41)). 


+ Quart. J. Math. 29 (1978), 77-91; see also Calder-Siegel, Trans. Amer. Math. Soc. 235 (1978), 
245-270 and Proc. Amer. Math. Soc. 78 (1980), 288-290. 
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(n >1) To reduce to the compact situation, use the fact that the extendability of f : A > S” 
to X is equivalent to the extendability of 6f : BA — S” to GX and consider the commutative diagram 
HUGX) <8 GA), 4 - HES!) 


i i |? 


H"(X) —> H(A) <— HS") 


DOWKER CLASSIFICATION THEOREM Let X be normal with dim X <n (n > 1) and 
let A be a closed subspace of X. Fix a generator 1 € H"(S", sn; Z)—then the assignment [f] > f*. defines 
a bijection [X,A;S", sn] > H"(X,A;2Z). 

[Show that Vn > 1,[6X,GA;S", sn] © [X, A:S”, 5n].] 


PROPOSITION 15 Suppose that X = AU B, where A and B are closed. Let 


eee and put D= {xe ANB: f(x) A g(x)}. Assume: dim D < n—1—then 


Veeco cae & FXG 


GEC(X,8"):G|A=g 


; i n h(x, 0) = f(x) 
Using Proposition 14, fix a homotopy h: [(AN B) > S” such that : 
| 8 p py ( ) { h(x, 1) = g(z) 


has the HEP w.r.t. S”, there exist continuous 


(2 € ANB). Since ANB as a subspace of { is 


: :IA a = A 
functions a : a a with { Ae i Z Ae : : . and g|I(ANB) = h = W|I(ANB). 
Define H € C(IX,S") by ae a [ and consider ree _ ne (x € X).] 


CO 
FACT Let A be a closed subset of X and let f € C(A,S”). Assume: X = U O;, where the O; are 
1 


open, dim frO; < n—1, and V j, f has a continuous extension to AUOj—then JF EC(X,S8S"): F|A=f. 


Suppose that dim X = n is positive. Let f : X — [0,1]” be universal—then the 
restriction f~1(S"~') + S"~' has no continuous extension to X, thus is essential. Put 
X, = X/f-1(S"~*), identify S” with [0,1]"/S"~* and let Fy : X; — S” be the induced 


map. 


LEMMA Fy is essential, hence dim Xf = n. 


[Put A = f-!(S"~')—then there is a commutative diagram 
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(n = 1) To get a contradiction, assume that Fy is inessential. Choose ¢ € 
C(Xy-) : Fe(a) = exp(2aid(x)). Since Fy(x) = 1 only if = *4, d(x) € Z only if 
x = *,4. Normalize and take ¢(+*4) = 0. Let S = f~1(0) Up~!(¢71(]0, 1[)). Noting that 
f(x) = o(p()) mod 1, write $= f~*([0,1/2]) Np~"(b-*((0, 1/2])) Up *(¢* (1/2, 1) to 
see that S is closed and write S = f~1({0, 1/2[)Np—'(d—' (|-1/4, 1/2[))Up—! (6-1 1/4, 1[) 
to see that S is open. The characteristic function of the complement of S is thus a 
continuous extension to X of the restriction f~'({0,1}) > {0,1}. 


(n>1) The commutative diagram 


u 


H"(S",s,) —> #H((0,1)",8"-!) 45 (x, A) 
Hes") + H(A) — 1X) 
displays the data (cf. p. 20-1). In view of the Dowker extension theorem, f* is not the 
zero homomorphism. Since the arrow H"(S”,s,) + H"({0,1]",S"—') is an isomorphism, 


it follows that F’y is essential.] 


Suppose that JX is normal—then by the product theorem, dim/X < dimX + 1. 
One can also go the other way: dim/JX > dim X +1. This is obvious if dim X = 0, so 
assume that dim X = n is positive. Claim: dimJX- > n+ 1. Indeed, if dimIX, < n, 
then Alexandroff’s criterion would imply that the continuous function @ : i9 Xf Ui1.X ¢ > 


S” defined by eee (x € Xy) has a continuous extension to JX f, meaning 


that Fy is homotopic to a constant map and this contradicts the lemma. Now write 


X — fs) = Oa where the A; are closed subspaces of X. Let *¢ be the image of 


f-1(S""") in Xp—then X> = {xp} UU A; > TXy = {xp} UU TA; > Ag: dim 1X; = 
1 1 
dim IA; > dimIX > dimJA, = dimIX; >n+1=dimX +1. 


Application: Suppose that X x [0,1]’ is normal—then dim(X x [0,1]”) = dim X +m. 


PROPOSITION 16 Suppose that X is normal and Y is a CW complex. Assume: 
X x Y is normal—then dim(X x Y) = dim X + dimY. 

[If B is a compact subspace of Y which is homeomorphic to [0, 1], where m = dim Y, 
then dim(X x B) = dim X + m.] 


[Note: The same conclusion obtains if Y is a metrizable topological manifold.] 


EXAMPLE Let X and Y be nonempty CW complexes—then X x, Y is a CW complex and 
dim(X x, Y) = dim(X x Y). 
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PROPOSITION 17 Suppose that X is normal with dim X = 1 and Y is paracompact 
and o-locally compact. Assume: X x Y is normal—then dim(X x Y) = dim X + dimY. 


[Switch the roles of X and Y and reduce to the case when X is compact. Since 


/ — 
oe such that V —V #4 @ for any 
open V CY: B’ CV Cc Y—B". Arguing as above, it need only be shown that 
dim(X¢ x Y) >n+1 (n> 0). If instead dim(X;7 x Y) <n, define a continuous function 
p(,y) =F s(x) ((w,y) © X x B’) 
:X- x (B’UB") 5S" b { : : 
eee ) *L b(e,9) = sn ((w,y) € Xp x BY) 
criterion to get a continuous extension ® : X¢ x Y + 8”. Let V C Y be the set of all y 
Xf +s” 
x P(x, y) 
and V is clopen, Xf being compact. Contradiction] 


dim Y = 1, there exist disjoint closed sets 


and use Alexandroff’s 


with the property that the section ®, : { is essential—then B’ Cc V Cc Y—B” 


EXAMPLE Take, after Anderson-Keisler (cf. p. 19-38), an X C R?: dim X = dim(X x X) = 1— 
then dim B(X x X) = 1 but dim(8X x BX) = dimBX + dim BX = 2 (cf. Proposition 17). 


While there is no reason to suppose that Xf is completely regular if X is, nevertheless the lemma 
and Propositions 16 and 17 are still true in this setting, although some changes in the proofs are necessary 
(Moritat). Consider, e.g., Proposition 17. Having made the reduction and the switch (so X is compact 
and dim Y = 1), choose a continuous function h : Y > [0,1] such that V — V #4 @ for any open VV CY : 
h-1(0) CV CY —h71(1). Define H : X¢ x Y > [0,1]"*1 by H(az,y) = (1 — A(y)) F(x) + hly)sn. If 


dim(X x Y) <n (where n > 1), then dim(X yf x Y) <n, therefore H is not universal. Accordingly (cf. p. 
O(a,y) =F s(x) (ye h7*(0)) 
B(x,y)=s8n (yEh-*(1)) 


19-18), 1 BE C(x? x Y,8"): { and this suffices. 

EXAMPLE Let X be an arbitrary nonempty topological space—then dimIJX = dim crlX = 
dim JcrX = dimcrX + 1 = dim xX +1. This fact can be used to compute dim[TX and dim =X, both 
of which have the value dim X + 1. Observe first that the two lemmas on p. 19-19 hold “in general”. 
Therefore dim X + 1 = dimIX = max{dim i, X, dim IX/i1X} = max{dim X, diml-X} = dimT'X. And 
then dimT.X = max{dim X,dimTX/X} = max{dim X,uX} = dim=X. Corollary: If f: X 3 Y isa 
continuous function and if My is its mapping cylinder, then dim My = max{1 +dim X,dim Y }. 

[Note: Recall that a cofibered subspace has the EP w.r.t. R, hence w.r.t. [0,1] (cf. p. 6—40).] 


LEMMA Let X be normal. Suppose that there exists a sequence U1, U2,... of open 
coverings of X such that U;41 is a refinement of U/4;, the collection {st(U,U;) : U € UY; 
(i =1,2,...)} is a basis for X, and Vi: ord(U;) < n+ 1—then dim X < n. 


+ Fund. Math. 87 (1975), 31-52. 
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[Let U = {U1,...,U,} be a finite open covering of X. Denote by X; the union of 
all U € U; : st(U,U;) is contained in some element of U. Each X; is open; moreover, 
X =UX;. Fix a map fit! : Uja1 3 U; such that VU € Ujar : fit*(U) DU. Set 
fi = idy, and for i < j, put el = ie C2258 ne Introduce 

U(j) ={U €Uu; :UNX,; £0} and Vij) = {U €U(Z) =U N(LU Xi) = 9}. 
i<j 
Obviously, V(j) C Uj) C U; and 7’ 4 7" > VG!) N Vj") = 0. Given U € U(J), let i(U) 
be the smallest integer i < j : f/(U) AX; #90, so OUD € V(i(U)). Corresponding to 
any V € Y(i) is the open set 
V*= YULUNX;: 0 €Uuy), FU) =V & iV) =4}. 
j2i 
Note that V* C V and VU € U(j), UN X; Cc any In addition, JU € U; : 
UNV #AVand3k(V) <k: VC st(U,U;) C Ugeyy, hence V* C Uy). The collection 
y* = {V* : V € UV(2)} is therefore an open refinement of U. The claim then is that 


7 
ord(V*) < n+ 1. To this end, consider a generic nonempty intersection Vj ---1 V,¥, 


where Vj € V(i1),.-- , Vp € V(ip) are distinct elements of UV(2). Take an x in ViN---NV,* 
and choose 7: « € X;— U X; (> t1 < j,.-- tp <j). From the definitions, there exist 
i<j 
ee (a a = Vi { fe yeu 
U,EUu a ae . & x €UNX;,,...,U, EU a, ed es P & « €U,NX,,. 
1 (j1) { (Uy) = ty # Lia p (ip) UN Sk x pi | jp 


But x € fi) are 70s) and since he (Oj etes sf Gs) are all different, the claim 
is thus seen to follow from the fact that ord(U;) < n+ 1.] 


Application: Let X be normal. Suppose that X admits a development {U;} such that 
{U;} is a star sequence and V i: ord(Y4;) < n+ 1—then dim X < n. 


PASYNKOV FACTORIZATION LEMMA Suppose that X is normal and Y is metrizable— 
i < 
then for every f € C(X,Y) there exists a metrizable space Z with a 2 
g € C(X, Z) 
heC(zZ,Y) 


dim X ; 
wt Y and functions { 


and g(X) = Z. 
[Assume that dim X = n is finite and wt Y > w. Fix a sequence {Y;} of neighborhood 


such that f = hog with h uniformly continuous 


finite open coverings of Y such that V i: #(V;) < wt Y, arranging matters so that the di- 
ameter of each V € Y; is < 1/7. Inductively construct a star sequence {U; } of neighborhood 
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ord(U;) <n+1 
4-(U;) <wt Y 
of f—'(V;). Justification: Quote Proposition 6 and recall §1, Proposition 13 (the proof of 


which allows one to say that the cardinality of U; remains < wt Y). Let 6 be a continuous 


finite open coverings of X such that Vz: { and U; is a star refinement 


pseudometric on X associated with {U;} as on p. 6-37. The claim is that one can take 
for Z the metric space X5 obtained from X by identifying points at zero distance from 
one another. Granted this, it is clear what g and h have to be. Denote by X(6) the set 
X equipped with the topology determined by 6. Given U € U;, write U(6) for its interior 
in X(6) and put U;(d) = {U(6) : U € U;}—then {U;(5)} is a development for X(6) and 
is a star sequence such that V i: ord(U;(6)) < n+ 1. The projection p : X(6) > Z is 
an open map (every open subset of X(6) is p-saturated), thus W; = p(U;(6)) is an open 
covering of Z. Furthermore, {W;} is a development for Z and is a star sequence such that 
Vi:ord(W;) <n+1. Therefore dim Z <n. As for the assertion wt Z < wt Y, note that 


the W; are point finite and the collection U{st(z, W;) : z € Z} is a basis for Z.] 
1 


There are two related results, applicable to pairs (X, A). 
(A) Suppose that X is normal and Y is metrizable of weight < x. Let A be 


a subspace of X having the EP w.r.t. B(«)—then for every f € C(A,Y) there exists 
ge C(X, ZA) 
ha € C(g(A),Y) 

ha o(g|A) with h4 uniformly continuous and g(X) = Za. 


a metrizable space 74 of weight < « and functions { such that f = 


[Argue as in §6, Proposition 15 (proof of sufficiency). 
(X/A) Suppose that X is normal and Y is metrizable of weight < «. Let A 

be a closed subspace of X : dim(X/A) < n—then for every f € C(X,Y) there exists a 
g € C(X,Z) 
heCc(Z,Y) 


metrizable space Z of weight < « and functions { such that f = hog with 


h uniformly continuous and g(X) = Z, dim(Z — g(A)) < n. 

[This is the relative version of the Pasynkov factorization lemma. The proof is the 
same as for the absolute case modulo the following remark: Every neighborhood finite 
open covering U = {U; : i € I} of X has a neighborhood finite open refinement O such 
that the order of the collection {O,st(A,O):O€ O& ON A=} is < n+1. Proof: 
Assuming that the U; are cozero sets, let Z = {Z; : 1 € I} be a precise zero set refinement 

Zo = {Zi : 4 € Ip} 


of U (cf. p. 1-25). Define Ip = {1 € 1: U;N A F O} and put ee eh 


Zo: zero set t: ; ee gag 
then re is a i a, (cf. p. 1-24). Choose ¢ € C(X,[0,1]) : 2 = ¢-*(0) & 
X —Uy = ¢7'(1). Let Xo = {x : o(x) < 1/2}. Since A is contained in Z and Zp is 


contained in the interior of Xo, the collection {U; — Xo,Uo : i € I — Ip} is the inverse 
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image of a neighborhood finite cozero set covering of X/A under the projection X > X/A. 
Therefore there exists a neighborhood finite cozero set covering {O;,O9 : 1 € I — Ip} of X 
whose order does not exceed n+ 1 such that O; C U; — Xo(i € I — Ip) and AC Oo C Up. 
IfO = {O;:1€ T—Ip}U {Oo NU; : 7 € Ip}, then Oo = st(A, O) and O is a neighborhood 


finite cozero set refinement of U with the stated property.] 


PROPOSITION 18 Suppose that X is normal and Y is completely metrizable of weight 
< « and locally n-connected (n-connected and locally n-connected). Let A be a closed 
subspace of X having the EP w.r.t. B(«k). Assume: dim X/A < n+ 1—then A has the 
NEP (EP) w.r.t. Y. 

[Take an f € C(A,Y) and write f = hao (g|A). Since g € C(X, Za) and since 
p € C(X, Z) 
w € C(Z, Zaz) 
dim(Z — ¢(A)) <n+1. On the other hand, h4 o (q|¢(A)) is uniformly continuous, hence 
extends to a continuous function H4 : ¢(A) — Y. Now apply the results of Dugundji cited 
on p. 6—-15.] 


wtZ,4 <«, g can in turn be factored: g = ~ o ¢, where { . Here, of course, 


PROPOSITION 19 Suppose that JX is normal and Y is completely metrizable of 
weight < « and locally n-connected. Let A be a closed subspace of X having the EP w.r.t. 
B(«). Assume: dim X/A < n—then A has the HEP w.r.t. Y. 

[Let f : ioX UIA > Y be continuous. Since i9pX UIA, as a subspace of 1X, has 
the EP w.r.t. B(«) (cf. §6, Proposition 16) and since dimIX/ipX UIA < dimIX/IA < 
dim I(X/A) < dimX/A+1 < n+ 1, Proposition 18 implies that there exists a cozero 
set O C IX : OD ioX USA and a continuous function g : O > Y extending f. Fix a 


cozero set U C X : IA C IU C O. Choose ¢ € C(X, [0,1)]) : vy eae Define 


F €CUX,Y) by F(a,t) = g(a, o(x)t) : F is a continuous extension of f.] 


The normality of X can be dispensed with in Pasynkov’s factorization lemma: Everything goes 
through in the completely regular situation. 

[Note: Pasynkov’s factorization lemma is then valid for an arbitrary topological space as may be seen 
by passing to its complete regularization. | 

As for Propositions 18 and 19, they too are true if X is a nonempty CRH space. The assumption 
that A is closed was made only to ensure that the quotient X/A is normal. Therefore it can be dropped. 
Likewise, the assumption that JX is normal was made only to use the product theorem. This, however, is 
of no real consequence, as the product theorem holds for an arbitrary nonempty topological space (cf. p. 


19-44). 
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For another application of these methods, suppose that Y is completely metrizable of weight < K 
f:X 9 Y : 
and is n-connected and locally n-connected. Assume: dim X/A <n. Let be continuous 
g:X > Y 
functions such that f|A ~ g|A—then f ~ g. Corollary: If X is «-collectionwise normal with dim X < n, 


then [X,Y] = x. 


FACT Suppose that X is a nonempty metrizable space. Let A be a nonempty closed subspace of 


X : dim(X — A) = 0—then there exists a retraction r: X > A. 


A compact connected ANR Y is said to be a test space for dimension n (n > 1) 
provided that the statement dim X < n is true iff every closed subset A C X has the EP 
w.r.t. Y. Example: S” is a test space for dimension n (Alexandroft’s criterion). 


[Note: No compact connected AR Y can be a test space for dimension n.| 


y’ 
y"” 
Y’ is a test space for dimension n iff Y” is a test space for dimension n. 


[If X is normal and A C X is closed, then A has the HEP w.r.t. { - 


LEMMA Let { be compact connected ANRs of the same homotopy type—then 


/ 


yu (cf. p. 6-41).] 

A finite wedge \/S” of n-spheres is a test space for dimension n. Indeed, \/S” is a 
compact connected ANR of topological dimension n. Moreover, \/ S” is (n — 1)-connected 
(since for n > 1, mg(\V 8S") = @m_(S") (¢ < 2n — 1)), thus Proposition 18 implies that if 
dim X <n and if A C X is closed, then A has the EP w.r.t. \/S”. Here it is necessary to 
recall that A has the EP w.r.t. B(w) (cf. p. 6-37). On the other hand, there is a retraction 
r:\/S" +8" so if A C X is closed and has the EP w.r.t. \/S" then A has the EP w.r.t. 
S”, from which dim X < n. 


TEST SPACE THEOREM Let Y be a compact connected ANR of topological dimen- 
sion n (n > 1)—then Y is a test space for dimension n iff Y has the homotopy type of a 
finite wedge of n-spheres. 

[Only the necessity need be dealt with. There are two cases: n = 1 or n > 1. If 
n = 1, then 7,(Y) 4 1 (otherwise, Y would be an AR), hence Y has the homotopy type 
of a finite wedge of 1-spheres (cf. p. 6-21). If n > 1, then for gq > n, H,(Y) = 0 (ef. 
p. 6-21) and Y must be (n — 1)-connected (cf. p. 6-15 & p. 19-18). Accordingly, by 
Hurewicz, H,(Y) = 0 (0 < q < n) and H,(Y) = 7,(Y), a nontrivial finitely generated 
free abelian group. Picking a set of base point preserving maps S” — Y which generate 
T,(Y) then leads to a homology equivalence \/S” — Y that, by the Whitehead theorem, 


is a homotopy equivalence. | 
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If Y is a compact connected ANR which is a test space for dimension n, then dimY > n (look at 
the proof of the test space theorem). There are test spaces for dimension n of topological dimension n+ k 


(k > 0). Consider, e.g., [0,1]”+* v 8”. 


EXAMPLE Let a € tn4%(S”) (k > 0,n > 1). Choose a representative f € a and put Yo = 
D"tk+1 ij S"—then Yq is a compact connected ANR (cf. p. 6-29) with dimYyg =n+k+1 (cf. p. 
19-21) and Dranishnikov? has shown that Yq is a test space for dimension n. 

[Note: The preceding considerations break down if k = 0. Example: P?(R) is not a test space for 


dimension 1.] 


+ Tsukuba J. Math. 14 (1990), 247-262. 
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$20. COHOMOLOGICAL DIMENSION THEORY 


Cohomological dimension theory enables one to associate with each nonempty normal 
Hausdorff space X and every nonzero abelian group G a topological invariant dimg X € 
{0,1,...}U {oo} called its cohomological dimension with respect to G. It turns out that 
dimz X = dim X if dim X < oo (but this can fail if dim X = oo) and when X is a CW 
complex, dimg X = dimX VG £ 0. 

Let G be an abelian group—then for any topological pair (X, A), Ht” (X, A;G) is the 
nt Cech cohomology group of (X, A) with coefficients in G calculated per numerable open 
coverings (rather than arbitrary open coverings). 

[Note: As was shown by Morita’, [X, A; K(G,n), kan] © H"(X, A;G) (cf. p. 5-30) 
which, however, need not be true if the usual definition of “H”” is employed (Bredon'). 


Bear in mind that when n = 0, the agreement is that K(G,0) = G (discrete topology).] 
LEMMA If A is a nonempty subspace of X, then Vn>1, H"(X, A;G) ~ H"(X/A; G). 


Let A be a subspace of X—then A is said to be numerably embedded in X if for every numerable 
open covering O of A there exists a numerable open covering U of X such that UN A is a refinement of 
O (cf. §6, Proposition 15). Example: If X is a collectionwise normal Hausdorff space, then every closed 


subspace A of X is numerably embedded in X (cf. p. 6-37). 


LEMMA Suppose that A is numerably embedded in X—then V G, there is a long exact sequence 
-) > H"—-1(A;G) > H"(X,A;G) > H"(X;G) 3 H"(A;Q) >. 


Remark: If G = Z (or, more generally, is finitely generated), one can get away with less, viz. it 
suffices that A have the EP w.r.t. R. 

[Note: Working with countable numerable open coverings, an appeal to Proposition 4 in §6 leads to 
the definition of the coboundary operator H"~!(A) > H"(X, A).] 

Example: If X is a normal Hausdorff space and if A C X is closed, then there is a long exact sequence 


----» H"-1(A) 4 H"(X, A) 3 H"(X) 3 H(A) ---. 


FACT Suppose that A is numerably embedded in X—then JA is numerably embedded in IX. 


+ Fund. Math 87 (1975), 31-52. 


= Proc. Amer. Math. Soc. 19 (1968), 396-398. 
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It is known that H*(—; G), restricted to the full subcategory of TOP? whose objects are the pairs 
(X, A), where A is closed and numerably embedded in X, satisfies the seven axioms of Eilenberg-Steenrod 


for a cohomology theory (Watanabet). 


PROPOSITION 1 Let X bea nonempty normal Hausdorff space. Assume: dim X < 
n—then H4(X;G) =0 (q>n). 
[This is a consequence of the definitions (cf. §19, Proposition 6).] 


PROPOSITION 1 (bis) Let A be a nonempty closed subspace of X. Assume: 
dim X/A < n—then H4(X, A;G) =0 (q>n). 


If X is a locally contractible paracompact Hausdorff space (e.g., a CW complex or an ANR), then 
Vn, H"(X;:G) » H"(X;G). In general, though, Gech cohomology and singular cohomology can differ 
even if X is compact Hausdorff (Barratt-Milnor* ). 

[Note: Proposition 1 is a key property of Cech cohomology. It is not shared by singular cohomology. ] 


Fix an abelian group G 4 0 and let X be a nonempty normal Hausdorff space. 
Consider the following statement. 
(dimg X <n) There exists an integer n = 0,1,... such that H4(X, A;G) =0 
(q > n) for all closed subsets A of X. 
If dimg X < nis true for some n, then the cohomological dimension of X with respect 
to G, denoted by dimg X, is the smallest value of n for which dimg X < n. 
[Note: By convention, dimg X = —1 when X = @) or when G = 0. If the statement 


dimg X <n is false for every n, then we put dimg X = ov.] 


EXAMPLE Let X be a metrizable compact Hausdorff space of finite topological dimension, K a 
simply connected CW complex—then dim 774 (K) X<qVq>1iff dim 74 (K) X <qVq->1and both are 
equivalent to every closed subset A C X having the EP w.r.t. K (Dranishnikov!l). Example: One can 
take K = M(G,n) (n > 2) (realized as a simply connected CW complex) provided that dimg X <n. 


PROPOSITION 2 Suppose that dim X < n—then dimg X < n. 

[In fact, for A # 0, dimX <n = dimX/A < n (cf. p. 19-18) > H4(X, AG) = 0 
(q > n) (cf. Proposition 1 (bis)) = dimg X < n (Proposition 1 covers the case when 
A=9).] 


+ Glas. Mat. 22 (1987), 187-238; see also SLN 1283 (1987), 221-239. 
= Proc. Amer. Math. Soc. 13 (1962), 293-297. 
ll Math. Sbornik 74 (1993), 47-56; see also Dydak, Trans. Amer. Math. Soc. 337 (1993), 219-234. 
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PROPOSITION 3 Suppose that dim X < oo—then dimz X = dim X. 

[In view of Proposition 2, dimz X < dim X. Now argue by contradiction and assume 
that dimz X < n, dim X = n+ 1. Choose a universal map f : X — [0,1]"+! (cf. p. 19- 
18)—then on the basis of the Dowker extension theorem, the arrow H"*1({0, 1]"*+!, 8”; Z) 
L Fr+1(x, f-1(S"): Z) is not the zero homomorphism. But dimgz X <n > H"*1(X, 
f-(8");Z) =01 


Application: If the topological dimension of X is finite, then V G, dimg X < dimz X. 
[Note: For any compact Hausdorff space X (possibly of infinite topological dimension), 


one has dimg X < dimz X (immediate from the universal coefficient theorem (cf. infra)).] 


EXAMPLE The validity of the relation dimz X = dim X depends on the assumption that dim X < 
oo. Indeed, Dranishnikov? has given an example of a compact metric space X such that dim X = oo, while 
dimz X < oo. 


[Note: According to Watanabe?, dimz X = dim X if X is a compact ANR (no restriction on dim X).] 


There is not a great deal that can be said about dimg X if X is merely normal, so we 
shall restrict ourselves in what follows to paracompact X and begin with a review of Cech 


cohomology in this situation (all open coverings thus being numerable). 
MAYER-VIETORIS SEQUENCE Let X be a paracompact Hausdorff space. Sup- 

pose that A,B are closed subsets of X with X = AU B—then the sequence --- > 

H"(X;G) > H"(A;G) © H"(B;G) > H"(AN B;G) — H"*1(X;G) > --- is exact. 


BOCKSTEIN SEQUENCE Let X be a paracompact Hausdorff space, A a closed 


subset. Suppose that 0 — G’ ~ G > G"” — 0 is a short exact sequence of abelian 
eroups—then there is a long exact sequence --- 3 H"(X,A;G’) — H"(X,A;G) > 
H"(X,A;G") > H™+1(X, A;G) > +. 


UNIVERSAL COEFFICIENT THEOREM Let X be a compact Hausdorff space, 
A a closed subset—then there is a split short exact sequence 0 > H"(X, A;Z) @G 
H"(X, A;G) > Tor(H"*1(X, A; Z), G) > 0. 


+ Math. Sbornik 63 (1989), 539-545; see also Chigogidze, Inverse Spectra, North Holland (1996), 
100-116. 


= Proc. Amer. Math. Soc. 123 (1995), 2883-2885. 
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KUNNETH FORMULA Let X bea paracompact Hausdorff space, A a closed subset; 
let Y be a compact Hausdorff space, B a closed subset—then H"((X, A) x (Y, B);G) ¥ 


@ HX, A; H"-4Y, B;G)). 
q=0 
[Note: The product X x Y is a paracompact Hausdorff space and, as usual, (X, A) x 


(Y,B)=(X x Y,X x BUAxY),] 


Let X be a paracompact Hausdorff space of finite topological dimension. Suppose that G is finitely 
generated—then Bartikt has shown that for every closed subset A of X, the arrow H" (8X, BA; G) > 
H” (X, A; G) is surjective for n = 1 and bijective for n > 1. 

[Note: More is true if G is finite: The arrow H"(6X,8A;G) > H"(X, A;G) is bijective Vn > 0.] 


EXAMPLE Let X be a paracompact Hausdorff space of finite topological dimension—then 
dimg X < dimg BX provided that G is finitely generated. 

[This is clear if dimg X < 0, so let n = dimg X be positive and choose a closed subset A of X such 
that H"(X,A;G) #0. By the above, H"(8X,8A;G) 40, thus n < dimg BX.] 


Notation: Let X be a paracompact Hausdorff space, A C X a closed subset. Given 
e € H"(X;G), write e|A for the image of e under the arrow H"(X;G) 3 H"(A;G). 


RESTRICTION PRINCIPLE Let ¢ be an element of H"(X;G). Assume: e|A = 0— 
then J an open UD A: e|U =0. 


EXTENSION PRINCIPLE Suppose that a € H"(A;G)—then J an open U > Aand 
ane € H"(U;G):e|A =a. 


These two principles date back to Wallace? who used them to establish the following 


result. 


xX 
RELATIVE HOMEOMORPHISM THEOREM Let { be paracompact Hausdorff 


Y 
ACX ; 
spaces; let BCY be closed subsets. Suppose given a closed map f : (X, A) > (Y,B) 


such that f|X — A is a homeomorphism of X — A onto Y — B—then f* : Hy, B;G)-> 
H"(X, A;G) is an isomorphism. 


+ Quart. J. Math. 29 (1978), 77-91. 
t Duke Math J. 19 (1952), 177-182. 
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B 
subsets—then the arrow H"(AU B, A) > H"(B, AN B) induced by the inclusion (B, AN 
B) > (AUB, A) is an isomorphism. 


Application: Let X be a paracompact Hausdorff space; let e Cc X be closed 


It is possible to expand the level of generality and incorporate sheaves (of abelian groups) into the 
theory. While this is definitely of interest, I shall limit the discussion to a few elementary observations. 

Let X be a paracompact Hausdorff space. Given a sheaf F # 0 on X, write dim- xX < n if J 
an integer n = 0,1,... such that H9(X;F|U) = 0 (q > n) for all open subsets U of X. Example: 
dimX <n=>dimzX <n (cf. Proposition 2). 

Remark: Let G # 0 be an abelian group, G the constant sheaf on X determined by G—then V closed 
subset A C X, H"(X,A;G) » H"(X;G|X — A) (Godementt). 


FACT Let F #0 be a sheaf on X—then dimy X < n iff F admits a soft resolution 0 — F 


S° + S15... > S” of length n. 


LEMMA Let {fq} be a collection of soft subsheaves of a sheaf F which is directed by inclusion. 
Assume: F = colim Fa—then F is soft. 


FACT Let {Fa} be a collection of subsheaves of a sheaf F which is directed by inclusion. Assume: 
F = colim Fg—then dimz X <n if Va, dimz, X <n, hence dim¢ X < supdimy, X. 


[Work with the canonical (=Godement) resolution of the Fa.] 


If F = F' OF", then H"(X;F) = H"(X;F') @H"(X;F"). Therefore dim p, X <n & dim pn X < 
n= dime X <n. 

Suppose now that {F;} is a collection of sheaves indexed by a set J. Given a finite subset F C J, 
put Fp = B F;—then F = DF: = colim Ff. So, under the assumption that dims, X <nVi, one has 


1€F a 
dimzg X <n as well. 


Fix an abelian group G and let X be a paracompact Hausdorff space—then X is said 
to satisfy Okuyama’s condition at n if V g > n and each closed subset A of X, the arrow 
H4(X;G) > H4(A;G) is surjective. 


SUBLEMMA Suppose that X satisfies Okuyama’s condition at n—then every closed 


subspace A of X satisfies Okuyama’s condition at n. 


+ Théorie des Faisceaux, Hermann (1964), 234-236. 
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H4(X;G) > H%(B;G) 
[Given a closed subset B of A, consider the commutative triangle | ==” | 
H4(A;G) 


LEMMA Suppose that X satisfies Okuyama’s condition at n. Let be closed 


B 
e|A=0 


elB =0 for some g > n— 


subspaces of X and let e be an element of H4(X;G) such that { 


then e| AUB =0. 

[Consider the Mayer-Vietoris sequence --- + H9-!(A;G) @ H9-!(B;G) Es Ha-l(An 
B;G) > H%(AU B:G) 4 HA; G) © H4(B;G) > ---. Thanks to the sublemma, i is 
surjective. Therefore j is injective. But j(e|A UB) = 0, so el AUB=0.] 


PROPOSITION 4 Let X be a paracompact Hausdorff space—then dimg X < n iff 
X satisfies Okuyama’s condition at n. 

[Necessity: Inspect the exact sequence --- > H4(X,A;G) > H4(X;G) > H4(A;G) 
+ H(X, AG) ++. 

Sufficiency: Fix q > n—then since H4(X;G) + H4(A;G) is surjective, H1+!(X, A;G) 
—+ H4+1(X;G) is injective, thus it need only be shown that H4+1(X;G) = 0. Take an 
e € H1*1(X;G). Because H4*1({x};G) = 0, da neighborhood U, of x such that e[U, = 0 


(restriction principle) and by paracompactness, the open covering {U, : x € X} admits 


a o-discrete closed refinement A = \)Az. Put Ay, = UA, and inductively determine a 
k 


sequence {U;,} of open sets: Ay UUz_1 C Ux & e|Ux = 0, where Up = 0. Noting that 
e|A;, = 0V k, proceed as follows. First, J an open U; D A, : e|[U; = 0, hence e|A2UU; = 0 
(apply the preceding lemma). Assuming that Uz; D A, UU,_1 with e/U;, = 0 has been 


constructed, one has again e| A,4+1 UU, = 0, so Jan open set U;, 11: Ug41 D Ags! JU, =0 

& e|Up41 = 0, which pushes the induction forward. Now let W, = Uz — Ug_1 : Wy is 

closed, e|W;, = 0, and X = (JWx. On the other hand, the collections {W1, W3,...}, 
k 


{W2, W4,...} are discrete. Therefore the restriction of e to their respective unions must 


vanish, thus from the lemma, e = 0.] 


Notation: Write K(G,q) for an Eilenberg-MacLane space of type (G, q) realized as an 
ANR in NES(paracompact) (cf. p. 6-43). 


PROPOSITION 5 Let X be a paracompact Hausdorff space—then X satisfies Oku- 
yama’s condition at n iff every closed subset A C X has the EP w.r.t. K(G,q) Vq>n. 

[There are two points: (1) H4(X;G) © [X, K(G,q)], H4(A;G)  [A, K(G,q)]; (2) A 
has the HEP w.r.t. K(G,q) (cf. p. 6-46).] 
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Application: Let X be a paracompact Hausdorff space—then dimg X < n iff every 
closed subset A C X has the EP w.r.t. K(G,q)Vq>n. 


PROPOSITION 6 The following conditions on a paracompact Hausdorff space X 
are equivalent. (1), V closed A C X : H4(X,A;G) =0 (q > 1); (2)n V closed AC X : 
H"+1(X, A;G) = 0; (3)n V closed A CX : H"(X;G) —~ H"(A;G). 

[Trivially, (1)n => (2)n, (2)n > (3)n. And: (4)n > (3)n41, (3)n A (4)n => (2)n, where 


(4), is the condition H"+1(A;G) = 0 V closed A C X. In addition, (1)n = A (2)q- 
q2n 


Suppose that (3),, holds—then the claim is that (3), A (4)q holds V q > n, hence that (1), 
holds. Here is the pattern for the argument: (3), > (4)n > (3)n41 > (4)ngi S-ce- 
Therefore one has to show that (3)q > (4), V q > n. But (3), gives H4*1(X;G) = 0 (see 
the proof of sufficiency in Proposition 4) and since (3), is inherited by A, H4+!(A;G) = 0 


too.] 


Application: Let X be a paracompact Hausdorff space—then dimg X < n iff every 
closed subset A C X has the EP w.r.t. K(G,n). 
[Note: This result is the cohomological counterpart to Alexandroff’s criterion. If X is 


compact or stratifiable, then one can take K(G,n) as a CW complex (cf. p. 6—43).] 


EXAMPLE Suppose that X isan ANR and let G = I] G; be the direct product of abelian groups 
G; # 0—then dimg X = sup dime, X. j 

[Since each G; is a direct summand of G, dimg X > dime, X V 7, so if supdimg, X = ov, we are 
done. Assume therefore that sup dimg, X =n. Consider the product Y = I] K(G;,n)—then every closed 
subset A C X has the EP w.r.t. Y, hence every closed subset A C X fia the EP w.r.t. |sin Y| (cf. p. 


6-46). But | sin Y| is a CW complex and, as such, is an Eilenberg-MacLane space of type (G,n).] 


PROPOSITION 7 Let X be a nonempty paracompact Hausdorff space—then 
dim X = 0 iff dimg X =0VG £0. 

[By Proposition 2, dim X = 0 > dimg X = 0. Conversely, since G (discrete topology) 
= K(G,0) € NES(paracompact) contains S° as a retract (G being nontrivial), every closed 
subset A C X has the EP w.r.t. S°, hence dim X < 0 (Alexandroff’s criterion). 


Examples: V G 4 0, (1) dime[0, 1] = 1; (2) dimg R = 1; (3) dimg S' = 1. 


EXAMPLE Let X be a paracompact Hausdorff space of finite topological dimension—then 
dimg BX < dime X provided that G is finitely generated. 
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[It suffices to show that dimg X <n => dimg BX <n. This is trivial if X = @ or G = 0, so take 
X nonempty and G nonzero. Because dim@X = dim X (cf. §19, Proposition 1), from Proposition 7, 
dimg X =0> dimX =0 > dimGX =0 > dimg BX = 0. Suppose now that n is positive and let A 
be a closed subset of 8X. Claim: H"+!(A;G) = 0, which is enough (cf. Proposition 6: (1)n © (4)n). 
To verify this, fix an a € H"+1(A;G) and, using the extension principle, choose an open U D A and an 
e € H"+1(;G) : e|A=a. Since B(ON X) =clgx(ONX) =U, A"t+1; G) = A410 X;G) (cf. p. 
20-4). But dimg X <n => H"t!(UN X;G) =0, so e = 0, thus a = 01] 

[Note: Consequently, under the stated hypotheses on X and G, dimg X = dime BX (cf. p. 20-4).] 


Remark: If the topological dimension of X is infinite, then one can find examples for which dimz X 4 


dimz 6X (Dranishnikov'). 


EXAMPLE For any nonempty paracompact Hausdorff space X, dimz X = 1 iff dim X = 1. 
[If dimz X = 1, then every closed subset A C X has the EP w.r.t. S' = K(Z,1), hence dim X < 1 


(Alexandroff’s criterion) and dim X = 0 is untenable (cf. Proposition 7).] 


PROPOSITION 8 Let X be a paracompact Hausdorff space—then for any closed 
subspace A of X, dimg A < dimg X. 


EXAMPLE Let X be a paracompact LCH space—then dimg X = supdimg K, where K C X is 
compact. 

[Since dimg X > dimg K V K (cf. Proposition 8), supdimg K = co => dimg X = co. So suppose 
that sup dimg K =n. Write X = U K;, where K; is compact and {K; : i € I} is neighborhood finite. Well 
order I and deduce by transfinite imaucuion that every closed subset A C X has the EP w.r.t. K(G,n), 
hence that dimg X < n.] 


FACT Let X be a closed subset of R"—then dim X = n—-1 iff dimg X =n-1VGF0. 


PROPOSITION 9 Let X be a paracompact Hausdorff space. Suppose that X = 
U Ay, where the A; are closed subspaces of X such that V 7, dimg A; < n—then dimg X < 
i: hence dimg X = sup dimg A;. 

[Fix a closed subset A C X and a continuous function f : A > K(G,n). Put 


Up = A and Fo = f—then since dimg A, < n, Fo|Uo M Ai has a continuous extension 
®) : Ay > K(G,n). Define a continuous function f; : Up UA1 — K(G,n) by fi|Uo = Fo & 


+ O.R. Acad. Bulgare Sci. 41 (1988), 9-10; see also, Dydak-Walsh, Proc. Amer. Math. Soc. 113 
(1991), 1155-1162 and Dydak, Topology Appl. 50 (1993), 1-10. 
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fil|A1 = ®o. Recalling that K(G,n) € NES(paracompact), choose an open U; D> Up U Ai 
and a continuous function F, : U; > K(G,n) such that F,|UpU Ai = fi. Since dimg Az < 

n, F,\U, M Ag has a continuous extension ®; : Ag > K(G,n). Define a continuous function 
fo:U,U Ag > K(G,n) by folU1 =F & f2|A2 = ®1. Choose an open Uz D U1 U Ag and 
a continuous function Fy : Uz + K(G,n) such that F2|U;U Az = f2. Continue the process 
to get a sequence of open sets U; (j > 1): U; UAj41 C U;41 and a sequence of continuous 
functions F; : U; + K(G,n) (j > 1): Fy4ilU; = Fj. Finally, if F : X 4 K(G,n) is 
defined by F|U; = F;, then F is a continuous extension of f (X = UU; has the final 
topology corresponding to the inclusions U; — X).] 


Proposition 9 is the analog for cohomological dimension of the countable union lemma 
for topological dimension but there are instances where the parallel breaks down. Here is 
a case in point. Suppose that X = Y U Z is metrizable—then dim X < dimY + dimZ+1 
(cf. §19, Proposition 7). The situation for cohomological dimension is more complicated. 

(R) For any ring R with unit, dimr X < dimer Y + dimry Z + 1. 
(G) For any abelian group G 4 0, dimg X < dimg Y + dimg Z + 2. 


[Note: These estimates cannot be improved. See Dydak? for details and references.] 


FACT Suppose that X is a paracompact Hausdorff space. Let A = {Aj : j € J} be an absolute 
closure preserving closed covering of X such that V 7, dimg Aj < n—then dimg X <n, hence dimg X = 


sup dime Aj ‘ 


LEMMA If K is a finite CW complex, then dimg K = dim kK VGF 0. 

[On general grounds, dimg K < dimK (cf. Proposition 2). Taking K # 9, let n = dimg K > 0 
(cf. Proposition 7), and suppose that k = dimK > n. Fix a k-cell e C K and let S” be an n-sphere 
contained in e. Since G # 0, J a map f : 8S" — K(G,n) which induces a nontrivial homomorphism 
Z = 1%n(S") > m(K(G,n)) = G. But f admits a continuous extension K —+ K(G,n). Therefore 77(f) 


is trivial, S” being contractible in K. Contradiction.] 


EXAMPLE Let X be a CW complex—then the collection {kK} of finite subcomplexes of X is 
an absolute closure preserving closed covering of X, thus dim X = supdim K (cf. p. 19-21). On the 
other hand, V G 4 0, dimg X = supdimeg K (cf. supra) and by the lemma, dimg K = dim K. Therefore 
dimg X = dim X. 


Examples: V G # 0, (1) dimg[0, 1)” = n; (2) dimg R” = n; (3) dimg S” =n. 


+ Trans. Amer. Math. Soc. 348 (1996), 1647-1661. 
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EXAMPLE Let X be a paracompact n-manifold—then V G 4 0, dimg X = n (cf. p. 19-22). 


PROPOSITION 10 Let X be a paracompact Hausdorff space. Assume: X is hered- 
itarily paracompact—then for any subspace Y of X, dimg Y < dimg X. 


PROPOSITION 11 Let X be a paracompact Hausdorff space. Suppose that Y is a 
strongly paracompact subspace—then dimg Y < dimg X. 


EXAMPLE Suppose that X contains an embedded copy of R”—then V G # 0, dime X > n. 


LEMMA Let X be a nonempty paracompact Hausdorff space, Y a nonempty com- 
im X ; : 
cr < co—then V G £ 0, dimg(X x Y) is the largest 


dim Y 

; : ; ACA CX 
n / / * 

integer n such that H"((A’, A) x (B’, B);G) # 0 for certain closed sets e Rey 


[By the product theorem, dim(X x Y) < dim X + dimY, so Proposition 2 implies 
that dimg(X x Y) is finite. This said, to prove the lemma, it suffices to show that 


. AGA CX 
whenever m > n and H™((A’, A) x (B’, B);G) = 0 for all closed sets ‘e ERE 
then dimg(X x Y) < n. Thus let W C X x Y be closed. Fix a continuous function 
f :W — K(G,n)—then J an open U D W : f is continuously extendable over U. The 
open covering W = {U,X x Y — W} is numerable, hence by the stacking lemma, there 
exists a neighborhood finite open covering U = {U; : i € I} of X and Vi € I, a finite 
open covering V; = {V;,; : 7 € Ji} of Y such that the collection {U; x V; : ¢ € I} 
refines WV. Choose a neighborhood finite open covering O = {O) : A € A} of X of order 
< dim X +1 such that {st(z,O) : « € X} is a refinement of YU (cf. §19, Proposition 
6). Given € = (A1,...,Ap) € AP, put Ag = X-—- U{O,:AF#Xx (1 <i < p)} if 

AEA 


Q Oy, #9, otherwise put Ag = 0. The covering A = U Ap, where A, = {Ag : € € AP} 
t=1 
and d = dim X + 1, is a neighborhood finite closed ‘erlemnent of U. For each Ag € A, 


determine Ujje) € U: Ag C Ue). Let By = {Bij : 7 € Ji} be a precise closed refinement of 
y;. The collection {Ag x Bye) 5 : Ag € A, j © Jie) } is therefore a neighborhood finite closed 
refinement of W = {U,X x Y — W}. Set Ap = Uf{Ae x Bye, : W 9 (Ae x Birey,3) F O}- 
Since W Cc Ap C U, 4 a continuous function fo : Ag > K(G,n) such that fo|W = f. 
Now put A, = Ag U{Age x Y : € € A? } (1 < p< d) and assume that fp has a continuous 
extension fp-1 : Ap-1 — K(G,n) for some p > 1. Claim: fp 1 can be continuously 
extended over A,. To see this, note first that €, €’ ¢ AP & €F €' > AeN Ag € Ap-1, so it 
will be enough to establish that fp_-1,¢ = fp—1|(Ap_1 (Ae x Y)) is continuously extendable 


pact Hausdorff space. Assume: { 


over Ag x Y for each € € A?. Write Jie) = {7 : 1 < J < Jey}. Suppose inductively that 
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fp—1,¢ has been continuously extended over (Ap-19 (Ae X Y))U Us Ae x Byey,j for 
1<j<k-1 
some k < Ji(é)- Let A’ = Ag, A= Agen ( U Ae), B= Bye),k, BS U Bive),p ‘a 
ee Ap-1 1<j<k-1 
Bye),j VU{Bieyn 1 Bier « WO (Aer x Bier),j) # O}—then from the exact sequence 


-— H(A’ x BYSG) > H"(A' x BU Ax BG) > H(A’, A) x (B’,B);G) > 
--, it follows that the arrow H"(A’ x B’;G) > H"(A'! x BU A x B’;G) is surjective. 
Accordingly, every continuous function A’ x BU Ax B’' + K(G,n) can be extended to a 
continuous function A’ x B' + K(G,n). In particular: fp_1,¢ is continuously extendable 


over (Ap-1M (Age X Y)) U sole Ag x Bye),j, which completes the induction. Consequently, 
as 


fp—1 extends to a continuous function fp : Ap + K(G,n), hence by induction once again, 


f extends to a continuous function fg: X x Y — K(G,n).] 


PROPOSITION 12 Let X be a nonempty paracompact Hausdorff space, Y a non- 

dim X : : 

dimY < oo—then V G £ 0, dimg(X x Y) is 
ACX 


BcyYy’- 


ACA CX 
BcBcy 


such that H"((A’, A) x (B’,B);G) # 0. Put C = A’ x BYUX x BUA x Y—then 
(A’x B')N(X x BUAXxY) = A'x BUA B’, thus by the relative homeomorphism 
theorem, H"(C, X x BUAXY;G) & H"(A'x BY, A'x BUAx B’'; G) 4 0. Consider the exact 
sequence --- > H"((X, A)x(Y, B);G) > H"(C, X x BUAXY;G) — H"+'(XxY,C;G) > 

- corresponding to the triple (X x Y,C,X x BUAx Y). Since n = dimg(X x Y), 
H"+1(X x Y,C;G) =0, hence H"((X, A) x (Y, B);G) 4 0.] 


empty compact Hausdorff space. Assume: 
the largest integer n such that H"((X, A) x (Y, B);G) £ 0 for certain closed sets { 


[Suppose that n = dimg(X x Y). Using the lemma, choose closed sets { 


Application: Under the preceding hypotheses on X&Y, dimg(X x Y) < n iff 
H4((X, A) x (Y,B);G) =0V q > n and for all closed sets ‘ee 2 


EXAMPLE With X & Y as in Proposition 12, suppose that 1k: dim #7 k-iy,B;c) X <iVird 


and all closed subsets B C Y—then dimg(X x Y) <k. 
[It is a question of verifying that H'((X, A) x (Y, B);G) =0V1>k+1. But by the Kiinneth formula, 
U 


H'((X, A) x (Y,B);@) & @ HX, A; H!-4(Y, B; G)) = HX, A; HA-G-U*)Y, B; G)) = 01] 
q=0 


EXAMPLE With X & Y as in Proposition 12, suppose that dim ym (y,B;c) X > n for some 


closed subset B C Y—then dime (X x Y) >n+m. 
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[Choose a closed subset A C X : H"(X,A;H™(Y,B;G)) 4 0 > H"+™((X, A) x (Y,B);G) & 
ntm bs 
QD a(x, A; H"+™—-4(y, B;G)) £0, hence dimg(X x Y) >n+m] 
q=0 


PROPOSITION 13 Let X be a nonempty paracompact Hausdorff space of finite 
topological dimension—then V G 4 0, dimg 1X = dimg X +1. 

[dimg 1X > dimg X + 1: Choose a closed subset A C X : H"(X, A;G) 4 0, where 
n=dimg X. Applying the Kiimneth formula, we have H"+!((X, A) x (0, 1], {0, 1});G@) = 
n+1 _ e y y m1 
 119(X, A; H+1-9((0, 1), {0,1};G)) © A(X, A, #10, 1], {0, 1};G)) © H"(X, AG) 4 


q=0 
0, which implies that dimg 1X > dimg X + 1. 
ACX 


dimg X +1 > dimg IX: Fix m >n+2 (n= dimg X) and let ee I be closed 


(I = [0,1]). Utilization of the Kiimneth formula then gives H™((X, A) x (I,B);G) x 
H™(X, A; H°(I, B;G)) © H™-1(X, A; H'(I, B;G)). Case 1: B = 0. Here, H°(I,0;G) = 
G, H*(I,0;G) = 0, hence H™((X, A)x (I, B);G) = 0. Case 2: B # 0. Here, H°(I, B;G) = 
0, H1(I, B;G) = H"(I, B; Z)@G (by the universal coefficient theorem), hence H™((X, A) x 
(I, B);G) = H™-1(X, A; H'(I, B;Z) @ G) = 0 (cf. Proposition 18 (m— 1 > n+ 1)). 
Therefore dimg X + 1 > dimg 1X.| 


Application: Let X be a nonempty paracompact Hausdorff space, Y a nonempty CW 


eae < oo—then V G # 0, dimg(X x Y) = dimg X + dimg Y 
(= dimg X + dimY (cf. p. 20-9)). 

[If B isa compact subspace of Y which is homeomorphic to [0, 1], where m = dimg Y, 
then dimg(X x B) = dimg X + m = dimg X + dimg Y.] 

[Note: Y is paracompact and o-locally compact, thus X x Y is paracompact (cf. p. 
19-36).| 


complex. Assume: 


FACT Let X be a nonempty paracompact Hausdorff space, Y a nonempty compact Hausdorff 
space. Assume: dim X < oo & dimY = 0—then V G £0, dimg(X x Y) = dime X. 
[It is clear that dimg(X x Y) > dimg X (cf. Proposition 8). With n = dimg X, fix m > n+1 and let 


ACX . ule a 
{ be closed. From the Kiineth formula, H™((X, A) x(Y, B);G) = @Q H4(X, A; H™-UY, B;G)). 
Bcy q=0 


But dimY = 0 > dimg Y = 0 (cf. Proposition 2), so H™—4(Y, B;G) = 0 if q < m—1, thus H™((X, A) x 
(Y,B);G) » H™(X, A; H°(Y, B:G))  H™(X, A; H°(Y, B; Z) @ G) = 0 (cf. Proposition 18). Therefore 
dimg(X x Y) < n.] 


PROPOSITION 14 Let X be a paracompact Hausdorff space. Suppose that {Gq } 


is a collection of subgroups of an abelian group G which is directed by inclusion. Assume: 
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G = colimG y—then dimg X < n if Va, dimg, X < n, hence dimg X < supdimg, X. 


[This is a special case of the generalities on p. 20-5.] 


DIRECT SUM CRITERION Let X be a paracompact Hausdorff space—then 
dimg g, X = sup dime, X. 


[Apply Proposition 14 (cf. p. 20-5).] 


EXAMPLE Since Fath is a vector space over Q, dim+ 


Zp |Zp * = simg X. 


PROPOSITION 15 Let X be a paracompact Hausdorff space. Suppose that 0 —> 
G' + G > G” — 0 is a short exact sequence of abelian groups—then dimg X < 
max{dimg X,dimg X}, dimg X < max{dimg X,dimg X + 1}, and dimg X < 
max{dimg X,dimg: X — 1}. 


[Use the Bockstein sequence. ] 


EXAMPLE (Bockstein’s Inequalities) Let X be a paracompact Hausdorff space and fix a prime p. 
(BO1) dimg,,z X = dimgyynz, X. 

[From the short exact sequence 0 > Z/p"Z > Z/p"t!Z > Z/pZ > 0, it follows that 
dimzj,n+1z X < max{dimz/pnz X,dimzpzX} and dimgsyzX < max{dimz ),n+1z, X,dimz/pnz X 
— 1}. Now argue by induction.] 

(BOz) dimg,,00z X < dimgjpz X. 

[Since Z/p°Z = colim Z/p"Z, Proposition 14 implies that dimz poz X < supdimgsjnzX = 

dimz/pz X.] 
(BO3) dimgy,z X < dimg poz X +1. 

Consider the short exact sequence 0 > Z/pZ > Z/p®Z Z/p°Z — 0.] 
(BO4) dimgypz, X < dimz,, X. 

Consider the short exact sequence 0 4 Zp > Zp + Z/pZ > 0.] 
(BOs) dima X < dimz, X. 


Consider the short exact sequence 0 > Zp > Q > Z/p©Z — 0.] 


Note: In addition, dimz, X < max{dime X,dimzpooz X + 1}, dimz/poz X < max{dima X, 
dimz,, X — 1}.] 


Warning: Bockstein’s inequalities are used without citation in the sequel. 


FACT Let X be a compact Hausdorff space. Suppose that 0 — G’ ~ G > G” = 0 is a short 


exact sequence of abelian groups. Assume: G” is torsion free—then dimg X = max{dimg X, dimen X}. 


EXAMPLE Let X be a compact Hausdorff space—then dimz,, eS dims Xx. 
p 
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[From the short exact sequence 0 > Zp > Zp > Vane + 0, we have dimy X = max{dimz,, X, 
P 
dims X}. But dims X =dimg X and dimg X < dimz, X. 
Zoi Zy } Zita Q Qe s Zp X-] 


A Bockstein function is a function D defined on {Q} U J{Zp, Z/pZ,Z/p~Z} with values in 
Pp 
Z>o U {oo} such that D(Z/p°Z) < D(Z/pZ), D(Z/pZ) < D(Z/p®Z) +1, D(Z/pZ) < D(Zy), D(Q) < 
D(Z»), D(Zp) < max{D(Q), D(Z/p®Z) + 1}, D(Z/p°Z) < max{D(Q), D(Zp) — 1}, and D is = 0 if 
D(G) = 0 (AG) (cf. Proposition 7). 
Example: Every nonempty paracompact Hausdorff space X gives rise to a Bockstein function Dx, 


viz. Dx(G) = dime X. 


DRANISHNIKOV’S! REALIZATION THEOREM Given a Bockstein function D, 3 a 
metrizable compact Hausdorff space X such that D= Dx and dim X = sup D. 


EXAMPLE The fundamental compacta are those metrizable compact Hausdorff spaces which 


realize the Bockstein functions defined by the table below. 


D Zp Z/pZ Z/p°Z Q Zq Z/qZ Z/q°Z 
0(Q,n) n 1 1 n n 1 1 
O(Zp, n) n n n n n 1 1 
®(Z/pZ, n) n n n—-1 1 1 1 1 
®(Z/p~Z,n) n n—-1 n—-1 1 1 1 1 


[Note: Here p,q are primes, gq runs over all primes # p, and ®(G,n) is the Bockstein function 


corresponding to the pair (G,n), where G = Q, Zp, Z/pZ, Z/p™Z.| 


Notation: Given an abelian group G, Gior is its torsion subgroup and Gio,(p) is the 


p-primary component of Gtor (so Gtor & @B Gtor(p)). 
p 


[Note: Accordingly, for a paracompact Hausdorff space X, dimg,,, X = sup dimg,,, (p) 
X (direct sum criterion).| 
Given an abelian group G, its Bockstein basis o(G) is the subset of {Q}UL{Z,, Z/pZ, 
p 


Z/p~°Z} defined as follows. 


+ Siberian Math. J. 29 (1988), 24-29, 30 (1989), 74-79, and 82 (1991), 145-147; see also Dydak, 
Topology Appl. 65 (1995), 1-7. 
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(Q) Q€o(G) iff G/Gror £0. 
(Z,) Z, € o(G) iff G/Gior is not divisible by p. 
(Z/pZ) Z/pZ € o(G) iff Gtor(p) is not divisible by p. 
(Z/p°Z) Z/p°Z € o(G) iff Gior(p) 0 is divisible by p. 
Examples: (1) o(Q) = {Q}; (2) o(Zp) = {Q,Zp}; (3) o(Z/pZ) = {Z/pZ}; (4) 
o(Z/p~Z) = {Z/p°Z}; (5) o(Z) = {Q} UU{Zp}; (6) o(Zp) = {Q, Zp}. 
Remark: V G 4 0, o(G) is aaGanen Indeed, if G A Gior, then Q € o(G) and if 
G = Gor, then 4p: Gtor(p) # 0, so either Z/pZ € o(G) or Z/p’Z € o(G). 


LEMMA Given an abelian group G, o(G) = 0(G/Gor) U Uo(Gtor(p)). 
P 


FACT If Gtor(p) is not divisible by p, then Jn > 1: Z/p"Z is a direct summand of G. 


FACT If Gtor(p) 4 0 is divisible by p, then Gtor(p) ¥ @Z/p~Z and Gtor(p) is a direct summand 
of G. 


PROPOSITION 16 Let X be a paracompact Hausdorff space. Suppose that G 4 0 
is torsion—then dimg X = sup dimg X. 
H€o(G) 
[From what has been said above, one can assume that G = G(p) (4p). 
(Z/pZ) If Z/pZ € o(G), then dimz/,z X = ae dimy X. But Z/p"Z is a 
€o 
direct summand of G for some n > 1, thus dimg X > dimz/pnz X = dimz/,z X. On the 


other hand, G is a colimit of its finite subgroups. As these are direct sums of groups of 
the form Z/p*Z, dimg X < dimz/pz X by Proposition 14. 
(Z/p°Z) In this case, G is isomorphic to a direct sum of copies of Z/p°Z and 


the direct sum criterion is applicable.] 


PROPOSITION 17 Let X be a paracompact Hausdorff space—then for any G ¥ 0, 
dimg X = max{dimgg,,, X, dime,,, X }. 

[The short exact sequence 0 > Gior ~ G > G/Gior — 0 leads to the inequalities 
dimg X < max{dimg,,, X, dimg/e,,, X }, dimg/a,,, X < max{dimg X, dimg,,, X —1} (cf. 
Proposition 15), thus it suffices to prove that dimg X > dime,,, X. But if Z/pZ € o(G), 
then Z/p"Z is a direct summand of G (4 n > 1), while if Z/p°Z € o(G), then Z/p°Z is 
a direct summand of G. Therefore dimg X > dimg,,, X (cf. Proposition 16).| 


PROPOSITION 18 Let X be a paracompact Hausdorff space—then dimgeK X < 
dimg X for any two abelian groups G & K. 
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[This is obvious if either G or K is trivial, so assume that G40 & K #0. 

(Il) K=Z* (k>1). Here G@Z* isa direct sum of copies of G, thus the direct 
sum criterion is applicable. 

(Il) K = Z/p*Z (k > 1). Case 1: Gtor(p) = 0. Since G @ Z/p*Z = G/p*G, 
the exactness of 0 > G G + G/p*G > 0 gives dimggx X < dime X (cf. Proposition 
15). Case 2: Gtor(p) # 0. There are two possibilities: Z/pZ € o(G) or Z/p°Z € o(G). 
If Z/pZ € o(G), then dimz/pz X < dimg X (cf. Proposition 17). And: dimggx X < 
dimz /pz X (G@Z/p*Z is p-torsion and Z/pZ € o(G@Z/p*Z) (see the proof of Proposition 
16)). If Z/p°Z € o(G), then G = Gior(p) ® H, where G & @Z/p°Z, soG@K=HOK. 
Because Hio.(p) = 0, it follows that dimggex X = dimyeK X < dimy X < dimg X. 

(III) Taking into account the direct sum criterion, parts I and II cover the case 
when K is finitely generated. Finally, an arbitrary K is a colimit of its finitely generated 


subgroups, thus this situation can be handled by an appeal to Proposition 14.] 


EXAMPLE If GF Gtor, then dima X < dimg X. 


[Proposition 18 implies that dimggq X < dimg X. But G ® Q contains Q as a direct summand.] 


EXAMPLE Suppose that X is an ANR—then dimz/pz X = dims Xx, 
Pp 


[Since Zp @ Z/pZ & Zp/pZy & Fp and Z/pZ € o(Fp), one has dimgpz X < dims ez/pz < 


CO 
dims X. To establish the inequality in the other direction, put G = | | Z/p” Z—then dimz/pz X = 
7 1 
dimg X (cf. p. 20-7) and dimg X > dimz X (G/Gtor is not divisible by p).] 
p 
[Note: If X is compact, then dimz/pz X = dimz,, X (cf. p. 20-13).] 


EXAMPLE Suppose that X is an ANR—then dimg X < dimg X VG F 0. 


BOCKSTEIN THEOREM Let X beacompact Hausdorff space—then for any G 4 0, 


ding X = sup dimy X. 
H€o(G) 
[One can suppose for this that G is torsion free (cf. Propositions 16 and 17), hence 


that the elements of o(G) are Q and the Z, : pG # G. We then claim that dimg X < n 
iff dima X <n & dimz, X <nVp: pG # G. Indeed, for a given closed subset A of 
X, by the universal coefficient theorem, H"+!(X, A;G) = 0 iff H"+1(X, A;Z) @G = 0 
or still, iff H"+1(X, A;Z) @Q =0 & H"'1(X,A;Z)@Z, =0Vp: pGFG, ie, iff 
H™*1(X, A;Q) =0 & H"+1(X, A;Z,) =0V p: pG FG, as claimed. 


+ Sci. Rep. Tokyo Kyoiku Daigaku Sect. A 10 (1969), 17-23. 
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[Note: The compactness assumption on X in the Bockstein theorem can be relaxed to 
“paracompact & o-locally compact” (Goto'). However the Bockstein theorem is not true 
for an arbitrary metrizable X, even if X has finite topological dimension (Dranishnikov- 


Repovs-Séepin' ).] 


To illustrate the Bockstein theorem, take G = Z. Since o(Z) = {Q} UU{Z,} and 
p 


dimg X < dimz, X V p, it follows that dimz X = dimz, X (Ap). 

[Note: If dimX < ov, then dim X = dimz X (cf. Proposition 3) and either dim X — 
1 < dime X or dim X —1 < dimg/,z X (Ap). Thus fix p: dimz X = dimz,, X. There are 
now two possibilities: dimz,, X = dime X, from which dim X —1 < dimg X or dima X < 
dimz,, X, from which dimz, X < max{dime X, dimz poz X + 1} = dimgs,0.z X +1 < 
dimz/pz X +1 dim X —1 < dimz/,z X.| 


EXAMPLE If X is a compact ANR, then dim X = dimg pz (4p). 
[For dimz X = dimz,, X (4 p) and, as noted above, dimz,, X = dimz/pz X. But here dimz X = 
dim X (cf. p. 20-3).] 
xX 
EXAMPLE Let be compact Hausdorff spaces. Assume: dimg X < n—then dim icy,g) * < 
VY 2 
n+1Vid>0. 
[Consider the short exact sequence 0 > H*(Y;Z) @G > Hi(Y;:G) > Tor(H*t!(Y;Z),G) > 
0 coming from the universal coefficient theorem. By Proposition 18, dim Fivy.zye@q* < dimgX < 
n, so it suffices to show that dim. itl (y:z),G) * < n+ 1 (cf. Proposition 15). Assuming that 
Tor(H+1(Y;Z),G) # 0, J p : Gtor(p) # 0, hence either Z/pZ € o(G) or Z/p©Z € o(G). But 
dimz/pz X <dimg X & dimz/pooz X < dimg X (Bockstein theorem). And: dimz/pooz X < dimz/pz X, 
dimz pz X < dimz poz X + 1 < n + 1.] 


FACT Let X be a paracompact Hausdorff space—then for any G # 0, max{dimg X, dima X+1} > 
sup dimy X. 
H€o(G) 
[Take G torsion free and consider the case when H = Zp (pG # G). One has dimz, X < 


max{dims 


X,dim+ 
Zp Z 


X+1}=max{dims X,dimg X+1}. Moreover, dimg X <n=>dims X <n] 
p/Zp Zp 7 Sas 


xX 
PROPOSITION 19 Let es be nonempty compact Hausdorff spaces. Assume: 


ee 


dim. < co—then dimg(X x Y) < dimg X + dima Y if G is torsion free. 


+ Topology Proc. 18 (1993), 57-73. 
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[With n = dimg X & m = dimgY, put k = n+m: dimg(X x Y) < & if 
dim yr-i¢y,B.q) * <iVi-> 0 and all closed subsets B C Y (cf. p. 20-11). Case 1: 
i<n-—1. Since k—i > m-+1, we have HR-iy, B;G) = 0. Case 2: i > n. By the uni- 
versal coefficient theorem, H*~*(Y, B;G) ~ H*-*(Y, B;Z) ®G, hence dim yr-ivyp.q) X < 
dimg X < i (cf. Proposition 18).] 

[Note: This inequality is also true if G = Z/pZ. For o(H*-*(Y,B;G)) Cc {Z/pZ, 
Z/p°Z} and by the Bockstein theorem, dim ye -i(y,B.z,/pz) = dimz/pz X (because 
dimg, pz X < dimz/pz X).] 


dim X 
Y dim Y 
oo—then dimg(X x Y) > dimg X + dime Y if G is a field. 

[Let n = dimg X, m = dimgY and choose closed subsets A C X, B C Y such 
that H"(X, A; G) # 0, ILO B;G) # 0. The universal coefficient theorem then gives 
H"(X,A;H™(Y,B;G)) » H"(X,A;Z) ® H™(Y,B;G). But H™(Y,B;G) » ®G, so 
H"(X, A; H™(Y, B;G)) # 0, which means that dim yn y_p.@) X > n, thus dimg (X xY) > 
n+m (cf. p. 20-11).] 


xX 
LEMMA Let be nonempty compact Hausdorff spaces. Assume: { 


PROPOSITION 20 Let { . be nonempty compact Hausdorff spaces. Assume: 
dim X 
dim Y 

[This is implied by Proposition 19 and the lemma.] 


< co—then dimg(X x Y) = dimg X + dimg Y for any field G. 


PROPOSITION 21 Let e be nonempty compact Hausdorff spaces. Assume: 
rae < co—then VG 40, dimg(X x Y) < dimg X + dimg Y + 1. 

[With n = dimg X & m = dime Y, put k = n+m+4+1: dime(X x Y) < & if 
dim yx-i¢y,B,q) * <iVi > 0 and all closed subsets B C Y (cf. p. 20-11). The case 
i <n being trivial, suppose that i > n+1. Taking 7 > i and AC X closed, repeated 
use of the universal coefficient theorem leads to Hi(X, A; H*-#(Y, B;G)) ~ Hi(X, A;Z) @ 
H*-*(Y, BG) @Tor(Hi+!(X, A, Z), H*-#(Y, B,G)) = HI(X, A; Z) @[H*-*(Y, B; Z)@G@ 
Tor(H*—#+1(Y, B; Z), G)] @ Tor(Hi+!(X, A, Z), H*-#(Y, B; Z) @ GO Tor(H*-*+1(Y, B, Z), 
G)) = [Hi(X, A,Z) ® H*-*(Y, B;Z) @ G © Tor(Hit(X, A;Z), H*-*(Y, B,Z) @G)| @ 
[H3(X, A, Z)@Tor(H*-+1(Y, B; Z), G) @Tor(Hit!(X, A; Z), Tor(H*-**1(Y, B; Z),G))] = 
Hi(X, A; H'-*(Y, B;Z) @ G) © Hi(X, A; Tor(H*-**1(Y, B;Z),G)). By Proposition 18, 
dimjc-iv.pmeaX < dime X < i, so Hi(X, A; H*-*(Y, B;Z) ® G) = 0. On the other 


hand, dim. (f*-i+1(Y,B;Z),G) * < dimg X +1 < i (imitate the argument used in the 
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second example on p. 20-17), thus Hi(X, A; Tor(H*-*+1(y, B;Z),G)) = 0. Therefore 
dim yr.-i(y,.B.G) X <i, as desired.| 


Let X,Y be nonempty compact Hausdorff spaces of finite topological dimension. 


FACT dimz/poz(X x Y) = dimgjpogzX + dimg/poogzY if dimg/pozX = dimg/pz X or 
dimz/poozY = dimg/pzY, otherwise dimz/pooz(X x Y) = dimgspooz X + dimzspozY +1 = 
dimg,jpz(X x ¥Y) 1. 

[If the second eventuality obtains, then dimz/pooz X < dimz/pz X & dimz/pooz Y < dimz/pz Y => 
dimz/pz X + dimz/pz Y — 1 = dimg/pz(X x Y) —1 (cf. Proposition 20) < dimz/poz(X x Y) < 


dimz pz, xX + dim z/p% z, ¥ + 1 (cf. Proposition 21)= (dimz /po0z, xX + 1) + (dimz poz, Y + 1) —1 
dimz/pz, xX + dimz /pz, ¥: = 1.] 


FACT dimz,(X x Y) = dimz, X + dimz, Y if dimzypooz X = dimz, X and dimz/pooz Y 


dimz,, Y, otherwise dimz,,(X x Y) = max{dima(X x Y),dimz/pooz(X x Y) + 1}. 
[If the first eventuality obtains, then dimz,, X + dimz, Y > dimz,(X x Y) (cf. Proposition 19) 
which is > dimg/pz(X x Y) = dimgspz X + dimz/pz Y (cf. Proposition 20), which is > dimzpooz X + 


dimz/pooz Y = dimz, X + dimz, YJ 


EXAMPLE Given m,n, and qg such that n < m <q <n+m, J metrizable compact Hausdorff 
spaces Xm, Xn : dim Xm =m, dim Xp, =n, and dim(Xm x Xn) = q. 


[Specify two Bockstein functions Dm, Dn by the following table 


Z2 Z/2Z Z/2~°Z Q Zp Z/pZ Z/p°Z 
m 1 1 m m 1 1 
n n n-1 q-m q-m q-m q-m 


and consider the metrizable compact Hausdorff spaces produced by the Dranishnikov realization theorem. ] 


PROPOSITION 22 Let X be a nonempty compact Hausdorff space of finite topo- 


logical dimension. Assume: dim X = dima X or dimX = dimz/pzX (4 p)—then 
dim X”" =n-dimX. 

[If dim X = dimg X, where G = Q or Z/pZ (Ap), then n- dim X > dim X” (product 
theorem) > dimg X” (cf. Proposition 2)= n-dimg X (cf. Proposition 20)= n- dim X.] 


EXAMPLE If X is a compact ANR of finite topological dimension, then dim X” = n- dim X. 
[This is because dim X = dimz/pz (4 p) (cf. p. 20-17).] 
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FACT Let X be a nonempty compact Hausdorff space of finite topological dimension. Assume: 


dim X > dimg X for G = Q and G = Z/pZ (V p)—then dim X” = n- dim X — (n—1). 


EXAMPLE Suppose that X realizes the Bockstein function ®(Z/p~Z,n) (cf. p. 20-14)—then 
dim X = n and X satisfies the assumption of the preceding result. Therefore dim(X x X) = 2n -—1 < 2n 
(cf. p. 19-29). 


PROPOSITION 23 Let e be nonempty compact Hausdorff spaces. Assume: 
dim X : : ; 
dimY < co—then VG, K 40, dimggx(X x Y) < dimg X + dimx Y. 

[Take k = dimg X + dimx Y and show that dim Frei (y,B;G@K) X <iVi>O and all 

closed subsets BC Y (cf. p. 20-11).] 


Application: Under the assumptions of the preceding proposition, dimy(X x Y) 


IA 


dimg X + dimer Y for any ring R with unit. 
[In fact, R is a retract of R @z R, thus is a direct summand, so dimy(X x Y) 
dimre,r(X x Y) < dimr X + dimr | 


IA 


PROPOSITION 24 Let ‘E be nonempty compact Hausdorff spaces. Assume: 
dim X . ; : 
Var <oo—then VG, K #0, dimtoya,K)(X x Y) < dimg X + dimx Y + 1. 

[Since Tor(G, K) = Tor(Gtor, Ktor), one can assume that G and K are torsion (cf. 
Proposition 17). Making the obvious reductions, one can assume further that G and K 
are p-primary (tacitly, Tor(G, K) 4 0). Case 1: Tor(G, K) is not divisible by p. In this 
situation, either G or K is not divisible by p. And: dimpo.(g,K)(X XY) = dimz/pz(X x Y) 
(Bockstein theorem) < dimz/,z X + dimz/pzY. But either dimz/,z X = dimg X or 
dimz/pz Y = dim Y and at worst, dimz/pz X < dimg X +1 & dimz/,z Y < dimx Y +1, 
G & K being p-primary. Case 2: Tor(G,K) is divisible by p. Here, dimpo@,K)(X x 
Y) = dimz/poz(X x Y) (Bockstein theorem) < dimz/,~0z X + dimg/,0zY +1. But 
dimg poz X <dimg X & dimz/,0z Y < dime Y, G & K being p-primary.] 
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